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PREFACE TO THE FOURTH EDITION 

In the fourth edition changes have been made partly in order to 
record the significant advances of the last five years, which are naturally 
not too extensive, and partly in order to reflect the further change in 
perspective on the physical scene. The long struggle to understand 
quantum phenomena is passing into history; the experimental physics 
of the nucleus is entering an adult stage; the field of most intense inter- 
est is now that of energies reckoned in billions of electron-volts. 
Besides numerous small changes of wording in some of the earlier 
chapters, there are extensive additions to Chap. XI on the nucleus and a 
shorter addition to Chap. XII on cosmic rays. 

Furthermore, the treatment of many-electron atoms in Chap. VIII 
has been rewritten and simplified. The main thread of discussion now 
proceeds in terms of quantum states rather than of wave functions, 
which are rather meaningless to a student -who is not studying the 
mathematical theory. 

As in other editions, the senior or first-year graduate student has 
been kept in mind. It is thought that the book ma 3 ^ serve as a text 
for a year course, similar to Bichtmyer’s original course of lectures, or 
it may serve as a reference book for a shorter series of lectures. 

Grateful acknowledgment is made to Dr. L. H. Germer of the Bell 
Telephone Laboratories, Inc., for a print used in the right-hand third of 
Fig. 78, and, for loan of an original cut, print, or dramng, to P. Kirk- 
patrick (Fig. 169), to J. W. Trischka (Fig. 178), to M. L. Wiederbeck 
(Fig. 212), to William Ogle (Fig, 202), to William Fowler (Fig. 215), 
and to D. J. Hughes (Fig. 230). 

E. H. Kennard' 

Washington, D. C. ■ ■ 

September, 1947 




PREFACE TO THE THIRD EDITION 

After the sudden death of Professor Richtmyer, it was decided that 
the writer should undertake the preparation of a new edition of his 
^^Introduction to Modern Physics/^ Closer inspection showed that 
something like a major operation would be necessary, so greatly has 
the scene changed in physical research during the last ten years. In 
atomic theory, wave mechanics has become thoroughly established; 
and experimental advance has been rapid in the physics of the nucleus 
and of fundamental particles, as observed in the phenomena of cosmic 
rays. If the book was to remain true to its title, extensive additions 
seemed necessary, and to make room for them the existing material 
had to be shortened; at the same time, much of the discussion needed 
recasting in order to give due recognition to the triumph of wave 
mechanics. 

In making these changes, the writer has^striven to retain as much 
as possible of the characteristic features of the book. Nevertheless, 
its friends mil no doubt be shocked to discover that only a minor part 
of it stands substantially as in the second edition. The double process 
of shortening and of modernizing the viewpoint was found to neces- 
sitate extensive rearrangement and much rewriting of the material. 
The writer can only hope that he has not fallen too far short of his goal 
in attempting to produce an up-to-date equivalent of the first edition. 

Briefly, the course of the revision has been as follows. The his- 
torical introduction, abbreviated, is followed by a single chapter, 
rewritten, on those topics in electromagnetism which are needed for 
the subsequent discussion and are not always adequately treated in 
general textbooks. Between the chapters on the photoelectric effect 
and on the origin of the quantum theory is inserted a short chapter 
on relativity. Then comes a single chapter, replacing Chaps. IX and 
X, containing the essential ideas concerning the nuclear atom, spectral 
series, and atomic quantum states. The Bohr theory of hydrogen 
is retained, because of its pictorial value, but mth a clear statement 
as to its true status. A descriptive chapter on wave mechanics is 
then followed by a single chapter, replacing Chaps. XI and XII, on 
the theory of the periodic table and on optical spectroscopy. The 
chapter on specific heats, which might perhaps have been omitted, 
is inserted next. The chapter on X-rays has been thoroughly revised 
in collaboration with Prof. L. G. Parratt. The book closes mth the 
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chapter on the nucleus, considerably extended, and a new chapter on 
cosmic-ray phenomena. 

The writer takes pleasure in acknowledging his indebtedness to 
many of his colleagues in Cornell University, in particular to Prof. 
L, G. Parratt, to Prof. B. Rossi for assistance in the field of cosmic 
rays, a-nd to Dr, C. W. Gartlein for photographic copies of illustrations. 
Grateful acknowledgment is also made for permission to use figures 
from other sources: to G. Herzberg and to Prentice-Hall, Inc., for Figs. 
50, 51, 125, 128, 129; to A. H. Compton and S. K. Allison and to D. 
Van Nostrand Company, Inc., for Figs. 165, 166; to H. E. White, for 
Figs. 91, 118; to Prof. C. D. Anderson for photographs for Fig. 
231; and to Prof. L. G. Parratt for a cut for Fig. 177. Further- 
more, in accord with the statement in the preface to the second edition, 
grateful acknowledgment is made to Dr. K. T. Bainbridge for Fig. 183; 
to Dr. C. J, Davisson and L, H. Germer (and to the editors of the 
Bell System Technical Journal and of the Proceedings of the National 
Academy of Scieyices) for Figs, 71 to 76; to Prof. G. P. Thomson (and 
Cornell University) for Fig. 78(5); and to Dr. I. Fankuchen for mak- 
ing the plate from which Fig. 78(a) was reproduced. Finally, the 
writer is greatly indebted to Dr. W. M. Cady and to other users of the 
book for invaluable criticisms and suggestions. 

E. H. Kennard 

Ithaca, N. Y 
January f 1942 


PREFACE TO THE FIRST EDITION 

For several years, the author has given at Cornell Univers%, 
and, occasionally, in summer sessions elsewhere, a course of lectures 
under the title ^^Introduction to Modern Physical Theories/^ These 
lectures have been adapted, as far as possible, to meet the needs of 
two groups of students: (1) those special students in physics who, 
before entering the specialized graduate courses, desire a survey of the 
origin and development of modern physics in order the better to 
understand the interrelations of the more advanced courses; and (2) 
those students who, pursuing either academic or professional curricula 
and having had the usual elementary undergraduate courses in physics, 
wish a further bird’s-eye view of the whole subject. This book is 
based upon these lectures and has been prepared, although rather 
reluctantly, as a result of the importunities of former students and 
other friends. 

The purpose of this book is, frankly, pedagogical. The author 
has attempted to present such a discussion of the origin, development, 
and present status of some of the more important concepts of physics, 
classical as well as modern^ as will give to the student a correct perspec- 
tive of the growth and present trend of physics as a whole. Such a 
perspective is a necessary basis — so the author, at least, believes — for 
a more intensive study of any of the various subdivisions of the subject. 
While for the student whose interests are cultural, or who is to enter 
any of the professions directly or indirectly related to physics, such as 
engineering, chemistry, astronomy, or mathematics, an account of 
modern physics which gives origin of current theories is likely to 
be quite as interesting and valuable as in a categorical statement of 
the theories themselves. Indeed, in all branches of human knowledge 
the “why” is an absolutely indispensable accompaniment to the 
what.” “ Why? ” is the proverbial question of childhood. “ Why ? ” 
inquires the thoughtful (!) student in classroom or lecture hall. 
“ Why?” demands the venerable scientist when listening to an exposi- 
tion of views held by a colleague. Accordingly, if this book seems to 
lay somewhat greater emphasis on matters which are frequently 
regarded as historical, or, if here and there a classical experiment is 
described in greater detail than is customary, it is with a desire to 
recognize the importance of “ why.” 

If one were to attempt to answer all of the fSvhy’s” raised by 
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an intelligent auditor in answer to a categorical statementj such as^ 
“The atom of oxygen is composed of eight electrons surrounding a 
nucleus containing four alpha particles/^ one would have to expound 
a large part of physical science from Copernicus to Rutherford and 
Bohr. To attempt a statement of even the more important concepts, 
hypotheses, and laws of modern physics and of their origin and 
development would be an encyclopedic task which, at least in so far 
as concerns the aim of this book, would fall of its own weight. Accord- 
ingly, it has been necessary to select those parts of the subject which 
best serve our purpose. This selection, as well as the method of 
presentation, has been based upon the experience gained in giving the 
above-mentioned lectures to numerous groups of students. Manjr 
very important developments, particularly the more recent ones, 
either have been omitted entirely or have been given only a passing 
comment. And even in those parts of the subject which have been 
discussed, there has been no attempt to bring the discussion strictly 
up to date. Indeed, with the present rapid growth of physics, it 
would be quite impossible for any bookj even a special treatise, to be 
strictly up to date. Happily, for our purpose, up-to-date-ness is not 
an imperative requisite, since it is assumed that the student who 
wishes the latest knowledge will consult the current periodicals. 

In this connection, it should be emphasized that this book is an 
introduction to modern physical theories and is intended neither as a 
compendium of information nor as a critical account of any of the 
subjects discussed. In preparing the manuscript, the author has 
consulted freely the many very excellent texts which deal "with the 
various special topics. Save for here and there a very minor item, 
or an occasional novelty in presentation, the book makes no claim to 
originality, except, perhaps, as regards the viewpoint from which some 
parts have been written. 

It is assumed that the student is familiar with the elementary 
principles of calculus, for no account of modern physics can dispense 
■with at least a limited amount of mathematical discussion, if for no 
other reason than to emphasize the fact that, in the progress of physics, 
theory and experiment have gone hand in hand. Partly, however, for 
the sake of brevity and partly in the attempt always to keep the 
imdeiiying physical principles in the foreground, numerous “short 
cuts’’ and simplifications, some of them perhaps rather questionable 
from a precise standpoint, have been introduced. These elisions 
should cause no confusion. 

The student who, in his educational career, has reached the point 
where he can, wdth profit, pursue a course based on such a book as 
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this, has passed beyond the stage where he assimilates only the material 
presented in lecture or class and has come to regard a course” as a 
channel to guide his own independent studies, branching out from the 
course ” in such directions as his fancy or interests may lead him. It 
is hoped that students reading this book mil do likewise. Deliber- 
ately, the author has not given a collected bibliography at the end of 
each chapter, or a list of problems and suggested topics for study. 
Rather, references, in most cases to original sources, have been given at 
appropriate points in the text, and it is hoped that, starting from 
these references, the student will prepare his own bibliography of 
such parts of the subject as appeal to him. The advantage to the 
student of such a procedure is obvious. Quite apart from the value 
of the experience gained in making contact with, and in studying, the 
literature of any subject, the reading of first-hand accounts of at least 
some of the more important developments will give the student a better 
understanding of the subject than can, in general, be gained by text- 
book study only. Accordingly, he will find here and there throughout 
this book suggestions of important articles which should be read in the 
original. Likewise, in many places the discussion has, of necessity, 
been brief, and the student is referred to special treatises for further 
details. Various supplementary questions and problems will also 
arise at numerous points as the student reads the text. 

There is no more fascinating story than an account of the develop- 
ment of physical science as a whole. (Any scientist would probably 
make the same statement about his own science !) Such a study leads 
to certain broad generalizations which are of outstanding importance 
in evaluating current theories and concepts. For example, one finds 
that, taken by and large, the evolution of physics has been charac- 
terized by continuity. That is to say: With few exceptions, the ideas, 
concepts, and laws of physics have evolved gradually; only here and 
there do we find outstanding discontinuities. The discovery of photo- 
electricity, of X-rays, and of radioactivity represent such discontinui- 
ties and are correctly designated ‘‘discoveries.” But w^e must use 
“discover” in a quite different sense when 'we say that J. J. Thomson 
“discovered” the electron. The history of the electron goes back 
at least to Faraday. Thomson’s experiments are all the more brilliant 
because he succeeded in demonstrating, by direct experiment, the 
existence of something, evidence concerning which had been previously 
indirect. Then, there are the respective roles played by qualitative 
and by quantitative work. Numerous important discoveries have 
been made “by investigating the next decimal place.” Witness the 
discovery of argon. And ever since Kepler proved that the orbits 
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of the, planets are ellipseSj relations expressible in quantitative form 
have carried greater weight than those -which could be stated only 
qualitatively. For example, Rumford^s experiments on the production 
of heat by mechanical means were suggestive. But Joiile^s measure- 
ment of the mechanical equivalent of heat was convincing. If, directly, 
or indirectly hy inference, the author has succeeded. here and there. in 
the text in point.ing out such generalizations as these, one more object 
which he has had in mind vill have been accomplished. 

The author vishes to take this occasion to acknowledge his obliga- 
tions to those who have aided in the preparation of this book : to his 
mfe, for assistance in preparing the manuscript and in proofreading; 
and to his many students, whose generous approbation of the lecture 
courses upon which the book is based has, in a large part, inspired its 
preparation. He is particularly indebted to Dr. J. A. Becker, of the 
Bell Telephone Laboratories, Inc., for his invaluable aid in reading the 
manuscript, pointing out numerous errors, and suggesting important 
improvements. 

F. K. Richtmyer 

Ithaca, N. Y. 

July, 1928 
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INTRODUCTION TO MODERN PHYSICS 


IMTRODUCTION 

The term modern physics,” taken literally, means, of course, the 
sum total of knowledge included under the head of present-day physics. 
In this sense, the physics of 1890 is still modern; very few statements 
made in a good physics text of 1890 would need to be deleted today 
as untrue. The principal changes required would be in a few generali- 
zations, perhaps, to which exceptions have since been discovered, and 
in certain speculative theories, such as that concerning the ether, 
which any good physicist of 1890 would have recognized to be open to 
possible doubt. 

On the other hand, since 1890, there have been enormous advances 
in physics, and some of these advances have* brought into question, 
or have directly contradicted, certain theories that had seemed to be 
strongly supported by the experimental evidence. 

For example, few, if any, physicists in 1890 questioned the wave 
theory of light. Its triumphs over the old corpuscular theory seemed 
to be final and complete, particularly after the brilliant experiments of 
Hertz, in 1887, which demonstrated, beyond doubt, the fundamental 
soundness of MaxwelFs electromagnetic theory of light. And yet, 
by an irony of fate which makes the story of modern physics full of 
the most interesting and dramatic situations, these very experiments of 
Hertz brought to light a new phenomenon — ^the photoelectric effect — 
which played an important part in establishing the quantum theory. 
The latter theory, in many of its aspects, is diametrically opposed to 
the wave theory of light; indeed, the reconciliation of these two 
theories, each based on incontrovertible evidence, was one of the great 
problems of the first quarter of the twentieth century. 

It will be the purpose of the following pages to give an outline of the 
origin, development, and present status of these parts of physics which 
have developed during the last half-century. 

But a history of the United States cannot begin abruptly with 
July 4, 1776. In like manner, if we would understand the full meaning 
of the growth of physics since 1900, we must have clearly in mind at 
least the main events in the development of the subject up to that time. 

1 ■ 
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Accordingly^ we shall begin our study by a brief account of the history 
of physics up to a half-century ago. 

In presenting this brief historical survey, a further purpose has 
been kept in mind toward which it is hoped that the reader will be, 
ultimately at least, sympathetic. Modern scientists, with few excep- 
tions, have grossly neglected to cultivate the history of their respective 
sciences. How many physicists can answer the questions: When 
was the law of the conservation of energy first enunciated? Who was 
Count Rumford? Did the concept of universal gravitation spring 
full grown from the head of that genius, Newton? Indeed, when did 
Newton live? 

Just as any good American should know the essential outline of the 
history of his country, so any good physicist should know the prin- 
cipal facts in the history of physics. For, in that history, in the lives 
of those men whose labors have given us our subject, and in the part 
that physics has played in molding human thought and in contributing 
to modern civilization, the student will find a story which is as full of 
human interest and inspiration as any subject of the curriculum. 
What can be more inspiring than the life of Michael Faraday and his 
whole-souled devotion to his work? The physicist owes it to his 
science to possess such a knowledge of the histoiy of physics as gives 
him a correct perspective of the development and present-day impor- 
tance of the subject and, in turn, enables him to acquaint his con- 
temporaries in other fields with these essential facts. 

It is hoped, therefore, that the student who proposes to follow 
physics as a profession, as well as the student whose interest is largely 
cultural, will extend the following all too brief historical sketch by 
independent study, particularly of biography. 

In order to make it easier to keep the essential facts in mind, we may 
somewhat arbitrarily divide the history of physics into four periods. 

The First Period extends from the earliest times up to about 
1550 A.D., this date marking approximately the beginning of the 
experimental method. During this long era, there was some advance 
in the accumulation of the facts of physics as a result of the observation 
of natural phenomena, but the development of physical theories was 
rendered impossible, partly by the speculative, metaphysical nature 
of the reasoning employed, but more particularly by the almost com- 
plete absence of experiment to test the correctness of such theories 
as were proposed. The main characteristic of this period, therefore, 
is the absence of systematic experiment 

The Second Period extends from 1550 to 1800 a.d. Although 
pumerous basic advances were made during this period— by such men 
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as Gilbert, Galileo, Newton, Huygens, Boyle — its most important 
characteristic is the development and the firm estahlishment of the experi- 
mental method as a recognized and accepted means of scientific inqiiiiy. 
This period was inaugurated by the classic work of Galileo (1564™ 
1642); but it took nearly two centuries more to overcome prejudice, 
dogma, and religious intolerance and to bring universal recognition, 
even among scientific men, of the basic principle that 

. . . science can advance only so far as theories^ themselves based upon experi- 
mentj are accepted or rejected according as they either agree with or are contrary 
to other experiments devised to check the theory. 

The Third Period, 1800”1890, is characterized b}^ the develop- 
ment of what is now called ‘^classical physics” in contrast with the 
“quantum physics” of the present century. The experiments of 
Count Rumford and Joule led to our present kinetic tlieoiy of heat. 
The observations of Thomas Young (1802) and his proposal of the 
principle of interference (of two beams of light) resulted ultimately 
in the triumph of Huygens’s wave theory of light over the corpuscular 
theory. And the researches of Faraday and others gave Maxwell 
the material for the crowning achievement of this period, the electro- 
magnetic theory. 

So profound were these and other developments that, by 1880, 
not a few physicists of note believed that ah the important laws of 
physics had been discovered and that, henceforth, research would be 
concerned with clearing up minor problems and, particularly, with 
improvements of methods of measurement so as “to investigate the 
next decimal place.” They could not foresee that the world of 
physics was on the eve of a series of epoch-making discoveries destined, 
on the one hand, to stimulate research as never before and, on the 
other, to usher in an era of the application of physics to industry on a 
scale previously unknown. 

The Fourth Period may be said to begin with the discovery of 
the photoelectric effect (1887). In the first decade of this period 
there were discovered, in rapid succession: X-rays, in 1895; radio- 
activity, in 1896; the electron, in 1897. The beginnings of the quan- 
tum theory date from 1900. From 1900 to 1925 the older form of 
the quantum theory grew to occupy a commanding position in almost 
every field of physics; the nuclear type of atom and its relation to the 
emission and absorption of radiation were developed to a high degree; 
research in physics, stimulated in part by these outstanding dis- 
coveries and in part by extensive industrial applications, increased 
to almost a new order of magnitude. Then, when physicists were 
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just beginniiig to grow accustomed to the use of either the classical 
theory or the quantum theory, according to the problem in hand, 
the theoretical papers of de Broglie, Heisenberg and Schrddinger, 
and the experimental work of Davisson and Germer and of G. P. 
Thomson, beginning about 1925, initiated the new form of quantum 
theory known as wave mechanics. This new theory has effected, in a 
radical and remarkable way, a synthesis of classical and quantum 
physics and has already exerted almost as profound an influence on 
physics as did the discoveries of Newton over two and a half centuries 
ago. Perhaps the historian of a few decades hence may designate 
1925 as marking the beginning of sl fifth period in the history of physics. 

It is obviously far beyond the scope of this book to give a detailed 
account of the history of physics during each of these periods. Instead, 
in the first chapter we shall discuss briefly the history of physics up 
to the establishment of the electromagnetic theoiy of light. There- 
after we shall not adhere strictly to the historical method. In the 
first chapter, furthermore, we shall make no attempt to give a complete 
outline of the history of physics, but we shall select such material for 
presentation as best ilhistrates general trends and viewpoints. No 
mention at ail will be made of the work of many distinguished physi- 
cists of the past. It is hoped that the student will fill in the gaps by 
supplementary reading. 

The real ’introduction to modern physics’’ begins with Chap. III. 
It should be emphasized again that this book is an introduction to 
the subject and is in no sense a compendium. If little or no mention 
is made of such important branches of physics as thermionics, crystal 
structure, or the theory of the solid state, it is because of the feeling 
that the student’s interests will be served best by discussing relatively 
few subjects more thoroughly. 

It is desirable, of course, that a book dealing with modern physics 
should be up to date. The subject is growing at such an astonishing 
rate, however, that any book, even if up to date when published, 
would be out of date within a few months. Accordingly, those topics 
have been selected for discussion which seem most likely to remain 
permanently important and to provide the student with the most 
effective starting point for further study. 



CHAPTER I 
HISTORICAL SKETCH 
FIRST PERIOD: EARLIEST TIMES TO 1650 A.D. 

1. The Greeks. — Relatively speaking, the contributions made 
the Greeks to the natural sciences were far less than their contributions 
to mathematics, literature, art, and metaphysics. Nevertheless, in 
spite of their vague and misty philosophizing concerning natural 
phenomena and in spite of their general failure to test theory by 
experiment, the Greeks gave to the world much of the physics that 
was known up to 1400 a.d. In their writings, one finds, here and 
there, the germ of such fundamental modern principles as the con- 
servation of matter, inertia, atomic theory, the finite velocity of light, 
and the like. 

2. Thales of Miletus (624-547 b.c.), according to Aristotle, was 
acquainted with the attractive power of magnets and of rubbed amber. 
He is often said to have discovered the inclination of the ecliptic and 
the spherical shape of the earth, ^ but Aristotle credited him with the 
doctrine that the earth was cylindrical in shape and rested on water. 

3. Pythagoras (580-500 b.c.) was one of the greatest of the early 
Greek philosophers and the founder of the Pythagorean school. He 
held that the earth is spherical, although the basis of this belief is 
not known. According to Heath,^ his argument was probably a 
^^mathematico-esthetic’^ one based on the idea that ^Hhe sphere is 
the most perfect of all figures.’^ Pythagoras himself, and probably 
his immediate successors among the Pythagoreans, believed that the 
entire universe was spherical in shape with the earth at its center 
and that the sun, stars, and planets moved in independent circles 
around the earth as a center. 

4. Anaxagoras (500-428 b.c.) and Empedocles (484-424 b.c.). 
According to Plato, Anaxagoras neglected his possessions in order to 
devote himself to science. He is credited with the view that the moon 
does not shine by its own light but that “the sun places the brightness 
in the moon” and “the moon is eclipsed through the interposition of 
the earth.” Also, “The sun is eclipsed at new moon through the 

^ Rosenbbbger, F., “Geschichte der Physik,'' voL I, p. 6. 

^ Heath, T. L., ‘^ Aristarchus of Samos.’^ 
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interposition of the moon/’^ Apparently, however, human nature, 
as well as human curiosity, has not changed for 2,500 years, for Anaxag- 
oras was accused of impiety because he taught that the sun was a 
red-hot stone and that the moon was simply earth, and for holding this 
doctrine he was banished from Athens. 

To Anaxagoras is due the germ of the idea of the atomic hypothesis 
of Democritus, who lived in the next generation. Anaxagoras denied 
the contention of the earlier Greeks regarding the creation or destruc- 
tion of matter. He taught that changes in matter are due to combina- 
tions or separations of small, invisible particles (spermata). These 
particles themselves were conceived to be unchangeable and imperish- 
able but different from each other in form, color, and taste. This 
doctrine foreshadowed the law of the conservation of matter. 

Empedocles, on the other hand, reduced the elements to four— earth, 
water, air, and fire — through combinations and separations of which 
the All exists. He also held definite views concerning the phenomena 
of light. According to him, light is due to the emission by the lumi- 
nous or visible body of small particles that enter the eye and are then 
returned from the eye to the body, the two streams’’ giving rise to 
the sense of form, color, etc. 

According to Aristotle, Empedocles believed that light ^ Hakes time 
to travel from one point to another.” This idea was rejected by 
Aristotle, who stated that “though a movement of light might elude 
our observation within a short distance, that it should do so all the 
way from east to west is too much to assume.”^ 

5. Democritus (460-370 b.g.) gave more definite form to the atomic 
hypothesis of Anaxagoras by postulating that the universe consists of 
empty space and an (almost) infinite number of indivisible and invisible 
particles which differ from each other in form, position, and arrange^ 
ment. In support of this hypothesis, Democritus argues that the 
creation of matter is impossible, since nothing can come from nothing 
and, further, nothing which is can cease to exist. Aristotle^ puts the 
argument in this form: “If, then, some one of the things which are is 
constantly disappearing, why has not the whole of what is been used 
up long ago and vanished away?” But Aristotle rejects the atomic 
hypothesis which, indeed, on the basis of speculative reasoning alone, 
could not evolve beyond the point where Democritus left it. 

6. Aristotle (384-332 b.c.), a pupil of the philosopher Plato, con- 
tributed so much to all branches of knowledge— logic, rhetoric, ethics, 

^ Ibid., p. 78. Quotations cited from later Greek writers. 

® Quoted by Heath, op. p. 93. 

Generatione et Co^ruptione,^^ Book I, Cap. Ill, translated by H. H. 
Joachim, the Clarendon Press, Oxford, 1922, 
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metapli3/sics, psychology, natural science — that it is dilBcult to sift 
out that which is germane to a brief history of physics. Perhaps the 
most important single fact is the tremendous influence which, as a 
result of his intellectual brilliance and achievements in Many branches 
of learning, he exerted ior many succeeding centuries in all branches, 
physics included. Viewed from our twentieth-century vantage point, 
however, not a little of his reasoning concerning the physical universe 
sounds like piffle. For example, in ^^De Generatione et Corruptione,’' 
he discusses the coming-to-be^’ and the ^^passing-away” of things, 
and argues for the indestructibility of matter by saying that (Book II, 
Cap. X) ^^it is far more reasonable (to assume) that is should 
cause the coming-to-be of what is not than that what is not should cause 
the being of what is/^ which is understandable. But then follows the 
curious argument: ''Now that which is being moved is, but that which 
is coming to be is not; hence, also, motion is prior to coming-to-be . . . 
and we assert that motion causes coming-to-be But commg-to-be 
and passing-away are two processes contrary to one another. There- 
fore, says Aristotle, we must look for two motions, likewise contrary, 
as the cause of both coming-to-be and passing-away. Since these 
processes go on continuous!}^, we must look Yor continuous motion. 
Only motion in a circle is continuous, and motion in an inclined circle 
has the necessary duality of opposing movements. Such a motion 
is that of the sun along the ecliptic, which, as it approaches (spring), 
causes coming-to-be and, as it retreats (autumn), causes decay. 

And yet Aristotle frequently calls in observed facts to substantiate 
his speculations. For example, in "De Caelo” (Book II, Cap. XIV), 
after proving, by a more or less abstract argument, that the earth is 
spherical, he says: 

The evidence of all the senses further corroborates this. How else would 
eclipses of the moon show segments as we see them? . . . since it is the inter- 
position of the earth that makes the eclipse, the form of this line (f.e., the 
earth's shadow on the moon) will be caused by the form of the earth's surface, 
which is therefore spherical. 

He also points to the apparent change in altitude of the stars as one 
travels north or south and concludes that" not only is the earth circu- 
lar, but it is a circle of no great size.’’ 

Indeed, in theory if not in his own practice, Aristotle places great 
emphasis on the importance of facts in connection with scientific 
development. In a paragraph in "De Generatione et Coriuptione” 
.■(BookI,'„Gap,;II),,,he'says:: 

Lack of experience diminishes our power of taking a compr^ensive view 
of the admitted facts. Hence, those who dwell in intimate association with 
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nature and its plienomena grow more and more able to formulate, as the 
foundation of their theories, principles such as to admit of a mde and coherent 
development; while those whom devotion to abstract discussions has rendered 
unobservant of the facts are too ready to dogmatize on the basis of a few 
observations. 

This is surely good doctrine even for twentieth-centurjr scientists! 

An attempt to summarize Aristotle's views on ph^^sics is beyond 
the scope of this book, but reference may be made to two of his doc- 
trines because of their bearing upon subsequent history. 

The first is his supposed views on falling bodies. The statement 
is commonly made that Aristotle held that a heavy bocty would fall 
from a given height with greater velocity than a light body. It is 
difficult, however, to be sure from iiristotle's extant writings just 
what he actually held in regard to this point. The passages that 
seem to refer to it occur in the course of his arguments against the 
possibility of the existence of a void. For example, he states^: 

. . . We see the same weight or body moving faster than another for two 
reasons, either because there is a difference in wdiat it moves through, as 
between water, air, and earth, or because, other things being equal, the moving 
body differs from the other owing to excess of w^eight or lightness. . . . And 
always, by so much as the medium is more incorporeal and less resistant and 
more easily divided, the faster will be the movement. 

Here, as elsewhere, Aristotle speaks alwmys of movement of a body 
through a medium. It has been suggested hj GreenhilP that he may 
have meant temmaT velocity, such as the constant velocity of rain 
drops as they approach the ground. The heavier drops do fall faster. 
It seems perhaps more probable that Aristotle, believing that a medium 
of some sort must always be present, was unaware of such distinctions 
as that betw^een terminal and nonterminal velocity and actually did 
believe that in all stages of its motion the heavier body falls faster.® 

The second doctrine referred to is that of the motion of the earth, 
sun, and planets. In his “De Caelo" (Book II, Cap. XIV), after a 
series of abstract arguments, in the course of which he states that 
'4reavy bodies forcibly thrown quite straight upwmrd return to the 
point from which they started even if they be throwm to an infinite (!) 
distance," Aristotle concludes ^^that the earth does not move and does 
not lie elsewhere than at the center." He supposed that the sun, 
planets, and stars are carried by a series of concentric spheres which 

^ This and the following quotation from Aristotle are taken from ^^The Works 
of Aristotle translated into English,^' voL II, the Clarendon Press, Oxford, 1930. 

“ Greenhill, Nature, vol. 92, p. 584. 

® Cf. Cooper, L., “ i^ristotle, Galileo, and the Tower of Ilsa,’^ 1935. 
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revolve around the earth as a center. The authority of Aristotle was 
so great as to render sterile the brilliant work of Aristarchus in the next 
century. 

7o Aristarchus (about 310-230 b.c.) enunciated a cosmogony identi- 
cal with that proposed by Copernicus nearly 2,000 3^ears later. No 
mention of this hypothesis is made in his only extant work, “On the 
Sizes and Distances of the Sun and Moon/' but Archimedes tells us, in 
a book called “The Sand-reckoner/' that “Aristarchus of Samos 
brought out a book" containing the hypothesis “that the fixed stars 
and the sun remained unmoved; that the earth revolves around the sun 
ill the circumference of a circle, the sun Ijdng in the middle of the 
orbit"; and that “the sphere of the fixed stars" is veiy great compared 
with the circle in which the earth revolves. The prestige of Aristotle 
was too great, hoivever, and the geocentric hypothesis that he sup- 
ported was so completely satisfactory to the ancient mind that Aris- 
tarchus’ theory -was practically lost for nearly 2,000 years, ^ 

8. Archimedes (287-212 b.c.), whose name is known to every 
student of elementary physics because of the famous principle of 
hydrostatics that bears his name, was one of the most noted physicists 
of antiquity. He was a man of great ability in what ■would now be 
called “theoretical (or mathematical) physics" as well as a practical 
engineer — a sort of ancient Lord Kelvin. In one of his books already 
mentioned, “The Sand-reckoner," he computes that 10®® grains of 
sand would fill the sphere of the universe as fixed by Aristarchus. 
In another, “On Floating Bodies," he lays the foundations of hydro- 
statics. His Proposition 7, in this book, enunciates the famous princi- 
ple: “A solid heavier than a fluid will, if placed in it, descend to the 
bottom of the fluid, and the solid will, when vreighed in the fluid, be 
lighter than its true weight by the weight of the fluid displaced." 

9. From the Greeks to Copernicus —To give but a passing com- 
ment to the 17 centuries between Archimedes and Copernicus would 
seem to give the reader the impression that no developments of moment 
occurred during that long period. This impression is almost correct. 
During ancient times Ptolemy of Alexandria (70-147 A.n.) collected 
the optical knowledge of his time in a book in which he discusses, 
among other things, reflection from mirrors- — plane, convex, concave^ — 
and, particulaii^q refraction, which Ptolemy evidently studied experi- 
mentally. He gives, in degrees, relative values of angles of incidence 

^ Heath’s ‘'Aristarchus of Samos ’Ms an exceedingly interesting and valuable 
book. It contains a review of early Greek astronomy up to the time of Aristarchus, 
a discussion of his work, and a translation of his only extant book, “On the Sizes 
and Distances of the Sun and Moon.” 
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and of refraction for air-water, air-glass, and water-glass surfaces and 
describes an apparatus by which he determined these quantities; he 
states that for a given interface these two angles are proportional. 
He also mentions atmospheric refraction as affecting the apparent 
position of stars. He invented a complicated theory of the motions 
of the planets in their orbits about the earth in order to explain their 
apparent motions among the stars. 

From Ptolemy to the Arabian Alhazen, is a span of nine centuries — 
twice the total lapse of time from the discovery of America to the 
present — during which there was stagnation in almost all lines of 
intellectual pursuits. But about the eighth centur^^ a.b., as an 
indirect result of religious activity, the Arabs began to cultivate 
chemistry, mathematics, and astronomy, in large part by translating 
into Arabic the works of the Greeks but also, in a few instances, by 
making original contributions. About the year 1000, Alhazen pro- 
duced a work on optics in seven books. This treatise sets forth a 
clear description of the optical system of the eye, discusses the laws 
of concave and convex mirrors, both spherical and cylindrical, and 
carries the subject of ..refraction a little further by recognizing that 
the proportionality^ between the angles of incidence and refraction 
holds only for small angles. 

During the next 500 years, a very few advances in physics were 
made. Roger Bacon (1214-1294), British philosopher and scientist 
and a monk of the Franciscan Order, taught that in order to learn the 
secrets of nature we must first observe. He believed in mathematics 
and in deductive science, but he clearly realized that only as scientific 
conclusions are based on observed phenomena and tested by experi- 
ment can useful knowledge result. 

About the same time Petrus Peregrinus recognized that magnetic 
poles are of two kinds, like poles repelling and unlike attracting each 
other. 

Then there was Leonardo da Vinci (1452“1519), Italian painter, 
architect, sculptor, engineer, and philosopher, whose greatness as 
a scientist has come to be appreciated only in recent years, for his 
works were left in manuscript form and were probably not widely 
known among his contemporaries — -for which reason his influence 
on early science is comparatively insignificant. His belief in the value 
of experiment is worthy of the tw^entieth century: '^Before making 
this case a general rule, test it by experiment two or three times 
and see if the experiment produces the same effect.''' Although 
expressed in the vague language of his time, some of Ms ideas con- 
cerning what we now refer to as ^^force," 'Tnertia," ^'acceleration," 
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the ^'laws of motion/’ etc., were qualitatively correct. Concerning 
perpetual motion, he wrote: ^^Oh, speculators on perpetual motion, 
hoW' many vain projects of the like character you have created! Go 
and be the companions of the searchers after gold.” Rejecting the 
Ptolemaic theory, he held that ^Hhe sun does not move.” That 
he was not persecuted or even burned at the stake, as was Bruno a 
century later, for holding such revolutionary and, therefore (!), 
heretical views is probably due to the fact that his doctrines were 
given so little publicity; for, holding no academic position, he did not 
teach, and he published nothing. 

Finally, in the sixteenth century, the full force of that period of 
intense intellectual activity known as the Renaissance began to 
be felt in the field of physics. Then were produced such men as 
Copernicus, Tycho, Kepler, Galileo, Newton, who with their con- 
temporaries and colleagues, in a space of hardly more than a century, 
completely broke the spell” of Aristotle and made possible the 
beginnings of modern experimental science. In so far as the helio- 
centric theory completely revolutionized man’s conception of the 
universe and his place in it, it is quite correct^to regard the work of 
Copernicus as beginning a new era in scientific thought. But had 
it not been for other discoveries coming immediately after Coper- 
nicus, such as the telescope, Kepler’s laws, Galileo’s famous experi- 
ments on falling bodies, and many others, it is quite possible that the 
theory of Copernicus would have had the same fate as that of Aris- 
tarchus centuries earlier. It is, therefore, fitting to regard the birth 
of the Copernican theory as closing the first period in the history of 
physics. 

10. The Copernican System. — Copernicus (1473--1543), a younger 
contemporary of Columbus, spent most of his life as one of the leading 
canons in the monastery at Frauenburg, near the mouth of the Vistula. 
As a student, however, he had studied, among other subjects, mathe- 
matics and astronomy ; at the University of Bologna, he was a pupil 
of a famous astronomer, Novara, who supported the Pythagorean 
system of the universe as against the Ptolemaic. Copernicus’s new 
theory of the universe is set forth in his “De Revolutionibus Orbium 
Coelestium,” which he allowed to be printed near the close of his life. 
The new theory appears to have been the result of long reflection upon 
the difficulties of the current astronomical theory of his day, and 
upon the various speculations of ancient philosophers. 

Copernicus perceived that, by assuming that the earth is a 
planet like rhe others and that all the planets move in circles around 
the sun, a great simplification, both philosophical and mathematical, 
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could be made mth. regard to the world S 3 "stem. He could thus 
easily account for the seasons and for the apparent retrograde motioUj 
at times^ of the planets. The rotation of the earth on its axis causes 
the apparent dail}" motion of the sun, niooHj and stars ; and he pointed 
out that^, probabty, the stars are too far away for aii}^ motion of the 
earth to affect their apparent positions. He gave the correct , order 
of the planets from the sun outward. 

Whatever the sj^stem as proposed by Copernicus lacked quanti- 
tativehq it was correct, in its main outline, qualitatively. Its reason- 
ableness set a few men thinking and did much to usher in a new era 
in science, an era that could come only when truth could have the 
opportunity of standing alone, unaided or unhindered by the “author- 
ity’’ of 2,000 years. 

SECOND PERIOD (1660-1800 A.D.) : 

RISE OF THE EXPERIMENTAL METHOD 

11. Galileo Galilei (1564-1642). — Galileo is widely, and quite 
correctl}^ regarded as the father of modern physics. To be sure, 
modern physics has grandfathers and still more remote ancestors, 
but none of them gave to experimental physics so much as Galileo. 
Ph^^sicists should be acquainted with the main details not only of his 
scientific work but also of his life. The student is urged, therefore, 
to peruse one of the several biographies and to read some of Galileo’s 
writings, at least in translation. Even a short time spent in following 
his deductions and in reading firsthand something he wrote will prove 
both interesting and instructive. 

Galileo was descended from a noble family, and it is quite probable 
that he inherited from his father the spirit of free inquiry which char- 
acterized Ms life. For, in the writings of the elder Galileo, who was 
well educated and was an accomplished musician, is the statement: 
“It appears to me that they who in proof of any assertion rely simply 
on the weight of authority, without adducing any argument in support 
of it, act very absurdly.” 

As a student in the monastery of Vallombrosa, near Florence, 
the young Galileo excelled in the classics and literature and was 
something of a poet, musician, and art critic. He also showed an 
aptitude for science and exhibited considerable mechanical inventive- 
ness. At the age of seventeen he was sent to the University of Pisa 
to study medicine. It was here that he made his first discovery and 
invention. One day, in 1581, he noticed the regular oscillations of 
the great hanging lamp in the cathedral at Pisa. Although the 
amplitude of these oscillations became less and less, they were all 
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performed in the same time, as he determined by counting his pulse. 
Turning the process around, he iiiYented a .“pulsometer/^ a ball- 
and-string (f.e., simple pendulum) device, whose length, when adjusted 
to synchronisin with the pulse, was a measure of its frequency. 

But the urge toward mathematics and science overcame the 
pecuniary advantages of a medical career. At the age of twenty-six, 
Galileo became professor of mathematics at Pisa. Here he began a 
systematic , investigation of the mechanical doctrines of Aristotle. 
He soon demonstrated by experiment to his own satisfaction that 
Aristotle was in error in many of his assertions, and these errors he 
proclaimed energetically from his professorial chair. 

It will be recalled that Aristotle ivas commonly understood to 
teach that a heavy body falls faster than a light one. This doctrine 
had been questioned, on the basis of actual test, by various writers, 
e.g.^ by Philoponus in the fifth century and by Benedetto Varchi in 
the generation before Galileo, Nevertheless the authority of Aristotle 
had continued to be accepted. To test the point, Galileo apparently 
tried the famous experiment of dropping bodies of unequal weight 
from the leaning tower of Pisa and found that they all fell with prac- 
tically equal velocities." We know^ nothing , of the details' of the 
experiment; indeed it is not even certain that he performed it at all.^ 
It is certain, however, that Galileo and a few of his friends were 
comdnced of Aristotle’s error; and it seems equally certain that the 
majority maintained, in spite of all experiments and arguments to 
the contrary, that Aristotle must be right. 

And then began a persecution wdiich was to last Galileo^s lifetime, 
increasing in severity as he grew older and, finally, resulting in impris- 
onment. To present the full details of his stormy life is far beyond the 
scope of this book. The reader is referred to his biographers. ^ 

He was soon forced to quit Pisa, and, in 1592, he became professor 
of mathematics at the TJniversity of Padua, where he remained 18 
years, enjoying ; comparative liberty of thought and, teaching. ' His 
fame as a teacher spread all over Europe, and his lectures were crowded. 

In 1608, a Dutch optician, Lipperhey, as a result of a chance 
observation of an apprentice, had succeeded in ^ ^making distant 
objects appear nearer but inverted” by looking through a tube in 
which were mounted two spectacle Tenses. News, of this invention 

^ Recently there has been a tendency to question the historical accuracy of the 
various accounts of this experiment. For an excellent discussion of the whole 
■subject ;s,ee ■Ij.;Gobper, ‘^'Aristotle, Galileo''' and "the,, Tower'^of' Pisa/' ' 1935., , ' 

2 Fahie, J. J., ‘Halilep: His Life and Work,^^ 1903; Bbbwstee, Sie David, 
“Martyrs of Science/H 870; Lodge, OiWEE, Pioneers of Science.^" 
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reached Galileo in June, 1609. Immediately grasping the principle 
involved^ he made a telescope and exhibited it in Venice “for more 
than a month, to the astonishment of the chiefs of the republic.” 
By January, 1610, Galileo had made a telescope with a power of 
30 diameters,^ and with this instrument he made a number of funda- 
mental discoveries. He saw that the number of fixed stars was vastly 
greater than could be seen by the unaided eye, and thus he was able 
to explain the agelong puzzle of the Milky Way. He saw that the 
planets appeared in his telescope as luminous disks while the stars 
still remained points of light, and he discovered the satellites of Jupiter. 
These discoveries naturally made Galileo famous, and he soon accepted 
an invitation to return to Pisa as “First Mathematician and Philos- 
opher,” at a very substantial increase in salary, but at a sacrifice, 
unfortunately, of his “academic freedom” in Padua. Continuing 
his astronomical investigations, he discovered the crescent phases of 
Venus, sunspots and the rotation of the sun, the faculae of the solar 
atmosphere, and the libration of the moon. In 1612, he published 
his “Discourse on Floating Bodies.” 

At first, it seemed as if his fame had silenced all opposition from 
the church. But the support that his discoveries gave to the hated 
Copernican theory and his vigorous attacks on Aristotelian philosophy 
roused his enemies to fury, with the result that in 1615 he was hauled 
before the Pope and, under threat of imprisonment and torture, was 
“enjoined ... to relinquish altogether the said opinion that the sun 
is the center of the world and immovable ... nor henceforth to hold, 
teach, or defend it in any way ...” Simultaneously, it was decreed 
that the works of Copernicus “be suspended until they be corrected.” 
Galileo acquiesced in these decrees and was allowed to return to Pisa, 
where he continued his researches along such lines as would not give 
offense. 

In 1623, one of Galileo^s friends, Barberini, became Pope Urban 
VIII, from whom Galileo received assurances of “pontifical good will.” 
Thereupon, thinking that the decree of 1615 would no longer be 
enforced, he began the writing of his great book, “Dialogues on the 
Ptolemaic and Copernican Systems.” This was published in 1632, 
under formal permission from the censor. The form of these dialogues 
is ingeniously contrived to abide by the letter of the decree of 1615. 
Three “characters” carry on the discussion: Salviati, a Copernican; 
Simplicio, an Aristotelian; and Sagredo, a witty, impartial, good- 

^ Galileo's telescopes were similar to the modern opera glass~a double-convex 
(or plano-convex) object glass and a double-concave eyepiece. Thus, they hadan 
erect image. 
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natured chairman. The dialogues cover four ^^Days/’ during which 
the arguments for and against each system are set forth with apparent 
impartiality and without reaching any stated conclusion. Neverthe- 
less, the general effect of the book was ''a powerful plea for 
Copernicanism. ^ 

111 spite of its enthusiastic reception by the public, the form of the 
book did not deceive his enemies, who were now determined that he 
must be silenced. This was effectually accomplished by representing 
to the Pope that the Simplicio of the dialogues, whose ignorance was 
very apparent, was simply a caricature of the Pope himself. In spite 
of the absurdity of the argument — for Galileo would hardly have 
risked offending Urban VIII, his one friend in the church — the Pope, 
who seems to have been both ambitious and vain, became convinced 
that Galileo ^^had made game of him.^^ Whereupon he was ready to 
Join Galiieo^s enemies in persecuting that great scientist, ostensibly 
for “the safety of the church and the vindication of its decrees. 

This tragic incident is illustrative of the fact that, in the seven- 
teenth just as in the twentieth centur}^, much of the “warfare between 
science and theology^^ — -.as Andrew D. White calls it^ — has been based 
upon personal motives rather than upon a sincere wish to uphold 
theological doctrines. Intolerance, even when it is sincere, is to be 
condemned; but insincere intolerance is to be despised. Yet, one 
cannot fulby comprehend the forward march of science unless one 
recognizes the seriousness of the obstacles of this kind that have had to 
be overcome. Great as is the fame of Galileo, how much more might 
he have accomplished if the energy that he was forced to spend in over- 
coming opposition could have been directed to’ward his researches. 
Without doubt, the giant strides being taken by science in the twen- 
tieth century are possible only because of the freedom that the scien- 
tist now enjoys. 

Galileo was presently called before the Inquisition. He was sixty- 
seven years old, impaired in health and in spirit. Bowing to the 
inevitable because of the magnitude of the forces arrayed against him, 
he followed the adAuce of his friends and indicated his “free and 
unbiased'^ Avillingness to recant, to “abjure, curse, and detest the said 
heresies and errors and every other error and sect contrary to the Holy 
Church,^’ and he further agreed “never more in future to say or assert 
anything, verbally or in writing, which may give rise to a similar 
suspicion.^’ Thereafter Galileo was kept a prisoner under suspended 

.'..^Fahie, ioc. cit . : 

® White, Aintdeew D., “The History of the Warfare between Science and 
Theology.” 
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sentence, first at Rome, then at his home in Arcetri. Here, during the 
last years of his life, he prepared and, in 1636, published his Dialogues 
on Two New Sciences’’^ {Le. Cohesion and Motion). 

The dialogues on Motion^’ sum up Galileo^s earlier experiments 
and his more mature deliberations. He states that '^if the resistance 
of the media be taken awa^^, all matter would descend with equal 
velocity/^ He deduces the formulas of uniformly accelerated motion. 
He shows that the path of a projectile is parabolic under suitable 
limiting conditions and states that, if all resistance were removed, a 
body projected along a horizontal plane would continue to move 
forever. His work on mechanics paved the way for the enunciation 
by Newton of the famous three laws of motion, which form the founda- 
tion of mechanics. 

12. Tycho Brahe (1546-1601) and Kepler (1571-1630). — The work 
of Tycho and Kepler is particularly interesting not only because of its 
direct bearing on the development of physics but more particularly 
because of the mutual dependence of the work of each one upon that 
of the other, a relation very common in present-da}^ science. Tycho 
was the experimentalist, the observer, who supplied the accurate data 
upon which Kepler, the theorist, built a new theory of planetary 
motion. Without a Kepler to build a theory from them, Tycho ^s 
observations would have attracted hardly more than passing notice. 
Kepler, in turn, might have theorized to his heart’s content, but, 
without the accurate data of a Tycho, those theories would ultimately 
have shared the fate of Aristotle’s. Sometimes theory precedes, 
sometimes experiment. But neither can get far without the other. 

Tycho Brahe, born of a noble family in Sweden, wms educated for 
a career as a statesman, but he developed a consuming interest in 
astronomy. By means of observations of his own, he soon found that 
the current astronomical tables were incorrect. In 1575, he was put 
in charge of the observatory of Uraniborg by King Frederick II of 
Denmark, one of his duties being to make astrological calculations for 
the royal family. Here he spent 20 years making systematic observa- 
tions of the planets, constructing a star catalogue, and accumulating 

1 See the excellent translation by Crew and de Salvio. 

Some writers have severely censured Galileo for yielding to the Inquisition. 
They say that “had Galileo added the courage of a martyr to the wisdom of a 
sage . . . science would have achieved a memorable triumph” (see Brewster, 
“Life of Newton”). Whatever opinions on this question one may hold, one fact 
stands out indisputable: Had Galileo not yielded he would surely have been cast 
into the dungeon and would probably have been burned at the stake. We should 
not then have had handed down to us these dialogues on Motion, so fundamental 
to our modern physics. 
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other astronomical data^ always with the highest possible order of 
accuracy that could be attained without a telescope. In 1599j Tycho 
undertook to establish a new observatory at Prague for the German 
emperor, Rudolph the Second, but in the midst of this work he sud- 
denly died (1601). 

Now among Tycho^s assistants at Prague had been, during the last 
few months, a brilliant young mathematician, Johann Kepler. He 
succeeded Tycho as principal mathematician to the emperor and 
undertook to carry to completion the new set of astronomical tables 
based on elaborate observations, which Tycho had begun. Kepler 
remained at Prague until 1612; from then until his death in 1630, he 
held a professorship at Linz. 

Kepler believed thoroughly in the Copernican system, which Tycho 
had rejected for a geocentric system of his own. It is one of the 
dramatic situations in science that Tycho^s data on planetary motions, 
taken in support of his own theory, became, in the hands of Kepler, 
the clinching argument for the Copernican system. Using Tycho^s 
observations, Kepler made a special study of the motion of Mars. 
He tried to reconcile the various recorded positions of the planet by 
assuming circular orbits for Mars and for the earth, trying various 
positions of these orbits relative to the sun. None worked. By 
resorting to the Ptolemaic notion of epicycles and deferents, some 
improvement resulted, but still the observed positions differed from 
the computed, in some cases by as much as 8 minutes of arc. Kepler 
knew that Tycho^s observations could not be in error by that amount. 
Some nevr concept regarding planetar}^ motion was necessary. 

Then Kepler gave up uniform circular motion and assumed that 
the speed varied inversely as the planePs distance from the sun. This 
assumption is his famous second law,^^ that the radius vector from the 
sun to the planet describes equal areas in equal times. It worked approx- 
imately, but stiU there were systematic errors which exceeded the 
possible errors of observation. Finally, he cast aside the last tradi- 
tions of the Ptolemaic system and tried orbits of other forms, first, an 
oval path, and, then, an ellipse, with the sun at one focus. At last, 
his years of computation bore fruit. The path was an ellipse. Theory 
and observation agreed! And one of the most important and far- 
reaching laws in all science had been discovered, all because of a 
discrepancy of 8 minutes of arc between observation and theory ! In 
fact, one of the striking things in the growth of science, particularly 
physical science, is the fact that many fundamental advances have 
come about because of just such discrepancies, frequently very small 
ones, between observation and theory. Studying Tycho’s observa- 
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tions further, Kepler finally hit upon the true relation between the 
periods of the planets and the radii of their orbits, a relation now 
known as Kepler’s ^Hhird law,” that the squares of the times of revolu- 
tion around the sun are as the cubes of the mean orbital radii. 

Thus were completed the three laws of planetary motion that 
Kepler handed down to posterity and wKich, sweeping away all 
remnants of the Ptolemaic system, paved the way for modern 
astronomy: 

1. The planets move around the sun in orbits which are ellipses, 
with the sun at one focus. 

2. The radius vector (from sun to planet) sweeps over equal areas 
in equal times. 

3. The squares of the periods of revolution of the planets around 
the sun are proportional to the cubes of the (mean) radii of their 
respective orbits. 

But what makes the planets move? Why do the outer ones go 
more slowly? Is there ^^one moving intelligence in the sun, the 
common center, forcing them all around, but those most violently 
which are nearest?” Kepler speculated lo^^g on this question and 
actually arrived at the idea of an attraction acting between any two 
material bodies. This qualitative idea of Kepler’s ’was later developed 
by Newton into his quantitative theory of universal gravitation. 
Kepler himself, however, seems to have had no idea that it is this very 
attractive force which keeps the planets themselves in their orbits. 

In passing, it may be mentioned that Kepler also made substantial 
contributions in the field of optics. He understood clearly the princi- 
ple of total reflection and how to determine what we now call the 
critical angle.” He studied atmospheric refraction as affecting the 
apparent position of the heavenly bodies and worked out an approxi- 
mate formula to allow for this error for ail positions, from zenith to 
horizon. He was the first to propose the meniscus type of lens. And 
he proposed the Keplerian or astronomical type of telescope, in which 
a real image is formed, thus making possible accurate measurements 
by means of cross hairs in the focal plane of the objective. 

13. The Experimental Method Spreads.— The impetus given to 
science by that great trio, Galileo, Tycho, and Kepler, resulted in an 
ever increasing number of investigators in the generations that fol- 
lowed. We can mention only a few of them. Of great significance, 
too, is the fact that at about this time there were formed in several 
European centers various learned societies which brought together, for 
argument and discussion, men of kindred interests. The Lincean 
Society was founded in Italy, in 1603; the Royal Academy of Sciences, 


20 


HISTORICAL SKETCH 


[Chap. I 


in France, in 1666; and the Royal Society for the Advancement of 
Learning, in England, in 1662. The continued improvement of the 
art of printing enormously facilitated the diffusion of scientific 

knowledge. 

In 1600, Gilbert, an English ph 3 ^sician, published his famous work, 
“De iMagiiete/' based largelj^ upon his own experiments, in which he 
showed the fallac}^ of such popular fancies as the belief that lodestones 
lost their magnetic power when rubbed with garlic and regained it 
again when smeared with goat's blood. He was the first to recognize 
that the earth is a great spherical magnet, and he actually magnetized 
a small sphere of iron and showed that it produced a magnetic field 
similar to that of the earth. 

Among other workers in magnetism may be mentioned Kircher 
(1601"1680), who, by measuring the force required to pull a piece 
of iron from either pole of a magnet, demonstrated the equality of 
the two poles; Cabeo (1585-1660), who showed that an unmagnetized 
iron needle floated freely on water would place itself along the earth's 
magnetic meridian; and Gellibrand (1597-1637), who discovered the 
secular variation of the ^magnetic declination. 

In the field of optics, there was Scheiner (1575-1650), who studied 
the optics of the eye; Snell (1591-1626), who discovered t.he true law 
of refraction; and Cavalieri (1598-1647), who gave the correct formula 
for the focal length of a thin glass lens in terms of the radii of curvature 
of the tW'O sides. Studies in acoustics, also, were not wanting. For 
example, Mersenne (1588-1648), after having investigated the laws of 
vibrating strings, determined, in absolute measure, the frequency of 
a tone. He also measured the velocity of sound b}^ observing the time 
interval between the flash of a gun and the arrival of the report. 

In the field of fluid mechanics, there was Torricelli (1608-1647), 
who studied the flow of liquids from orifices, discovered the principle 
of the barometer, and observed variation in barometric height with 
altitude. Working independently, Guericke (1602-1686) invented 
the air pump. Pascal (1623-1662) measured the difference in baro- 
metric height between the base and the top of a mountain, correctly 
explaining the reason for the difference, and, later, announced the 
famous principle of hydrostatics that bears his name. 

Not only was physics, as a subject, beginning to assume definite 
form, but even the usual subdivisions such as mechanics, light, sound, 
etc., were beginning to crystallize out. 

Then 'Came a ■ man 

... towering head and shoulders above all his contemporaries, a veritable 
giant among the giants, a man whose intellect and whose contributions to 
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knowledge are incomparably greater than those of any other scientist of the 
past, that prince of philosophers, Sir Isaac Newton. ^ 

The other “giants” referred to, contemporaries of Newton, are such 
men as Boyle, Huygens, and Hooke. 

14. Sir Isaac Newton (1642-1727).— Newton was born in the 
little hamlet of Woolsthorpe, England, in 1642, less than a year after 
the death of Galileo. In the public school at Grantham, he showed 
at first no exceptional aptitude for his studies, but ultimately he rose 
to the highest place in the class. Then, at the age of fifteen, he was 
removed from school to assist his widowed mother in running the 
family estate at Woolsthorpe. But he had little taste for farming. 
Rather, he was interested in studying and in devising various mech- 
anisms. He made a water clock, water wheels, sundials, and a work- 
ing model of a windmill. And one morning his uncle found him 
under a hedge studying mathematics when he should have been 
farming. Thereupon Newton ^s mother wisely decided that an educa- 
tional career was more suitable for her son, and he was sent back to 
school and, ultimately, to Cambridge, which he entered in 1661. 
Here his fondness for mathematics continued, and soon his creative 
genius began to appear. While still a student, he discovered the 
binomial theorem, developed the methods of infinite series, and dis- 
covered fluxions,^’ or the differential calculus. 

Soon thereafter, an outbreak of the plague closed the University 
for some months, during which time Newton, at the family estate 
at Woolsthorpe, began his speculations on the subject of gravity, 
which later led to his enunciation of the inverse-square law. It 
was here that the much-quoted “falling apple^^ episode is said to have 
occurred, which is supposed to have given Newton the basic idea of 
universal gravitation. But Newton himself makes no mention of the 
incident, and it seems far more probable that at Cambridge he had 
read Kepler^s qualitative proposal of a general principle of gravitation. 
Certainly, Newton was familiar with the three laws of planetary 
motion that Kepler had discovered. 

In 1667, Newton returned to Cambridge as Fellow of Trinity. 
Two years later, at the age of twenty-six, he was appointed Lucasian 
Professor of Mathematics, a chair which he held for nearly 30 years. 
In 1703, he resigned his professorship to devote himself to his duties 
as Master of the Mint, to the scientific work of his contemporaries, 
and to defending his own work against the attacks of jealous rivals. 
In this same year, he was elected President of the Royal Society, an 
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office which he held until his death. In 1705, he was knighted by 

Queen Anne. 

Most of Newton's important scientific work was done before lie 
vacated the professorship, although he remained thereafter ''a power 
of the first magnitude in the world of science." In his later years, 
he devoted much time to theological studies. He died Mar, 20 , 1727 , 
at the ripe old age of eighty-five. Throughout his life, he shunned 
publicity and retained a modesty and simplicity which are indicated 
b}’'- a sentiment uttered shortly before his death: 

I do not know what I may appear to the world, but to myself I seem to 
have been only like a boy playing on the seashore, and diverting myself in 
now and then finding a smoother pebble or a prettier shell than ordinary, 
whilst the great ocean of truth lay all undiscovered before me. 

Any brief account of Newton's work must inevitably give a very 
inadequate impression of his contributions to science. The student 
is urged to read some of his writings firsthand or, at least, some exten- 
sive biographical discussion of his life and work. We can here refer 
only to a very few of his researches on optics and on mechanics. 

Newton's work on optics arose out of an attempt to improve lenses. 
The inability of a lens with spherical surfaces to bring parallel rays 
to a point focus was early recognized. In 1629, Descartes had shown 
that lenses with hj^perbolic or, under certain conditions, parabolic 
.•surfaces should be free from the defect which we now call spherical 
aberration." Newton found, however, that such lenses produced 
only a very slight improvement in the image, and he conjectured that, 
perhaps, the trouble lay not in the lens but in the light itself. 

Accordingly, he procured a prism of glass and, placing it over a 
hole inch in diameter through which sunlight was shinihg into a 
darkened room, he observed the ^^very vivid and intense colors" 
produced on a wall some 20 feet distant, Newton was surprised to 
find that this spectrum," as we now call it, was so much longer than 
it was wide (13K by 2^ inches). The width subtended at the hole 
an angle corresponding exactly to the sun's angular diameter, but the 
length could not be so explained. He made various surmises as to 
the origin of the colors, such as the varying thickness of the prism 
from apex to base, the unevenness of the glass, a curvilinear motion of 
the light after leaving the prism, etc. One by one, experiment proved 
these hypotheses wrong. Finally, he isolated one ray, or ^fcolor," by 
suitable screens and caused it to pass through a second prism. In 
this way, he could measure the refrangibility of a single ray. And 
he found that the refrangibility increased from red to violet, that, 
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therefore, the first prism simply “sorted out” the colors, which, in 

combinatioii, made “ white light. In other words, he discovered that 
so-called ‘‘'white light'' is made up of the spectral colors— a very 
elementary concept to us of the twentieth century but very new and 
of far-reaching importance in 1666. 

Newton at once saw that this dispersion of light was the cause of 
his failure to effect any substantial improvement in telescopes by 
use of paraboloidal lenses. Furthermore, he concluded, on the basis 
of a hurried experiment, that, in different mediums, dispersion was 
always proportional to refracting power. If this were so, it would 
follow that by no combination of lenses of different materials could 
chromatic aberration be eliminated. This singular error of Newton's 
retarded the development of refracting telescopes for many years. 
In 1730, Hall made several achromatic combinations of crown and 
flint glasses, but he published no account of his work, so that, when 
Dolland, about 1757, rediscovered the method of making such com- 
binations, he was able to secure a patent on it — an invention that 
had been within the grasp of Newton three-quarters of a century before. 

Newton's theories (Concerning the nature of light are of great 
historical interest. And much has been written concerning the extent 
to which he is supposed by some to have retarded the development of 
optics by espousing the corpuscular theory as against the wave theory 
of his contemporaries, Huygens (1629-1695) and Hooke (1635-1703). 
Accordingly, it may be of interest to point out, b}^ a quotation or two, 
that Newton was by no means dogmatic in his support of the cor- 
puscular theory and that later writers may have taken him, in this 
regard, more seriously than he intended. 

In a communication to the Royal Society, in 1675, concerning 
“An Hypothesis Explaining the Properties of Light," Newton states: 

. . . I have here thought fit to send you a description ... of this hypothesis 
, . . though I shall not assume either this or any other hypothesis, not think- 
ing it necessary to concern myself whether the properties of light discovered by 
men be explained by this or any other hypothesis capable of explaining them; 
yet while I am describing this, I shall sometimes, to avoid circumlocutation 
. , . speak of it as if I assumed it. 

He then proceeds to describe “an setherial medium, much of the same 
constitution with air but far rarer, subtiler and more strongly elastic " 
and supposes that 

. . . light is neither aether, nor its vibrating motion, but something of a 
different kind propagated from lucid bodies. They that will may suppose 
it an aggregate of various peripatetic qualities. Others may suppose it multi- 
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tildes of unimaginable small and swift corpuscles of various sizes springing 
from shining bodies . . . and continually urged forward by a principle of 
motion which in the beginning accelerates them, till the resistance of the 
aetherial medium equals the force of that principle much after the manner 
that bodies let fall in water are accelerated till the resistance of the water 
equals the force of gravity. 

Nearly 33 years later (1704), Newton published his optical researches 
in book form in his well-known “Opticks,^’ bringing out a third edition 
in 1721. His first sentence reads: ^^My Design in this Book is not to 
explain the Properties of Light by Hypotheses, but to propose and 
prove them by Reason and Experiment.^' He then, in some 300 pages, 
gives his researches on refraction, reflection, colors of thin plates, 
etc., and he concludes the book by ‘^proposing only some queries in 
order to further search to be made by others." One of these queries 
expresses his objections to the wave theory of light: 

28. Are not all hypotheses erroneous in which light is supposed to consist 
in pression or motion propagated through a fluid medium? If light consists 
only in pression propagated without actual motion, it would not be able to 
agitate and heat the bodies which refract and reflect it, and ... it would 
bend into the shadow. For pression or motion cannot be propagated in a 
fluid in right lines beyond an obstacle . . . but will bend and spread every 
way into the quiescent medium which lies beyond the obstacle. 

In order to account for the colors of thin films, which are now 
regarded as strong evidence for the wave nature of light, he supposes 
that every ray of light in its passage through any refracting surface 
is put into a certain transient constitution or state, which in the 
progress of the ray returns at equal intervals and disposes the ray at 
every return to be easily refracted through the next refracting surface 
and between the returns to be easily reflected by it." He even sug- 
gests that the effect might be due to vibrations excited by the ^^rays" 
in the material medium which vibrations “move faster than the rays 
so as to overtake them; and that when any ray is in that part of the 
vibration which conspires with its motion, it easily breaks through a 
refracting surface, but when it is in the contrary part of the vibration 
which impedes its motion, it is easily reflected . . . But whether this 
hypothesis be true or false, I do not here consider."^ 

It is clear that Newton regarded his corpuscular theory as a tenta- 
tive one, subject to confirmation or rejection on the basis of further 
experiments. If his theory really did retard progress in optics, the 
fault lay rather with those who attached too great weight to his opin- 

i Quoted in Preston^st'LighV’ p. 22. 
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ions, perhaps because they retained something of that medieval respect 
for authority which had kept Aristotle enthroned so long. 

Newton\s speculations may also serve as an example to illustrate 
the rule that even the greatest intellect works on the basis of the 
knowledge and viewpoints of its age. Had Newton lived a century 
later, he would probably have been one of the first believers in the 
wave theory. The fact that great scientists share the limitations ot 
their age is an added reason for treating their speculative opinions 
chiefly as sources of inspiration for further experiment. 

Newton^s researches on optics alone would have given him a high 
rank among the scientists of his time. But of still greater value was 
his work in 7 nechanics, In announcing that every particle of matter 
in the universe attracts every other particle with a force inversely 
proportional to the square of the distance between the two particles/' 
in showing that this one universal and comparatively simple law 
governs not only the motions of the planets around the sun and of the 
satellites round their planets but, probably, also the relative motions 
of all the heavenly bodies, he gave to the world a truth which exercised 
an enormous influence upon thought. This achievement of Newton's 
played a large part in bringing about the general conviction that the 
physical universe in its entirety is governed b^^ law, not by caprice. 

Newton himself has told us how he came to discover the law of 
gravitation. First he attacked the problem of finding a law of attrac- 
tion between two bodies, such as the sun and a planet, which would 
result in Kepler's third law, viz.j that squares of the periods of rotation 
of the planets around the sun are proportional to the cubes of their 
mean distances from the sun. He found that a gravitational attrac- 
tion varying as the inverse square of the distance gives this law of 
planetary motion. 

Then he saw that a test of this inverse-square law could easily 
be made by comparing the acceleration of the moon toward the earth 
with the acceleration of falling bodies at the surface of the earth. It 
was known that the distance between the moon and the earth's center 
is about sixty times the earth's radius. By the inverse-square law, 
therefore, the moon should ‘^ drop" toward the earth, in I second, 
as far as a body at the surface of the earth drops in 1 second. The 
latter distance being, from observations on falling bodies, 16 feet, the 
former should be feet, or 16 feet in 1 minute. But the accelera- 
tion of the moon could be determined directly by applying to the moon 
the expression he had used for the motion of the planets in their orbits, 

= 7 = ' 



wliere v is the velocity of the moon in its orbit or T is the period of its 
motion around the earth and r is the radius of the orbit. Now r is 
equal to sixty times the earth’s radius, which was taken as 3,436 mdes, 
on the then common assumption that a degree of latitude is 60 miles. 
On this basis, the moon is found to “drop” 13.9 feet toward the earth 
in a minute, instead of 16 feet, as should be the case if the inverse- 
square law were obeyed. Thus the two results did not agree. 

Newton was twenty-three years old at the time, and he laid this 
calculation aside, not mentioning it to anyone. Some years later, 
however, he learned of a new and more accurate determination of the 
leno'th of a degree which had been made by Picard, who found not 
60 but more nearly 70 miles. In the meantime Newton had also 
succeeded in proving that a homogeneous sphere attracts an external 
body as if all its mass were concentrated at its center, thereby removing 
one small uncertainty in the calculation. So, on the basis of Picard s 
new value for the length of a degree, Newton revised his computations 
on the moon’s acceleration and, to his great joy, found that it falls 
toward the earth 16 feet in a minute, just as predicted by the inverae- 
square law. At last, he had discovered the 4rue law of gravitation. 
On the basis of this law, he could now derive all three of Kepler s laws. 

Theory and observation checked perfectly. ^ ^ # 

These results, together with some propositions on the motion^ of 
the planets, were communicated in 1683 to the Royal Society, which 
requested permission to publish Newton’s complete researches on the 
subject of motion and gravitation. In 1687, there appeared the first 
edition of his “Prineipia” or, in full, “Philosophiae Naturalis Principia 
Mathematica” (Mathematical Principles of Natural Philosophy), 
“without exception the most important work in natural philosophy 
extant The original is in Latin, but English translations are avail- 
able. The treatise is divided into three books, the subject matter of 
each being presented by propositions, theorems, and corollaries. Ihe 
first two books deal with general theorems concerning the motions of 
bodies whereas the third contains applications to the solar system 
The entire treatise is characterized by the exposition of the principle o 
universal gravitation and its ramifications but, as the author carefully 
points out, without attempting any hypothesis as to the mwse of 


In this treatise the famous three laws of motion are assumed as 
axioms. Their greatest merit lies in the fact that they contain ]ust 
enough to constitute a complete basis for the science of mechamcs 
and no more. The laws can be expressed with greater clarity in 
modern terminology, and we now realize that in part they express 


^ Hakt, loc, ciL 
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definitions rather than experimental facts, but it is commonly felt 
that no more conmnient basis for mechanics has been proposed. 

In addition to the formulation of the laws, Newton's treatise makes 
several other important contributions to mechanics. He was the 
first to give precision to the concept of mass; and he describes a series 
of experiments showing that the period of a pendulum is independent 
of the material of which it is made, from which he concluded that, for 
different bodies, mass and weight are proportional to each other. 
He also gave precision to the idea of force, and formulated in general 
terms the principle of the parallelogram of forces. 

Of Newton's invention of the method of fluxions (f.c., the calculus), 
of his very interesting miscellaneous writings, particularly those on 
theology, of the many controversies with his contemporaries into which 
he was unwillingly drawn in defense of his scientific work, we cannot 
take space to write. We can only urge our readers to make further 
study of the life and works of this renowned physicist. 

15. Newton's Contemporaries. — The true productive period of 
Newton's life ended about 1700. His biography is so full of interest 
and inspiration that it i? a temptation to discuss, similarly, the work of 
his contemporaries, themselves eminent scientists — the Honorable 
Robert Boyle (1627-1691), the discoverer of '^Boyle's law"; Huygens 
(1629-1695), whose wave theory of light was to triumph a century and 
a half later; Robert Hooke (1635-1703), proponent of the undulatory 
theory and originator of Hooke's law" of elasticity; Leibnitz (1646- 
1716), whose calculus ultimately replaced Newton's fluxions. But, 
remembering that the main business of this book is “'^modern" physics, 
we must pass on to a rapid review of the developments of physics 
during the eighteenth century. 

16. Mechanics during the Eighteenth Century.^ — The subsequent 
history of mechanics has consisted of the derivation, from Newton's 
three laws, of various secondary principles which are convenient for 
special purposes, and of the solution of all sorts of problems. Among 
the prominent workers during the eighteenth century, we find such 
names as Daniel Bernoulli (1700-1782), who worked on hydro- 
dynamics, the kinetic theory of gases, and the transverse vibrations of 
rods; Euler (1707-1783), who shares vdth Bernoulli the honor of 
discovering the general law of the conservation of angular momentum 
(1746); and Lagrange (1736-1813), who gave, in the equations that 
bear his name, a general method of attacking any problem, using any 
sort of coordinates that may be convenient; 

^ The reader will find in Mach’s “The Science of Mechanics” a very valuable 
discussion of the history and the fundamentals of the subject of mechanics. 


Sec. 18] LIGHT DURING THE EIGHTEENTH CENTURY 


29 


17. Heat during the Eighteenth Century. — Galileo had invented an 
air thermometer in 1597, but the first mercury thermometer was used 
by Kircher in 1643. About 1724, Fahrenheit proposed the tempera- 
ture scale now knowm by his name; this was followed by the Reaumur 
scale and, in 1742, b}^ the Celsius scale. James Black (1728-1799), a 
professor of chemistry at Glasgow and Edinburgh, made measurements 
of the heat of fusion and of vaporization of water, which led to modern 
calorimetry, and gave definite form to the previously hazy distinctions, 
between temperature and heat. 

With regard to theories of heat, however, there was retrogression 
during the eighteenth century. From his writings, it is clear that 
Newton regarded heat as intimately connected with the motion of the 
small particles of which bodies are composed, and this view seems to 
have been shared by his contemporaries. But, early in the eighteenth 
century, there was a return to the caloric theory, which held heat 
to be a fluid that could be extracted from or added to a body, thereby 
causing its changes of temperature. This heat fluid was indestruct- 
ible, its particles were self-repellent but were attracted by ordinary 
matter, and it was all-pervading. The ex|>ansion of bodies when 
heated was the natural result of ^^swelHng^^ due to forcing caloric into 
matter. The production of heat by percussion was due to the releasing 
or “pounding loose of some of the caloric naturally condensed in or 
absorbed by the body, thereby increasing the amount of free caloric. 
Black explained latent heats and specific heats on the basis of this 
theory. Indeed, by the end of the eighteenth century, the caloric 
theory of heat was generally accepted. 

18. Light during the Eighteenth Century.— An event of special 
importance in the history of science was the discovery of the aberration 
of light by Bradley in 1728. The absence of any measurable stellar 
parallax had been one of the stumbling blocks in the way of the 
Copernican system and was, therefore, one of the outstanding problems 
of astronomj^ Tycho had recognized that, viewed from opposite sides 
of the earth’s orbit, the stars should show a perspective displacement, 
but his careful observations convinced him that no such displacement 
so great as 1 minute of arc existed. Later observers, likewise, sought 
such an effect in vain. 

In hopes of being able to measure stellar distances, Bradley began, 
in 1725, systematic observations on the position of a zenith star, 
7 Draconis. If stellar parallax existed, this star should be farthest 
south in December and should then move north,, reaching its maximum 
northerly position 6 months later. The position of the star was found 
to change, but not in the manner expected. It reached farthest south 
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in March and farthest north in September, the angular distance between 
the two positions being about 40 seconds of arc. Bradley continued 
his observatioas on other stars, and, in 1728, he came to the conclusion 
that the observed displacement was not due to parallax at all but 
to an apparent shift in the star’s position due to a combination of the 
velocity of light with that of the earth in its orbit. ^ He was thus 
enabled to deduce a value for the velocity of light. The value so 
found was in substantial agreement with that determined by Romer a 
half-century earlier, from a study of the motion of Jupiter’s moons, 
which constituted the first determination of the velocity of light. This 
discoverj" of Bradley’s was the first in the series that formed the basis 
for the modern theory of relativity. 

Theories as to the nature of light made no material progress during 
the eighteenth centruy. Some writers are inclined to ascribe this 
to the prestige given to the corpuscular theory by the fact that it was 
supported by Newton, whose preeminence “seemed to act like a spell,” 
as had Aristotle’s centuries before. But if so, then, likewise, the 
kinetic theory of heat held by Newton should have been uppermost 
during the eighteenth cgntury, whereas, as has already been pointed 
out, the reigning theory of heat during this period was the caloric 
theory. Lack of progress in the theory of light was more likely due 
to the lack of any crucial experiment, just as was the case with theories 
of heat. Science has never progressed on the basis of speculation only. 

19. Electricity during the Eighteenth Century.— Electricity 
received a great deal of attention during the eighteenth century, but 
research was concerned principally with electrostatics. Stephen Gray 
(1670-1736) distinguished clearly between conductors and noncon- 
ductors of electricity and showed that even conducting bodies may be 
electrified provided they are insulated. Du Fay (1698-1739) showed 
that flames exercise a discharging power and that there are two kinds 
of electricity, which he called “vitreous” and “resinous.” He was 
thus led to propose the two-fluid theory of electricity. During the 
first half of the eighteenth century, the electroscope was invented (by 
Hawksbee, in 1705), frictional electric machines were developed, the 
Leyden Jar was discovered (1745), and there was considerable popular 
interest in electrical phenomena. During the latter half of the century, 
three names stand out preeminent: Benjamin Franklin (1706-1790), 
Henry Cavendish (1731-1810), and Charles A. Coulomb (1736-1806)' 

Franklin’s experiments began about 1745. One of his first observa- 
tions was the effect of points “in drawing off and throwing off the 
electrical fire. ’ He proposed the one-flmd theory of electricity, some- 

1 See any text on astronomy for further explanation of aberration. 
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wliat similar to the caloric theory of heat. This theory supposed that 
all bodies contained naturally a certain amount of the electric fluid. 
When a body had an excess of the fluid, it exhibited one of the two 
kinds of electrification, which Franklin chose to call for this reason 
positive; when it had a deficit, it exhibited the other kind, which he 
called negative. Certain features in the appearance of electric sparks 
led him to identify his positive electrification with that which had been 
called vitreous. (In the light of the modern electron theory, we 
should prefer that he had applied the signs in the opposite order 1) 

About 1750, Franklin began to speculate on the identity of elec- 
tricity and lightning, pointing out many similarities and proposing, by 
means of a pointed iron rod, to ^^draw off the fire from a cloud.’^ 
Franklin^s writings were published in Europe, and in 1752 Dalibard 
tried the experiment in Paris, confirming Franklin^s prediction. A 
short time later, Franklin performed the famous kite experiment, so 
well known to every schoolboy; this led to his study of atmospheric 
electricity and to his invention of the lightning rod. Franklin^s 
researches occupied but a small portion of his long and busy life, but 
they were sufficient to give him a high standing among the scientists 
of the world. 

Quantitative researches in electricity began with Cavendish and 
Coulomb. Cavendish is known not only for his work in electrostatics 
but also for his researches in chemistry and for the well-known Caven- 
dish experiment, in 1798, in which he determined the constant of 
gravitation. His electrical researches were very extensive, but most of 
his work remained unknown, for he published only one paper of impor- 
tance. He left behind a large amount of material, however, in the 
form of manuscript notes, and these were edited and published in 
1879 by Maxwell. In these experiments, Cavendish proved the 
inverse-square law of electrostatic force; measured capacity, recognized 
the principle of the condenser, and measured the specific inductive 
capacity of several substances ; arrived at a reasonably clear idea of the 
quantity which we now call ^^potentiaP’; and anticipated Ohm’s law 
by 50 years. Had these important measurements been communicated 
to his scientific contemporaries, the history of electricity might have 
been substantially modified. As it is, the credit of discovery seems 
fairly to belong to others, for a discovery is of no importance to any one 
else if it is kept' secret. 

Coulomb’s work in electricity grew out of his development of the 
torsion balance, originally used for studying the torsional elasticity of 
wires. In the period 1785-1789, he published seven papers on 
electricity and magnetism in the Memoir es de V Acad6mie Royale des 
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Sciences, In these papers, he showed by means of the torsion balance 
that electrostatic forces obey the inverse-square law; that, on conduct- 
ing bodies, the charge exists only on the surface; and that the capacity 
of a body is independent of the nature of the material of which it is 
composed. He advocated the two-fluid theory of electricity. 

20. Close of the Second Period. — The end of the eighteenth cen- 
tury found rival theories contending in each of three of the subdivisions 
of ph 3 'sics: the caloric vs, the kinetic theory in heat; the corpuscular vs, 
the iindulatory theoiy in light; and the one-fluid vs, the two-fluid theory 
in electricity. The veiy fact that these issues were raised in rather 
clean-cut fashion is an indication of the tremendous strides that had 
been taken since Galileo, But most important of all, men had learned 
the value of experiment and observation and the fallacy of blindly 
following ^'authority.” 

During the next century the caloric theory was definitely ruled 
out, apparent]}^ never to return. The corpuscular theory of light 
seemed likewise to be effectively disproved by many new experiments. 
But further progress in regard to the nature of electrification waited, 
for the most part, until the twentieth century. 

THIRD PERIOD (1800-1890 A.D.) : 

THE RISE OF CLASSICAL PHYSICS 

21. The Nineteenth Century in Physics. — So much was added to 
ply>sical knowledge during the nineteenth century that an adequate 
liistory of this period would almost constitute a textbook of physics. 
We can only comment briefly upon the principal lines of advance and a 
few of the most important discoveries, selecting especially those that 
form the background for the characteristic advances of the present 
century. 

In mechanics, there was Hamilton, who discovered in the ^‘Hamil- 
tonian equations’’ a new form of the equations of motion which is 
especially convenient in attacking theoretical questions. The theory 
of the motion of rigid bodies, including the gyroscope, was worked out 
as well as the mathematical theory of elasticity. The subject of 
lydrod^mamics, dealing with the motion of fluid of all sorts, was 
developed. In dealing wdth the flow of viscous fluids, however, only 
simple problems could be solved; extensive study of such fluids, by 
half-empirical methods, was not made until during the present century, 
after the invention of the airplane. 

The work in other fields was more striking. The most significant 
discoveries and advances were: the establishment of the kinetic theory 
of heat, and the development of the kinetic theory of gases; the 
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victory (?) of the wave theory of light over the corpuscular theory; the 
formulation of the general law of the conservation of energy; the dis- 
covery of the second law of thermodynamics; and, above all, the 
discovery, by Farada^^ and others, of the whole range of electro- 
magnetic phenomena, culminating in MaxwelPs theory of the electro- 
magnetic field and of light. 

Of these lines of advance we shall select three for detailed presenta- 
tion, choosing those which bear more or less directly upon modern 
developments in ph^^sics; and as typical scientists of the period, we 
shall discuss especially Faraday and Maxwell. 

22. Heat and Energy. — The law of the conservation of energy is 
one of the most fundamental and far-reaching of all physical laws, and 
yet, curiously enough, it is of comparatively recent origin, for it was 
not announced until the middle of the nineteenth century. As 
exemplified in mechanics, it had been recognized during the eighteenth 
century, in the theory of the “vis viva^^; but its announcement as a 
law of universal application awaited experimental work demonstrating 
the definite equivalence of heat and mechanical work. 

The first qualitative experiment bearing on the nature of heat was 
performed in 1798 by Count Rumford, an American who had fled to 
England in 1775 and eventually became a sort of military engineer to 
the Bavarian government. He became impressed by the large amount 
of heat that was developed in boring cannon, and he performed 
experiments indicating that this heat was too great to be accounted 
for plausibly by the caloric theory. He could find no loss of weight, 
when the chips made by boring were included, and showed that the 
specific heat of the chips was the same as that of the block from which 
they had come. He concluded that heat “cannot possibly be a 
material substance’^ such as caloric but must be a form of “motion.'' 

A still more difficult experiment for the calorie theory to explain 
was one performed by Sir Humphry Davy, Director of the Royal 
Institution, which had been founded by Count Rumford, Davy 
rubbed together two pieces of ice in a vacuum surrounded by walls 
kept below the freezing point and found that the ice was melted. 
Here the mechanical work of rubbing accomplished exactly the same 
effects that could have been produced by the addition of a certain 
quantity of heat from the outside, yet there was no way in wliich 
caloric could have entered the ice. 

The maj ority of the supporters of the caloric theory were, however, 
unconvinced. Even Carnot (1796-1832), the founder of the modern 
science of thermodynamics, when he proposed the now famous Carnot's 
cycle in 1824, based his reasoning on the caloric theory. A given 
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quantity of caloric '^falling’’ from a higher to a lower temperature was 
analogous to a given quantity of water falling from a higher to a lower 
level; each was capable of producing motive power. The kinetic 
theory had to wait for a quantitative experiment. 

In 1842, R. J. Mayer (1814-1878) pubHshed a paper^, in which, 
partly on philosophical grounds, he announced the equivalence of heat 
and energy, and from data on the specific heats of a gas he deduced a 
value for the mechanical equivalent of heat. Meanwhile, Joule 
(1818-1889), in England, unacquainted with Mayer's work, was 
carrying on a very careful series of experiments in which he converted 
the mechanical energy of a falling weight into heat by a paddle wheel 
revolving in water and thus determined that 778 foot-pounds of work 
would raise 1 pound of water TF. Joule announced his results at a 
meeting of the British Association for the Advancement of Science in 
1847. The paper would have passed almost unnoticed, had it not 
been for William Thomson, later Lord Kelvin, who, grasping the real 
significance of the proposed theory, by his discussion made the paper 
the event of the meeting. 

Quite independently ^of the work of Mayer and of Joule, Helmholtz 
(1821-1894) in 1847 read a paper before the Physical Society in Berlin 
on ^^Die Erhaltung der Kraft," in which, on the basis of the impossi- 
bility of perpetual-motion machines, he announced the law of the 
conservation of energy. The paper was rejected for publication 
by the editor of the Annalen der Physik! It was later published in 
pamphlet form. 

The caloric theory could not withstand these attacks, and by 1850 
the mechanical theory of heat and the doctrine of the conservation of 
energy were generally accepted. The science of heat then proceeded 
to grow apace. The second law of thermodynamics was announced 
by Clausius (1850) and, in another form, by Kelvin (1851), and in 1854 
Kelvin proposed the thermodynamic scale of temperature. Thus was 
developed the highly successful ‘Iclassical theory" of heat. We shall 
discuss later the facts that this theory, in turn, was unable to explain 
and the way in which the study of these facts led to the development 
of theviuantum' theory. 

— The revival of the wave theory of light, begun by 
Thomas Young (1773-1829), is one of the most important features 
of the history of the nineteenth century. Young pointed out that the 
dividing of a beam of light into a refracted ray at the interface 
between two mediums was to be expected from the wave theory but 

^ Ann, d. Chem, u. Pharmaciej M&jf 
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had not been satisfactorily explained on the corpuscular theor 3 ’'. In 
1801, he presented to the E,oyal Society a paper “On the Theory of 
Light and Colors,” in which he proposed the principle of the inter- 
ference of two wave trains as an explanation of Newton s i ings and the 
colors of thin plates. From Newton’s measurements of the thickness 
of the air layers necessary to produce the several colors, Young was 
enabled to compute wave lengths. In subsequent papers, he described 
the interference fringes which he had observed by placing hairs or silk 
threads in front of a narrow slit illuminated from the rear ; he announced 
the change of phase on reflection; he explained diffraction bands by the 
principle of interference, and he showed that the spacing of these bands 
gave values of the wave length agreeing with those obtained from 
Newton’s rings and that, therefore, both phenomena must be due to a 
common cause. Again, quantitative measurements became an indis- 
pensable link in the chain of reasoning. 

But the dogmatic spirit in regard to scientific matters was not yet 
dead. Young’s paper aroused a storm of protest, even of derision 
and abuse. He was attacked not by the church, as was Galileo, but 
by some of his scientific, or, more probably, pseudoscientific, con- 
temporaries. His chief assailant was Henry Brougham, afterward 
Lord Chancellor of England, who “reviewed” Young’s papers in the 
Edinburgh Review. The nature of Brougham’s attack is mdicated 
by the following quotation: 


We wish to raise our feeble voice against innovations that can have no 
other effect than to check the progress of science and renew aU those mid 
phantoms of the imagination which Bacon and Newton put to flight from her 
temple. We wish to recall philosophers to the strict and severe methods of 

investigation ... 


Although Young replied at length in a privately published pamphlet,^ it 
was a long time before public opinion was willing to receive his theories 

with an open mind. , j.i. 

In 1815, a Frenchman, Fresnel (1788-1827), rediscovered the 

phenomenon of interference, performing the famous experiment with 
the two mirrors. A few years later he developed a mathematical 
theory of such phenomena (1818-1819). He _ also explained Lhe 
polarization of light by assuming that the hght vibrations in the ether 
transverse to the direction of propagation of the light rather than 
longitudinal. He did not know that this suggestion had already been 
made by Young in a letter to Arago written in 1817. Fresnel sup- 
ported the explanation by showing experimentally that two plane- 
polarized beams of light cannot interfere at all if their planes of 
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polarization are perpendicular to eacli other. Phenomena of polariza- 
tion had been known to Newton, the polarization of light by Iceland 
spar being discovered by Bartholinus in 1669. Newton had tried to 
fit these phenomena into the corpuscular theory by assuming a sort of 
structure in the corpuscles, but the explanation was not convincing, 
and polarization had remained an enigma to both theories of light. 
Even FresiieFs explanation seemed almost to demand the impossible, 
for it required the ether to be a solid, or at least to have such properties 
of a solid as are necessary for the transmission of transverse waves, i.e., 
the properties of rigidity and density. And yet the planets must move 
through this ^‘'solid^^ pervading ail space, with no measurable changes 
in their periods of revolution! 

Experimental evidence for the wave theory continued to accumu- 
late. Finall}^ in 1850, Foucault performed a crucial experiment in 
its favor by shoving, with his w’-ell-known revolving-mirror apparatus 
for measuring the velocity,^ that light travels more slowly in water 
than in air, as it should on the wave theory, in order to account for 
the relative refractive index of these two mediums, whereas, on the 
corpuscular theory, the reverse should be the case.^ 

From 1850 until the end of the third period (1890), the wave theory 
held the field undisputed. The frequent assertions that the corpus- 
cular theory was finall}^ disposed of certainly seemed justified, particu- 
larly after the development of MaxwelFs electromagnetic theory of 
light and its experimental verification. Yet the corpuscular theory 
was not actually dead. It was only sleeping. 

Some important discoveries in light from 1800 to 1890 not previously 
mentioned are: 


Discoveeee 

Bark lines in the solar spectrum ... Fraunhofer 

Three-color theory of vision (1807) Young 

Rotary polarization of quartz (1811) Arago 

Polarization of scattered light (1813) Arago 

Rotary polarization by liquids (1815) Biot 

Light sensitivity of silver bromide (1826) Balard 

Change of conductivity of selenium on illumination (1837). Knox 

Doppler effect (1842) Doppler 

Foundation of spectral analysis (1859) . . ...... Kirchhoff and Bunsen 


24, Electricity and Magnetism— The history of electricity during 
the nineteenth century is so extensive that even a sketchy outline 
would fill a small volume. We shall, therefore, discuss little besides 

^ See Edsee, ^Tight for Students^' 

2 See any textbook on optics. 
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the fundamental discoveries of the opening decades and then the work 
of Faraday and that of Maxwell, which are so closely related to each 
other and to recent developments in physics that we can best present 
the part of electricit}?’ and magnetism in which we are particularly 
interested by giving an account of the contributions of these two men. 

While the mathematical theory of electrostatics and of magnetism 
was being elaborated by Laplace, Green, and Poisson, fundamental 
discoveries were made in regard to electric currents. Galvani, in 
1786, as a result of a chance observation that a frog’s leg kicked con- 
vulsively when connected with the terminal of an electric machine, was 
led to an extensive study of '^animal electricity.” In the course of 
these experiments he observed that if the frog’s leg was so suspended 
that the exposed nerves touched a metal plate, say silver, then, a con- 
traction of the muscle occurred whenever the foot touched another 
metal, say iron. He even observed slight muscular contraction when 
both plates were of the same kind of metal. This led him to believe 
that the nerve was the source of electricity and that the metal served 
simply as conductor. Volta later found that potentials could also be 
produced using inorganic materials and, in 1800, he described the first 
battery for producing an electric current — the historically famous 
voltaic ^^pile,” consisting of zinc and copper plates placed alternately 
and separated by blotting paper moistened with brine. He also 
described a battery consisting of cups containing brine or dilute acid 
connected by copper and zinc strips joined together. 

Volta ascribed the effect to the contact of two dissimilar metals. 
We now know, however, that the current that can be caused in this 
manner to flow in a closed circuit is due to chemical action at the 
contacts of the metals with the electrolyte; the effect at the junction 
of the metals gives rise to potential differences of a different nature, 
the contact difference of potential” or 'Wolta effect,” which adds up 
to a total of zero in any closed circuit. 

This new source of electricity was received with a great deal of 
interest, A few weeks after hearing of Volta’s work, Nicholson and 
Carlisle accidentally discovered the decomposition of water by the 
electric current. Thinking to secure better contact between two wires 
forming part of the circuit, they had joined the ends of the wires by a 
drop of water. At once they observed the formation of a gas, which 
they recognized as hydrogen. This was the beginning of the study 
of electrolysis. During this same period the heating effect of the cur- 
rent and the arc light were discovered. 

It was early suspected that there was some relation between 
electricity and magnetism, but the filrst significant discovery was made 


38 


HISTORICAL SKETCH 


[Chap. I 


Si 


in 1820 by Oersted, who found that a magnetic needle tends to set 
I itself at right angles to a wire through which an electric current is 

flowing. Soon after, Biot and Savart discovered the law for the field 
of a long straight current, and, toward the end of 1820, Biot proposed, 
on the basis of a special experiment, the formula for the field due to a 
:: current element that is commonly used today and is often miscalled 

Ampere’s formula.”^ Soon after, the brilliant French physicist, 
Ampere (1775-1836), on the basis of just enough crucial experiments, 
showed that a closed current is equivalent in its magnetic effects to a 
magnetic shell. Then, reversing his line of thought, he suggested that 
i magnetism itself might be due to currents circulating in the molecule. 

; He also discovered the action of a magnetic field on a current. Thus, 

“ within five years of the first discovery, the foundations of electro- 

magnetism had been completely laid. 

‘i; 25. Michael Faraday.^ (a) Biographical Sketch. — Michael Fara- 

day was born in 1791, in a small village near London. He was the son 
if of a blacksmith, James Faraday. Being required to assist his mother 

in providing for the family, he was engaged in 1804 as errand boy to a 
1 :! bookseller and stationer, and in the following year he was formally 

apprenticed to his employer to learn the art of bookbinding. During 
this apprenticeship, Faraday made good use of his spare time by 
reading some of the books that passed through the shop. He was 
particularly interested in works on science, and in connection with his 
reading he showed one of the important characteristics^ of the great 
investigator-to-be by performing such of the simple experiments 
described '^as could be defrayed in their expense by a few pence per 
ll;;::;;,, week.”' ' 

Aside from liis own reading, Faraday^ s only scientific education 
consisted in a dozen lectures on natural philosophy hy a Mr. Tatum and 
Jour lectures on chemistry by Sir Humphry Davy, in the winter of 1812. 
Submitting the very careful and neatly written notes which he made 
of these lectures as proof of his earnestness,” he made bold to apply 
' to Sir Humphry Davy for a position, however menial, at the Royal 

Institution of which Davy was then director. Davy was so pleased 
with the letter and the notes that in March, 1813, Faraday was 

^ I.e.y dH^ — fdssin $/r^. Cf. Biot, J, B., Precis 61ementaire de Physique 
experimentaie,” 1824. Ampere appears to have assumed that the force-action 
between tw^o current elements must necessarily lie along a line drawn through the 
elements, which is not the ease if Biot’s formula is used for the magnetic field. 

“ See Thompson, Sylvanus P., ** Michael Faraday : His Life and Work.” 

^ In later life, he wrote: -I was never able to make a fact my own without seeing 
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Plate 3. — Faraday. 
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engaged as apparatus and lecture assistant ■ at 25 shillings per week. 
In October, 1813, he accompanied Sir Humphry and Lady Davy on a 
trip to the Continent, which took them to many of the important 
scientific centers of Europe. Assistant though he was, Faraday 
impressed others because of his modesty, amiability, and intelligence; 
said one writer, “We admired Davy, we loved Faraday.” 

On returning to England, under Davy's encouragement, Faraday 
soon began original investigations, initially in chemistry. From 1816 
to 1819 he published 37 papers. These were concerned with such 
subjects as the escape of gases through capillary tubes, the production 
of sound in tubes by flames, the combustion of the diamond, and the 
separation of manganese from iron. About 1820, he began his elec- 
trical researches. These, and others growing out of them, continued 
for nearly 40 years. 

Almost his entire scientific life was spent at the Royal Institution. 
In 1825, he was made Director of the Laboratory. Declining offers of 
positions elsewhere, turning away professional occupations which 
might have made him wealth}^, he gave to his science and to the 
institution he served a ^devotion seldom if ever equaled. The secret 
of his success, which brought him, during his lifetime, honors from all 
over the scientific world and which immortalized his name by the long 
list of scientific discoveries ascribed to him, is, perhaps, to be found in 
some excerpts from his many notes : 

Aim at liigh things, but not presumptuously. 

Endeavor to succeed — expect not to succeed. 

It puzzles me greatly to know what makes the successful philosopher. 
Is it industry and perseverance with a moderate proportion of good sense 
and intelligence? Is not a modest assurance or earnestness a requisite? 
Do not many fail because they look rather to the renown to be acquired than 
to the pure acquisition of knowledge . . . ? I am sure I have seen many who 
would have been good and successful pursuers of science, and have gained 
themselves a high name, but that it was the name and the reward they were 
always looking forward to — the reward of the world^s praise. In such there 
is always a shade of envy or regret over their minds and I cannot imagine a 
man making discoveries in science under these feelings. 

The reader is urged to study carefully Faraday's life and works, 
particularly to read, as unexcelled examples of scientific expositions, 
portions of his “Experimental Researches in Electricity and Mag- 
netism.” We can mention here only a few of his most important 
discoveries; , ■ ■ ■ 

(b) The Principle of the AfojJor. ^Faraday had been interested in 
electromagnetism since April, 1821, when Wollaston attempted, at the 
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Royal Institution, to make a wire carrying an electric current reToh^e 
around its own axis when the pole of a magnet was brought near. 
The experiment was unsuccessful, but the phenomenon excited 
Faraday’s interest, and he determined to make a study of it. First, he 
read what had been done by others and repeated many of their experi- 
ments. In the course of these experiments, he observed that, when 
the magnetic pole was brought near the wme, “the effort of the wire is 
always to pass off at right angles from the pole, indeed to go in a circle 
around it . . . 

The following day he wrote in his laboratory notebook: 

Apparatus for revolution of wire and magnet. A deep basin with a bit 
of wax at bottom and then filled with mercury. A magnet stuck upright in 
wax so that pole [is] just above surface of mercury. Then piece of mre, 
floated by cork, at lower end dipping into mercury and above into silver cup. 

On passing a current through the wire, it revolved continuously around 
the magnet. This was the first electric motor! 

(c) Electromagnetic Induction, — Oersted’s experiment and sub- 
sequent developments had clearly shown how “to produce magnetism 
by electricity.” Faraday seems to have held it as one of the tenets of 
his scientific philosophy that every physical relation (of cause and 
effect) has its converse. If electricity can produce magnetism, then 
magnetism should produce electricity. His repeated attempts to 
accomplish this failed. For example, in 1825, he tried what seemed to 
be the obvious converse by looking for an electric current in a helix of 
wire coiled around a magnet. Later, he tried to find a current in a 
wire placed near another wire carrying current. Other scientists were 
looking for similar effects but without success. They were all looking 
for the production of a steady current. 

But several times investigators were very near to the discovery of 
induced currents. In 1824, Arago observed the damping of the vibra- 
tions of a magnetic needle suspended over a copper plate. This 
observation was extended by causing the needle to revolve by revolving 
the copper plate underneath it, air disturbances being, of course, 
eliminated. It was shown that this “ dragging ” effect was greater, the 
greater the electrical conductivity of the spinning plate. Even the 
effect of radial slits in the copper disk, in reducing the dragging action 
on the magnet, was observed. Suggestive as these experiments were, 

however, the true explanation remained undiscovered. 

In the summer of 1831 Faraday attacked the problem for a fifth 
time. This time, instead of placing a permanmt magnet ins^W^ a 

Quotation from Faraday’s laboratory notebook, Sept. 3, 1821. 
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he DclMi-ed a soft iron ring 6 inches in external diameter, on 

“a'sensible effect Xdt t^^th blSL^ 

original positio . , , » Slight as these momentary effects 

SSXt" »nected .ith rf 

°* “It tWento durSay pXcM rapidly to the discovery 
of the real effect On the "third day” of his expermentt he wound a 

The coil was coimected to a galvanometer. 

■Pverv time the magnetic contact at iV or 5 was made or broken there 
w,. a inSL ac tion at the i.dicalmg helix [i.e, gdranonretcrl-ttre effect 
W„S, rfn former case,, not permsment but a mere momentary push or pdl. 

On the fourth day, he showed that the presence of non was not neces- 
saiy; that the effect could be produced by the action of one helix on 
another. On the fifth day: 

A ovlindrical bar magnet ... had one end just inserted into the end of 
thetelS cylinder; then it was quickly thrust in the whole length and the 
Galvanometer needle moved; then pulled out and again the nee Je moved 
but in the opposite direction. The effect was repeated every time the magn^ 
wa=i put in or out, and therefore a wave of electricity was so pioduced f 
mere approximation of a magnet and not from its formation in situ. 

Atlast! He had “converted magnetism into electricity.” Thenssen- 

tial requisite was relative motion, or a change of condition. On the 
ninth day, he produced a continuous current by turmng a copper disk 
between the poles of a powerful electromagnet, the penphery o 
disk being connected to its axis through an m^cating galvanometer 
This was the now weU-known Faraday disk dynamo, the very first 

dynam^de^tnc his laboratory, following, 

however, years of patient and persistent experiment, _ Faraday had 
discovered a phenomenon for which the greatest scientists of his time 

had sought in vain— electromagnetic induction. 
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Following tliis discovery^ Faraday devised and tried various electri(3 
machines to test and extend his newly discovered principle. One of 
these machines, consisting of a rotating rectangle of wire with a com- 
mutator attached j is the prototype of the modern dynamo. But his 
interest was always in pure science, for he writes: 

I have rather, however, been desirous of discovering new facts and relations 
dependent on magnetoelectric induction, than of exalting the force of those 
already obtained; being assured that the latter would find their full develop- 
ment hereafter. 

Being unacquainted with mathematical symbols and methods, 
Faraday always sought to explain his discoveries and to extend his 
researches by purely physical reasoning. To the mathematician, the 
law of magnetic attraction 

p ^ mm^ 

may have been a sufficient explanation of the phenomenon. To 
Faraday, this gave a statement only of the magnitude of the magnetic 
forces; it left the phenomenon itself quite unexplained. Accordingly, he 
insisted that two magnetic poles, or two electric charges, could act on 
each other only if the medium between the tivo played some important part 
in the phenomenon. This insistence on the importance of the medium 
ultimately led him to the very fruitful concept of lines of force and 
of the cutting of these lines as essential to electromagnetic induction. 
At first qualitative, this concept was developed by Faraday into an 
essentially quantitative form, although it was first stated in mathe- 
matical language by F. Neumann in 1845. Commenting on Faraday's 
laws of electromagnetic induction, Max-well wrote: 

After nearly a half-century , . . , we may say that, though the practical 
applications of Faraday's discoveries have increased and are increasing in 
number and value every year, no exception to the statement of these laws as 
given by Faraday has been discovered, no new law has been added to them, 
and Faraday's original statement remains to this day the only one which 
asserts no more than can be verified by experiment, and the only one by which 
the theory of the phenomena can be expressed in a manner which is exactly 
and numerically accurate, and at the same time within the range of elementary 
methods of exposition. 

(d) The Laws of Electrolysis.— Famday next turned his attention 
to proving that “ Electricity, whatever may be its source, is identical 
in its nature." He found, for example, that electricity from a friction 
machine would deflect a galvanometer and would cause chemical 
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decomposition just as would electricity produced by chemical action. 
This led him into the field of electrolysis. He found that many sub- 
staiicesj such as certain chlorides and sulphates^ are nonconductors 
when solid but are good conductors when melted, and that in the 
molten state they are decomposed by the passage of current. This 
showed that water was 7iot essential to electrolysis. To clarify 
description of his experiments, he introduced the terms electrode/^ 
'^aiiode/^ cathode,” ‘Ton,” “anion,” “cation,” “electrolyte,” “elec- 
trochemical equivalent,” etc. A quantitative study of the phenomena 
resulted in his discoveiy of the laws of electrolysis that bear his name 
and which are the basis of all present-day work in that field. 

Further, Faraday clearly recognized that a definite quantity of 
electricity is associated with each atom or ion in electrolysis. Had he 
been able to determine the number of atoms in unit mass of any 
substance, he would have anticipated, by 60 years, the determination 
of the fundamental charge e. For he says: 

Equivalent weights of bodies are simply those quantities of them which 
contain equal quantities of electricity; ... it being the electricity which 
determines the combining force. Or, if we adopt the atomic theory or phrase- 
ology, then the atoms of bodies which are equivalent to each other in their 
ordinary chemical action, have equal quantities of electricity naturally 
associated with them. 

(c) The Conservation of Energy , — In connection with a proof of the 
fact that the electricity from the voltaic pile results from chemical 
action and not from mere contact of one substance with another, 
Faraday stated clearly the doctrine of the conservation of energy 
several years before the statement of Helmholtz. In 1840, he wrote: 

The contact theory assumes that a force which is able to overcome a 
powerful resistance . . . can arise out of nothing . . . This would indeed 
be a creation of power, and is like no other force in nature. We have many 
processes by w^hich the form of the power is so changed that an apparent con- 
version of one into the other takes place . . . But in no case is there a pure 
creation or a production of power without a corresponding exhaustion of some-- 
thing to supply it. 

(f) The ^^Faraday^^ Effect . — Reference has alread}^ been made to 
Faraday^s abhorrence of the doctrine of “action at a distance.” He 
believed that, if twm electric charges attract each other, the medium 
between the two plays some important role. Presumably, therefore, 
the medium between two such charges is in a different state than it 
would be if the charges were not present; and if so, such an altered 
state should be detectable by observing the alteration in some physical 
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property of the medium. As early as 1822, Faraday had experimented 
with a beam of polarized light passing through a transparent solution 
carrying a current, to see whether the current caused any “depolar- 
izing” action. Although he repeated the experiment several times in 
subsequent years, the results were all negative. In 1845, he returned 
to the problem, but still with negative results. He then tried solid 
dielectrics between plates of metal foil connected to a pow'erful electric 
machine to see whether, under electric strains, they would show any 

optical effects. No results b , . xv 

Faraday then substituted a magnetic field for the electrosta,tic 
field to see whether the former would cause any depolarizing action 
on the beam of light. Various substances were tried but still with 
negative results. Finally, he placed in the magnetic field a veiy dense 
piece of lead glass, which he had made many years earlier. When the 
magnetic lines were parallel to the direction of the beam of polarized 
light he observed that the plane of polarization was rotated. At last, 
he had found a relation between magnetism and light. This magnetic 
rotation is now known as the “ Faraday effect.” Again, his persistent 
search, maintained during 20 years of repeated^failures, was rewarded 
by the discovery of an effect in the existence of which he had the most 

subliniB confidence. , 

id) Miscellaneous.— Among Faraday’s other researches may c 
mentioned; numerous investigations in chemistry; the liquefaction o. 
several gases formerly thought “permanent”; the diffusion ot gases 
through solids; self-induction; certain fundamenta properties of 
dielectrics; diamagnetism; distinction between anode ^hode 

in the electric discharge through gases at low pressure, vibiation ot 

nlates* revelation of ice; alloys of steel; and optical glass. 

Wdl iay this simple, modest, self-taught philosopher be given a 
conspicuous place among the great benefactors of manlcind ^ 

26 Joseph Henry (1799-1878).— Any account of Faraday s woik, 
howeveJ brief, should be accompanied by at least a mention of the 
reslarles of the American physicist, Joseph Henry, whose memory ls 
honored by the name of the unit of inductance, the henry, which bears 
to electroHnetics a relation identical with that of the farad to ekctro- 
staSf Had Henry been able to experiment continuously and wi h 

1 Years later (1875) this effect was found by Kerr [PM. May., vol. 1. p. 3o7 
(1875)]. 
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magnetic induction, including the phenomena of self-induction. In 

all of Ills work, furthermore, he was greatly hampered by his isolation 
from the scientific atmosphere of Europe. 

Henry was interested especially in the design and use of electro- 
magnets. He constructed the first electric motor operating by an 
electromagnet, which rocked back and forth between two permanent 
magnets. He found that, for maximum tractnm effect, the cells 
of the battery and also the ''spools” of the electromagnet should be 
connected in series if the magnet were a long distance from the battery, 
but the}" should be connected in parallel if the wires joining the magnet 
to the batteiy were short. His work on electromagnets led directly 
to the commercial development of the telegraph. 

27. James Clerk Maxwell (1831-1879). — It would be difficult to 
pick out two eminent scientists whose beginnings differed from each 
other more than did MaxwelFs and Faraday's. Faraday came of very 
humble parentage; Maxwell, from a long line of distinguished ancestors. 
Faraday's early life was lived almost in poverty; Maxwell's family had 
abundant means. Faraday received only the most rudimentary 
education; Maxwell wf.s given every advantage of school and univer- 
sity. They differed also in their aptitude f or scientific work. Faraday 
was one of the greatest exponents of experimental science that the 
world has ever seen; whereas Maxwell, although likewise an able 
experimenter, is one of the greatest figures in the history of theoretical 
physics. And yet both made indispensable and mutually supple- 
mentary contributions to the classical theory of electromagnetics. 

Maxwell was born in Edinburgh in 1831. At the age of ten he was 
sent to the Edinburgh Academy, where he was a friendly boy, though 
never ciuite amalgamating with the rest. But, however strange he 
sometimes seemed to his companions, he had three qualities which 
they could not fail to understand: agile strength of limb, imperturbable 
courage, and profound good nature.^ 

When he left the Academy in 1847, he was "first in mathematics 
and in English and nearly first in Latin.” Then, after 3 years in the 
University of Edinburgh, he entered Trinity College, Cambridge, from 
which he graduated in 1854 with high honors. 

Maxwell early showed extraordinary interest in both theoretical 
and experimental research in physics. At the academy, he invented a 
means of drawing certain types of oval curves, and a few years later 
he published a paper on" The Theory of Rolling Curves ” and another 
on "The Equilibrium of Elastic Solids”— all this before he was 
nineteen years old! During these same years he was also busy with 

^ GiiAzebrook, James Clerk Maxwell and Modern Physics. 
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experimeiits of many sorts, especially in liis little laboratory in a 
garret on the family estate at Glenlair, where lie spent his vacations. 

After 4 3 ^ears at Aberdeen, he was Professor for 5 years at King^s 
College, London (1860-1865); from here some of his most important 
papers were published, such as^ “Physical Lines of Force” (1862) and 
Ms greatest paper, “A Dynamical Theory of the Electromagnetic 
Field.” After a retirement of several years, he was elected in 1870 
to the newly founded professorship of experimental physics at Cam- 
bridge. In this capacity, he superintended the planning and equip- 
ment of the now famous Cavendish Laboratory, of which he was 
director until his untimely death in 1879. 

A large proportion of MaxwelPs papers, over 100 in number, may 
be grouped under three headings: color vision; molecular theory; and 
electromagnetic theory. 

The work on color vision was undertaken to make a quantitative 
study of the physical facts pertinent to the theory of color sensations 
proposed by Thomas Young, according to which any luminous sensa- 
tion is the result of exciting in the eye three primary sensations, red, 
green, and violet. For this purpose Maxwell invented a “color 
box,” b 3 ^ means of which he could mix spectral colors. 

MaxwelFs work on molecular physics is very extensive. He 
discovered and, in part, established theoretically the law of the 
distribution of velocities among the molecules of a gas (“MaxwelFs 
law^O* showed that vrhen tvro gases are at the same temperature, 
the mean kinetic energy of translatory motion of their individual 
molecules is the same in both gases. From the kinetic theory of 
viscosity, he drew the surprising conclusion that the viscosit}?' of a gas 
should be independent of its density so long as the mean free path is not 
too large, and he verified this conclusion by experiment. He brought 
to bear upon the whole subject mathematical methods “far in advance 
of anything previously attempted on the subject”; indeed, he is 
the co-founder with Clausius (1822-1888) of the kinetic theory of 
matter. 

In the electromagnetic theory, MaxwelFs great contributions were 
the “displacement currents” and the formulation of the general 
equations of the electromagnetic field, which led to the electromagnetic 
theory of light. In the preface to his treatise “Electricity and 
Magnetism,” he makes the interesting remark: 

Before I began the study of electricity I resolved to read no mathematics 
on the subject till I had first read through Faraday^s ^^ Experimental 
Researches on Electricity.” 
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He became convinced that Faraday was right in regarding the dielec- 
tric as the true seat of electrical phenomena and in supposing that it 
acted by becoming electrically polarized, the positive ends of its 
molecules pointing on the whole with the field and the negative ends 
in the opposite direction. The term “dielectric, ” as used here, must 
be understood to include a tenuous medium or ether fiUing all space, 
even in what we call a vacuum. He drew the conclusion that when 
the polarization changes, this change must involve a displacement of 
electricity, and so there must exist in the dielectric, %vhile the change 
is going on, a current having the same magnetic properties as the cur- 
rent in a conductor. 

This assumption of displacement currents opened the way lor tne 
deduction of Maxwell’s famous equations of the electromagnetic field. 
It is interesting, however, that he was first led to these equations 
through a mechanical analogy, i.e., in studying the behavior oi a 
mechanical system filling all space, which would be capable of causing 
the observed electrical and magnetic phenomena. He show'ed (loo ; 
that his hypothetical medium would be capable of transmitting 
transverse vibrations with a speed equal to the ratio of the electro- 
magnetic to the electrostatic unit of charge. Although he did not take 
his model too seriously, he nevertheless remarks, that the ratio of the 


units 

. agrees so exactly wath the velocity of light calculated from the optical 
experiments of M. Fizeau, that we can scarcely avoid the inference that l^ht 
consists in the transverse undulations of the same medium, which is the cause of 
electric and magnetic phenomena. 


The theory was restated, without reference to any particular model, m 
Ms great paper of 1864, in wMch he says. 

The theory which I propose may therefore be caUed a theory of the Fleciro- 
magnctic Field, because it has to do with the space in the neighborhood of the 
electric or magnetic bodies, and it may be caUed a Dynamical Theory, because 
it assumes that in that space there is matter in motion by which the obseived 

phenomena are produced. 

In 1873, Maxwell published his “Treatise on Electricity and Mag- 
netism,” which ranks with Newton’s “Principia” as one of the most 

important books in all science. . , , ,. j 4 .u„ 

The subiect of electromagnetic waves will be discussed furthers 
the next chapter along with certain other results of electromagnets, 
theory that will be needed later. Here we shaU add qn ly a tew words 
concerning the later history of the subject during the closmg decades 
of the last century . 
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28. The Completion of Electromagnetic Theory. — The physical 
ideas underlying Maxwell’s new theor}^ were left none too clear by him. 
In Ms treatise, we find the assumption that ail space is full of incom- 
pressible electricity”; in a conductor this electricity can moveTreely 
(except for ohmic resistance), thus constituting an electric current, but 
in a dielectric ^Hhere is a force which we have called electric elasticity 
wdiich acts against the electric displacement and forces the electricity 
back when the electromotive force is removed.” This is clear enough. 
But what is the origin of this “electromotive force?” And in what 
does electrification consist? According to Maxwell’s theory a charged 
conductor has neither more nor less electricit}?' on it or in its neighbor- 
hood than when it is not charged. This point in Maxwell’s theory 
became still more obscure when in 1876 the American physicist, 
Rowland, showed experimentally that a moving charged conductor is 
surrounded by a magnetic field, the moving electrification evidently 
constituting a current. 

The mathematical theory^ on the other hand, was slowly developed 
by others, especially by H. A. Lorentz, and was shown to give a good 
account of all electric a^nd magnetic phenomena and of the principal 
properties of light. In Germany, stimulated by Helmholtz, Hertz 
set out to search experimentally for the magnetic effects of Maxwell’s 
displacement currents and in 1887 discovered waves that were undoubt- 
edly of electrical nature. Later, it was shown that the speed of 
propagation of these waves is the same as that of light. Speculation 
as to the nature of the displacement currents in a vacuum then 
gradually died out, until today we speak only of electric and magnetic 
“fields” governed by the Maxwell-Lorentz equations. This develop- 
ment in electromagnetic theory illustrates a general tendency, notable 
during the last half-century but regretted by many, for the funda- 
mentals of physics to become an abstract mathematical theory unsup- 
ported by underlying concrete ideas. Further examples are afforded 
by Einstein’s principle of relativity, to be described in Chap. IV, and 
in the foundations of wave mechanics. 


CHAPTER II 


electromagnetic waves and moving charges 

Before taking up the main theme of this book, we shall discup, in 
this chapter, a few points in electromagnetic theory which it will be 
useful for the student to have in mind. Electromagnetic waves and 
the emission of radiation will be discussed, on the basis of Maxwell’s 
theory, in sufficient detail to enable the student to appreciate more 
readiiy the conflict of this theory with the modern quantum theory. 
Then a few points concerning the fields of moving charges will be 

taken up. , i . ,i „n 

Few derivations can be given here, for lack of space, but we snail 

begin by writing down Maxwell’s equations. 

29. Maxwell’s Equations.— In an electromagnetic field there exists 
at each point, in general, both an electric 
and a magnetic field strength or field inten- 
sity. These quantities are vectors having 
direction as well as magnitude. To deal 
with them analytically, let us introduce a 
set of right-handed Cartesian axes. To 
save words, it will be convenient, hereafter, 
to say that any three mutually perpendic- 
ular vectors related to each other in direc- 
tion like the directed lines Ox, Oy, Oz 
form a right-handed (orthogonal) seP- of vectors. , ■ ,r 

Let us now represent the field vectors by their components m the 
directions of these axes. Let the component of the electric fie ^ 
strength E be denoted by E,, Ey, respectively, and those oLthe 
magnetic field strength H by Uy, a,, rneii 

equations for a region in which the dielectric constant is e and the 
magnetic permeability g., but in which there is no electrical conductivi y 
and no accumulation of electric charge, can be written thus. 

dHz dHy _ i dEx ^ 

~ dz c dt 

dz dx c dt’ 

1 Vectors can be tested for this property with the right hand, as suggested in 
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Fig. 1. —Illustrating the right- 
hand vector rule. 
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dHjj dHx _ edEz 
dx dy c dt^ 


(Ic) 

BEz BEy __ _ jxBHx^ 

By Bz c Bt 


(Id) 

BEx BEz ___ yBHy 

Bz Bx c Bt ^ 

BEy _ ^ 

Bx By c Bt 


(le) 

(1/) 


= 0, 

(Iff) 


= 0. 

(Ih) 


We shall suppose that c.g.s. units are used and that E is in electrostatic 
units, whereas H is in electromagnetic units or oersteds; e and are 
therefore, pure numbers, and equal to unity if the field is in a vacuum. 
The derivatives occurring in the equations are all partial derivatives, 
since Ex,Ey,Ez, may all vary, not onlj^ from point to point, but 

also from time to time, each component being thus a function of the 
four variables ^The constant c enters into these equations as 

the ratio of the electromagnetic to the electrostatic unit of charge; as 
is well knowm, however, this constant is also equal to the speed of light 
in vacuum. 

The mathematical foundation of electromagnetic theory may then 
be completed by adding to the field equations the Lorentz force equa- 
tion, which expresses the familiar value for the force exerted by the 
field upon a small test charge placed in it. Upon a stationar 3 ^ charge of 
q electrostatic units, there acts a force of qE dynes in the direction of E ; 
if the charge is moving with velocity y cm. sec.“^, there is added to the 
force qE another force of magnitude qvH Bin d/c dynes, 0 being the 
angle between the directions of v and oi H. This additional force acts 
perpendicularly both to v and to H and in such a direction that the 
three vectors v, vector component of H perpendicular to v, and the 
force itself form a right-handed set (see above and Fig. 1). 

Of the six MaxweU equations, number (IK) is a mathematical 
equivalent of Gauss’ theorem, familiar in electrostatics. Equation 
(1^) represents the corresponding fact in the theory of magnetism, 
i.e., that the tubes of the induction /xiJ are closed, each tube having a 
uniform flux of induction across all of its cross sections. Equations 
(id) to (If) embody Faraday’s principle that the electromotive force 
in a closed circuit, measured in electromagnetic units, equals the nega- 
tive of the time rate of change of the flux of magnetic induction through 
the circuit. 
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In equations (la) to (Ic), finally, the terms on the right, e/c dEJdt 
and so on, represent the components of the density of the so-called..,, 
“displacement current/’ In a conductor, as in the interior of a wire ' 
carr34ng a steady current, these terms are replaced hj Airjx, ^Tjy, 4x^3, 
where ixj jy, jz represent the components of the ordinary current densit}?. 
Maxwell’s assumption was, therefore, that, wherever an electric field 
is undergoing change, there exists something that is related to the 
magnetic field in the same way as are the ordinary currents in a 
conductor. The current density that is equivalent in its magnetic 
effects to the changing electric field has components given by 

the equations 


6 dEx 
4:7rG dt ^ 


4:irc dt 


V __ e BEs^ 


No reason can be given for this equivalence of a changing electric 
field to a set of electric currents; it constitutes an assumption that is 
to be tested, and so far has withstood the test, by comparison of deduc- 
tions from it with the results of experiment. 

With this interpretation of the right-hand members of Eqs. (la) 
to (Ic), these equations become mathematically equivalent to the 
familiar law that the work done in carrying a unit magnetic pole around 
a closed path is equal to iw times the total current strength that links 
mth the pathd 

30. Energy and Momentum in the Electromagnetic Field. — In the 
interaction of material bodies with electromagnetic fields, the bodies 
commonly gain or lose energy. It has been found possible to preserve 
the law of the conservation of energy by supposing a definite amount 
of energy to exist in the field as well as in material bodies. This is 
the usual procedure in physics. Whenever a new phenomenon is 
encountered, the attempt is made to invent a new form of energy so 
that the conservation law will hold; and so far it has ahvays proved 
possible to do this. 

The energy in the field is determined by calculating the wwk done 
in setting it up. In this w^ay it can be proved quite generally,^ and 
is shown for special cases in elementary textbooks, that energy can 
be supposed to be distributed throughout an electromagnetic field 
■at theuate'Of' 

^ ergs per unit volume, (2) 

OTT , . 

^ For deductions of the equations, see, for example, Starling, ‘^Electricity and 
Magnetism,’’ Chap. XIII (or XIV) ; Page and Adams, “ Principles of Electricity,” 
Chap. XVL 

^ Cf. Bmtthe, W. R., “Static and Dynamic Electricity,” Sec. 13.04. 
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E being the electric intensity in electrostatic units, H the magnetic 
intensity in oersteds, e the dielectric constant, and ^ the permeability.^ 
If the energy is assumed to be distributed in this manner, it must 
be supposed to move about when the field undergoes changes. From 
the theory, it can be shown that correct results are obtained if we 
suppose the energy to stream in the direction of a vector known as 
Poyniing^s vector. This is a vector drawn perpendicular to E and to 
H and in such a direction that a right-handed set of vectors is formed 
by the vector F, the vector component of H perpendicular to E^ and 
Poynting^s vector (c/. Sec. 29 and Fig. 2). Its magnitude is assumed 
to be 

n = -Teh Sind (3) 


Poynt ing's 

vector 


where B denotes the angle between the directions of E and and c 
is the ratio of the electromagnetic to the electrostatic unit of charge, 
or the speed of light in vacuum. 

This last expression represents the rate at 
which the energy is flowing. If, at any point 
#P in the field, a small plane surface is drawn 
parallel to E and to H and hence perpendicular 
to Poynting’s vector (cf. Fig. 2), then the 
number of ergs of energy crossing each square 
centimeter of this area per second is given by 
the magnitude of Poynting^s vector as just 
written. The student can readily verify in 
simple cases that the correct amount of energy 
is thereby delivered to the various parts of 
electrical circuits; e.g.^ the heat produced in a resistor by an electric 
current can be supposed to stream in from the surrounding space in the 
direction of Poynting’s vector. 

In mechanics, furthermore, the principles of momentum are second 
only to those of energy in importance. Now electromagnetic fields 
are capable of changing the momentum of material bodies. In all 
cases of practical importance it happens that this action does not alter 
the total momentum of all bodies concerned, because a force on one 
body is offset by a reaction on some other body. There are, however, 
a few phenomena in which this is not true; the most noteworthy is 
the phenomenon of light pressure, discussed below. But even in such 



Fig. 2. 


1 This expression is restricted, of course, to free space or to matter that is 
isotropic and not ferromagnetic. In material bodies, furthermore, w represents 
free energy, in the thermodynamic sense, rather than stored energy; but this dis- 
tinction is seldoni important. 
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cases it can be shown ^ that the principles of momentum and of angular 
momentum can be preserved provided we assign momentum not only 
to matter but also to the electromagnetic field itself. 

The momentum in the field is called electromagnetic momentum. 
It is a vector quantity, and it is assumed to have, at each point in the 
field, the direction of Poynting’s vector at that point; furthermore, 
the amount of electromagnetic momentum in unit volume, in a region 
where the dielectric constant is e and the permeability /x, is equal to 
Poynting^s vector multiplied by e/ 4 /c-. 

Space cannot be taken here to deduce either of these principles 
concerning energy and momentum. It can easily be seen, however, 
that they can be interpreted in a concrete way that is of great interest 
in connection with modern ideas concerning mass and energy. We 
can, in fact, account for the transfer of energy by supposing that 
the energy in the field whose density is w is actually in motion with a 
certain velocity V in the direction of Poynting’s vector n. The neces- 
sary velocity is 



for, if we draw a right cylinder of height V and of unit cross section, 
with its length in the direction of Poynting’s vector, this cylinder will 
contain wV 01 U ergs of energ}^; and in a second this energy moves 
across the end of the cylinder, thus producing the rate of transfer 
required by Poynting’s vector. If we then add the assumption that 
each erg of the moving energy has a mass of \/c^ or 1/(9 X 10 gram, 
the energy in a cubic centimeter will have momentum equal to 

{wlc^)Y - Il/c\ 

In free space, this is exactly the magnitude of the momentum in unit 
volume. Thus, the electromagnetic momentum in free space may be 
thought of as ordinary momentum possessed by the moving electro- 
magnetic energy. 

31. Electromagnetic Waves. — The field equations [(la) to (l/i)] 
admit of an enormous variety of different solutions. There is no 
general method for discovering useful solutions; in the end, one has to 
resort to guessing. Particular interest attaches to certain solutions 
that represent plane weaves. 

Suppose that 

Ey = f{x — vt)^ Etx, = Ez = 0 , (4) 

tCy. Abraham, M., and R. Becker, Classical Electricity and Magnetism/' 
Chap. XV; also Lorentz, H. A., “Theory of Electrons,” Secs. 19-25 (1916), a 
readable discussion. 
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f{x — vt), Hx == By == 0, 




(5) 


Here / stands for an}" differentiable function whatever. By substitu- 
tion it is easily seen that all eight of the field equations are satisfied. 
Substitution in (16), for example, gives 


y pi, dx c dt 


But 


df 

dt 


dx 

df 


df d(x — vt) 


df 


d{x — vt) 
d(x — vt) 


dx 


d(x — vt) 


X 1, 


df 


df 


d{x — vt) 


dt 


d{x — vt) 


vt) 


( 6 ) 

(7) 

(8) 


because of the value assumed for v. Substituting these expressions 
for the derivatives in (6), w"e obtain an identity, thus showing that 
(6) is satisfied. 

The physical characteristics of the field specified by this solution 
are simple and interesting. It represents waves of electric and mag- 
netic field moving toward +x with speed v. For, if a point is made 
to move toward with a speed equal to v^ at this point the quantity 
X -- Vi always keeps the same value, since, in time A/-, x changes by 
Ax = V A^, and x -- vt changes, therefore, by 

A(a; — vt) ~ Ax — V At — 0, 

Hence, at this moving point, Ey and Hz always keep the same values. 
Furthermore, the waves are plane ^ since Ey has the same value at all 
points of any plane perpendicular to the direction of propagation, 
which is the ir-axis; and so has Hz, also. Finally, the waves are 
transverse, for the vectors E and H are both perpendicular to the 
direction of propagation; and they are plane-polarized, with the electric 
vector in the ury plane. 

As a special case, the function / might be sinusoidal in form. 
For example, with x' standing for any variable, we might take 

/(a;') = Asm(27rx'/X). 

Then'' 

fix — vt) ==== A sm2T(^ — 

and, if we also write r for v/X, Eqs. (4) and (5) become 

Ey — Asin27r^“ — . Hz — ' 
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These equations represent sinsuoidal ^Yaves, of wave length X and 
frequency and of electric amplitude A, 

Waves polarized in other planes, or traveling in other directions, 
can be obtained by writing down equations like (4) and (5) in terms of 
rotated axes and then changing variables back to the old They 

all have the property that at any point, as in the example just given, 
the electric field E and the magnetic field H are perpendicular both 
to each other and to the direction of propagation; the three vectors E, 
H, and direction of propagation form a right-handed set (cf. Sec. 29 
and Fig. 3) . The numerical ratio oiHioE at 
any point is V e/y when E is measured in elec- 
trostatic units and H in oersteds. Thus, in 
free space, H — E. 

It should be remarked, however, that in 
other types of mediums, such as crystals or 
conductors, the relationships of E and H are 
somewhat different from those just described. 

It is well known that electromagnetic waves of the sort we have 
been describing can be produced in the laboratory; and it was supposed 
until recently that nothing had to be changed in the description except 
the wave length in order to have an accurate description of ordinary 
light. The discoveries of the present century, however, as we shall 
see in later chapters, have made necessary a considerable modification 
in our conception of the electromagnetic field, so that the picture just 
described, while sufficiently correct for long electi’omagnetic waves, is 
not immediately applicable to ordinary light. 

32. Energy of Electromagnetic Waves. — The most important 
property of electromagnetic wa'ves is that they convey energy. In a 
plane wave, as we have seen, H = y/e/jx E, hence the electric and the 
magnetic parts of the energy density as written in (2) are equal, and 
we can also write, for a plane wave, 



Fig. 3. — Relative directions 
in a plane wave. 


W 


fE. 

4ir 


( 10 ) 


This energy is carried along with the wwes; and what is actually 
observable is usually not the energy density itself but the amount of 
energy that flows per second across unit area of a plane drawn per- 
pendicular to the direction of propagation of the waves. This latter 
quantity is called the intensity of the train of waves; we shall denote it 
by I. The connection between I and -u? is easily found. Consider 
an elementary Volume with faces having unit area and a thickness dx, 
placed perpendicular to the x-axis, the waves traveling as usual 
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toward +x (Fig. 4). The energy in this element is iv dx, since its 
volume is dx. As the wave moves to the right with velocity in a 
time dt given by 



all of this energy passes through the right-hand face of the element. 
The rate of flow of the energy across this face, is, therefore, w dx/dt 
or vw. This equals I, since the face has unit area. 

Thus I = (11) 


In free space, where 6 = /x = 1 and v — c, this takes the form 


I cw ^ 

4:T 


( 12 ) 






The intensity I is also equal to the magnitude of Poynting^s vector, 
and equation (11) can be derived b}^ substituting I for IT in Eq. (3). 

In plane waves, 6 = 90° and H = \/e/yLE 
from Eqs. (4) and (5), so that Eq. (3) 
becomes 

— 'n. = ^B^- = vw, (13) 

using (10). 

These relations hold primarily at each 
separate point along the wave train. They 
can be applied to average values as well, however, merely by insert- 
ing for w or the time average of this quantity at any fixed point. 
In the case of sinusoidal waves, the average is easily found in terms of 
the amplitude. Thus, if E is represented by the right-hand member 
of Eq. (9a), it is easily found by the usual calculation that the time 
average of E^ is = A 2/2; thus in free space the average intensity I 
of such waves at a fixed point, from Eq. (12), is 


Fig. 4. 


(14) 

33. Momentum of Electromagnetic Waves. Radiation Pressure. 
Besides energy, electromagnetic waves carry momentum. As stated 
in Sec. 30, the direction of this momentum is that of Poynting^s vector, 
which, in the case of plane waves traveling in a definite direction, is 
readily seen to be the direction of propagation of the waves. The 
amount of momentum in unit volume, symbol g, is equal to eju/c^imes 
the magnitude of Poynting^s vector. Hence, from Eq. (13), using 
also Eq, (11) and then the third of Eqs. (5), 
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( 15 ) 


where w stands for the energy density in the waves and v for their 
velocity of propagation. Thus in free space 



( 16 ) 


and the total amount of momentum that is being carried by plane 
waves in association with total energy W is 


(? = — * (17) 

Experimentally, however, the electromagnetic momentum in the 
waves will manifest itself only in reactions upon material bodies when 
the momentum in the field is changed. Thus, if a beam of light is 
deflected, or perhaps absorbed, by a material body, a force mil be 
observed to act on the body, just as a baseball player, when he destroys 
the momentum of a moving baseball by stopping it with his hand, feels 
a blow on the hand. The phenomena so produced are those of radia- 
tion pressure. 

The magnitude of the pressure is easily calculated in an}^ given case 
from the momentum brought up b}^ the radiation. Since force equals 
rate of change of momentum, the pressure will equal the momentum 
delivered by the waves to unit area in a second. Since the waves move 
a distance v in a second, the momentum brought up mil be that in a 
cylinder of unit cross section and length v, or vg c.g.s. units. If, then, 
the waves are entirely absorbed by the body, the radiation pressure 
on it will be 

nl 

p = vg = w = — dynes per cm.^, (18) 

by Eqs. (15) and (11), n denoting the refractive index of the medium 
or c/v. 

That radiation falling on a body should exert a pressure upon it 
is by no means a concept peculiar to modern physics. Over 300 years 
ago, Kepler suggested that the curvature of comets' tails away from the 
sun might be due to radiation pressure — and modern astronomers 
believe that Kepler was right! Newton recognized that Kepler's 
suggestion was in harmony with the corpuscular theory of light (just 
as the pressure produced by a gas is due to the impact of its molecules). 
Experimental^, the subject was attacked as early as 1750, and at 
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intervals thereafter, but with inconclusive or conflicting results, due 
for the most part to the disturbing action of the gas surrounding the 
illuminated surface. Finally, however, the disturbances due to the 
gas ivere definitely eliminated, and radiation pressure was discovered 
almost simultaneously by Lebedev in Europe (1900) and by E. F. 
Nichols and G. F. Hull in America (1903).^ The pressure, in the 
experiments of Nichols and Hull, was only about 7 X 10“^ dyne per 
square centimeter (wliich is several times the pressure due to strong 
sunlight), but they were able to measure this small pressure with 
sufficient precision to show that the observed values agreed mthin 
1 percent with the theoretical values. 

Radiation pressure is of particular interest in connection wdth the 
explanation of such atomic phenomena as the Compton effect. 

34. Radiation Field of an Accelerated Point Charge. — We have 
seen how to obtain a solution of MaxwelFs equations representing 
plane electromagnetic waves. It is natural to consider next how such 
waves can be generated or stopped. This problem was not solved by 
Maxwell; a complete treatment of it requires elaborate mathematical 
procedures. The emission of radiation by a point charge is of some 
interest in connection flith the production of X-rays. Accordingly, 
the characteristics of such emission will be described. 

(a) A Uniformly Moving Point Charge . — As a preliminaiy, the 
field around a uniformly moving charge will be described first. It can 
be shown from Max^velPs equations that, when any rigid set of charges 
is in uniform translational motion through empt 3 ^ space, the electric 
field is accompanied by a magnetic field -whose intensity H at any 
point P has the magnitude 

H = (19) 

Here Pj. is the component of the electric intensity at P perpendicular 
to the direction of motion of the charges, v is their velocity, and c is- 
the speed of light in vacuum. The direction of the magnetic field is 
perpendicular both to the direction of motion and to the electric field, 
and is such that the three vectors representing the direction of motion, 
the vector direction of Ej_, and the vector direction of .fi form a right- 
handed orthogonal set (see Sec. 29) . The magnetic field is sometimes 
imagined to be generated by transverse motion of the electric lines. 

Consider now a point charge of g electrostatic units that is moving 
at uniform speed v along a straight line in vacuum. It can be shown 
that the lines of the electric field due to such a charge are straight 

^ Cf. Nichols and Hull, Phys. Rez?., vol. 17, pp. 29, 91 (1903). 
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and radial to the charge. Hence, if d is the angle between a line drawn 
from the charge to any point P and the direction of motion of the 
charge, then at P we have E sin 6 and 

H — ^Esiiidj ( 20 ) 

where E is the intensity of the electric field at P. The lines of the 
magnetic field in this case are circles whose axis is the line of motion 
of the charge. 

If the motion is slow enough so that v/c is small, then E has very 
nearly the same magnitude as for a stationary charge, so that E = q/r^ 
where r is the distance of P from the charge. Then 

H = ^sind. 
cr^ 

From this formula we see that the magnetic field around a slowty 
moving point charge is the same as that which the familiar Biot formula 
ascribes to a current element of magnitude i ds = qv/c located at the 
position of the charge. If q is expressed in electromagnetic units, 
the equivalent current element is i ds = qv. ^ 

When v/c is not small, the formula for the intensity of the electric 
field is 

jp _ T 

[1 + 1) cos^ 0]'^^ 

Equation (19) still holds, however, for the magnetic field. It is 
readily seen that, as v becomes nearly equal to c, both E and H become 
small except in directions lying close to the ^^equatoriaF^ plane drawn 
through the charge and perpendicular to its motion; near this plane 
E and H have large values. 

(6) An Accelerated Point Charge —We may now consider the effects 
of an acceleration or change in the motion of the charge. The effect 
upon the field can be discovered easily, provided the following general 
principle is assumed. It can be shown from the field equations that 
the electromagnetic field due to any element of charge may be supposed 
to be emitted continually from that element and to be propagated 
out in all directions away from it at the speed of light. ^ 

This being assumed, the effect of accelei’ation can be found by 
elementary methods, and it will be instructive to do this in a simple 
case.;,' . 

, ■ ^ C/.,' Abbaham, M., and ' E. Becker,. “-Electricity and' 'Magnetism'/.' ^ p. ' :220,,' 
(“ Electrodynamic Potentials ; Smythe, W. R., “Static and Dynamic Electricity/' 
See. 13.25 (“Retarded Potentia'ls 
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Consider tlie special case of a point charge g, which for some time 
has been at rest at a point 0 in free space (Fig. 5) and now undergoes 
a uniform acceleration a during a very short time r, after which it 
continues to move uniformly vith velocity 

V = ar. 

At the end of the period of acceleration, it will have moved to a slightly 
different point Pi; and, after an additional time t, much greater 
^ than r, it will have got to P 2 where 

P 1 P 2 = vi. 

Let us find the field at the end of the 
additional time ty when the charge is 
at Po. 

Let ONL represent any line of force 
drawn from the charge wLile station- 
ary at 0; let a point N lie on a sphere 
of radius c(r + 0 about 0 as center, 
c being the speed of li^ght. Then the field emitted at the beginning 
of the period r has just had time to reach the surface of this 
sphere. The field outside must have been emitted earlier, and, there- 
fore, according to the general principle just stated, it must be the 
original field associated vdth the stationary charge at 0, not having 
received ^^news” of the acceleration of the charge. Similarl^^, inside 
a sphere of radius ct with center at Pi, we have the field of the charge 
mo\dng uniformly with speed v, since this field has had a time t during 
which to spread out. Between these two spheres is a shell within 
which the transition from the one type of field to the other occurs, 
the line of force running obliquely here from M to N* If we allow 
time to flow on, this transition shell moves outward Avith the speed of 
light. We shall shoAA^ that it contains a radiation component of the 
field that carries a certain amount of energy off to infinity. 

The part ALN of the force line is straight, at least in the limit as 
T — ^ 0, because the acceleration is uniform.^ Let us resolve the electric 
field at any point on AIN into a radial component Er, in the direction 
of P^AIy and a perpendicular component Eu Then, at any point on 

^ That AIN must be straight (in the limit) is easily seen, after reading^the whole 
deduction, from the following consideration. The field at any point K on AIN was 
emitted at a certain time r' after the charge left 0. Had the acceleration ceased at 
this instant, the point If, as defined in the text, would have been at K and the 
distance of AI or if from OiV, according to the expression found in the text lor MN'y 
vrould have been ar'i sin 0. Thus the distance of K from ON is proportional to r'. 
But so is KNj to the first order. Hence the line MiV is straight. 



0 n 


Fig. 5. — Diagram illustrating 
the emission of a pulse of radia- 
tion. 
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MN, 


Et __ M'N __ MN' 
Er MM' MM'^ 


But P 2 M is (in the limit as r — > 0) parallel to ON', since, according to 
Eq. (21) above, the change in the electric field due to the motion is 
of the second order in v, and since P^M and ON' are different positions 
of the same force line (a line can be identified by its lying on a cone 
about Ox which encloses a given fraction of the electric flux of induc- 
tion). Hence, if we neglect the distance OPi, which is of the second 
order in v, 

MN' = (OP 2 ) sin ^ = PiPoBind — vtmid = art sin 6, 


Furthermore, MM' equals the difference in radii of the spheres if 
OPi is again neglected, whence, 

MM' = cr. 


Therefore, with the insertion of a minus sign because Et has a com- 
ponent opposite to the acceleration a, 


Er 



But Er must have the same value in the shell as outside in order to 
carry the flux of induction through the shell and so satisfy Gauss’ 
theorem. Hence, 


Er = 


Q 

r- 


r being the radius of the shell. Thus, 

E,^ 

or, since r = ct, so that t = r/c, 

P, = 

Thus, within the transition shell there is a tangential electric com- 
ponent Pi, which falls off, as r increases, only as the first power of r. 
This component lies in a plane drawn through the charge and con- 
taining the direction of its acceleration. As time goes on and r 00 , 
Er will become entirely negligible in comparison with Pi. Thus, 
ultimately, we have a shell or pulse of field, traveling outward mth 
the speed of light, in which the electric vector is transverse,: jnsi min. 
plane waves. In fact, any portion of the pulse ultimately approxi- 


MsinS, 

r^ c 


^sinO. 

c^r 


( 22 ) 
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mates a plane wave. Nothing has been said about the magnetic 
field, which is not so easily treated; but it can scarcely be doubted 
that there must also exist in the pulse a transverse magnetic field, 
equal in strength to the electric field but perpendicular to it, since 
such a field exists in plane waves. The electromagnetic field that thus 
travels away to infinity from an accelerated charge is often called 
its radiation field. 

By means of a relativity transformation, these results can readily 
be generalized so as to represent the radiation from a charge that is 
alread}^ in motion. It turns out that the radiation field is always 
numericall}^ proportional to the acceleration of the charge, and in this 
field the electric intensity E, measured in electrostatic units, and the 
magnetic intensity iJ, measured in oersteds, are equal; furthermore, 
E, H, and the radius from the point of emission form a right-handed 
set of mutually perpendicular vectors (cf. Sec. 29). The complete 
formula for E is somewhat complicated, so we shall write it down only 
for the simple case in which the acceleration and the velocity lie along 
the same line, as in linear motion; in this case^ 


E 


■ (1 


_J 

' ^Qossy 


i-^sin Oj 
*C"‘r 




(23a, 6) 



V being the instantaneous speed and a the instantaneous acceleration 
of the charge. The only effect of the velocity of the charge is repre- 
sented by the first factor on the right in 
(23a), which serves to strengthen the radia- 
tion field in forward directions and to 
weaken it toward the rear of the moving 
charge. 

36. Energy Radiated by an Accelerated 
Point Charge. — The most important fea- 
ture introduced by the acceleration of a 
charge is the resulting radiation of energy. 
We can readil}?* calculate its magnitude 
for a charge moving along a line, from the formula just given. The 
results are of interest in connection with the theory of X-rays. 

Let a charge, of magnitude q in electrostatic units, move with 
acceleration a, constant or variable, along a line Oa; (Fig.6). During 
an interval of time dt, let the charge move at speed t; from P to P', 
so that PP' — V dt. Then the radiation field emitted during this 
interval will be found, at an instant f seconds after the time at which 
the charge passed P', between two spheres, one of radius ct about P' 
^ C/. Smythe, 033. Sec. 14.12. 


Fig. 


6. — Diagram illustrating 
a pulse of radiation. 
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as center, the other of radius c(t + di) about P as center. Let the 
time t be large enough so that in this region there is only the radiation 
field, in which H = E. Then there is in this field an energy density 
of magnitude (vacuum being assumed) 


Stt 4?r 


(24) 


The distance between the two spheres, which would be c di if they had 
a common center, is changed by their relative displacement to the 
extent of the projection of PP' on the radius; thus, in a direction mak- 
ing an angle d with the motion, the distance between the spheres is 
cdt — V dt cos B or {c — v cos B) di. Hence, between each pair of 
opposing unit areas on the spheres, there lies a volume equal to 


(c — ucos^) di 


times unity ; and this volume contains energy of amount 


dWi = w(c — V cos B)dt ergs. 


Inserting the value of w from (24) and of E fr^m (23a), we find 

-.dt 


1 . sin26 




^ cos By 


or, dividing out c and using = v/c [Eq. (236)], 


dWi 


1 siuH . 

47r c®r^(l -- ^ cos By 


(25) 


If the velocity v is much beloAv that of light, so that ^ is negligible, 
we can write this in the form 

dTfi = y^„sm20& (26) 

4^ ^3^2 

This energy dW i, Ijdng between two unit areas on the spheres, even- 
tually passes outward across a fixed unit area held so as to coincide 
momentarily with that on the outer sphere. The formula for dW ^ is 
applied to particular problems in different ways. 

(a) Instantaneous Rate of Radiation of Energy , — ^The total rate at 
which energy is passing outward or is being radiated can be found by 
integrating over the outer sphere, whose radius is sensibly equal to r or 
to ct. We shall do this for the case of slow motion only. As an ele- 
ment of area on the sphere, take a ring of width r and radius r sin 
and hence of area 27rr%in B using as the axis of this ring the line 
from which 0 is measured. The value of dPF i is uniform over the ring, 
hence the energy that passes outward across it in time dt is 
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i; 


‘1 

& ^ 

i -■ 


I :: 


27rT-BmQ dW iclB 


sin*^i9 dMt 
2c^ 


by Eq. (26). The total energy that passes outward over the whole 
sphere is, therefore, by integration, 


Now" 









sin®^ dB, 


— cos^0) sin B dB 


cos ^ + g cos®^ 


A 
/ 0 


= i 

3* 

(27) 


Hence, dividing by dt, we have for the energy passing outward over the 
sphere per second 


2gV 

3 ~ 


(28) 


This may be regarded as the total rate at w^hicli the charge q is radiating 
energ}^ at an instant \vhen its acceleration has the value a. It is clear 
from the formula that, accoi'ding to classical theory j an accelerated 
charge must necessarily radiate energy. 

(6) Sto'p'page of a Particle. — Suppose a particle carrying a charge 
q and moving initially with speed vq is brought to rest without change 
in its direction of motion. In this case it is of interest to consider first 
the total radiation emitted b}^ the charge during the entire stopping 
process, in a particular direction making an angle B wdth the direction 
of motion. At a large distance r, the total energy Wi crossing unit 
area of a plane perpendicular to the radius from the particle can be 
got b}^ integrating dWi, as given in (25) or (26), wdth respect to the 
time. The result of the integration wdll depend upon the manner in 
which the acceleration a varies wdth the time; for simplicity, let it be 
uniform. Then, for the process in question 



Hence, if z;o is small compared wdth the speed of light c, w^e have from 
(26) 

Wi= [ = ( 29 ) 

J c^r^ 

|a| being the absolute value of the acceleration and equal to —a. 
If, on the other hand, vq/c is not small, we have only to note that 
dt = dy/a = c di^/a, so that, writing /5o = ^o/c, we have during the 
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stopping process 


/ 


dt 


(1 — Poos 6)^ 


=~r 


J/S 


(1 — /3cos0)^ 4acos6 


1 


(1 — fioCOSd)* 


By noting that 


1 - (1 - poGosey = [1 - (1 - ;8 ocos (9)2 ][i + (1 - iSaGosey-] 

= (2^ocos5 — |8oCOS^0)(2 — 2i3ocos 8 + (SjCos-S), 

the last expression can be got into a more useful form. The result of 
integrating (25) with respect to the time can then be written 

•pp - 1 gj:^2g (1 ~ K/3oCOSe)(l - /jpCOS 9 + M/SpCOS^e) , . 

1 4^ (l-/3ocos0)^ " ^ 

The total radiation emitted during the stopping process can then 
be found by integrating W i in turn over a sphere of radius r. We 
shall do this, however, for the case of slow motion only. As an 
element of area on the sphere, take the same ring as before. The 
total energy emitted is thus found to be, from 129), 

W = 2^1^ Wxrhindde = T sin^edd, 

Jo 2c® Jo 

or, by (27), 

w - (31) 

We note that, the more rapidly the charge is brought to rest the 
larger is the amount of energy radiated. 

(c) Damped Harmonic Oscillator —A case of interest in comparison 
with the emission of radiation from atoms is that of a charged body 
bound elastically to an equilibrium position. If the body is set into 
vibration, it will gradually lose its energy by radiation because of 
the acceleration experienced at various parts of its path and will 
eventually come to rest. It should be remarked again, however, that 
correct results for atomic phenomena can be obtained only from 
quantum theory; results obtained from classical theory constitute at 
best interesting analogies. 

Suppose for simplicity that the motion is one-dimensional. Then, 
if the damping by radiation is small, the displacement x of the body 
from its position of equilibrium will be given approximately by the 
usual equation of simple harmonic motion, ' 

X = Asin27rv(t + 5), 
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and its energy of vibration will be 

If = = 2T^mvU^ (32) 

Vm&x or 2tvA being its maximum velocity and m its mass. The instan- 
taneous rate of loss of energy is given by Eq. (28). In the present 
case the acceleration is 


a = = — 4:7r^ A sin 2Tr pit + 5). 


The energy lost during a single period of vibration, lasting 1 / v seconds, 
will be, therefore, 


/ 


3 


di 


since 


32 -!r^v^q\A^ pi+iA 

3 Ju 


sin227rp (t + d) dt 



rti+i/p 
hi 


L 




+ b) 


dt = 


2v 


J sin^2'7rp {t + 5] dt 

The average energy lost per second will then be the expression 


obtained in (33) multiplied by v or 




Hence, we can write 


3 

for the energy of the oscillator, provided the loss in a single period is 
small, the approximate differential equation 


dW 

dt 


10^4j,4g2^2 


87^2 

3 me® 


Tf, 


(34) 


by Eq. (32). The solution of this equation is, if If o is the value of 
If at ^ = 0, 

3 mc^ 


W = a = 1 ' 


(35a, 6) 


The energy and amplitude of the vibrating charge thus decrease 
exponentially at a rate proportional to 

36. Electromagnetic Mass.— It was pointed out by J. J. Thomson 
in 1881 that a body should appear to have a larger mass when charged 
than it has when uncharged. The effect is essentially one of self- 
induction; just as the process of starting a current in a wire calls into 
existence a momentary electromotive force opposing the current, so, 
similarly, setting a charge into motion produces, associated with the 
changing magnetic field around it, an electric field that acts on the 
charge so as to oppose its acceleration. 
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Nowadaj^s, however, we prefer to view this phenomenon in terms 
of the electromagnetic momentum in the field. This momentum is 
easily calculated in the case of a uniformly charged sphere moving 
slowly (as compared with the speed of light). The electromagnetic 
field around such a sphere is the same as that of a point charge located 
at its center. At a point distant r from the center of the sphere, on a 
radius making an angle B with the direction of motion, we have a radial 
electric field strength 



q being the total charge on the surface of the sphere in electrostatic 
units, and also a magnetic field whose magnitude, according to Eq. 
(20) in Sec. 34, is 

H = 

Thus Poynting’s vector, described in Sec. 30, will lie in a plane through 
the line of motion and will be perpendicular to the radius, as shown 
by the arrow marked P in Fig. 7 ; its magni- 
tude, since E and H are perpendicular, will 
be 


n = ^EH = 

47r 




sin 6. 



According to the rule stated in Sec. 30, 
therefore, there will be electromagnetic 
momentum in the region surrounding the 
sphere to the extent of U/c^ per unit volume, 
its direction being that of Poynting's vector. 

Inside the sphere there is no field and hence 
no momentum. 

Because of the symmetry, however, the component of this momen- 
tum perpendicular to the motion will sum up to zero. Thus the 
resultant momentum in the whole field is parallel to the motion, and to 
find it we need sum up components in this direction only. The com- 
ponent of momentum parallel to the motion is, per unit volume, 


Fig. 7. — Diagram iUuK- 
trating the calculation of the 
electromagnetic momentum 
around a moying charged 
sphere S. 


n 


sin^ 


qH 


sin^^. 


As an element of volume we may take a circular filament whose axis is 
the line of motion of the charge, mth a cross section r and a 
perimeter 2'wr sin Q iv sin B being its radius) , so that its v olume is 
2irr%in ^ The component of the momentum has the same value 
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at all points on this ring. Then the total electromagnetic momentum 
in the field -will be 

M = J j ■ 2Trhm9dddr 

c~Ja r-Jo 


2c\ 

a being the radius of the sphere; or, from (27), and since 


' _ 1 
a 


M 


Itl. 

3ac‘^ 


This is the same amount of momentum that the sphere would 
possess, according to the ordinary formula for momentum, if it had a 
mass of magnitude 

2£_ 




(36) 


for then M = m^v. The sphere will behave dynamically as if it pos- 
sessed a mass m = mo + m^, w^here mo is its ordinary mass. 

The formula just obtained for rriq is correct, how^ever, only for 
indefinitely slow motion. In general, a more complicated formula is 
obtained. In case the sphere becomes contracted in the direction of 
motion in the ratio (1 — in accordance with the requirement 

of the theory of relativity (cf. Sec. 61), it can be shown that the 
electromagnetic mass is 

2 g- 1 


TThn == 


3 ac^ 's / 1 — 


(37) 


CHAPTER III 

THE PHOTOELECTRIC AND THERMIONIC EFFECTS 

An approach to the outstanding problem of the first quarter of the 
present century, viz.^ the nature of radiant energ.y, is most directly 
made by a study of the photoelectric effect. The term ''photoelectric'' 
might be applied with reason to a wide variety of phenomena involving 
the interaction between light and electricity, such as the change in the 
resistance of selenium under illumination or the rotation of the plane 
of polarization of a beam of light when passing through a medium 
placed in a strong electric field. This term is commonly restricted, 
however, to the discharge of negative electricity from bodies when 
illuminated by light of appropriate \vave length. In this chapter, we 
shall give a brief discussion of this effect, emphasizing those features 
which proved especially difficult of explanation in terms of the wave 
theory of light. The discussion of the photoelectric effect naturally 
involves a consideration of the experiments that led to one of the most 
striking advances of the modern period, the discovery of the electron. 
Some of these experiments will be described. 

Incidentally, we shall include a brief discus- 
sion of a closely related phenomenon, that of 
thermionic emission. 

37. Discovery of the Photoelectric Effect. — 

The photoelectric effect was discovered by j 
Heinrich Hertz, ^ quite accidentally, in 1887. 

While carrying on experiments in which he 
demonstrated the existence of electromagnetic 
waves, he observed that the spark between the 

terminals (/S, Fig. 8) of his detecting circuit passed more rapidly 
when those terminals were illuminated by the light from the primary 
spark P than when an opaque screen, or even a piece of plate glass, w'as 
interposed between P and >8. Because the primary spark was known 
to emit ultraviolet light, which would be filtered out by the glass, 
Hertz concluded that the effect was due to ultraviolet light falling on 
the secondary gap— a conclusion which he confirmed by screening S 
from P and allowing light from another source to fall on jS. Further. 

^Ann. d. Physik, voL 31, p. 983 (1887). 
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he found that the light must fall on the terminals themselves^ which, 
for the effect to be observed, must be ^‘smooth and clean.” Hertz 
aiinoiinced this discovery in a paper entitled “An Effect of Ultraviolet 
Light upon the Electric Discharge,” and then returned to his investiga- 
tions of electromagnetic waves. 

Hertz's discovery at once attracted numerous investigators. 
Hallwachs^ found that a freshly polished zinc plate, insulated and 
connected to an electroscope as an indicator, when charged negatively 
and illuminated by ultraviolet light, would lose its charge, but that 
there was no effect if the charge was positive. He concluded that in 
some unknown manner, when the plate was negatively charged and 
illuminated, negatively electrified particles were emitted from it. 
He even observed, by using an electrometer instead of an electroscope, 
that a neutral insulated plate, when illuminated, would acquire a small 
positive potential, i.e., would lose a negative charge. Not only did 

light permit the escape of negative electricity 
from a negativel}^ electrified plate, it even 
caused the expulsion of negative electricity 
from a neutral plate. 

Stoleto w^ devised an arrangement, 
shown diagrammatically in Fig. 9, for pro- 
ducing a continuous photoelectric current. 
P is a photoelectrically sensitive plate, say 
a polished zinc plate, connected to the 
negative terminal of a battery B of several 
cells. /S is a wire grating or gauze connected to the positive terminal of 
the batteiy through a very sensitive galvanometer or electrometer G. 
When ultraviolet light falls upon P, a continuous current is observed 
in (j, indicating that a negative charge is flomng from P to 8 . No 
current flows if the battery is reversed. 

Elster and GeiteP showed that there is a close relation between 
the contact potential series of metals and the photoelectric effect : 
the more electropositive the metal, the longer the wave length to which 
it would respond photoelectrically. The alkali metals, sodium, potas- 
sium, and rubidum, w^ere found to be sensitive even to light of the 
visible spectrum. 

38, A Problem. — -The question then arose as to the mechanism by 
which negative electricity is transferred from the cathode to the 
anode. That the charge is carried by negatively electrified particles 

Ann. d. Physik, yoI. 33, p. 301 (January, 1888). 

^ J. de Physiquej yoL (1S90) . 

^ Ann. d. Physikj wol. 38, pp. 40, 497 (1889). 
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was clearly indicated by experiments of Elster and Geitel, wiio showed 
that a transverse magnetic field diminishes the photoelectric current 
if the phenomenon takes place in a vacuum. But what are the 
particles? 

Negative answers to this question were readily obtained. It was 
early found that the effect persisted even to the highest attainable 
vacuum and was quite independent of the “degree^^ of the vacuum 
after a certain low pressure had been reached. This seemed to indicate 
that the gas molecules themselves in the region between P and S could 
not be acting as carriers of the charge. The suggestion w’as made that, 
perhaps, under the influence of light, negatively charged particles of 
the cathode became detached and moved to the anode. This sugges- 
tion was rendered untenable by an experiment by P. Lenard,^ in which 
a clean platinum wire acted as anode and a sodium amalgam as cathode, 
both being in an atmosphere of hydrogen. The photoelectric current 
was allow^ed to flow until about 3 X coulomb had passed through 
the circuit. If the carriers of the charge were atoms of sodium, each 
atom could hardly be expected to carry a larger charge than it carries 
in electrolysis. Taking the electrochemical equivalent of sodium as 
0.00024 gram per coulomb, there should have been deposited on the 
platinum wire at least 0.7 X 10~® milligram of sodium, a quantity 
^uflEicient to be detectable by the well-knowm flame test. On removing 
the wire from the bulb, how^ever, no trace of sodium could be detected. 

If, then, the photoelectric current is carried neither by molecules of 
the gas surrounding the cathode nor by molecules of the cathode itself, 
what are the carriers? The answ’-er to this question came through 
the convergence of a number of different lines of evidence, which 
finally culminated in the discovery of the electron bj^ J. J. Thomson. 
Before continuing the discussion of the photoelectric effect we shall 
consider some of these other developments. 2 

^ Ann. d. Physik, vol. 2, p. 359 (1900). 

2 Collectively these developments illustrate many characteristics of the growth 
of modern physics: 

1. A number of seemingly unrelated lines of research frequently converge to 

provide an explanation of, or a theory for, a group of phenomena not hitherto 
understood. ^ ' ' 

2. The explanation or theory thus evolved is then found to bear directly on 
other branches of physics and often on other sciences. 

3. Thus, the methods of physics are both (1) synthetic and (2) analytic— a 

fortunate circumstance, which makes it possible for the physicist to comprehend 
physics as a whole In spite of the vast increase, particularly in recent years, of 
factual knowledge^;,'.'; y:' 

4. These discoveries, of both fact and theory, are the sine qua non of applied 
physics and of much of industry— witness, as a single example, the wide use of the 
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39. Electricity in Matter. — A certain atomicity of electricity was 
suggested long ago by the laws of electrolysis. Faraday found that 
when the same quantity of electricity deposits univalent ions of 
different kinds, the amounts deposited, as measured by weight, 
are proportional to the ionic weights in the chemical sense. By the 
“ionic weight” is meant the ordinary atomic weight (oxygen = 16) 
if the ion consists of a single atom, or the sum of the atomic weights 
of the atoms composing a compound ion. Suppose an amount F of 
electricity deposits a gram-ion of a certain kind of univalent ion, f.c., 
a quantity the mass of wliich in grams is equal to the ionic weight. 
If the ion is monatomic, the mass deposited will be a gram-atom, or a 
number of grams equal to the atomic weight. Then the same quantity 
of electricity would suffice to deposit a gram-ion of any other kind of 
univalent ion. This quantity of electricity is an important funda- 
mental constant in chemistry and physics and is called the faraday. 
The best modern value of it is^ 

F = 96,488 coulombs. 

Now the number of ions in a gram-ion, or of atoms in a gram-atom 
(or of molecules in a gram-molecule) is in all cases the same; for, if 
equal numbers be taken of different kinds of ions, the masses will be 
proportional to the ionic weights of the ions. This number, which we 
shall denote by No, is an important physical constant. It follows that 
all univalent ions carry the same numerical charge, equal to F/No- 
The charge on a univalent ion thus constitutes a natural unit of charge, 
usually denoted by e. Multivalent ions carry multiples of c, divalent 
ions carry charges of 2c, and so on. For this natural unit of charge Dr. 
G. Johnstone Stoney proposed in 1891 the name “electron.” 

If the number No were known, we could at once calculate e from 
the equation 

F 



In Stoney^s time, however, it was known only, from kinetic theory, 

various kinds of photo- and thermionic tubes. 

5. This application of science to industry very frequently reacts to provide the 
research man with improved tools. Electron tubes, manufactured primarily for 
industrial purposes, are a boon to the physicist in his research laboratory. 

6, In all these developments, scientists of ail nations ^(collaborate,” the more 
effectively because of the very fact that they are not formally organized, let alone 
directed, but are free as individuals to follow their respective interests. 

An understanding of these generalizations is essential to an understanding of 
modern physics. 

^ Biege, Eea. Modern P^s. vol. 13, p. 233 (1941). 
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that iV'o was very large, perhaps of the order of 10“^, so that e was of the 
order of 10“^® electromagnetic unit. We shall see later that, as a 
matter of fact, Wo is best determined by first measuring e and then 
calculating Wo, as W"o = F/e. 

An independent line of thought which likewise suggested the 
presence of definite electrical charges in matter w^as the treatment of 
dispersion in developing the electromagnetic theory of light. L. 
Lorenz suggested in 1880^ that refractive mediums may contain small 
charged particles which can vibrate with a natural period po about a 
fixed equilibrium position. By assuming one or more sets of such 
particles, with different natural frequencies, it w^as possible to aceount 
completely for the phenomena of dispersion. But the data on dis- 
persion could not be made to furnish any clue as to the iBagnitude of 
the charges on these particles, or even as 
to the sign of the charge. The first 
evidence on this point from optical phe- 
nomena w-as furnished by a new effect 
discovered by Zeeman in 1897. 

40. The Zeeman Effect — In 1862, 

Faraday, looking for a possible effect of a 
magnetic field upon a light source, placed 
a sodium flame between the poles of a 
strong electromagnet and examined the D 
lines by a spectroscope. He was unable to 
detect any change in the appearance of the 
lines. 

Faraday^s failure to observe the effect 
that he expected was due to the inadequate resolving power of his appa- 
ratus. For, in 1896, Zeeman, ^ repeating Faraday’s experiment with the 
improved technique then available, discovered that spectral lines are 
split up into components when the source emitting the lines is placed in a 
very strong magnetic field ; furthermore, following a suggestion by H. A. 
Lorentz, he found that these components are polarized. The simplest 
case is shown in Fig. 10, w’'here a represents a line before the magnetic 
field is turned on. If the field is turned on and the line view?-ed at right 
angles (R) to the direction of the field, the line is seen to be triple with 
components Zje, a', and tr. The central line a' has the same wave 
length as the original line a but is plane-polarized with the electric 
vector parallel to the magnetic field if, the direction of polarization 
being indicated by the double arrow above the line. The other tw^o 

Ann. d. Physiky Yol. llj p* 70 (ISSO). 

^ Phil Mag., Yoh p. 226 (1S97). 
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Fig. 10. — Diagrammatic rep- 
resentation of the Zeeman 
effect: a is the original iinej 
B shows the three components 
when viewed at right angles 
to the magnetic field; P shows 
the two components when 
view'ed parallel to the field. 
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components Ir (left, shorter wave length) and Tr (right, longer wave 
length) are plane-polarized with the electric vector perpendicular to 
the magnetic field. 

If the pole pieces of the electromagnet be drilled through longitudi- 
nally so that one may view the source in a direction parallel to the 
magnetic field, only twm components Ip and Tp are seen, as showm at 
P. These two lines have the same respective -wave lengths as the 
outside components in the previous case, but they are circularly 
polarized in opposite directions, as showm by the arrow's above the lines. 
(In this latter case the magnetic field is directed toward the reader.) 

In his original paper announcing his discovery, Zeeman discusses 
the phenomenon at first in terms of a mechanical ether, but finally he 
decides in favor of an explanation in terms of the electrical theory of 
matter, which had recently been developed in its complete form by 
Lorentz. It may be wmrth w-hile to derive here the classical Zeeman- 
Lorentz theory of the effect, in spite of the fact that we now believe 
classical theory not to be applicable to atomic phenomena. A simple 
concrete picture is thus obtained w^hich assists the memory, in contrast 
with the abstractness of the w^ave-mechanical theory. Furthermore, a 
motion such as Zeeman supposed to occur in the atom could actually 
be executed by an electron in a vacuum tube. 

In order to have light of a fixed frequency emitted by electrical 
charges, according to classical theory, the charges must vibrate in 
simple harmonic motion. Let there be then, within an atom, a 
particle having a charge of e electromagnetic units and a mass of m 
grams (e being either positive or negative). When this particle is 
displaced a distance r from its normal position of equilibrium 0, let 
it be acted upon by a restoring force of br dynes directed toward 0. 
Then the component of the force parallel to any fixed line (e.g.^ AB in 

Fig. 11) \vill also equal 5 times the com- 
ponent of the displacement in this direc- 
tion, Hence, this component of the 
displacement will vary harmonically 
with a period 

Fig. 11 . — A particle vibrating bar- 

monically in two dimensions, T =5 2ir seconds, (38) 

according to the ordinary laws of simple harmonic motion. Any 
component perpendicular to AB will do the same but, perhaps, with 
different amplitude and phase. Thus, the general motion of the 
particle will be equivalent to three independent vibrations in mutually 
perpendicular directions, all executed with the same period T. 
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Now suppose the particle is vibrating in a single direction, say 
along the line AB in Fig. 11 or AiBi in Fig. 12. Let a naagiietic field 
of strength H oersteds be applied at right angles to the plane of the 
paper and directed away from the reader. According to the familiar 
elementary law, the charge will now experience an additional force 
/hj at right angles both to the field and to its velocity, whose magnitude 
is 

= Hev dynes, 

e being the magnitude of the charge in electromagnetic units and v 
the velocity in centimeters per second. This force will deflect the 
charge sideways. If it is a positive charge and starts from Ai toward 



Fig. 12.”Effeet of a magnetic field on a charged body vibrating initially with simple 
harmonic motion at right angles to the field. 

Bi (Fig. 12), it vfill arrive at some such point as B^; starting back 
toward 0, it will be deflected again and arrive at A 2 ? and so on. Thus, 
the field causes the path to rotate slowly, in a plane perpendicular to 
the field. 

The effect of this rotation can be found most easily by first resolving 
the motion into two circular motions about 0. Suppose first that 
there is no magnetic field. Then the particle is capable of revolving 
around the circle shown in Fig. 12 with a steady speed vo or an angular 
velocity wo and period of revolution Tq given by 

^ = mc^lr = br, wo = ^ = ^- (39a, fo) 

Suppose now we imagine a motion in which the particle revolves in this 
manner, and another in which the motion is similar but is counter- 
clockwise, and add the two resulting displacements due to these two 
motions on the assumption that the particle starts from Si at the same 
time in both. Then components of displacement perpendicular to 
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AiBi cancel out, and we have a linear harmonic vibration of period T 
along AiBi, 

Now introduce a magnetic field, directed, as before, away from the 
reader in Fig. 12. In addition to the elastic force 6r, there will then 
be the force Hev] if the particle moves at constant speed around the 
circle in a counterclockwise direction and is positively charged, this 
added force will be constant and directed toward the center. A steady 
circular motion is, therefore, still possible, but the speed must be given 
not by (39a) but by 

— = hr + Hev. 

Putting V = wi?’, where o^i is the new angular velocity, we have, after 
rearranging,^ 

£of - H-m = c^l, 


for, by Eq. (396), 6/m = ojg. Solving, ^ 

(-») 

If the motion is clockwise, instead of counterclockwise, the force 
due to the magnetic field acts in the opposite direction and we find^ 


6)2 = 




HH\ 

4m^ 


(40b) 


In all cases of interest, however, HeJ2m is very small in comparison 
with 6)0, so that the radicals in these equations may be replaced by 6)o. 
Hence, if we change to frequencies by writing 6)o = 2 xpo, coi = 2wvi, 
and 6)2 = 27CV2, we have, for a positive charge, 


He 

Pi = ro + (counterclockwise), 
V 2 — vq (clockwise). 


(41a) 

(41b) 


If two such circular motions with slightly different frequencies are 
superposed, it is easily seen that their resultant is a rotating linear 
vibration such as is illustrated in Fig. 12, and that the quantity He/4iirm 
gives the rate at which the direction of vibration is caused thus to 
precess about the direction of the magnetic field. This effect is known 
as the ^tLarmor precession.’^ However the particle may be vibrating, 

^ The solution containing a negative radical is rej ected because it makes m or ws 
negative, implying rotation in a direction opposite to that assumed. 
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its component of motion perpendicular to the field can be resolved into 
two circular motions of the type described. Its component of iBotioii. 
parallel to the field, on the other hand, is unaffected and occurs at the 
undisturbed frequency v^. 

The characteristic features of the emitted radiation are easily 
inferred now if we recall that the electric intensity radiated by an 
accelerated charge is directed as nearly oppositely to the acceleration 
as it can be, subject to the condition that it must be perpendicular to 
the direction of propagation of the waves (see Sec. 34). If the emitted 
light is viewed with a spectroscope in a direction perpendicula/r to the 
magnetic field, as by an observer at P in Fig. 12, three lines will be seen. 
One, emitted by the component of \dbration parallel to the field, will 
have a frequency vq and will be polarized with the electric vector 
parallel to the applied magnetic field; the two others, emitted by the 
circular motions, will have frequencies vi and and will be polarized 
with the electric vector perpendicular to the magnetic field. If, on 
the other hand, the light is viewed in a direction parallel to the field, 
only the lines of frequency vi and ^2 can be seen [since in Eq. (22) 
sin 0 == 0 for the third component of the vibration]; and they will 
be circularly polarized. These features agi'ee exactly with Zeeman\s 
observations. 

For a positive particle, however, the slower rotation occurs in a 
clockwise direction as seen by an observer looking in the direction 
of the field [cf, Eq. (416)], w-hereas Zeeman found counterclockwise 
rotation for the line of lower frequency (c/. Fig. 10, P, wFere the 
magnetic field is assumed to be directed toward the reader and the 
directions of rotation are therefore reversed). He concluded, there- 
fore, that the charge on the radiating particles must be negative. The 
ratio e/m for the particles can be computed from the separation between 
the outer lines. Letting e stand hereafter for the numerical charge on 
a particle, we have from Eqs. (41a, 6) 

He 0 2^7* . / A ci tx 

Av = V 2 — vi — 5 * — ; — = -jjAv. (42a, 6) 

27rm m H 

Zeeman^s first observation indicated that e/m must be ^^of the order of 
magnitude of 10^ electromagnetic units.’l In a later experiment, 
working Avith much higher resolving power, he found e/m == 1.6 X 10^, 
as against the modern value of 1.76 X 10b 

Later experiments, hoAvever, have shown the Zeeman effect to be 
much more complicated than Zeeman at first assumed from Ms obser- 
vations with apparatus of relatively low resohdng power. In general, 
many moi-e components are observed than are shoAvn in Fig. 10. The 


80 THE PHOTOELECTRIC AND THERMIONIC EFFECTS [Chap, III 

simple theory outlined above fails completely to explain these more 
complicated “patterns.” The quantum theory of the Zeeman effect 
is discussed in Chap. VIII. 

41. The Discovery of the Electron.— Previous to 1897, many 
studies had been made of that beautiful phenomenon, the discharge of 
electricity through rarefied gases. Let the discharge from an induction 
coil or an electrostatic machine pass between the negative terminal C 
(cathode) and the positive terminal A (anode) sealed into a glass tube 
(Fig. 13), which is being exhausted through the side tube T. At a 
very low pressure, there appears around the cathode a dark space, 
known as the “Crookes dark space,” which, with further decrease in 
pressure, grows longer {i.e,, extends farther toward D), until finally it 
reaches the glass walls of the tube. The glass is then observed to glow, 
the color, greenish or bluish, depending on the kind of glass of which 
the tube is made. If screens pierced with holes Si and 82 are intro- 


Si 



Fig. 13. — Tube for electrical discharge at low pressure. 

duced, the glow is confined to a spot on the end of the tube, at D. The 
“something” which, under these conditions, seems to proceed from 
the cathode and to cause the phosphorescence of the glass was early 
called “cathode rays.” In support of this view could be cited the 
usual facts listed in elementary texts of physics. The rays are 
deflected by a magnetic field; they are also deflected by an electrostatic 
field, the spot at D moving upward if a positively charged rod is 
brought up in the position S 3 , The concentration of the spot, in line 
ivith the holes in Si and S 2 , indicates that something is proceeding 
from C to D; if the cathode is suitably curved, this something can be 
“focused” upon a piece of platinum foil within the tube, which is 
heated to incandescence if the rays are sufficiently intense. Finally, 
in 1895, Perrin caught the rays in an insulated chamber connected to 
an electroscope and proved that they carry a negative charge. 

Final confirmation of the correctness of the view that cathode rays 
are nio\dng negatively charged particles came from the classical experi- 
ments^ of J. J, Thomson. His experiments are so fundamental in the 

^PhiL Mag,^ vol. 44, p. 293 (October, 1897). 
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history of the electrical theory of matter as to ^variant description. 
The highly evacuated glass tube [Fig. 14(a)] contains the cathode 
C and an anode A, which has a small rectangular slot in it through 
which the cathode mys may pass. 5 is a screen similar to, and 
electrically connected with, A, Cathode rays, accelerated from C 
toward A, after passing the slot in A move with uniform velocity and 
emerge from the slot in jB as a small bundle of rectangular cross section, 
which causes a small, fluorescent patch at Pi on the far side of the bulb. 
But when a potential difference V is maintained between the parallel 



(h) 

Fig. 14. — (a) Thomson’s apparatus for determining the ratio e/m for electrons, (h) 
Deflection of an electron by the electrostatic field. 

plates D and E, E being positive, the spot appears at P 2 , having been 
deflected downward by the electrostatic field. A pair of Helmholtiz 
coils, not shown, whose diameters are equal to the length of the plates 
D and P, are placed, one in front and the other behind the tube, so as 
to produce a magnetic field perpendicular to the plane of the paper, the 
strength of which can be determined from the dimensions of the coils 
and the current through them. If the magnetic field is directed toward 
the reader, the spot Pi is deflected upward. 

Two experiments are now performed: 

1, With a given electrostatic field between the plates, the strength 
of the magnetic field is adjusted to such a value as will cause 
the spot to return to the original undeviated position Pi. 

2. The magnetic field is then removed and the deflection PiPs 
caused by the electrostatic field alone is measured. 

From these two experiments, the ratio e/m may be determined as 
follows. In the first experiment, the electrostatic field has a magnitude 
P = F/<i, if d denotes the distance between the plates, and it exerts a 
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force Ee upon the charge e. Let both E and e be measured in electro^ 
magnetic units. This force is just equal and opposite to the force 
Hev due to the magnetic field, H being the field in oersteds and v the 
velocity with which the particles emerge from B. The velocity is 
constant over the entire path from B to Pi because there are no 
longitudinal forces acting on the particle. Hence Hev = Ee and 


V — 


E 

H 


(43) 


Thus the first experiment serves to measure the velocity of the particles 
as they emerge from B. In the second experiment, let the distance 
P 1 P 2 be measured; from this, the deflection S of the particles as they 
pass over the distance I between the plates I) and E can be determined 
[c/. Fig. 14(1))]. This deflection results from a uniform acceleration 

Ee 

(X = — ; 

m [ 

acting during a time l/v] hence, by the laws of uniforml}^ accelerated 
motion, 


S = • 

2 m \vj 


(44) 


All quantities in this equation being known except e/m, the latter may 
be computed. 

Thomson found that the value of e/m determined in this wa^?' was 
of the order of 10^ and that it was independent of the kind of gas in the 
tube (air, H2, or CO2) and, likewise, independent of the material of the 
electrodes (Al, Fe, or Pt). A later determination gave 


— = 1.7 X 10’, 

m 

a value almost numerically identical with the value of e/m determined from 
the Zeeman effect for the particles taking part in light emission. (The 
modern value is 1.76 X 10^.) This value of e/m is very much larger 
than the value of e/m for hydrogen atoms in electrolysis. Its great 
magnitude might result either from a large value of e or a small value 
of m or both. It became a matter of much importance, therefore, 
to determine the charge c carried by these particles. 

Now it seemed almost certain that the charge on the cathode 
particles must be of the same order as the charges on gaseous ions such 
as are produced in a gas by X-rays. The study of such ions had 
begun just a few years before Thomson's work. To measure their 
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charges^ Townsend, working in Thomson's laboratoiy, utilized the 
clouds that form about the ions in saturated air. By observing the 
rate of fall of the cloud and applying Stokes’ law for the free fall of 
spheres through a viscous medium, he was able to determine the size 
of the droplets; from a measurement of the total amount of water 
in the cloud, he could then calculate the number of droplets it had 
contained. He assumed that each droplet contained just 1 ion; hence, 
having measured also the total charge on the cloud, he was able to 
calculate the charge on a single ion. For this charge he obtained a 
value of about 3 X 10“^° electrostatic unit. A repetition of the 
measurements with some modifications by Thomson gave the value 
6.5 X 10“^° electrostatic unit.^ 

Thomson assumed that the charge on the gaseous ions was the same 
as that on his cathode particles. It followed, then, that the cathode 
particles must be previously unknown particles of extremely small 
mass, which he called “corpuscles” or “primordial atoms.” For 
many years English writers stuck to the name “corpuscle” for these 
particles, using the word “electron” in Stoney’s original sense to 
denote the amount of charge carried by a corpuscle or a univalent ion; 
but others, including Lorentz, called the corpuscles themselves “elec- 
trons,” and this usage ultimately became well established. It was 
generally assumed that electrons are a constituent part of all atoms 
and are responsible for the emission of light by them, thus accounting 
for the fact that the ratio e/m had been found to be the same for the 
vibrating particles causing the Zeeman effect as for the cathode ra^^s. 
Thus was made possible the explanation of a number of more or less 
diverse phenomena on the basis of a single concept. 

42. Electronic Magnitudes.— A much more reliable method of 
measuring ionic charges was developed by Millikan in 1909. He 
found that tiny droplets of oil in ionized air, viewed with a microscope, 
would frequently pick up charges and could then be held suspended, or 
accelerated upward or downward, by applying a suitable electric field. 
When uncharged, the droplets fall at a slow uniform rate, their weight 
being balanced by the drag due to the viscosity of the surrounding air. 
By observing their rate of fall, Millikan was able to determine the size 
and weight of the droplets. According to Stokes’ law, a sphere of 
radius a moving at a steady slow speed v through a fluid whose coeffi- 
cient of viscosity is n) experiences a resisting force 

F =■ ^TCTfavo, (45) 

i For a good account of work on the electronic charge see Millikan, ^'Electrons 
(+ and ~), Protons, Photons, Neutrons, and Cosmic Rays,’M935. 
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If we equate this force to the weight of a droplet, which is %wa^pg in 
terms of the density p of the oil, we have 

== ^wriavo. (46) 

Now suppose the drop picks up a charge of e units and that a vertical 
electric field E is present, e and E both being measured in electrostatic 
units. Then a force eE is added to the freight and instead of (46) we 
have 

%Ta^pg + eE — Qwrjavij 

Vi being the new velocity of steady fall. From these equations we find 

eE = ^irr^aivi — Vq); 

and, inserting in this equation the value of a given by (46) and solving 
for e, we find ' 

e = 

All quantities in this last expression being known, e can be calculated. 

Millikan found that the charges so calculated from his observations 
were all multiples of a smallest charge. The latter he assumed to be 
the charge on the electron, an assumption which is difl&cult to test 
directly but seems to be well supported by indirect evidence. For the 
electronic charge he found e = 4.774 X 10“"^® electrostatic unit. 

This latter value of e was accepted for many years. Its accuracy 
was first called into question by Backlin,^ who, from values of X-ray 
wave lengths measured with a ruled grating found e = 4.793 X 10""^*^ 
e.s.u., a value 0.4 percent higher than that reported by Millikan. It 
now appears that the discrepancy was due to Millikan’s having used too 
low a value of the viscosit}^' of air, which appears as n iii Eq. (47) above. 
Recent measurements give a value of rj about 0.5 percent higher than 
Millikan’s,^ and this higher value leads to an oil-drop value” of e of 
(4.8036 ± 0.0048) X 10“*^® e.s.u. Dunnington concludes that the best 
ruled-grating ” value of e is (4.8025 ± 0.0004) X 10“"^® e.s.u. The best 
modern value of the ratio c/m, which has been measured recently by dif- 
ferent methods with high precision, appears to be® 1.7592 X 10^. From 
e and c/m, the value of the electronic mass m can then be calculated.^ 
We thus obtain for these three important constants and for iVo, 

^ Backlin, E., “Absolute Welieubestimmungeu der RontgenstraMen/^ pijsser- 
tation, Upsala, 1928. 

2 Cf. Dunnington, Rep. Modern Phys,, Yol. 11, p. 71 (1939), 

^ Cf, Biege, Phye. Rev., vol, 13, p. 233 (1941); Dunnington, loc. at 
4 This value of m is the so-called “rest mass” of the electron, 1 6., its mass when 
at rest or when moving with velocities negligibly small compared with the velocity 
^ of light. See;' Sec. 63. 
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representing Avogadro’s number or the number of atoms in a gram- 
atomj calculated as F/e where F is the value of the faraday (Sec. 39): 

e = 4.803 X 10“^® electrostatic unitj 
e 

— == 1.7592 X 10^ electromagnetic units, 
m ® ' 

m = 0.9107 X 10""^' gram, 

Ao = 6.023, X 10^\ 

It is often of interest, also, to know how the electron compares in 
mass with a hydrogen atom. The faraday, mentioned in Sec. 39, 
represents the charge carried by 1 gram-atom or 1.0081 grams of 
hydrogen; its value is 9,648.8 electromagnetic units. Thus for a 
hydrogen atom of mass Mh, which carries the same charge as the 
electron when ionized, e/Mn = 9,648.8/1.0081 or 

= 9.571 X 10^ electromagnetic units. 

M B 

Dividing this number into the value of e/m for the electron, we have, 
e canceling. 



as the ratio of the two masses. (Actually, the number obtained is 1,838, 
but 1,837 is probably more nearly correct; see Sec. 97.) 

43 . Photoelectrons. — The discovery of the electron at once sug- 
gested the hypothesis that the photoelectric effect is due to the libera- 
tion, from the illuminated metal plate, of electrons which, under the 
influence of the electric field, pass from cathode to anode, thereby 
causing the photoelectric current. This hypothesis was confirmed by 
Lenar d,^ who showed that the photoelectric discharge is deflected in 
a magnetic field exactly as are cathode r&ys. By measuring the 
deflection of the ^'photoelectric rays^^ in a known magnetic field, he 
found a value of e/m of (about) 1.2 X 10^ in qualitative agreement 
with Thomson’s value of e/m for electrons.^ 

Lenard’s method of determining e/m for photoelectrons involves 
basic principles which, with ever increasing refinement, have been 
widely applied in ' ' charged-particle ’ ’ physics. His apparatus is shown 
diagrammatically in Fig. 15. A glass tube, vrhich could be exhausted 
to the highest attainable vacuum through the side tube 
an aluminum cathode (7, which could be illuminated by ultratdolet light 
from a spark the light passing through the quartz plate Q. The 
^ vol. 2, p, 359 (1900). 

2 Later, Alberti [i-m. d. Physih, vol. 39, p. 1138 (1912)] found for^liotbeleetroiis 
1.765; X e.m.ii, gram”^. 
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cathode C could be charged to any potential, positive or negative. A 
screen A, with a small hole at its center and connected to earth, served 
as anode. Pi and P 2 were small metal electrodes connected to elec- 
trometers. When C was illuminated and charged to a negative poten- 
tial of several volts, photoelectrons were liberated and accelerated 
toward the anode A. A few electrons passed through the hole in the 
center of A and proceeded thereafter at uniform velocity to the elec- 



trode Pi, their reception there being indicated by the electrometer 1. 
But if, by means of a pair of Helmholt25 coils (represented by the dotted 
circle), a magnetic field directed toward the reader was produced in the 
region between A and Pi, the electrons were deflected upward in a 
circular path and, with a sufficient field strength, struck the electrode 
P2. 


1 



Fig. 16. — Variation of photoelectric current with cathode potential. 

Lenard first investigated the relation between the current reaching 
the anode and the potential F applied to C, A being assumed to be 
always at zero potential. There was no photoelectric current when V 
was several volts positive. But, when V was dropped to about 2 volts 
posiiSwc, a small current was observed. This indicated that the 
photoelectrons were not simply f7'eed from the cathode but that some of 
them at iQdbSi were ejected with sufficient velocity to enable them to over- 
come the retarding potential oi 2 vofts. The current increased when F 
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was reduced to zero and increased still more rapidly as V was made 
negative but attained a ''saturation” value after F had reached some 
15 or 20 volts negative. These data are shown diagrammatically 
in Fig. 16. I is the photoelectric current and Fo is the positive poten- 
tial that was required to prevent the escape of electrons. 

The determination of e/m was made essentially as follows. Let a 
negative potential F, large compared with Fo, be applied to the cathode 
C, all potentials being in electromagnetic units. The photoelectron, on 
reaching the anode, will have a kinetic energy given approximately by 

Ve = }''2 mv-, 

where m and e are the mass and the charge in electromagnetic units of 
the electron, respectively, and v is its velocity on reaching A (Fig. 15). 
Assuming that after leaving A the electron moves in a uniform mag- 
netic field, the circular path that it follows is determined by the 
equation 



where H is the strength of the magnetic field just necessary to cause the 
electron to reach P 2 , and R is the radius of the corresponding circular 
path, determined from the geometry of the apparatus. From the last 
two equations we have 

e ^ 2V 
m HW- 

from which e/m may be computed. 

44. Relation between Photoelectric Current and Intensity of 
Illumination of the Cathode. — The experiments of Elster and Geitel, 
Lenard, and Ladenburg seemed to show that, as long as there is no 
change in the spectral quality of the light causing the emission of 
electrons, the photoelectric current is directly proportional to the 
intensity of illumination on the emitting surface. Subsequent experi- 
ments^ confirmed the law^ of proportionality and show^ed that it holds 
rigor ousb?- over a very wide range- of intensities — in the experiments 
of Elster and Geitel, over a range of 50,000,000 to 1. This law’' of 
proportionality was, therefore, well established, and it is one of the 
most important laAvs of the photoelectric effect. 

-45.; Energy Distribution of Photoelectrons —In his experiments, 
Lenard showed, by observing the retarding potential against wdiich 
these electrons could move, that for a given emitter their kinetic 

^ Richtmyee, P%s. Ee?;., vol. 29, pp. 71, 404 (1909). 

2 Elstee and Geitel, Phys. Zeits.y vol. 14, p. 741 (1913); vol. 15, p. 610 (1914); 
vol 17, p, 268 (1916). Kunz and Stebbins, Phys. Rev., vol, 7, p. 62 (1916). 
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energy did not exceed a definite maximiiniy given by Voe, where Vo 
is the maximum retarding potential for wdiich a photoelectric current 
was observed and e is the electronic charge. From Lenard^s time 
to the present, this question of the energy of photoelectrons has been 
the subject of many investigations. 

We mention the experiments of Richardson and Compton/ who, by 
introducing important corrections and techniques^, cleared up a number 
of previous discrepancies and gave impetus to the quantitative veri- 
fication of Einstein’s photoelectric equation (see next section). The 
apparatus used by Richardson and Compton is sketched in Fig. 17. 
The photoelectric emitter C, a strip 1X5 mm. of the metal under 

investigation, was placed at the center of 
a spherical glass bulb B some 7.5 cm. in 
diameter and silvered on its inner surface. 
The emitter C could be charged to any 
desired potential, read by voltmeter V. 
The bulb could be evacuated through the 
side tube T. Monochromatic light L 
passed through the quartz window IT and 
fell on C, The silver coating on the inside 
of Bj serving as anode A, was con- 
nected to the electrometer Q by which 
the photoelectric current was measured. 

The large spherical anode, with the small emitter at its center, 
served two important purposes. First, since the electric field around C 
was nearly radial, it was possible to measure the energy distribution 
of the photoelectrons irrespective of direction of emission and thus to 
determine what has come to be knowm as the ^Hotal energy,” in 
contradistinction to the normal energy,” which is measured when 
cathode and anode are a pair of parallel plates, as in Fig. 9. Second, 
the impact of the photoelectrons on the anode caused the diffuse 
emission from the latter of a certain number of secondary electrons. 
In the case of parallel plates, a considerable proportion of these return 
to the cathode, and the observed current is, therefore, not the true 
photoelectric current. Only a few of these secondaries, however, reach 
the small cathode C at the center of the large anode, and the error in the 
observed current is negligible, Richardson and Gompton made care- 
ful correction for the contact difference of potential between the 
cathode (7 and the silver anode, an important correction, for the 
maximum retarding potentials— 1 or 2 volts— were of the same order 
of magnitude as the contact potentials. 

^ Richaedson and Compton, Phil, Mag. ^ vol. 24, p. 575 (1912) . 



Richardson and Compton for 
observations on the energy of 
photoelectrons. 
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The relation between photoelectric current and retarding .potential 
obtained by Richardson and Compton is shown for aluminum 
emitter in Fig. 18. When the alumi- 
num surface was illuminated by ultra- 
violet light of constant intensity and of 
W'ave length 0.000020 cm., no photo- 
electric current was observed when the 
potential of C was greater than 2.3 
volts — Vb, curve 5. As the retarding 
potential decreased from this value to 
zero, the current rose to a maximum 
Itn, beyond which there -was no increase 
for negative potentials on the cathode. 

For longer wave lengths, similar 
curves — 4,3,2, 1 — were obtained, but 
with the important difference^ that the 
critical retarding potentials — V 4, V 3, 

V 2 , Vi — became progressively less as 
the wave length increased. Curves of 
the same shape were obtained for 
other intensities of illumination, the 
current increasing in all cases in propor- 
tion to the intensity of the light. 

These, observations are readily interpreted on the assimiption that, 
for a given emitter, light of wave length X causes the emission of photo- 
electrons with initial velocities v varying from zero up to a maximum 


2 I 0 

Retarding poteritial on C, volts 


Curve 

Wave 

length, 

cm. 

Critical 

potential, 

volts 

(1) 

0.0000313 

Vi ~ 0.90 

(2) 

0.000027.5 1 

Vz = 1.30 

(3) 

0.0000254 ; 

Vi = 1.50 

(4) 

0.000023 

Vi = 1.90 

(5) 

0.000020 

76 ^ 2, za 


Fig. 18. — Variation of photo- 
electric current with retarding 
potential. 



Fig. 19.— Typical variation of photoelectric current with retarding poteiltiaL 

determined by X. The typical variation of photoelectric current 
with retarding potential F is shown again in Fig. 19. Since no 

, ... ^ The intensity of these several monochromatic beams was adjusted to, give the 
same value of /w m .each case. 
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photoelectric current was observed for retarding potentials greater 
than Fo, Vm is at once given by 

Foe = 

e being the numerical electronic charge. When the potential F applied 
to the emitter is zero or negative, all electrons freed b}^ the light reach 
the anode and the photoelectric current has its maximum value 
When Fo > F >0, only those electrons will reach the anode for which 

3-4 my- > Ve. 

Let the photoelectric currents be Ii and Ja when the potentials are 
Fi and Fa, respectively. Then (Ja — Ii)/c 
photoelectrons per second leave the emitter with 
velocities between Vi and defined by 

FiC = = Ely F26 = }imv\ = E^, 

El and E 2 being the corresponding kinetic 
energies. Thus the slope of the curve in Fig. 19 
at any point is proportional to the number of 
photoelectrons possessing energy E corresponding 
to the value of F at that point. A curve plotted 
between these slopes and F is the energy distribution curve for photo- 
electrons; its general form is shown in Fig. 20. 

Relation between the Velocities of Photoelectrons and the 
Frequency of the Light. — very simple linear relation has been found to 
exist between the maximum energy of photoelectrons and the frequenc 3 ^ 
V of the light that causes their emission. As 
was shown by Millikan, if a curve is plotted 
between Foc and v, a straight line results 
■which has an intercept vo on the frequency 
axis (Fig. 21). The experimental meaning 
of this intercept is that light of frequency 
less than vq cannot cause the emission of 
photoelectrons from the metal concerned. 

The quantity vq is characteristic of the 
emitting electrode, but the slope of the 
curve is the same for all electrodes. The 
equation of the curve may be written 

Fo e == mv%, = h{v — vf) == hv — Iivq 
M Wm == hv •” OJO, 



Fig. 21, — Variation of 
maximum energy of photo- 
electrons with frequency of 
the exciting radiation. 



Fig. 20. — Distribu- 
tion of photoelectrons 
as to energy. 


or 


( 48 ) 
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where h is the slope of the curve and ojo is written for liv^. If, in Fig. 21 
and Eq. (48), the ordinates are expressed in ergs and the abscissas in 
frequencies (sec.~i), the numerical value of A-, as found by Millikan, is 
6.56 X 10“^'^ erg sec. (A better value is 6.61 X 10““-h) This constant 
/i, called ‘'^Planck’s coiistant^^ for reasons which will appear in Chap. V, 
is one of the fundamental constants of nature and has played an 
extraordinary part in modern physics. The product hv is called a 
quantum of energy corresponding to light of f requency v. 

Equation (48) has had an interesting liistory and is one of the 
most fundamental equations, or laws, of modern physics. It was first 
proposed on theoretical grounds by Einstein, in 1905, as a result of the 
extension to the photoelectric process of the concept, previously 
developed by Planck (see Chap. V), that interchanges of energy 
between radiation and matter take place in energy quanta hv, where v 
is the frequency of the radiation absorbed or emitted and h is a con- 
stant. Einstein arrived at the equation^ by assuming that the whole 
quantum hv of radiant energy was absorbed by an electron but that a 
part coo of it was expended by the electron in escaping from the emitter. 
He had at his disposal only qualitative data to show that his equation 
gave results of at least the right order of magnitude. The equation 
received final and complete experimental verification as a result of the 
precise experiments of Millikan.^ Subsequent work extended the 
validity of the equation to the X-ray region, where frequencies are 
involved that are several thousand times the frequencies of visible light. 
Einstein^s photoelectric equation played an enormous part in the 
development of the modern quantum theory. But in spite of its 
generality and of the many successful applications that have been 
made of it in recent theories in physics, the equation is, as we shall 
see presently, based on a concept of radiation — the concept of ^ Tight 
quanta’^ — completely at variance with the most fundamental pos- 
tulates and conclusions of the classical electromagnetic theory of 
radiation. 

47. Other Properties of Photoelectric Emission. — It is not our 
purpose to give a complete account of the properties of the photo- 
electric effect, but a few other features of interest may be mentioned 
in passing. 

The critical or ^Hhreshold'^ frequency vq has been found to vary 
considerably with the state of the surface, as does the photoelectric 
current in general. Usually vq lies in the ultraviolet, but for the 
alkali metals and for barium and strontium it lies in the visible region; 

4- Einstein, Awn. d. vol. 17, p. 132 (1905). 

2 Millikan, Phys, Rev,, Yol. 7, p. 355 (1916). 
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for potassiimi Po lies in the red, and for cesium even in the infrared. 
Photoelectric cells used for the measurement of light commonly 
contain either an alkali metal or barium. 

Variation of temperature usually has little or no effect upon the 
photoelectric current, so long as the temperature does not exceed 
several hundred degrees centigrade and so long as no change occurs 
in the crystal structure or in the physical state of the metal. The 
alkalis, however, form an exception to this rule. 

If polarized light is used, differences are commonly found as the 
plane of polarization is rotated, except, of course, at normal incidence. 
The effect is complicated, and its cause is in doubt. Especially 
interesting is the “selective effect in the alkali metals. Over certain 
ranges of wave length, the photoelectric current from these metals is 
much greater when the electric vector in the light has a component 
perpendicular to the surface than when it is parallel to the surface; 
in the case of certain sodium-potassium alloys, the ratio of the currents 
in the two cases may be 10:1 or 20:1 or even more. 

For further discussion of the photoelectric effect the student is 
referred to the treatise of Hughes and DuBridge.^ 

We shall return here to those fundamental problems presented 
by the photoelectric effect which have a bearing on quantum theory. 

48. Source of the Photoelectric Energy.— Whence comes the energy 
which the photoelectrons are observed to carry away from the surface 
of the emitter? Does it come from energy previously stored in the 
atom, or by direct absorption from the incident light? And, in the 
latter case, what is the mechanism by which the energy is absorbed? 

The experimental facts are such as to suggest that the energy is 
obtained from the incident light. This presumption is strongly sup- 
ported hy the fact that (1) the photoelectric emission varies in strict 
proportion to the intensity of the light and (2), where the frequency 
of the light is given an increment Avj the maximum kinetic energy of 
the photoelectrons is increased by an amount h Av that is independent 
\of the nature of the emitting substance. But how can we picture a 
mechanism for the absorption of the radiant energy that will function 
in accordance with these facts, and also in such a w^ay that (3) the 
Tnaonmum kinetic energy of the photoelectrons is rigorously independent 
of the intensity of the lightf 

The difficulties in the way of postulating such a mechanism on the 
basis of the classical wave theory of light can best be shown by some 
numerical data. 

^Hughes, A. L., and L. A. BirBBii>GE, ‘^PiiotoeIectric Phenomena,” 1932. 
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'A photoelectric current of 1 X e.m.u. per square centimeter 
is easily obtained from a sodium surface in vacuo with very moderate 
intensity of illumination. This current corresponds to the emission 
of about 6.25 X 10^ electrons per square centimeter per second. These 
electrons come from the surface layers of atoms. We can easily 
compute the order of magnitude of the number of atoms involved. 
Calling Avogadro’s number Wo, the atomic weight of the emitter A, and 
its density the number of atoms per unit volume n is given by 



Nq = 6.02 X 10^®; and, for sodium, A = 23.0 and 5 = 0.97 gram per 
cubic centimeter. Therefore, n = 25.4 X 10^^ atoms per cubic 
centimeter. Assuming the atoms in a centimeter cube of sodium 
to be arranged in regular rows, columns, and layers,^ we find that 
there are -^25.4 X 10®^ = 2.94 X 10^ atoms along each edge, or 
(2.94 X 10^)® = 8.64 X 10^^ atoms in a layer 1 cm.- in area and 1 atom 
deep. Assuming, for the sake of illustration, that the photoelectrons 
are supplied by, say, the first 10 layers of atoms, we find that 

8.64 X 10^® atoms 


furnish, under the conditions of illumination abo\^e mentioned, 
6.25 X 10’' electrons per second. That is, 1 atom in 


8.64 X 10'® 
6.25 X 107 


= 1.38 X 10®, 


on the average, furnishes 1 photoelectron per second. But what is it 
that determines which one of these hundred million atoms shall 
furnish an electron in any particular second? According to the wave 
theory of light, radiant energy should be distributed continuously and 
uniformly over the wave front. The atoms are presumably all alike. 
On the basis of the classical theory of radiation^ we are unable to put 
forward any reasonable hypothesis that should result in singling out the 
one atom in a hundred million. 

Furthermore, it is hard to understand how the energy that is 
actually carried off by a photoelectron comes to be concentrated in 
one spot. For example, an illumination of 0.1 meter-candle, or per- 
haps 10 ergs per cm.® per sec., produces an easily measurable photo- 
electric current from sodium. Not over 0.05 erg of this, however, 
falls within the spectral range that is effective for sodium, which is 

^The crystal stracture of sodium is in reality a body-centered cube. See 
^‘International Critical Tables,” voL I, p. 340. 
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sensitive onl3r in the blue and near-ultraviolet part of the spectrum. 
Furthermore, sodium has a high reflecting power, and onl}^ absorbed 
light can possibly be used in expelling electrons. We conclude that 
not over 0.001 erg per cm.^ per sec. is available for the photoelectric 
process. 

According to the electromagnetic theory, this absorbed energy 
should be equally distributed among the 8.6 X 10^^ atoms which 
form the (10, arbitrarily assumed) surface layers, so that there is 
1.1 X 10“^^ erg per sec. for each atom. Now a quantum of violet light 
corresponding to X = 0.00004 cm. is 

hv = 6.61 X 10-27 X 0.75 X 10^^ = 5 X lO-'^ 

Thus, if an atom can absorb onl}^ the energy that falls on it (so to 
speak), the number of seconds required for it to obtain enough energy 
to expel a photoelectron is 

ri^^lQ-^^ ^ seconds. 

This is over 500 days! 

This calculation maj^ not be quite correct, however. Theoretically, 
it can be shown that an electron vibrating in resonance with the 
light can absorb as much energy as falls on a considerable fraction of a 
square wave length. There are difficulties about assuming photo- 
electric emission to be a resonance phenomenon, however; and it is 
hard to see why there should be a resonator actively absorbing in one 
atom while all of the neighboring atoms are quiescent. If, however, we 
brush aside these objections, we ma}^ conclude that, in the present 
case, an atom might possibly absorb the energy falling on 10“^*’ cm. 2, 
or lO"”^^ X 10“® = 10“^® erg per sec. The time required to absorb a 
quantum would then be only 5 X — 5Q seconds. Even 

this, however, is too long a time to agree with experiment. No time 
lag has ever been observed between the beginning of illumination 
and the starting of the photoelectric current; precise measurements 
have shown that, if there is such a time lag, it is less than 3 billionths 
of a second! 

The classical electromagnetic theory of light thus encounters 
enormous difficulties in attempting to explain the observed facts in 
regard to photoelectric emission. 

■49. The Photoelectric Effect and the Corpuscular Theory of Light 
If we could return to the corpuscular theory and regard light as a rain 
of ^^corpuscles’’ or quanta of energy, all of the difficulties raised in the 
preceding section would disappear. If we could assume (a) that each 
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quantum^ or, in modern terms, photon,’’ possesses energy hv and (&) 
that a collision between a photon and an atom may result in the 
absorption of the whole photon and the emission of a photoelectroii 
with the initial energ}^ hv, we could' at once explain why only one atom 
in many millions expels an electron in any particular second and also 
why there is no time lag in the photoelectric process. 

Such a theory would predict, also, that the photoelectric current 
should be proportional to light intensity, he., to the number of photons 
striking, as is experimentally observed. Furtliermore, we should have 
a ready explanation of the observed fact that the initial velocity of 
the photoelectrons expelled by monochromatic light is independent 
of the intensity of the light; for each photon would act independently 
upon the emitting substance. 

The difficulties with such a radical theory of light, however, are 
many. For one thing, if we regard light as a “shower” of photons, 
what can possibly be the meaning of freqiiencyf There is nothing 
periodic about a falling raindrop, for example. As a matter of fact, in 
order to find the frequency of a beam of light, we memure (a) the 
velocity c of the light and (6) its wave length X on the assumption that 
light consists of waves, and then we compute the frequency as 

c 

Thus we have to rely on the wave theory of light to give us the energy value 
hv of a photon! And there still remains the phenomenon of inter- 
ference, which, since its discovery by Young in 1802, has defied 
explanation on any other basis than by assuming light to be a w^ave 
phenomenon. However, the experimental facts of photoelectricity 
are equally as cogent as the phenomena of interference, and these 
cannot be explained on the basis of the classical wave theory of light 

Thus in 1920, say, the physicist could sum up the situation about 
like this: On one side of a seemingly impenetrable barrier, or fence, is 
to be found a group of phenomena — such as interference, polarimtion, 
smaller velocity of light in optically denser bodies, indeed, the whole 
electromagnetic theory and its ramifications — according to which we 
should say, without the slightest doubt, that light must consist of waves. 
On the other side of the fence is to be found another groiip~the photo- 
electric effect, and other phenomena which we shall consider in sub- 
sequent chapters — -according to which we should say, again without 
the slightest hesitation, if we did not know wvhat was on the first side 
of the fence, that light must be corpuscular. The situation thus 
created was perhaps the most puzzling one that has ever arisen in the 
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whole history of physics. We cannot resolve the mystery at this 
point. We shall return to the question after we have become familiar 
with the quantum theory of atomic structure and of spectra. 

The remainder of the present chapter will be devoted to another 
aspect of the photoelectric problem, and to a different but related 
phenomenon involving electrons. Granted that the photoelectrons 
receive their energy in some manner from the incident light, do these 
electrons come out of the atoms, or do they come from among the 
so-called ^^free^^ electrons in the metal? Before attempting to answer 
this question, we shall discuss the spontaneous emission of electrons 
from hot bodies. 

60. Thermionic Emission. — It has been known for 200 years that 
air in the neighborhood of hot solids has the power of conducting 
electricity. In a systematic investigation begun about 1880, Elster 
and Geitel showed that, in general, at a red heat, charged bodies lose a 
positive charge more readily than they do a negative one, whereas at a 
white heat a negative charge is more readily conducted away; a few 
substances, however, lose a negative charge most readily at all tem- 
peratures. About the same time, Edison noticed that a current can 
flow in an evacuated bulb from a glowing carbon filament to another 
filament when the hot filament is charged negatively but not when it 
is positive. 

The ions that carry the electricity in such cases were studied by 
McClelland and by J. J. Thomson. In 1899, Thomson measured 
c/m, the ratio of charge to mass, for the negative ions, using the method 
described in Sec. 41. He found this ratio to have about the same large 
value as for cathode rays and concluded that these negative ions were 
electrons. Later he showed that, for the positive ions, c/m was in all 
cases of the same order of magnitude as for electrolytic ions and con- 
cluded that the positive ions were positively charged atoms or molecules. 

This emission of electrons from hot bodies furnishes the basis 
for the thermionic vacuum tubes that have come into such wide use. 
No general treatment of thermionic emission will be attempted here^; 
we shall discuss only a few aspects of the phenomenon that are impor- 
tant in connection with the theory of the emission of electrons from 
conductors. 

The thermionic current from a given emitter is found to increase 
very rapidly with increasing temperature. It depends also upon 
geometrical factors, which determine space-charge effects, and upon 
the potential of the emitter relative to its surroundings. From a given 
emitter operating at a given temperature, however, the thermionic 

^ C/. Eeimann, A. L., “Thermionic Emission,’/ 1934. 
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current cannot be made to exceed a certain limiting \^alue. Special 
interest attaches to this maximum possible thermionic current. Let I 
denote the maximum current obtainable per square centimeter of the 
surface from a given emitter operating at absolute temperature T. By 
means of thermodynamic reasoning, it can be shown that I should vary 
with temperature, approximately, at least, according to Richardson^s 
equation 

I - ( 49 ) 

The proof is rather elaborate and mil not be given here;^ the equation 
itself can be understood without going through its deduction. The 
Napierian base of logarithms is denoted here by t to distinguish it 
from the numerical electronic charge e; k is the Boltzmann constant 
(1.381 X 10~^® erg per degree centigrade), and cp and A are constants 
depending on the emitting substance and on the state of its surface. 

The Richardson equation, as stated in (49) above, is found to 
represent the experimental facts very well. The variation of the 
exponential factor in the equation is so rapid, however, that it is not 
possible to tell whether the factor is really correct. An argument 
from quantum theory indicates that the constant A ought, perhaps, to 
be a universal constant, equal to 60 amperes per square centimeter for 
all substances; but experimentally it is found to vary over a consider- 
able range from one substance to another. 

The quantity e<p in the Richardson equation represents an energy. 
For this reason, known as the 'Svork function, is commonly 
measured in volts, representing the change of potential through which 
the electron must pass in order to gain or lose ecp ergs of energy. In the 
theoretical derivation of the equation, e<p enters as representing the 
^^heat of emission’^ of the thermions at the absolute zero of tem- 
perature, or, in other words, it is the amount of energy required to 
extract a thermion at that temperature. The value of ^ can be 
calculated from observations of I by plotting log (I/T^) against 1/T; 
according to Richardson^s equation 

^og 2?2 log A 

so that a straight line is obtained whose slope is —e^p/k,:. Values of 
^ so obtained, when converted into volts, range from 2 to 6 volts for 
various 'metals. ' 

' ■ ' ^ See Richardson, O'. W.,, /* Electron Theory of Chap. XVIII, 1916; 

Reimann, io'C. 
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51. Relation between Thermionic and Photoelectric Constants. — It 
is obvious that the photoelectric effect and the thermionic emission of 
electrons are in some respects similar phenomena. They seem to differ 
mainly in the manner in which the electron is given the additional 
energy to enable it to escape through the surface of the emitter against 
the potential barrier. In the thermionic case^ the electron acquires 
this energy from the thermal agitation incident to the high temperature 
of the emitter; in the photoelectric case, by the absorption of light. 
In the case of thermionic emission, it is natural to suppose that the heat 
of emission e(p represents work done by the electron in escaping from 
the emitter, just as the larger part of the heat of evaporation of a 
liquid represents work done by the evaporating molecules against the 
attraction of the molecules left behind in the liquid. If that is so, 
ought to be the same as the quantity coo or hvo in the Einstein photo- 
electric equation, which was assumed to represent work done by the 
photoelectron. Thus, the thermionic work function ought to be related 
to the photoelectric threshold, the vo of Fig. 21, by the equation 


<P 


COo 

e 


h 


Vo 


(50) 


<p and e being measured here in a consistent set of absolute units. 
Since <p and vo can both be determined experimentally, a check of 
this relationship is possible. 

It has not been easy to eliminate the many spurious disturb- 
ances inherent in both photoelectric and thermionic research. But 
reasonably comparable measurements have been made on several 
metals with results^ as follows: 


Metal 

hv^/e, 

volts 

<P, 

volts 

Platinum 

6. SO 

6.27 

Rhodium 

4.57 

4.58 

Tantalum 

4.05 

4.07 

Tungsten 

4.58 

4.52 

Palladium 

4.96 

4.99 

Silver. 

4.73 

i ' 4.08 

Gold 

4.82 

I 4.42 



The agreement between the values of the work function determined 
photoeleGtrically and those determined thermionically seems good 
enough to warrant the hypothesis that the photoelectrons and the 
thermionic electrons have a common origin. 

^ Quoted from. Hughes and DuBeidge, loc, dt 
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62. Velocities of Emission of Thermions. — The velocities with 
which thermions are emitted from the surface of the emitter can be 
measured in the same way in which the velocities of photoelectrons 
are measured (Sec. 45). The velocities of the thermions are found 
to be very much smaller than those of photoelectrons and to be dis- 
tributed according to MaxwelFs law, just as if they were molecules 
in a gas at the temperature of the emitter. 

To see clearly w^hat this latter statement means, suppose that the 
electrons emerge into a space entirely surrounded by the emitting 
substance, all at the same temperature T: i.e,, consider emission into a 
cavity in the emitter. As electrons accumulate in the cavity, they 
will begin to return to the emitter, and an equilibrium condition will 
come into existence in which as many electrons returji to the emitter 
per second as issue from it. The cavity is then filled with an electron 
gas in equilibrium at temperature T. The density of this gas is so 
low that it will obey the laws of perfect gases. The rate at which 
molecules, i.c., electrons, return to the emitter from such a gas can be 
calculated from kinetic theory in terms of the density and temperature 
of the gas. If the assumption is made that all of the electrons enter 
the emitter as they strike its surface, none of them being reflected, then 
the rate of return must equal the rate of emission as given by Richard- 
son’s equation. In this way, the density and pressure of the electron 
gas corresponding to any temperature can be calculated. In order 
to preserve equilibrium, the emitted electrons must be distributed in 
velocity in the same manner as are the returning electrons, except 
for a reversal of all velocities. Hence, their distribution in velocity 
can also be calculated, from Maxwell’s law for molecular velocities in a 
gas. It f ollo'svs from kinetic theory that the mean kinetic energy of 
the electrons as they come from the emitter must be 2hT; this amounts 
only to 0.22 electron-volt at 1000°C. (An electron-volt is the work done 
on an electron as it passes from one point to another between which 
there is a potential difference of 1 volt. It equals 

lA-lO 

4.803 X ^ = 1.601 X lO-iyerg.) 

As a concluding remark concerning thermionic emission, it may 
be mentioned that if an accelei*ating electric field is applied to the 
emitter, the maximum thermionic current is somewhat increased. 
As a matter of fact, very intense fields, of the order of 10® volts per cm., 
are able to cause small currents of electrons to flow from metals even 
at room temperature. These are sometimes called “field currents.” 
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' ■63* Theories of Electrons in Metals. — An explanation of all the 
features of photoelectric and thermionic emission can be given only 
on the basis of a theory of the electrical constitution of matter. At 
this point, therefore, the electron theory of metals will be very briefly 
discussed. 

Soon after the discovery of the electron, it was suggested that 
electrical conductivity in metals may be due to the existence, in the 
interatomic spaces, of *^free^^ electrons, which, drifting under the 
influence of an applied electric field or potential gradient, cause 
the transport of charge, the actual direction of motion of the electrons 
being opposite to the usual convention concerning the positive direction 
of current. This theory was developed into the well-known classical 
theory of metallic conduction by Drude, Lorentz,^ and others. They 
assumed that the free electrons move about and collide with each 
other just as do the molecules of a gas, having the usual maxwellian 
distribution of velocities proper to a gas of electrons at the temperature 
of the metal. They showed that such free electrons would account, 
also, for the high thermal conductivity of metals; because of their 
light mass, according to classical theory, the electrons would have 
much higher velocities of thermal agitation than do the atoms, and 
for this reason they would be, in proportion to their numbers, much 
more effective in the conduction of heat. 

The theory had some success in accounting for the properties 
of the electrical and thermal conductivities of metals. Most of the 
formulas that were obtained, however, contained as constants the 
number of free electrons per unit volume and also the mean free path 
of the electrons among the atoms, quantities that were not inde- 
pendently known. Furthermore, a serious difficulty was encountered 
in connection with specific heats. The specific heat of a metal is 
fully accounted for by the kinetic and potential energy which the 
atoms themselves should possess, according to the classical principle 
of the equipartition of energy (see Sec. 79). It was necessary to 
suppose, therefore, that for some reason the heat energy of the free 
electrons was very small, or at least independent of temperature. 
Several lines of evidence indicated, however, that the number of the 
free electrons should be of the order of magnitude of the number of 
atoms; and, according to the principle of equipartition, a free electron 
should have the same average kinetic energy as an atom. Thus, 
it was hard to understand why the specific heats of good conductors 
were not considerably larger than the experimental values. 

This last difficulty was removed completely in a new theory 

^Lorentz, H. a., Theory of ElectroRS.^^ “ 
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introduced by Sommerfeld in 1928. His theor}^ may be regarded as a 
first step toward the modern wave-mechanical theory of metals. 
The latter theory has been developed to a certain point during the 
last few years, but it remains incomplete and rather complicated. 
Its conclusions are reproduced in the Sommerfeld theory with suffi- 
cient completeness and accuracy for the application to the more 
important features of photoelectric and thermionic emission, hence the 
discussion will be limited here to the Sommerfeld theory. 

In this theory the concept of a gas of free electrons within the metals 
is retained but this gas is treated in terms of w'ave mechanics. Because 



Energy in Electron -Voi+s 


Fig. 22.^ — Distribution of energs^ among conduction electrons at temperatures of 
300’and 1500°K., according to the classical distribution law of Maxwell. 

of their light mass and their high density in the metal, the electrons 
form a degenerate gas of the -^Fermi-Dirac t^^pe,^^ being so named 
after the two ph^^sicists who first wmrked out the theory of such a 
gas. The electrons have a distribution of velocities very different 
from the classical one as represented by MaxwelFs law. 

According to classical theory, the electrons should all have mio' 
energy of translation at absolute zero. As the temperature rises, their 
energies of translation should increase and at should have an 

average value per electron of ^JcT, the distribution of energy among 
the electrons; being ' the^ ^ familiar : Maxwell distribution , curve showm ' 
in,' 'Fig... '22' for . temperatures of , 300 .' and ,1500^K. ■ A few electrons. 
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have high energy, but the majority are grouped around the mean 
value %kT, which at ISOO^K. is equivalent to some 0.2 electron-volt. 

For comparison, the distribution of energy given by the Fermi- 
Dirac theory is shown in Fig. 23 for the electrons in platinum at three 
temperatures: absolute zero, 300, and 1500°K. This distribution is 
calculated from wave-mechanical theor}^, but it would lead us too 
far afield to explain how it is derived. It is to be observed that the 
Fermi-Dirac distribution does not give zero energy for all free elec- 
trons at absolute zero, as is required b}^' the classical theory. Instead, 
the graph for absolute zero starts from the origin and rises according 



0 1 2 3 4 5 ^ 


Fig. 23. — Distribution of energy among the conduction electrons of platinum at three 
different temperatures, according to the Fermi-Dirac-Sommerfeld theory. 

to an equation of the type y ^ a \^x until a maximum energj^ 
is reached, at which point the graph drops suddenly to zero. No 
electrons possess energy greater than Er,i, According to the theory, 
the value of Em is given^ by 



where h is Planck^s constant, m is the mass of the electron, and n is 
the number of electrons per unit volume. If it be assumed that 
the number of free electrons per unit volume is of the same mag- 
nitude as the number of atoms per unit volume, then Em, for platinum 
(6.6 X 10^^ electrons per cubic centimeter) is approximately 6 electron- 
volts. The theory shows that the mean value .F of the energy per 
electron at absolute zero is 

jg = %Em = 3.6 electron-volts for platinum. 

^ Cf. Kennabp, E. H., ^^Eonetic Theory of Gases,” Secs. 238, 240, 1938. 
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This is to-be compared with the corresponding mean values given 
by the classical theory, e.g., 0.2 electron-volt for 1500°K. quoted 
above. 

These results are astonishing to any one who is used to thinking 
in classical terms, for they mean that even at absolute zero the, free 
electrons in a metal have enormous energies. Their energy may be 
thought of as kinetic in nature, but the significance of the term 
“kinetic” is less clear in wave mechanics than in classical theory. 

The rate of increase of the energ\' with teniperatiire, on the other 
hand, is much less than it is according to classical theory. Referring 
again to the distributions in energy for platinum at 300°Ii. and at 
1500°K. as shown in Fig. 23, we note that only in the neighborhood 
of Em is there any significant change in distribution with temperature. 
As the temperature rises, the sharp discontinuity for absolute zero 
at Em becomes “rounded off” more and more and an increasing number 
of electrons come to possess energy greater than Em- A few electrons 
even have energies up to several times Em', the curve has a long tail 
(extending, theoretically, up to all energies), and in this tail it can 
be shown that the distribution of energies follows approximately 
MaxwelFs law, just as in the classical theory of gases. 

From the curves it is obvious, furthermore, that the total energy 
of the free electrons changes very little with rise of temperature. 
Hence the free electrons will contribute little to the change in energy 
of the metal as its temperature rises, i-e., to its specific heat. Thus 
the difficulty noted above in regard to specific heats disappears. 

64. Origin of Photoelectrons and Thermions. — Either the classical 
or the Sommerfeld theory furnishes at once an explanation of thermi- 
onic emission. Presumably, the free electrons are retained in the! 
metal by forces of attraction. There must be as many positive units 
of charge on the atoms as there are free electrons, and the electrons 
will be held by the attraction of these positive charges. If, for any 
reason, an electron escapes from the metal, as it moves away, it will 
be drawn back by an attraction that may be regarded as arising from 
its “electrical image” in the surface of the metal, this image being 
caused by the repulsion of the other electrons by the escaping one 
and the consequent exposure of positive charge. Thus, in escaping, 
the electron will do a certain amount of work against this attraction, 
which will be denoted by 0. This work represents an increase in the 
potential energy of the electron. In the metal there will always be a | 
few free electrons with energies exceeding 0. These electrons wfill be 
able to escape as thermions. As the temperature rises, the number 
of electrons with energies greater than 0 will increase rapidly ; hence 
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the thermionic current will increase rapidl}?* with rising temperature, 
as is observed to be the case. 

In emerging from the metal with kinetic energies proper to thermal 
equilibrium at the temperature of the metal, the electrons will undergo 
a change in energy, actually a gain, for which we may write e(p, e 
being the numerical electronic charge. Energy equal to e<p must be 
furnished to them from an external source. The relation between the 
energy e^p and the work 0 differs on the two theories. 

According to the classical theory, the average kinetic energy pos- 
sessed by the free electrons in the metal is the same as the average 
kinetic energy possessed by electrons in an electron gas surrounding 
the metal and in thermal equilibrium with it. Hence, on the classical 
theory, the thermions lose kinetic energy on their way out only because 
of the work that they do against the attractive forces, which result in 
a conversion of kinetic into potential energy, and accordingly ep = SI. 

In the Sommerfeld theory, on the other hand, the energy of the 
free electrons in the metal is much greater than that of an electron 
gas at the same temperature. This excess energy of the free electrons 
furnishes a large part of the work 0. The thermions come effectively 
from levels close to the maximum energy Eml hence their average net 
gain in energy is only 

= 0 — Etn- (51) 

This equation becomes strictly correct as the temperature approaches 
absolute zero. Hence <p as defined here represents the same quantity 
that is denoted by cp in Richardson’s equation (49). 

For platinum ^ is 6.3 volts and Err,/e is at least 6 volts; hence 
0/e is at least 12.3 volts. For the metals in general, 0/e is 5 to 20 volts 
higher than the ordinary 'Svork function” <p. These high values of 0 
are qualitatively confirmed by observations on the index of refraction 
of electron waves (cf. Sec. 108 in Chap. VII). ^ 

The relation between these various quantities is shown diagram- 
matically in Fig. 24. The heavy curve shows the way in which the 
'potential energy of an electron varies as the electron, coming from 
the left in the figure, passes through the surface of the metal into the 
space outside. The potential energy rises by a total amount 12. The 
ordinate of any point above this line may represent the energy of 
an electron; the height of the point above the heavy line will then 
represent its kinetic energy. The horizontal lines at the level marked 
Efti and below indicate the Fermi energy levels (actually much more 
closely spaced) at 0°K;; at any other temperature, there are a few 

^ See also Thomson, G. P., “The Wave of Pree Electrons,” 4930. 


Sec. 54] ORIGIN OF PHOTOELECTRONS AND THERMIONS 


105 


electrons with energy above Em. The additional energy possessed by 
these few electrons constitutes energy of thermal agitation; its relation 
to (p and 0)0 is a fine detail that will not be considered in our simplified 
description of the theory. 

Origin of Photoelectrons . — There was long a difference of opinion 
as to whether photoelectrons come from among the free electrons or 
out of the interior of the atoms. On either hypothesis, it is easy to 
explain the fact that all velocities occur up to a maximum value Vm 
given by the Einstein equation 

— ^ 0 . 

Light is known to penetrate a distance equal to many atomic diam- 
eters into the metal ; hence, photoelectroiis should originate at various 
depths. In order to reach the surface, the electron would have to 
pass by (or through) many atoms, and collisions would be probable, 



Fig. 24. — Energy of electrons in a metal. An electron with extra energy e(p can 
just escape as a thermion. A photoelectron absorbs hv and retains as kinetic 

energy. 

at each of which the electron might lose some of the energy hv initially 
given to it by the light. Some electrons would lose almost all of their 
initial energy in this way and would emerge with velocity almost zero. 
Others would lose less energy. Those which start ver}^ close to the 
surface would lose the least energy and would emerge with the greatest 
velocities; their loss of energy is represented in the equation by the 
constant term a?o. 

If, now, the photoelectrons come from among the free electrons, 
they will have an initial energy Ei due to thermal agitation and, after 
absorbing iiF from the light, vdll start off with energ}^ hv '-\-:Ei. The 
photoelectrohs produced near the surface should thus emerge with 
'energy ' 

= hv ph Ei ^ 
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Since Ei has no upper limit, there should exist, theoretically, no maxi- 
mum velocity for a given frequency v, arid no sharp threshold pq, the 
curves tailing off instead of plunging sharply into the axis. According 
to classical theory the value of Ei is small; according to the classical 
principle of the equipartition of energy, or Eq. (100) in Sec. 79, the 
average value of Ei is 

Ei = HkT, 

where T is the absolute temperature and k is the Boltzmann constant 
(1.381 X 10"^® erg deg.“0. At 300°K. Ei is equivalent to about 
0.04 electron-volt; at 1500°K., to about 0.20 electron-volt. Practi- 
cally, therefore, a fairly definite maximum velocity Vm and threshold 
frequency vq would exist. But, since Ei is proportional to T, the 
apparent values of Vm and vo should vaiy somewhat with temperature. 
Most of the experimental evidence indicates, however, that a variation 
of the right order of magnitude does not exist, at least not in all cases. 
Formerly, this was commonly accepted as evidence that the photo- 
electrons come from the interior of the atom and not from among the 
free electrons, since there was no reason for believing that the internal 
energy of atoms depends on temperature over the range covered by 
the experiments. 

The assumption that the photoelectrons come out of the atoms 
was supported by observations on the photoelectric effect with X-rays, 
the frequencies of which are several thousand times those of ordinary 
light. In these experiments (see Sec. 184) there is very direct evidence 
not only that photoelectrons come from atoms but that they come 
from different ^Mepths^^ mthin atoms and, in order to leave the atom, 
must expend quantities of energy which can be directly measured 
and which can be checked by independent means. 

Further, the discovery of the Compton effect with X-rays (see 
Sec. 186) and its explanation emphasized the importance of another 
objection to the theory that the photoelectrons come from the free 
electrons. It would be impossible for a truly free electron to absorb a 
quantum of radiation, for the law^s of the conservation of energy 
and of momentum could not simultaneously hold. If an electron, 
free and at rest, acquires kinetic energy by the absorption of a 
quantum hv, we should have, from the laws of conservation of energy 
and of momentum,^ 

, 1 „ hv 

hv — — = mv, 

2 c ' ■ ■' 

where c is the velocity of light, m the mass of the electron, and v 
1 See See. 186(a) for the momentum of a photon. 
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its, velocity after absorbing the quantum. These equations can hold 
simultaneously only if = 2c — an .impossibility. But if .the elect,roii 
absorbs .light while in an atom, the momentum of the rest, of the atom 
may change, and the above laws of mechanics may hold simultaneously. 

If, however, photoelectrons ejected by visible and ultraviolet light 
originate in the atom, a new dilEculty arises. The electron will then 
have to do work in order to escape from the atom into the interatomic 
space, and this work will be included in coq. Thus, cog would necessarily 
exceed the work of escape e<p of a thermion, which starts presumably 
in the interatomic space. The difference ought to be of the order of 
the work required to ionize an atom, which, at least for atoms in the 
vapor state, amounts always to several electron-volts. Yet it is 
found experimentally that ojq and e<p differ (at least usually) by less 
than 1 electron-volt, often by less than 0.1 electron-volt. 

Thus, the classical theory was not able to furnish a satisfactory 
answer to the question as to the origin of the photoelectrons. The 
new theory, on the other hand, removes all objections to supposing 
that photoelectrons liberated by visible or ultraviolet light (in contrast 
with most of those liberated by X-rays) come from the so-called 
^T'ree’^ electrons. For, according to the new theoiy, these electrons 
are not really free; they are simply bound to the metal as a whole 
rather than to an individual atom. They differ from the electrons 
in the interior of an atom chiefly in that they are subject to forces 
exerted by several atoms at once. The difSciilty regarding conserva- 
tion of momentum, therefore, does not arise, since a reaction upon the 
metal itself can occur whenever a photoeiectron is ejected. 

The situation is improved, also, in regard to the variation with 
temperature. Even on the Sommerfeld theory there ought, theoreti- 
cally, to be no true limit to the maximum energy of ejection, and 
hence no frequency threshold; for a few free electrons are present with 
all energies. The curves in Figs. 18 and 19 ought, therefore, to be 
rounded off at the end, so as to meet the axis asymptotically instead of 
plunging into it at a finite angle (except at 7 = 0). This effect 
would be much smaller, however, than the effect required by classical 
theory, for the number of electrons in the maxAvellian tail of the 
Fermi-Dirac distribution is extremely small. Furthermore, there is 
experimental evidence that a slight rounding off of the curves at this 
p.oint does exist. ^ 

As was stated in the beginning, the Sommerfeld theory constitutes 
only a first step toward an adequate theory of metals, which can be 
constructed only on the basis of wave mechanics. No attempt can 

^ DijBridge, Phys, Rev., voh AS, p. 727 (1933). 
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be made here to describe the progress that has been made toward the 
development of a complete theory ; .the student must be referred to 
other books. ^ 

^See, for example, Wilson, A. H., '‘Theory of Metals/' 1936; Seitz, F., 
“Modern Theory of Solids,” 1940; also iionmathematical articles by Seitz and 
Johnson in the J. Applied Phys., vol. 2, p. 8, and by Shockley in the Bell System 
Tech. vol. 17, p. 645 (1939). 


CHAPTER IV 

THE THEORY OF RELATIVITY 


The greatest revolution in physical thought during the twentieth 
century undoubtedly has been that which resulted from the intro- 
duction of the quantum theory. This, however, was not the first 
notable innovation in modern physical theoiy. In its own way, the 
new form of relativity put forward by Einstein in 1905 made an equally 
complete break with classical ways of thought. Relativity touches 
all branches of atomic physics here and there, but in itself it occupies 
a detached position, more fundamental than that of other parts of 
physical theory. For this reason it seems appropriate at this point 
to devote a chapter to a discussion of the theory of relativity. Any 
student who does not wish to interrupt the study of atomic physics 
at the present juncture can omit the present chapter without appre- 
ciable embarrassment in reading subsequent chapters. 

55. Newtonian Relativity. — The phenomenon of motion has been a 
subject of speculation since ancient times. It w^as early recognized 
that all motion involves displacement relative to something or other; 
but ideas have varied in regard to the entity relative to which the 
displacement occurs. In his treatise on mechanics, New- ton says that 
^ Absolute motion is the translation of a body from one absolute place 
to another absolute place.^^^ But he does not explain what he means 
by absolute place.” He states explicitly that the physicist can 
detect translatory motion only in the form of moiioia. relatwe to other 
material bodies. 

Motion involves, also, the passage of time. Until recently, time 
was regarded as something essentially distinct from space or from the 
behavior of material bodies. Newton says, “Absolute, true, and 
mathematical time, of itself, and by its own nature, fio^vs uniformly on, 
without regard to an 3 rthmg external.’^^ Thus there was supposed to 
be a single time scale valid everywhere. Until 1905, this view" seems 
to have been accepted universally. 

The kind of relativity embodied in these view"s has been called 
“Newtonian relativity.” For purposes of comparison, it will be 
worth while to formulate it in mathematical terms. 

Let US represent position by means of Cartesian coordinates ir, z 

. C/. Mach,. E,,,“ Science of Mechanics,” 4th ed., p, 226, .1919. ' 

p.'''222. 
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and let t denote the time. Then a set of four numbers representing 
values of x, y, Zj md t specifies the position and the time at which an 
event of some sort occurs. The event might, for instance, consist in a 
projectile’s passing a certain point in space at a certain time, or it 
might consist in an electron’s leaving a filament or entering a Geiger 
counter. All physical phenomena, in so far as they involve positions 
and times, can be resolved into sequences of events. 

In order that given values of our x, y, z may fix the location of an 
event, we must have some material reference body from which dis- 
tances can be measured. Similarly, in order to define a time, we must 
have available some reference process, such as the rotation of the earth 
or the swinging of a pendulum, in order that times may be specified 
by stating the stage to 'which the reference process has advanced. 
These material means of fixing positions and times, together with the 
methods adopted for using them, are said to constitute a space-time 
frame of reference. 

Now suppose we have two different frames of reference, each in 
uniform translatory motion relative to the other. One frame might 

be attached to the earth, while the 
other is located on an airplane flying 
overhead. Let us call the two frames 
S and ;S'; and let the velocity of 
relative to 8 be u. Let coordinates 
and times of any event as obtained 
when the frame 8 is used be denoted 
by x^ y, z,t; and let those obtained for 
the same event when /S' is used be 
denoted by x', y', z\ t\ In order to 
make the relation between these vari- 
ables as simple as possible, let us choose our axes so that the x- and 
x'-axes are both parallel to the velocity u and, in fact, slide along each 
other; and let the y'- and s'-axes be parallel to y and respectively 
(Fig. 25). Let us also agree to count time from the instant at which 
the two origins of coordinates, 0 and O', momentarily coincide. Then 
the coordinates of O', the origin of /S' as measured in the first frame 8, 
will be X — utj y ^ 0,z = i); and, if any event occurs at a position and 
time specified by certain values of x, y, f, then, according to Newton, 
its position and time as measured using /S' will be represented by 
s', V, where 

x' X utj i' = tj 

y' = y, 

Z* = Z. 



Fig. 25. — Two frames of refer- 
ence in uniform relative translatory 
motion. 
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These equations may be called the equations of tra'mfoTm.ation 
for Newtonian relativity. They enable us to pass from coordinates 
and times of events referred to one frame of reference over to coordi- 
nates and times referred to another, when all relations are assumed to, 
be Newtonian. The equation, F = t, which may seem superfluous 
but is included with an eye to the future, expresses the fact that in the 
Newtonian theory there is supposed to be a single time scale valid for 
all frames of reference. 

56. Relativity and the Propagation of Light. — With the adoption 
of the wave theory of light, a new element, unknown to Newton, 
was brought into the problem of motion. For, if light consists of 
‘Svaves’’ in an ether, these waves should move with a definite velocity 
relative to the ether ^ and their velocit}^ relative to material bodies should 
change when the motion of these bodies through the ether changes. 
Analogous statements made about waves in material mediums are 
certainly true. Water waves of a given length, for example, move 
with a certain speed over the water; as seen from a moving ship, they 
move past the ship faster when the ship is moving over the water 
against the waves than when the 
ship is moving in the same direction 
as the waves themselves. Now, in 
accordance with Huygens^ principle, 
many optical phenomena depend in 
a very simple way upon the velocity 
of light relative to material objects. 

It might be anticipated, therefore, that such phenomena would be 
influenced by a motion of the optical apparatus through the ether. 
The velocities that can be given to a material body in the laboratory 
are extremely small as compared with the velocity of light ; but this is 
less true of the velocity of the earth in its orbital motion about the 
sun, which is one ten-thousandth of the velocity of light in free space. 
An influence of the earth's orbital motion upon optical phenomena 
might therefore be expected. 

An interesting case to consider is the formation of images by the 
object lens of a telescope. Suppose a light wave from a star enters 
the telescope sketched in Fig. 26; when the telescope is at rest in the 
ether, let the wave come to a focus so as to form a star image on the 
cross hairs at P. Then, if the telescope, instead of being at rest, is 
moving toward the star, the wave might be expected to focus on the 
same point P in the ether as before. While the wave is passing from 
the lens to this point, however, the telescope will move forward, 
carrying the cross hair to some other point P\ The eyepiece would 



Fig. 26. — Effect of motion of a tele- 
scope through the ether. 
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therefore have to be drawn out farther in order to focus on the image 
of the star. Thus the focal length of the telescope would appear to 
the observer to be increased. Similarly, if the telescope were moving 
in the same direction as the light, its effective focal length would be 
shortened. If it were moving at right angles to its axis, on the other 
hand, there would be only an apparent lateral displacement of the star, 
constituting the familiar phenomenon of aberration. 

Thus, as an astronomical telescope is pointed at stars in different 
directions, its apparent focal length might be expected to vary slightly 
because of the earth’s orbital motion. But no such effect has ever been 
observed. 

A simple explanation of this fact was suggested long ago by Fresnel. 
He suggested that moving transparent bodies, such as a lens, may 
partially drag the light waves along with them. In the case just 
considered, if the lens L were to drag the light with it in its motion 
(toward the right in Fig. 26), the part of the wmve that goes through 
the center of the lens would spend a longer time in the lens, and hence 
would be retarded more than it would be if there were no motion. 
Consequently the wave would emerge from the lens more concave 
in shape, and v/ould focus on a point nearer the lens. If the amount 
of the drag were just right, there might be no effect at all on the 
apparent focal length of the telescope, the star image falling on the 
cross hair however the telescope might be moving. Fresnel showed^ 
that all effects on phenomena of refraction would be prevented if it 
were a law of optics that any moving transparent medium of refrac- 
tive index n changes the velocity of light waves in such a way as to 
add vectorially to their velocity in the stationary medium, which is 
c/Uj the fraction 



of the velocity of the medium. Actually Fizeau showed experi- 
mentally in 1851, by an interference method, that a moving column 
of water does drag the light waves with it to the exact extent required 
by Fresnel’s formula! 

The cause of this effect on the light waves was supposed by Fresnel 
to lie in an actual partial dragging of the ether itself along with the 
moving medium, analogous to the dragging of the water by a moving 
fish net. When Lorentz worked out his electromagnetic theory, 
however, about 1895, on the assumption that the ether remains always 

^ For an excellent discussion of relativity see M. Born, ‘^Einstein’s Theory df 
Relativity,’’ translated by H. L- Brose, Methuen & Co., Ltd., London, 1924. 
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at restj lie found that, the theory led automaticaii.y to the Fresnel 
formula for the drag of the light waves by moving matter. 

If the Fresnel drag of the light waves is assiiiii.ed.5 it can be shown 
that there can never be any effect on ordinary optical phenomena that 
is of the first order in the velocity of the apparatus through the ether. 
Thus up to this point no difficulty arises from the assiiiiiptioii' that 
light -waves are propagated through an ether. 

There might, however, be second-order effects. Since the square of 
the earth’s orbital velocity is only a hundred-millionth of the sqiia.re of 
the velocity of light, such effects wdll be difficult to detect. In seeking 
for a sufficient!}^ delicate means, of observation for this purpose, 
Michelson was led to invent his interferometer. With this instru- 
ment, in conjunction with Morley, he performed in 1887 a famous 
experiment in which a second-order effect could surely have been 
detected if it had been present. 

57* The Micheison-Morley Experiment —The interferometer 
arrangement that was used in this experiment is sketched in Fig. 27. 
A beam of light from a lamp 8 falls 
upon a half-silvered glass plate P 
placed at 45° to the beam, which 
divides each "wave into two parts. 

One partial wwe, reflected from 
P, travels off sideways to a mirror 
Ml, by W'hich it is reflected back to 
P; part of it is transmitted through 
P and enters the telescope P. The 
other part of the original wave, 
transmitted at once through P, 
travels ahead and is reflected back 
by a second mirror M 2 ; upon return- 
ing to P, it is partially reflected into the telescope on top of the fi.rst 
part of the wave, with which it forms an interference pattern. 

Let both mirrors be at the same distance from the plate P. Then, 
if the apparatus is at rest in the ether, the two waves take the same 
time to return to P and meet in phase both there and in the telescope.. 
Suppose, however, that the apparatus is moving with speed -a through 
■the ether .in the .direction 'Of the initial beam., of light. Then, if the 
initial wave strikes the, plate P .when it has the position showm in the 
figure,. the paths .of the waves and the subsequent positions of reflection 
from mirrors and plate will be as sho%vn by the dotted lines. The 
necessary change ; in the direction of the transverse, beam '' is pro- 
duced automatically, as an aberration effect, through the operation of 



■ Michelson- M,or'ley experiment. 
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Huygens’ principle. But now the times taken by the two waves on 
their journeys are no longer equal. The wave moving longitudinally 
tow^ard M2 has a velocity relative to the apparatus oi c — v on the 
outgoing tripj c being the speed of light through the ether, and c + v 
on the return trip. Hence the time taken by this wave to get back to 
the plate is 

I I _ 2 cl 

^ c — V c + r ^2 _ ^ 2 ^ 

I being the distance from the plate to either mirror. If we keep small 
terms only as far as v^/c^j we can write, by the binomial theorem, 

^ + v^c~^, 

c2 — 2^2 

Hence 



The wave moving transversely, on the other hand, travels along the 
hypotenuse of a right-angled triangle, one side of which is of length I, 
and therefore it has farther to go. Let' it take a time f to go from 
P to ikfi, traveling a distance ct' through the ether. Then in the same 
time the mirror Mi advances a distance vt\ Hence 

+ p t' = , A . . 

’ (c2 — 

But, using the binomial theorem again, 

^ 2 ^ s 

(^2 _ ^ 2 )- l /. == ^-1 ^ 

as far as terms in Hence this wave returns to P after a time 



Thus the two waves interfere in the telescope with a phase difference 
of h — ti = Iv^/c^ seconds or c{t2 — ti)/\ = lv^/{c^X) wave lengths, X 
being the wave length of the light. The fringe pattern is accordingly 
shifted by the motion through 

■ ' ' 

fringes.^ 

^ For the formation of the fringes in the interferometer see C. R, Mann, 
Manual of Advanced Optics.” 
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111 perforniing the experiment, the whole apparatus, floated, on 
mercury, was rotated repeatedly through 90^". Since the two light 
p,aths are caused to exchange roles by such a rotation, it should cause 
the fringe pattern to shift back and forth by twice the amount just 
calculated or by 


fringe widths. By reflecting the beam back and forth several times, 
the effective length I was brought up to 11 meters. Even then, with 
a wave length of about 5.9 X 10~« cm., if we insert for v the whole 
orbital velocity of the earth so that v/c = 10”'^, we find only 

AT = 2 X 10-s X ^ -- 0 37 

or about one-third of a fringe. Michelson and Morley were sure, 
however, that they could detect a shift of a hundredth of a fringe. 
Such shifts as were observed amounted only to a small fraction of the 
theoretical value, and were not consistent. Thus the result of the experi- 
ment was negative; the expected effects of motion through the ether 
did not appear. 

It might happen, to be sure, that at a given moment the earth 
by accident had no resultant component of velocity parallel to the 
surface of the earth; for upon its orbital motion there would probably 
be superposed a motion of the entire solar system through the ether. 
But, if this happened at a certain time, then 6 months later the earth’s 
orbital velocity about the sun would be reversed, and its velocity 
through the ether should then be twice its orbital velocity. Michelson 
and Morley made observations not only at various times of day but 
also at different seasons of the year, always with the same negative 
result.^ 

From the theoretical point of view, Michelson and Morley’s 
failure to detect the anticipated motion of the earth through the ether 
was one of the most important experimental results ever obtained. 
This result was very hard to bring into harmony with current theories 
of light and matter. The theoretical calculation rests on a peculiarly 
simple foundation, for the only properties of light that are made use of 
are the constancy of its velocity in space and Huygens’ principle. 
Neither of these principles can be given up if we are to retain the idea 

^ Michelson and Morley, Billiman J ., vo1..34, pp. 333,. 427 (1887);, Morley 
and Michelson, Mag., voL- 24, p. 449 (1887).' Cf, Eev.''M.odern 

P%s., vol 5, p. 203 (1933). 
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of waves in a meclianical ether. Only three possible explanations of 
the negative result seem to offer themselves. 

1. Perhaps the student will have wondered why we cannot simply 
assume that the earth drags the ether with it, much as a moving base- 
ball carries along the air next to it. On this assumption there would 
never be any motion of the earth through the ether at all, and no 
difficulties could arise. One objection to this explanation is that the 
ether next to the earth would then be in motion relative to the ether 
farther away; and this relative motion between different parts of the 
ether would cause a deflection of the light rays coming from the stars, 
just as wind is observed to deflect sound waves. This deflection 
would alter the amount of the stellar aberration.^ It has been found 
very difficult to devise a plausible type of motion for the ether which 
would give a value of the aberration agreeing with observation and yet 
at the same time preserve the negative result of the Michelson-Morley 
experiment. A second objection arises from the fact that, as has 
already been stated, experiments show that a transparent object of 
laboratory size does not drag the light waves with the full velocity 
of the moving matter, as it necessarily would do if it completely dragged 
the ether along with it; and the observed partial drag is fully accounted 
for by current electromagnetic theory, which is based on a stationary 
ether. 

2. As an alternative, the negative result would at once be accounted 
for if we could assume that light projected from a moving source has 
added to its own natural velocity the velocity of the source, just as the 
velocity of a projectile fired from a moving ship is equal to the vector 
sum of its velocity of projection from the gun and the velocity of the 
ship. If this were true, the negative result obtained by Michelson 
and Morley would at once be explained, for the light from their lamp 
would have always the same constant velocity relative to the lamp 
and to the interferometer. Such an assumption, however, is in gross 
conflict with the wave theory of light. It is of the essence of waves 
that they have a definite velocity relative to the medium which transmits 
them^ just as sound waves have a definite velocity relative to the air. 
Furthermore, there is strong experimental evidence against the assump- 
tion in question, which we have not space to describe. 

3. The third possible explanation of Michelson and Morley’s 
negative result, put forward independently by Fitzgerald and by 
Lorentz, is that motion through the ether might in some manner cause 
the material composing the interferometer to shorten in a direction 

^ Stellar aberration is the apparent change in direction of a star due to its orbital 
motion. See any text on astronomy. 
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parallel to the mot ion. It is easily seen that such a contraction in, the 
ratio \/l — v^/c^ would serve to. equalize the light paths and 
to prevent a displacement of the fringes. Lore,iitz endeavored to 
make the occurrence of such a contraction plausible on t.he basis of 
his electrical theory of matter^ but he was never quite able to show 
that it must occur. This explanation came to be the favored one, 
but it was never felt to be very satisfactoiy because of its ad hoN 
iiature. 

58. The New Relativity of Einstein. — From the situation just 
described one easil}^ gains the impression that there exists so.methiiig 
like a conspiracy in nature to prevent us from detecting motion 
through the ether. A similar situation can be sliowii to exist in the 
field of electromagnetism as well as in optics. A number of electrical 
or magnetic experiments can be invented which, at first sight, offer 
promise of revealing motion through the ether; but always there 
occurs some other effect w^hich just cancels the effect sought. Some- 
times it is actually the Lorentz-Fitzgerald contraction just described 
or the forces associated with this contraction by which the cancellation 
is effected. 

In reflecting upon this extraordinaiy situation, Einstein arrived 
in 1905 at a radically new idea.- He proposed the view that, for 
some reason not yet knowm, motion through an ether filling empty 
space is a meaningless concept; only motion relative to material bodies 
has physical significance. He then set about investigating how this 
assumption could be made to harmonize with the known laws of 
optics. Possibilities of conflict arise in any argument involving the 
velocity of light. Consider, for example, a frame of reference (sa}?' 
on the earth) moving relative to another frame S (say on the sun), 
and suppose that carries a source of light. Then light from this 
source must move with the same velocity relative to S as light from a 
source on S itself, since, as explained above, we cannot suppose that 
the velocity of light is influenced by motion of its source. But this 
light must also move with the same velocity relative to S'; otherwise 
the law^s of nature wmiild not be the same on S' as on S, and no reason 
could be assigned for their being different. Yet it seems quite impos- 
sible that light should move with the same velocity relative to .mck, 
oi two Me moving relatively to each other! 

Einstein accordingly put the laws of the propagation of light 

An al hoc h 3 ^po thesis is, one that, is proposed in order to explain a single, fact as 
distinguished from: a hyp,othesis that explains simultaneous^ several distiiiet facts, 
translated from the Latin means to tliis^^ or ^‘for this.” 

^EmsTEm; Anm d, Physikj Yoh 17 j p. S91 (1905). 
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in the forefront of the discussion. He presented his new theory as 
based upon two propositions, which are known as the postulates of 
the special or restricted theory of relativity. They may be stated as 
follows: 

1, The latos of physical phenomena are the same when stated in 
terms of either of two inertial frames of reference {and can involve 
no reference to motion through an ether.) 

2. The velocity of light is independent of the motion of its source. 

By an ^^inertiar^ frame is meant one in which the law of inertia is 
true, i.e., relative to which a body that is free from external influence 
and at rest remains at rest. An inertial frame is thus what is usually 
called an unaccelerated one; and the relative motion of two inertial 
frames can only consist of a uniform translation. Thus, in the special 
theory of relativity, we compare statements of physical laws expressed 
alternatively in terms of two frames of reference which are in 
uniform translation relative to each other. 

Of these two postulates, the second is believed to represent a 
rather simple experimental fact, whereas the first is a generalization 
from a wide range of physical experience. There is no implication 
that the first postulate, which contains the new principle of relativity, 
is in any way self-evident; like the assumptions made in all physical 
theories, it is intended as a hypothesis to be tested by comparing 
deductions from it with experimental observation. 

69. Simultaneity and Time Order. — Einstein found the key by 
which these two postulates could be brought into harmony in a modi- 
fication of our ideas concerning time. He showed that it is necessary 
to give up the Newtonian conception of absolute time. Newton had 
undoubtedly supposed that it is always possible to say which of two 
events precedes the other, or that they occur simultaneously. But 
how can this be done if the two events occur in widely separated 
locations? 

In practice, times at two different places are compared by refer- 
ence to a clock at each place. It is necessary to set these clocks into 
S 3 mLchronism; and in modern practice this is done by means of radio 
signals, which are a form of light signal. For precision, however, it 
is necessary to correct for the time required for light to travel from 
one place to the other ; and making this correction requires a knowledge 
of the velocity of light in one direction. Ordinary measurements of 
the velocity of light furnish only its average velocity in two opposite 
directions. We could measure its velocity in one direction if we had 
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our clocks already synchronized, of course; but this thought leads into 
a logical circle. 

As an alternative, we might think of returning to the old-fashioned 
practice of navigators; we might carry a chronometer from one place 
to the other and set both clocks 'by comparison with this chronometer. 
But how could we prove experimentally that the chronometer runs 
at a constant rate while moving in various directions? Every method 
that can be devised to prove this, in general, or, to measure the 
velocity of light in one direction, turns out to rest upon some fresh 
assumption that cannot be tested in advance. Finally, one might 
think of hurling a ball from one location to the other with indefinitely 
great speed, so that no correction for its time of flight would be neces- 
sary. This would, in fact, do the trick. But, if all masses increase 
with velocity as the mass of the electron is known to do, a ball could 
not possibly be projected with a speed exceeding that of light. From 
the standpoint of existing knowledge, it is entirely possible, and it is a 
consequence of Einstein’s new theoiy of relativity, that no signal can 



Fig. 28, — Diagram illustrating the 
classification of space-time relations. 


be transmitted faster than a light signal. 

It follows, then, that the time order of two events may in some 
cases be entirely indeterminate; the 
idea of a relative order in time is 
inapplicable to such a pair of events. 

This happens in all situations such 
that a light signal, leaving the loca- 
tion of one event at the instant of 
its occurrence, cannot reach the loca- 
tion of the second event before the 
occurrence of this event. 

The ambiguity in time just described can be regarded as a modi- 
fication in the conception of the temporal present. This view can 
easily be illustrated diagrammatically if we consider only events that 
happen on the x-axis. Let us plot values of x and t as determined 
by an observer at an instant U when he himself is at P (Fig. 28). 
Through P we can draw two straight lines representing the progress 
of light signals that pass the observer just when he is at P, one signal 
moving tow’^ard ~\-x and the other toward —a:; t.c., any point on one 
of these lines represents the passage of one of these signals past a 
certain position on the .r-axis at a certain time t. Then the area above 
these two lines represents events that lie in the future for the observer. 
These events have values of t so greatly exceeding U that the observer 
still has an opportunity to influence them causally. Below the two 
lines lies the observer’s past, consisting of events which may have 
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infliienced him causall};', and of which he may alread}?* have acquired 
knowledge at the instant U by means of light signals or other means of 
communication. 

There is also a third region, however, between the lines. This 
region constitutes the observer's physical present He cannot influence 
events in this region — there would not be time to get any signal to 
the location of one of them before it occurred; nor, for the converse 
reason, can he have any knowledge of them at the time U. At each 
point of space these events belonging to the observer’s present extend over 
a finite interval of time, such as that represented by the line QR in 
the figure, the interval increasing with distance from P. For an 
observer in New York this interval amounts to ^ second for 

events in San Francisco; within this }io sec. (the time required for 
light to make the double journey), he cannot pick out any unique 
instant in San Francisco which is simultaneous with the instant U 
in New York. Here we have an essential difference between Einstein’s 
relativity and Newton’s; for the latter reduced the physical present to 
a single line, such as ST. The observer himself might, of course, set 
up a system of space-time measurements, as we do on the earth, in 
which only the events lying along some such line as ST would be 
regarded as simultaneous vdth P. But, as we shall see presently, 
the choice of this line is largely arbitrary, depending upon the frame 
of refeitoce that is used; it may be in fact any line through P that 
lies entirely within the regions labeled present.” Thus the simul- 
taneity of events is not an absolute relationship but a relative one, 
depending upon the choice of a frame of reference. 

60. The Lorentz Transformation. — If the postulates of Einstein’s 
relativity are accepted, it becomes important to inquire ^vhether or 
not the accepted laws of physics are all in harmony with the theory. 
Furthermore, on the basis of this theory, it may be possible to predict 
new phenomena, which can be looked for experimentally. In any 
case, like all physical theories, the theory of relativity must stand or 
fall according to whether or not the deductions that can be drawn 
from it agree vuth the experimental facts. 

In order to make deductions from relativity, we must compare 
the descriptions of some phenomenon in terms of two inertial frames 
which are moving relatively to each other. It is important to know, 
first of all, how measurements of space and time compare. In dis- 
cussing these, for the sake of vividness, we shall often speak of an 
observer who is supposed to make the measurements that are referred 
to a particular frame. This must not be understood to imply, how- 
ever, that relativity has any closer connection than the rest of physics 
with human psychology. 
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The ambiguity in regard to times at different places, wliicli was 
discussed in the last section, is commonly removed, in using any given 
frame of reference, by setting up the time scales in such a way that 
the velocity of light in vacuum measures the same in any one direction 
as it does in the opposite direction. The velocity of light in vaciiiim 
then becomes the same in all directions and therefore is a universal 
constant. Such an adjustment of the time scales can be supposed to be 
effected experimentally, as it actually is in common practice, by send- 
ing light signals (f.e., radio signals) back and forth and correcting for 
time of propagation on the assumption of a constant velocity of light. 

Let us use the same units with all frames of reference; to make sure 
of doing this, we select such units of length and time that certain 
natural constants have the same values for both frames. For exam- 
ple, we may make the wave lengths of spectral lines and the velocity 
of light measure the same in all frames. this has been done, 

the equations expressing all physical laws must take the same form, 
according to the first postulate of relativity. 

Now let S and S' denote two inertial frames, of which S' has a 
uniform translational velocity relative to S. Let axes be chosen 
again so that the a:-axes and the xy planes in the two frames slide 
along each other (c/. Fig. 25); and, at the origins, let us count time 
from the instant at which these points momentarily coincide. Let J 
be the time at which some event happens at a point as measured 
by the observer on frame S^ and let .v', y', z', t', be the coordinates and 
time of the same event as measured by the observer on S'. Then it 
can be shown that the postulates of relativity require that, c being the 
velocity of light in vacuum, 

x' = y(x — ut) y' = y 

These equations, known as the “Lorentz transformation,” w'ere 
discovered by Lorentz in the course of his study of moving matter in an 
electromagnetic field; but he regarded one frame as at rest in the ether 
and attached an immediate physical meaning only to measurements 
made with this frame. The new' piinciple embodied in the theoiy 
of relativity is that all inertial frames are to be treated on an equal 
footing. The equations can be derived from the requirement that 
the velocity of light shall be the same in both frames, together w'ith 
considerations as to the isotropy of space; the deduction wall not be 
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given here/ but a proof will be given in Sec. 62 that the Lorentz 
equations actually do preserve the constancy of the velocity of light. 

By solving Eqs. (52) for Xj t, we obtain the inverse transforma- 
tion: 


X = y{x^ + uf) y = 



By means of these equations of transformation, positions and 
times measured in one frame of reference can at once be translated into 
positions and times of the same events as measured in the other frame. 
From the equations, we can easily confirm the statement, made 
previously, that, according to the new relativity, events which happen 
at the same place at different times, as viewed from one frame, may 
be seen from another frame to happen at different places as well. 
Similarly, a difference in spatial position with respect to one frame may 
correspond to a difference in both space and time with respect to 
another. Thus a space difference can be converted partly into a 
time difference, or vice versa, merely by changing the frame of reference 
that is being used. For this reason it has become customary to speak 
of space and time as aspects of a four-dimensional continuum known 
as space time.^’ 

61. Contractions in Space and Time. — There are two famous cases 
in which the Lorentz transformation leads immediately to results of 
special interest. 

Consider a body which, when at rest in S, has a length Lq in the 
direction of the .x-axis. Let it be set moving relative to S at such 
speed that it is at rest in S', Its length as measured in S' will now 
be Loi for its length is determined by certain natural laws and hence 
must have a certain fixed value in any frame in which the body is at 
rest. Let us see how the length now measures in S, relative to which 
the body is moving with speed u. Before doing this, we must con- 
sider what we mean by the length of a moving object. It seems rea- 
sonable to define the length as the distance between two points fixed 
in S which are occupied by the ends of the object simultaneously, 
Lc., at the same time t. If the coordinates of these points are Xi 
and ^^ 2 , the length is then 

L — X2 — Xi, 

By the same definition, since the body is at rest in S' ^ its ends have 
fixed coordinates :c5l, x'^ such that 

Lo = 0^2 ~ x'-^, 

^ Cf. SiLBERSTEiisr, L., ^‘Theory of Relativity,’^ 1924. 
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If we substitute in this last equation values of xi and x[ calculated from 
the first one of Eqs. (52) for a given walue of t, we obtain 

I/O “ y{x2 — xi). 

Therefore 



From this equation we may draw two distinct conclusions. In the 
first place, any body measures shorter in terms of a frame relative to 
which it is moving with speed u than it does as measured in a frame 
relative to which it is at rest, the ratio of shortening being -\/i — vr/cK 
This is a relation between measurements referred to different frames. 

In the second place, relative to a single frame, any physical body 
set into motion with speed u shortens in the direction of its motion, 
as was postulated by Fitzgerald and Lorentz, in the ratio \/l — 

In one sense, the contraction is perhaps not a ^^reah^ one, since, in a 
frame in which it is at rest the body measures the same as before; but, 
as far as effects on surrounding bodies are concerned, the contraction is 
as real as if it w^ere due to a drop in temperature. For example, a 
row of similar crystals placed in contact, and then accelerated equally 
so as to preserve the spacing of their centers, ivould separate because 
of the contraction under discussion and would allow light to pass 
through between them. Perhaps we might say that w'e have here a 
sort of kinematical perspective, analogous in a way to the ordinary 
experience that an object appears to change in size as it recedes into 
the distance. 

Unfortunately, these effects are too small to observe on the labora- 
tory scale. It can be said, however, that the negative result of the 
Michelson-Morley experiment, when considered by an observer relative 
to whose frame of reference the apparatus is in motion, is due to the 
contraction in question. 

There is a somewhat similar effect in time. Consider any good 
clock, by which is meant a physical system containing a periodic 
motion or process which can be used to mark off equal intervals of 
time; to make it a “good’’ one, let the period of this process be always 
the same when measured in a frame in which the system is momen- 
tarily at rest. According to the first postulate a vibrating atom will 
constitute such a clock. Let the clock be at rest in jS', and let an 
interval equal to its period as observed in this frame be 
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Then x' is constant at the clock; hence the corresponding interval and 
period in S will be, from one of Eqs. (53), 

T 7(^2 - ^0 = 7^0. 

This result has again a double meaning. Its most interesting 
meaning is that the effects of one physical system on another relative 
to which the first is mo^dng at velocity u are modified just as if all 
natural processes on the moving sj^stem were slowed down in the 
ratio "x/l — Let pq be the frequency of some natural process 

on the moving system, as measured in a frame of reference that is 
moving with this system and in which the system is, therefore, at 
rest. Then the frequency of this same process, as measured in another 
frame relative to wLich the system is moving with velocity w, is 


V = Vq^I 




(55) 


It follows, for example, that spectral lines, when observed with a 
spectroscope relative to which the atoms emitting the lines are in 
motion, should show a slight displacement toward the red, as compared 
with the lines from stationary atoms, this displacement being super- 
posed upon the ordinary Doppler effect. This effect appears actually 
to have been observed by Ives, working wdth canal rays in hydrogen.^ 
62 . The Transformation of Velocities. — The Lorentz transforma- 
tion leads to important formulas for the transformation of velocities 
from one frame of reference to another. These formulas are easily 
obtained by noting that, if any moving entity has a velocity v relative 
to S as measured by the observer who uses /S, or v' relative to S' when 
measured by the S' observer, -with corresponding Cartesian compo- 
nents Vy, Vz and v' v' y' then 


dx 

W 


dt' 


dz 

Tf 


dx' 

dt'’ 


dy' 

dt'" 


v: = 


dd 


On the other hand, from (52) 

dx' = j(dx — udt) 

dt' == 

From these expressions, one finds by substitution that 


dy' = dy 
dz' = dz. 


Vx — u 


1 — UVxjc^ 


) V' = 


7(1 — uv!x/c^) 


» 7(1 — UVz:/c^) 

' Ives and Stil well, /. 0. vol. 28, 215 (1938). 


(56a, 6, c) 
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As an example illustrating the mode of deduction, 

^ ^ ^ yjdx — udt) _ dx/dt - u ___ r,, - ?/ 

dt' y{dt — udx/c^) 1 — udx/crdi 1. — uiy/c- 

By means of these equations we can finally verif}^ that the Lorentz 
transformation makes the speed of light in vacuiim always equal to 
c. For from (56a, &,c) we find, for the S(.|uare of the velocit}'^ v\ 


v7 + v^ + v:? = 


1 


(i — uvx/c-y 


If no\v r = c, so that + rg = c- 
becomes 


+ ^1 - (l'2 + Vl) . 

- i’~, the expression in brackets 


c- / ■’ 

so that and f' = c. In a similar wai^ it can be shown that 

= c if v' = c. 

If, on the other hand, v < c, then so is v\ and vice versa, as can 
readily be shown. 

The equations just given for the transformation of velocities as 
measured in different frames should not be confused wdth the ordinary 
rules for the composition of two velocities measured in the smne 
frame. The latter rules are, of course, still valid. To take a numerical 
example, let two electrons, ejected from a filament stationary in 
move off wdth equal speeds of magnitude 0.9 c, one going toward —x 
and the other towmrd ~{-x. Then their speed relative to each other, 
still measured in jS, is 1.8 c, by the usual rule. This exceeds c. But, 
if w^e make u = — 0.9 c, so that the frame S' keeps up wdth the electron 
going toward --x, by (56a) the velocity of the second electron relative 
to the first, measured now in S', is 

[0.9c - (-0.9c)] _ 1.8c 
(1 + O.QV/c^) 1.81' 

which is a little less than c. 

If in Eqs. (56a, 6, c) wm let c-^ co, so that y — > 1, the equations 
approach the form that is familiar in Newtonian kinematics : 

= Vx-~ u, , <= li = v,. 

At the same time, the equations of the Lorentz transformation, Eqs. 

' (52) , ' pass' over into . the. N ewtonian ' ones' as:, given ; in Sec . ; 55. ;; . . . Thus 
the Newhonian relations constitute an approximation that is valid 
as long as we are dealing wdth velocities much below^ that of light. 
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63, Relativistic Mechanics. The Variation of Mass. — The laws 
of mechanics as they left the hands of Newton are found upon examina- 
tion to be not quite in harmony with the new theory of relativity. 
The necessary corrections to them were discovered originally in study- 
ing the motion of charged particles in electromagnetic fields. The 
proper relativistic corrections can also be inferred without difiSculty 
from a stud}’^ of ordinary mechanical phenomena. 

For this purpose, we select for study a phenomenon the outcome 
of which can be inferred from considerations of symmetry, so that 
it cannot be in doubt. Let two exactly similar elastic balls approach 
each other along parallel lines and at equal speeds relative to a frame 
of reference S', and let them collide with each other elastically. Then, 




Fig. 29. — Diagram of a sym- Fig. 30. — The same collision 

metrical collision of two similar viewed from another frame of 

bails. reference. 

by the law of conservation of energy, their total kinetic energy must 
be the same after the impact as before; and, because of the symmetry, 
this requires that the balls rebound with their speeds unaltered and 
with their directions of motion deflected through the same angle 
(Fig. 29). In describing the collision, let Cartesian axes be drawn 
so that all lines of motion make equal angles with the x-axis and are 
parallel to the xy plane. Let the x'-component of velocity of the two 
balls relative to S' be and respectively, where v' > 0. 

Now let us describe this same collision in terms of another frame 
of reference, S, which is moving toward —x relative to S' at velocity 
—u, where u = and let the axes in S be drawn in the usual manner. 
Then one ball, which we may call A, as view^ed from frame /S, moves 
up in a direction parallel to the ^-axis and rebounds with a simple 
reversal of its motion, whereas the other, which we may call B, rebounds 
obliquely (Fig. 30). 

In terms of either frame, the a;-component of the velocity of both 
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balls remains constant; the ^/-component, on the other hand, becomes 
exactly reversed by the collision. As measured in .S', let the ;i/-com- 
ponent of the velocity of A before the collision be rj; then, because 
of the assumed symmetry, the corresponding coinponeiit of B is 
—Vy, According to Newtonian mechanics, these components would 
also have the same values when measured in the .S frame. The 
requirements of relativity, however, make this impossible. In terms 
of S, let the ^-velocity of A before the collision be Wy, that of B, —Vy. 
Then, by applying (566) to the ^/-velocity first of A and then of B, 
we obtain the two equations 


7(1 — UVs:/c-) 


Vx being the x-component of the velocity of B referred to S, 
Dividing these two equations, we find that 


Wy 


(57) 


Thus Vy < Wyj so that, as viewed from S, hall B suffers a smaller 
change in its y-componeiit of velocity than does A . 

This result makes it clear that the mechanics of Newton as it 
stands is not in harmony with the new theory of relativity. It needs 
some sort of correction. The form of this correction cannot be inferred 
from the theory of relativity alone; but a hint as to its probable 
form is furnished by the theory of the electromagnetic field. In 
Sec. 33 it wms found possible to preseiwe the principle of the con- 
servation of momentum, but the momentum of a charged body was 
not found to be exactly proportional to its velocity, as it is in New- 
tonian mechanics. The inertial mass of a charged bod}^, defined as 
the ratio of its momentum to its velocity, w-as found to increase 
with the velocity j because of the electromagnetic momentum in the field. 
This suggests that in revising the laws of mechanics we should endeavor 
to preserve the principle of the conservation of momentum but should 
allow the inertial mass to vary. 

Let us assume, therefore, that in the collision Just described the 
two balls undergo equal and opposite changes in their y-componeiits of 
momentum, defining momentum in the usual way as the product of 
inertial mass and velocity. Then, if m^j ms are the respective inertial 
masses of the two balls relative to frame /S, we have 
hence. 
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by (57). But u = -I’i and ti represents the avcomponent of the velocity 
of B referred to S\ Hence by (56) 


u = 


Vx ~ u 


1 — UVs;/C- 

Multiplying this equation through by Vx — uv^/c^), we obtain 

n2 


nvx ^ = Vi - uvx, 


therefore 


Hence 




1-2^ + ^ 

c*- c 


'3 - 

^ \ cV 


Mb 

rriA 


= (‘ - f) 


2\-^2 


(58) 


To see what this result implies, let Wy — > 0^ so that also Vy —> 0. 
Then approaches a limit mo, which is known as the rest mass or the 
mass of the ball for its initial motion out of a state of rest. The 
other ball jB, on the other hand, moves in the limit parallel to a; with 
speed V == Vx] and by (58) its mass Mb approaches a limiting value m 
given by 

mo 


m 


(59) 


1 - -o 


In this equation, mo represents also the mass of B when it is at rest, the 
two balls being by hypothesis just alike. 

Thus the theory of relativity requires that the inertial mass of a 
body shall vary vdth its velocity v in proportion to (1 — If 

this is assumed, it can be shown that the principle of the conservation 
of momentum can be preserved for all types of elastic collision. The 
mass of the electron has actually been found by experiment to vary 
with velocity in the manner required by the theory of relativity. 
Unfortunately the increase in mass is so small at velocities attainable 
in the laboratory that it has not been detected for any other body. 
Thus Newtonian mechanics represents an approximation to the cor- 
rect mechanics which is close enough for all ordinary purposes. 

The momentum of a body of mass m moving with speed t; can then 
be written in either of two forms, thus: 


p = mv 


moV 


(1 - vyc^y^ 


(60) 
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64. Force and Kinetic Energy. — All other mecliaiiical terms and 
principles need now to be scrutinized in order to see whether or not 
they require changes. 

The force on a body may be defined as the rate of change of its 
momentum. This definition is certainh?' valid in Newtonian mechanics. 
If the mass varies, however, and if we retain this definition of force, 
we are compelled to abandon the familiar F = ma; for in linear motion 
we have then 




dv , dm 
m-j2 + V~jr 
dt di 


ma + V 


d.m^ 

di 


Because of this complication, it is usually best to attack problems in rel- 
ativistic mechanics in terms of momentum rather than of acceleration. 

The definition of work as force times distance and of energy as 
stored work can be retained without change. This procedure is in 
harmony with electromagnetic theory. The new expression for the 
kinetic energy T of a moving body can then be found in the usual way 
by calculating the \vork done in setting it into motion. This gives 


T = 



Pv-’O 

Jv^O 




/ 


(?nr) dt 



since ds/dt = v, the instantaneous velocity. Inserting the value of 
the mass m from Eq. (59), w'e have then 


T 


J vd{mv) = J 

p2/c;2 


+ 


vd 


niQV 


(1 - 


(1 - 

dv = niQ 

Jo 


= mo 
V dv 


/ 


L(1 - 


(1 - 


moC‘ 


(1 - 


Thus we find, foi* the kinetic energy of a body of which the rest mass is 
mo, when moving with speed v, 


T = moch L : = =: - lY 

V\/i - } 


( 61 ) 


We can also expand in powers of z), obtaining 


so that 



1 , . 3 

r = gmou- + • • • • 

Thus, if V « c, T reduces approximately to the ordinary value for the 
kinetic energy, mor®. Under the same circumstances, the momen- 
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turn can also be written, as usual, m^v. In general, Newtonian 
mecliamcs constitutes an approximate form of mechanical theory that 
is valid for any motion which is slow as compared with the speed of 
light. 

65. A Relation between Mass and Energy. — Combining Eqs. (59) 
and (61), we can wTite 

T = (m- mo)c\ (62) 

Thus the kinetic energy of a moving body equals times its gain 
in mass due to the motion. This relation suggests that we may think 
of the increase in energy as the actual cause of the increase in mass. 
As we have seen, the momentum present in an electromagnetic field 
can easily be accounted for in terms of a similar idea. It is then an 
attractive hypothesis to suppose that even the rest mass mo is due 
to the presence of an internal store of energy of amount moc^. This 
may be called the rest energy of the body. 

The total energy of a moving body would then be moc^ + T or 


W 


mc^ = 


moc- 


Vl 


and we can write for its inertial mass 


m = 


W 


(63) 


(64) 


and for its momentum 


Wv 

p = 'inv = — 


(65) 


For some purposes, it is useful also to have a relation between IF and p 
that does not involve v. From (63) and (65) 

IF^ = mlc^ + (66) 

The foregoing relations suggest that inertial mass may be a property 
oi energy rather than of matter as such, each erg of energy possessing, 
or having associated with it, 1/c^ gram of mass. The law of the 
conservation of mass then becomes merely another aspect of the 
law of the conservation of energy. 

These ideas have proved very useful in dealing with nuclear phe~ 
nomena, which will be described in a subsequent chapter. It appears 
to be possible, for instance, for a 7 -ray photon, impinging upon a 
liucleus, to be converted into an electron and positron. In such a case, 
the energy of the photon reappears in part as the kinetic energy of the 
particles but largely as their rest-mass energy 2moC^. 
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Some physicists prefer to speak of a conversion of energy into mass 
in the case just cited; they would say that neither energy by itself nor 
mass by itself is conserved, but only the sum total of mass times c- 
and energy. In this usage the term “mass'" is restricted to' “rest 
mass." The view stated above seems to be preferable, but the dif- 
ference is scarcely more than a matter of words. 

The association of mass and energy is not limited to kinetic energy 
or to the rest mass. It can be shown that relativity requires mass, 
or at least momentum, to be associated even with potential energy. 
This is easily shown in special cases; it may be worth while to give an 
example. 

Suppose two equal masses, moving with eciual and opposite 
velocities along the x-o^xis as seen by an S observer, collide with each 
other, a spring acting as a buffer between them; just as they come to 
rest, let a lock snap shut and hold them thereafter combined into a 
single mass. In this process, the initial kinetic energy of the masses 
is converted by the collision into potential energ}" of the spring. Let 
us view this collision from a second frame of reference, S\ that is 
moving with velocity u parallel to x. Then, if the velocities of the 
two bodies before the collision, as measured in S, are vi = v^i = r, 
= Vz 2 = “-r, the same velocities as measured in S' are, by Eq. (56a), 




vio = 


V — ll 

—v — u 
uv 


1 -h 




'UV 

UV 


Therefore, 


(-S' (-S) 


4* 


(-S)?7T 


+j4 U'^'i 


¥-) 


the last term being obtained in this form after inserting for v{ under 
the radical the first expression given for i>i above. Similarly, 

V 


K _ M 

(‘-ST ^ A' 


+ V‘ . U-V‘ 
T 


The total momentum before collision is, therefore, 

1 

+ 


mov'i 


- Vl - 




C“ 


+ • 


c‘ ) 


Vl - v[yc^ Vl 


vf/c)' 


( 67 ) 
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On the otliei’ hand, if we suppose the rest mass of the combined 
body after collision to be merely the sum of the rest masses of the 
separate bodies, or 2mo, the total momentum after collision is 

— 2moU 

by Eq. (60) , since the velocity of the combined body is then — u. This 
is not equal to the momentum hejore collision, as given by (67); this 
can be seen veiy easily in case v[ and vi, are both either greater or less 
than u. 

Thus conservation of momentum fails if only the rest masses are 
taken into account. But now suppose we include in the mass of the 
combined body the mass that is to be associated, in the manner 
described above, with that part of the kinetic energy relative to 
which has been converted by the collision into potential energy of the 
spring. Then we have a total amount of mass which is proportional 
to the total energy; and, in consequence of the conservation of energy, 
this total mass is a constant. The total mass after the collision is, 
therefore, the same as it was before the collision or 

mo j mo 

Vl — Vl — 

If we multiply this value of the total mass by the common velocity 
of the bodies after the collision, which is —'U, we obtain for the total 
momentum after collision exactly the same expression as that given in 
Eq. (67) for the total momentum before collision. The principle of the 
conservation of momentum thus holds here if, and only if, we assume 
that the potential energy in the spring makes its proper contribution 
to the mass and momentum of the system. 

66. Relativity and Electromagnetism. — Contrary to the situation 
in mechanics, a review of the laws of the electromagnetic field shows 
that these particular laws are in harmony with relativity just as they 
stand. This might have been expected in view of the fact that the 
theory of relativity actually developed out of experiments in that part 
of the field of electromagnetism which is called optics.^’ 

The distinction between the electric field and the magnetic field 
becomes, however, from the new point of view, in part a relative one, 
depending upon the frame of reference that is being employed. This 
conclusion, at first sight surprising, can be reached by means of 
elementary considerations. For example, if there is a set of electric 
charges at rest relative to the /S frame, they will produce, as determined 
with the use of this frame, only an electrostatic field. But to an 
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observer using an /S' frame in motion relative to S, these same charges 
will constitute current elements and will be siirrouiided b}^ a magnetic 
field as well. The general formulas 'for the transformation of elec- 
tromagnetic fields from one frame of reference to another will not be 
deduced here, but the^^- are easil}^ stated. 

As measured by the S observer, let the components of the electric 
field strength, in electrostatic units, be Exj and let those of the 

magnetic field strength, in electromagnetic units, be Hy, II zl let 
the corresponding quantities as measured by the S' observer be 
indicated by the same symbols with the addition of primes. As usual, 
let S' have a velocity u relative to S, parallel to the .r-axis, and let 
7 = l/VT — c being the velocity of light. Then the equations 

of transformation for the electromagnetic vectors are 



Isolated charges measure the same in ail frames; this must be so, 
since the charge on an electron must be a universal constant, and the 




Fig. 31. “Diagram of a point charge moving relative to S, stationary relative to jS. 

number of electrons in a body, like the number of distinct objects in 
any given group, must be the same in all frames of reference. Further- 
more, the usual rules for the force on a moving or stationary charge 
still hold; they furnish, in fact, the definition of what is meant by E 
and H, ;; \ ,■ 

The formulas just written may be used to ascertain the effect 
of uniform motion upon the field of a point charge and thereby to 
deduce certain formulas that were stated without proof in Chap. II. 

■ ■ Let a charge,.g:be moving wdth’ speed and take the„x-axis through 
the charge and in the direction of its motion; draw theory plane 
through any point P in the field (Fig, 31). First let us use an S' 
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frame of reference in which, the charge is at rest [Fig. 31(5)]. In this 
frame the field is purely electrostatic and is already known ; if we take 
the origin at the charge and let x',y' ,z' be the coordinates of P referred 
to 6", the components of the field at P are, by Coulomb’s law, 

= P; = 0, + y'\ ima,b,c,d) 

We now change to an S frame, relative to which S' has a velocity 
parallel to x of magnitude u. Relative to S, the charge has a velocity 
V — u. Then, from the second set of the above formulas for the trans- 
formation of fields, since H' = = 0, Ave find, changing u to v, 


Px 


0 , Hy 


c 


Hx = -Ey. 
c 


(69a, 5, c) 


Also, inserting these values of Hy and in the first set of the above 
formulas, with u replaced by v, 


E' 


= P„ E'y==y{l-'^Ey = ^Ey, 

= = (70a, 5 , c) 

ThuS; at Pj Ez == 0, since i5' = 0; and hence, by (696), Hy = 0. Equa- 
tion (69c), Hz = {v/c)Ey, then confirms Eq. (19) in Chap. 11. 

Also, substituting in (70a, 6, c) for E', Ey from Eqs. (68a, 6) and 
likewise 

x' = y(x — vt), = y 

from the Lorentz transformation or Eqs. (52), w^e find 




p __ yqy 

* 


But vt is the x-coordinate of g, which is at the origin in Hence, 
if r is the distance of P from q and if 6 is the angle between the line qP 
and the rc-axis (c/. Fig. 31a), 

= (^x — vty + 2/^ X vt rcos(9, y = rsin ^. 

Thus 

^./2 ^ yf 2 ^ _ yiY -f- 2/^ == + (7^ — l)(a: — vtY 

= r2[l + (72 - l)cos20], 

and the expressions just found for Eo: and Ey can be written 




7 cos Q 


[1 4“ (72 — l)cos^ 




E, 


7 sin 0 


[1 - 4 " (72 1) cos2 


fir 2 


(71a, 6) 
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Thus Ey/Ex = 'tan which shows that the electric field points radially 
outward from the instantaneous location of q. Furtliermore, 


E ^ {El + E^^^ 


[1 + (7^ - l)Gos^ef^r^ 


IE = 

c 


from [69c]. These last tAvo equations Avere cited A\dthoiit proof in 
Chap. IT 

In similar fashion, Eq. (23a) in Chap. II, for the radiation field 
emitted by any charge in linear accelerated motion, can be deduced 
from Eq. (22) in that chapter, Avhich giAms the field for a charge under- 
going acceleration out of a state of rest. 

Many other conclusions can be draAA'ii by transforming fields 
from one frame to another; limitation of space alloAvs only the mention 
of one other. The quantity E^ — IE is an ^Tnvariont,’^ f.c., for any 
field, — IT'‘^ = as the student can easily verify for him- 

self. This invariance opens the possibility for plane AvaAms in space to 
transform into plane Avaves AA^hen the frame of reference is changed; 
for, in such Avaves, E ~ H, E'^ -- = 0, The direction of propaga- 

tion and the frequency, hoAvever, are both altered by the transforma- 
tion, in accordance AAuth the phenomena of aberration and of the 
Doppler effect. 

67. General Theory of Relativity. — In considering the bearing of 
the special theory of relatmty upon physical kiAvs, Ave liaAm said 
nothing about one of the simplest of physical phenomena, viz., gravita- 
tiofi. After publishing the special theory, Einstein took up the 
problem of harmonizing the laAvs of gravitation Avith the reciuirements 
of that theory. Since Ave must suppose that no physical effect can 
be transmitted from one place to another AAnth a \miocity exceeding 
that of light, it may be assumed that gravitational effects are propa- 
gated AAuth a finite velocity. What, then, is the IsiW of this propagation ? 

At the same time, another idea Avas active in Einstein^s mind. 
In the special theory, only unaccelerated frames of reference had been 
compared. Why this limitation? Could not the principle of rela- 
tivity be generalized somehow so that frames of all sorts Avoiild stand 
on an equal footing? 

In studying these questions, Einstein AA-as impressed by the fact 
that gravitational acceleration is exactly the same for' all bodies, 
hoAvever much they may differ in density or in other properties. In 
this respect, gravitational acceleration resembles the relative accelera- 
tion AAhich appears Avhen a frame of reference is itself subjected to 
accelei’ation. The latter effect is a matter of common experience. 
Every one knoAVs how, AAhen riding on an elevator, he seems momen- 
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tarily to become lighter whenever the elevator is accelerated downward 
and heavier when it is accelerated upward. This effect simulates 
closely an actual change in the force of gravity. By no mechanical 
experimentj indeed, can an apparent gravitational field thus produced 
be distinguished from a true field due to gravitational attraction. 

Eventually^ Einstein came to the conclusion that, in the neighbor- 
hood of emy given point, there should be no difference of any kind 
between a gravitational field due to attracting matter and the appar- 
ent field due to acceleration of a frame of reference. This proposition 
he adopted as a 'postulate called the principle of equivalence. If the 
principle is accepted, it leads to the prediction of a number of physical 
effects hitherto unobserved. 

Light, for example, had not commonly been supposed to be subject 
to gravitational action. But suppose the earth's gravitational field 
were abolished vithin a laboratory by allowing the w^hole laboratory 
to fall freely. Then, relative to the laboratory, there would be no 
gi'avitational attraction. A ball thrown out horizontally would travel 
in a straight line relative to the laboratory, not in a parabola. By 
the principle of equivalence, therefore, a ray of light projected hori- 
zontally would also appear to travel in a straight line; for conditions 
relative to the laboratory are the same as they would be out in space 
far from all attracting masses, and there is no doubt that in such 
locations rays of light are straight. Relative to the earth, however, 
the path of the ray of light would be slightty curved. 

In view of the principle of equivalence, it can be said that we our- 
selves perceive a gravitational field on the earth only because we are 
using the wrong frame of reference. We ought to use a frame relative 
to which the earth is accelerated upward at the rate g ; using such a 
frame, we would find that the apparent gravitational field had com- 
pletely disappeared. From this standpoint gravitational influence 
consists merely in determining what class of frames it is, relative to 
which there is no apparent field, and relative to which free bodies 
move in straight lines. Such frames are called, in a refined sense of 
the terms, inertial or Galilean frames of reference. 

It does not follow, however, that the gravitational influence of 
one piece of matter on another is entirely illusory. For only a uniform 
gravitational field can be transformed away in its entirety by a proper 
choice of the frame of reference. In the neighborhood of a single 
point, any field can be transformed away; but, in general, the choice of 
frame that does this varies from point to point. For example, relative 

^ Cf. Einstein, A., Origins of the General Theory of Relativity,^’ Jackson, 
Wylie and Co., Glasgow, 1933. 
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to a frame falling freely in Ngat York' there is no gravitational field 
in New York, but there is one of double strength in Australia. 

68. Einstein’s Law of Gravitation. — There remains for consider- 
ation the problem as to the law according to which gravitating matter 
determines Just which frames have the inertial property. The law* 
must be such that its consequences -agree with those derived froin, 
Newton's law of gravitation as a fii^st approximation, .since this law 
describes the motions of the solar system with hig,h. accura(33y and it 
must also be in harmony wdth the special theoiy of relativity. Einstein 
surmised that the law^ could probabty be stated most sinipl}" in terms 
of a formulation that would permit the use, not oni,y of frame of 
reference in the ordinary sense, but of an}" sort of generalized coordi- 
nates. With the aid of the mathematician Grossmann, he found out 
how to write physical laws in a form that is valid jhr any choice 
of space-time coordinates whatever. The method involves the use 
of general tensor analysis, wdiich is too complicated for an}" example of 
it to be given here. Suffice it to say that Einstein found that, among 
ail possible guesses as to the correct law of gravitation, one stood out in 
contrast to all others as the simplest in mathematical form. Therefore 
he adopted this law" as a tentative hypothesis^ and then proceeded to 
look for predictions based on it w"hich could be tested by experiment. 

From the new law" of gravitation thus obtained, Einstein deduced 
three n.ovel effects that might be accessible to observation: 

1. Rays of light passing close to a heavy body should be bent 
tow"ard it. In the case of the sun, the deflection should be inversel}" 
proportional to the distance of closest approach of the ray to the 
sun's center and, for a ray just grazing the sun's surface, should 
amount to 1.75 seconds of arc. Stars seen near the sun, for example, 
during an eclipse, should appear to be displaced outward by this 
angular amount. 

2. Physical processes in a region of low" gravitational potential, 
w-hen compared wuth similar processes at a point of high potential, 
should be found to take place more slowdy. Consequently, atomic 
vibrations on the sun should appear to be slow"ed dow"ii, and spectral 
lines observed in the spectrum of sunlight should be shifted slightly 
tow"ard the red, as compared with lines emitted or absorbed by the 
same elements on the earth. 

3. The motion of the planets should be very slightly altered. In 
particular, the perihelion of the orbit of Mercury should be caused to 
precess 'about' the: sun, at the rate.of 43 -seconds a '.century. .'The effect 
.on, the. other planets w"ould -scarcely be detectable.',' . , 

W^ EiNSTBm, Anri. d. voL 49, p. 769 (1916), 
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It appears that all three of these effects actually occur. In the 
case of Mercury, calculation shows that perturbations by the other 
planets should cause an advance of the perihelion by more than 500 
seconds a century, but the observed advance is about 43 seconds greater 
than can be accounted for in this manner. Thus Einstein’s theory 
removed an annoying discrepancy in astronomical theory. 

The new theory of space, time, and gravitation thus arrived at is 
known as the gerieral theory of relativity. According to this theory, the 
spatial behavior of matter is not quite Euclidean. If a triangle of 
astronomical size near a heavy body like the sun were surveyed by 
means of ingid rods, with or without the help of light signals, the angles 
would not ciuite add up to 180°; and so on. We have no space to 
pursue this fascinating subject further, however, nor to discuss its 
astronomical applications, which are connected with the question, not 
3 ^et answered with certainty, as to the assumption that should be 
made concerning the outlying parts of space. Is space finite or 
infinite? Is it expanding, as the velocities of the nebulae are sometimes 
supposed to suggest? 

For further study of such questions, the student must be referred 
to other books or to the literature. 


CHAPTER V 

THE ORIGIN OF THE QUANTUM THEORY 

The quantum theory, first proposed by Planck in 1900, arose 
out of the inability of the classical ph^^sics to explain the experimentally 
observed distribution of energy in the spectrum of a black body. 
We have seen in Chap. Ill how, likewise, the older theoiy of radiation 
could not explain the experimentally observed facts of the photoelec- 
tric effect. In the present chapter, we shall first discuss certain 
observed phenomena of radiation which any theory must explain. 
We shall then show just how far the problem of black-body radiation 
can be solved by classical methods, and at precisely what point these 
classical methods failed and the introduction of the concept of quanta 
seemed to offer the only solution to the problem. 

The phenomenon of black-body radiation is, however, of relatively 
minor importance in experimental physics. If the student does not 
wish to spend time upon it, he can without difficult}^ skip this chapter 
and proceed at once to the next. 

69. Thermal Radiation. — It is a matter of common observation 
that bodies when heated emit radiant energy — or, more simply, 
radiation— the quantity and quality of which depend, for any given 
body, on the temperature of that body. Thus, the rate at which an 
incandescent lamp filament emits radiation increases rapidly with 
increase in the temperature of the filament; and the quality of the 
radiation, as observed visually, changes markedly as the temperature 
increases— the emitted light being ''whiter at higher temperatures. 
Radiation, the quantity and quality of which, emitted by any given 
body, depends solely on the temperature of that body, is called thermal 
radiation. It is a characteristic of thermal radiation that, when 
dispersed by a prism or other similar means, a continuous spectrum is 
formed. In order that thermal radiation may become visually observ- 
able, it is necessary that the temperature of the radiator should be 
500 to fiSO'^C. or above. Furthermore, thermal radiation is emitted, 
ordinarily, only by solids or liquids. 

In the present chapter thermal radiation will be called simply 
"radiation,'’ the adjective being omitted to save repetition. A com- 
plete account of the subject will not be attempted, the student being 
referred for this to the standard treatises on heat; only those features 
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rfl be discussed which be« on the fundameutel problem that led to 


““jrsirSameufl Couoepta aud Defimtlous (a) ToU,l 

Emime Power .—The rate at which a ^ven *’'’‘*5’ “j‘°” 

deoeuds upon the temperature of the body and on tue nature of rts 
surface. We may define the loioi emismt symbol E, of a bo y 

as the “ total radiant energy emitted pet unit time P” 
f.ee of the radiating body.” The total emissive power E mcl eases lap 
y'titicreasing tempore. Thim, ‘"e ‘o- 7-™ “ 

cast iron at a temperature of 1600-K. is ataut 1.1 X 10 er^ 7 
spuare centimeter per second; ‘»f 

watts cm."^). 

(h) Monochromatic E missiv e 

Power.— li the radiation from a 

heated body, such as an incandes- 
cent lamp filament at a given tem- 
perature, be dispersed into a 
spectrum by a prism or other suit- 
able device, it will be foimd, by 
means of a sensitive thermopile, that 
the energy in the spectrum is dis- 
tributed among the various wave 
lengths in a regular manner, as is 
shown by the curve in Fig. 32, 
which shows the distribution of 
energy in the spectrum of tungsten 
at a temperature of 2450°K. We 



mav define the monochromatic emissive power ex at any given wave 

Sn^th X by saying that the radiant energy emitted m the spectral 
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That i., the total emissive power is proportional to the area between 
“rur™to“bTconfused with -emissivity,” which 


‘Emissive power is 

we shall define later. 

, the absolute Kelvin scale of temperature, in centigrade degrees. 
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(a) Intensity of Radiation from a Surface.- — ^Let dS (Fig. 33) be a 
small surface element of a radiating body. Describe about dS a 
hemisphere of radius p and let dB, located at P, be a small element of 
the surface of this hemisphere, the radius OP to this element making an 
angle 6 with the radius ON which is normal to d.S. The rate ^dQ/dt 
at which radiant energy is incident upon dB is easily seen to be pro- 
portional to (1) the area dB, (2) the area 
dS of the radiator, and (3) to 1/p^, 
because of the inverse-square law. It 
will depend also upon 6. The apparent 
area of dS as seen from P, or the area of 
the projection of dS upon a plane perpen- 
dicular to OP, is dS cos 0. It might be 
thought, therefore, that dQ/dt would be 
proportional to cos 6; and this well-known ‘T*osine law^’ is, in fact, 



approximately obeyed by most surfaces. 


^ = ids cos d ” 
at p** 


We can write, therefore, 

(72) 


where i is a quantity that is nearly or quite constant for a given 
radiator at a given temperature. Or, since dB/p- is the element of 
solid angle do> 'which the area dB subtends at 0, i may be defined by the 
equation 

* — dQ/dt 
dSdo) cos Q 


The coefficient i is called the (total) intensity of radiation from dS in the 
direction OP, It represents the rate at which dS radiates energy in a 
given direction per unit solid angle and per unit of its own area as 
projected on a plane perpendicular to the given direction^ 

The definition just stated applies to the total radiation from the 
surface. As in the case of emissive power, we may designate by 
^‘^monochromatic intensity of radiation,” symbol 4? the intensity of 
radiation in a wave-length range dX at wave length X. 

When i is the same in all directions, there is a very simple relation 
between it and the total emissive power E. Referring to Fig. 33, /we 
may choose as an element of area of the hemisphere a ring of width p dB 
and of length 2 tp sin B, the area of the ring being, thus, 2 tp sin 0 P 

^ The projection of a plane surface on a plane making an angle 0 %vith dS 
has an area d/S cos 0, since all lines on that are perpendicular to the intersection 
,of the two planes . are ' shortened by - projection ' in the ratio cos B, whereas lines 
parallel to the line of intersection are not shortened at all. 
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The flux of energy dQ/dt through this ring is given, as in Eq. (72), by 

— = i dS cos 0 ~ ~ = 2TridScoBdsm6dd. 
dt 

If this equation is integrated from 0 = 0 to 0 = 7r/2, we shall have the 
total rate of flux of energy dQjdt from dS, We have designated by E 
the total rate of flux of energy per unit area from a surface. Therefore, 

do /df 

E == == 2Tri / cos^sin^if ^ = Trfsm^^ 

do J 0 0 

Therefore 


E = iri. 


(73) 


And similarly we have 


e\ = Ti\. 


(d) Absorptivity . — In general, radiation falling upon a surface is 
partly absorbed, partly reflected, and, unless the body be very thick 
or very opaque, partly transmitted. We shall define the absorptivity 
of a surface, symbol A, as the fraction of the radiant energy, incident 
on the surface, which is absorbed. Absorptivity is (1) a pure numeric, 
(2) for any actual body, less than unity, and (3) varies greatly with 
wave length of the incident radiation and, to a lesser extent, with the 
temperature of the absorber. 

A surface whose absorptivity is unity for all wave lengths is called 
an ^TdeaE^ black surface. No such surface actually occurs in nature, 
but some bodies, such as black velvet or lampblack, reflect only a 
very small fraction of the incident radiation. It will be seen presently 
that in the theory of radiation a special interest attaches to the ideal 
black surface or body. 

A very simple relation exists between the absorptivity of a surface 
and its total emissive power E. Suppose that two surfaces have total 
emissive powers Ex and E 2 and absorptivities Ai.and A 2 , respectively. 
By considering the thermal equilibrium of such surfaces when present 
in an isothermal enclosure, as described in the next section, it can be 
shown that necessarily 


E 2 A 2 

El Ai 


(74) 


If, in particular, we make Ai == 1, so that the first surface is black, 
El has obviously the maximum value that is possible at the given 
temperature; for Ai in the last equation cannot exceed unity. Thus 
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no surface can emit more strongly than a black body. If Eq is the 
total emissive power of a black body and E the total emissive power 
of any other body whose absorpti\dty is we find from the last 
equation that 

E — AEq, (75) 

These conclusions are known as ^^Kirchhoff^s law” and have all 
been confirmed by experiment. The same relations can be shown to 
hold for each wave length separately. 

(e) Reflectivity. — We may define the reflectivity of a surface, 
symbol R, as the fraction of the radiant energy incident upon the sur- 
face, which is reflected, is a pure numeric. 

(/) Transmissivity. — ^Likewise, w’e may define the transmissivity, 
symbol T, of a body as the fraction of the radiant energy, incident 
on the surface of the body, which is transmitted. We shall, in .this 
chapter, confine our attention to cases where the body is so thick or so 
opaque as to transmit no energy, he., to bodies for which T = 0. In 
these cases, since all the incident radiation is, then, either reflected or 
absorbed, we may write 

A -j- = 1. 


{g) The Density of Radiation. — The radiant energy per unit volume 
in a stream of radiation is spoken of as the energy density of the 
radiation,” symbol }j/. Thus, the solar constant^ is about 1.94 calories 
per square centimeter per minute or 1.3 X 10® ergs per square centi- 
meter per second. This is the amount of energ}^ contained in a 
column of solar radiation 1 cm.- in cross section and 3 X 10^® cm. 
long, he., in 3 X 10^® cm.^ The energy density of the sun^s radiation 
in the neighborhood of the earth is, therefore, 


^ = 


1.3 X 10® 
3 X IQi® 


= 4.3 X 10“® erg per cubic centimeter. 


In the case just considered, the radiation is streaming in parallel 
directions. A different condition exists in the interior of a hollow, 
heated enclosure. Here radiation is streaming back and forth in all 
possible directions. The term energy density” then refers to the 
total quantity of radiant energy in unit volume. 

If a surface obeys the cosine law, so that the intensity i of the radia- 
tion emitted by it is the same in all directions, then a simple relation 

^ The solar constant is the amount of the sun’s radiation received on imit area 
in unit time, the receiving area being perpendicular to the sun’s rays and at a 
distance from the sun equal to the mean radius of the earth’s orbit. 
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exists between the total emissive power E of the surface and the energy 
density in the emitted radiation at points near the surface. For, 
referring again to Fig. 33, let the radius p of the sphere be made very 
large. Then all rays drawn from points on dS to points on dB may 
be regarded as parallel. The radiant energy emitted in 1 second from 
dS, in the direction of the radius to dB^ will be contained, therefore, 
in a cylinder whose length is the velocity of light c (vacuum being 
assumed). The cross-sectional area of this cylinder is dS cos Q (this 
being the area of the projection of d8 on a plane perpendicular to the 
radius) ; hence its volume is 

dV = cdSctosB. 

The magnitude of the radiant energy is dQ/dt times 1 second or, by 
Eq. (72), 

dE = ids cos e^- 


Dividing dE by dV, we have for the energy density due to this radiation 
anywhere inside the cylinder and hence, in particular, at points near 
the surface, 

^ 

cp" 

Since i is assumed to be uniform and since JdB = 27rp^ (or half the area 
of the sphere), the total radiation density near the surface is thus 

2iri 




cp 

Comparison of this equation with (73) above shows that 

, 2E 


(76) 


Furthermore, if we define as ^^monochromatic energy density,’’ 
symbol a quantity such that \px dX is the amount of energy present 
in unit volume in the form of radiation in a wave-length range d\ 
at wave length X, then clearly 


= 


2e\ 


(77) 


Note . — There is considerable confusion in the terminology of the emission and 
absorption of radiation. Thus^ for the quantity which we have herein defined as 
total emissive power, one finds used, variously, such terms as ‘^radiating 
power, emission,’^ and ^-emissivity.’^ And for the quantity which we have 
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called ‘'absorptivity/^ one finds "absorbing power” and "absorptii'e power.” 
The use of the word “power” in “total emissive power'' is consistent witii its use in 
mechanics. For “power ” in the technical sense, in physics and engineering, nteans 
a “rate of doing work” or of delivering energiy and a radiating surface is emitting 
energy at a definite rate. But “power” used In connection with absorption, as in 
the term “absorbing power/' is clearly inappropriate; for the quantity defined 
does not involve a rate of absorbing energy. 

One must distinguish between “absorptivity,” as herein defined, and “coeffi- 
cient of absorption,” which is an entirely different term, referring to the absorption, 
of radiation in its passage through matter. Thus, if a beam of radiation of intensity 
Jo is incident upon and passes through a slab of absorbing material, the thickness 
of which is d, the intensity I of the emerging beam is giA’en by the equation 
I == where “c” is the Napierian base of logarithms and g is the coelEcieni of 

ahsorption of the material. 

It is essential, also, to distinguish between the terms “total emissive power” and 
“emissivity,” If E is the total emissive power of a body at teiiiperature T, and 
Eq is the total emissive power of a black body at the same temperature, we have 
seen that E ~ AEoj where A is the absorptivity of the substance. Now the 
emissivity of a surface is defined as “the ratio of its total emissive power to the total 
emissive i)ower of a black body at the same temperature”; i.e., emissivity equals 
E/Eo. Thus the emissivity of a substance is a pure numeric and is equal to its 
absorptivity. The same relations hold between inoiiochromatic emissive power 
and the corresponding absorptivity.^ 

71. The Isothermal Enclostire and Black-body Radiation. — A 
cavity whose walls and contents are all at a common temperature is 
called an isothermal enclosure. Such an enclosure is of special inter- 
est because the radiation field inside it possesses some remarkable 
properties. 

It can be shown that in an isothermal enclosure the stream of radia- 
tion in any given direction must be the same as in any other direction; 
it must be the same at every point inside the enclosure; and it must be the 
same in all enclosures at a given tempei^ature^ irrespective of the mMerials 
composing them. Furthermore^ all of these statements hold for each 
spectral component of the radiation taken separately. 

The proof of these statements, which can be made quite ligGrous, 
proceeds by showing that, if any one of them were not true, it would 
be possible to construct a device that would violate the second law of 
thermodynamics. For example, if the stream of radiation traveling 
west were greater than that traveling north, we could introduce two 
similar absorbers, one facing east and the other south. One of these 
absorbers would then become hotter than the other by absorbing 
radiant energy from the stronger stream. We could, therefore, operate 
a Carnot engine, using the two absorbers as source and sink, respec- 

, /Bo: far ■ as possible, the^ fiermiiiology defined . in' tbe ' 'Tiiteriiationar .Critical 
Tables,” vol. I, pp. 34-42, has been adopted in this chapter. 
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tively, and so could convert heat continuously into work without 
leaving other changes in the system, in violation of the second law. 
Radiation of a particular wave length can be tested by using selective 
absorbers. 

A simple relation exists between the stream of radiation in an 
isothermal enclosure and the radiation emitted by a black body. 
Suppose that such an enclosure contains a black surface. Then the 
radiation leaving this surface will consist entirely of radiation emitted 
by it, since such a surface reflects none of the radiation that falls upon 
it. Hence the stream of radiation emitted by a black surface or body in 
any direction is the same as the stream of radiation traveling in any 
one direction in aii isothermal enclosure at the same temperature. Here- 
after, we shall refer to both types of radiation indiscriminately as 
black-body radiation. 

The energy deyisity in the enclosure, however, -will be twice that 
produced just in front of a black surface by radiation emitted by that 
surface alone. For the radiation emitted by the body is confined 
to a hemisphere of directions, whereas in the enclosure radiation is 
traveling in all directions. Hence, for the total energy density 
or the monochromatic energy density ipx, in the enclosure, we can 
write, from Eq. (75) or (76), 

^ ==4.-, = 4^, (78a, 6) 

c c 

E being the total emissive power or ex the monochromatic emissive 
power of a black body at the same temperature. 

To study black-body radiation, an electric furnace is employed, 
consisting of a long tube, preferably (but not necessarily) with black- 
ened walls, heated by an electric current flowing in a wire wound around 
the tube. The temperature of the central part of the interior is 
measured with some sort of thermometer. A small hole is made 
through the wall, and the radiation issuing through it is observed. 
This radiation approximates very closely that which would be emitted 
by a black body at the temperature of the furnace. 

Black-body radiation is a phenomenon of great interest from the 
theoretical standpoint, because its properties have a universal char- 
acter, being independent of the properties of any particular material 
substance. Several questions press at once for an answer. How 
does the energy density in black-body radiation vary with the tem- 
perature? And what is the spectral distribution of the radiation? 
Furthermore, we wish to understand how this particular distribution 
is brought into existence by the atomic processes going on in matter. 
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Concerning the first two questions, it was found possible, during the 
last century, to obtain further information from therniodynaiiiics 
without making any asmm'ption as to the atomic process. The method 
consisted in considering the effect of expanding or contracting an 
isothermal enclosure and taking account of the work done on the walls 
by the radiation in consequence of radiation pressure. In order to fol- 
low the argument, we must ascertain the relation between the pressure 
and the energy density in uniformly distributed radiation. ' 

72. Pressure Due to Isotropic Radiation. — Suppose a stream of 
radiation in a vacuum falls normally on the surface of a body. Then, 
if w is the mean energy density in the oncoming waves, they carry also 
w/c units of momentum per unit volume [Eq. (16) in Sec. 33]. Thus 
the waves bring up to each unit area of the surface, along with cw ergs 
of energy [Eq. (12) in Sec. 32], w units of momentum per second, the 
momentum as a vector being directed normally toward the surface. 
If the wwes are absorbed by the surface, it receives this momentum 
and experiences, therefore, a pressure equal to w.^ 

Suppose, next, that the radiation is incident at an angle 0. Then 
the energy that crosses a unit area drawn perpendicular to the rays 
(PQ in Fig. 34) is received by a larger area of magnitude 1/cos 6 on 
the surface {PR in Fig. 34). Furthermore, the component of the 
momentum normal to the surface is less than in the case of normal 
incidence in proportion to cos 6, Thus the 
momentum in the direction of the normal that 
is delivered to unit area of the surface per 
second is decreased by the obliqueness of 
incidence in the ratio cos^0, and the resulting 
pressure, if the radiation is entirely absorbed, 
is 

p = wQos-dj (79) 

w being, as before, the energy density in the incident radiation. The 
same expression holds for the pressure caused by the e^nission of a 
beam at an angle or for the additional pressure caused by the occur- 
rence of a reflected beam. If an incident beam in which the energy 
density is w is specularly reflected from a surface at the angle of 
incidence d, the total pressure on the surface is 2w 

Finally, let radiation be streaming toward a surface and also away 
from it with equal intensities in all directions, as in an isothermal 
enclosure. Such a distribution of radiation is equivalent to a large 

1 Pressure and energy density are easily seen to be physical quantities of the 
same dimensions. : 
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number of beams of plane waves, all of equal intensity, with their 
directions of propagation distributed equally in direction. Let there 
be N beams in all, and let the energy density due to any one of them 
be w. Then the total energy density Just in front of the surface 
and the pressure p on it are 

ip = Nwj p = = tf^Scos^^, ( 80 a, 6 ) 

by (79), S cos^^ denoting the sum of the values of cos^d for all of the 
beams. 

To find this latter sum, imagine lines drawn outward from a point 
0 on the surface to represent the various directions of the beams, 
whether moving toward the surface or away from it, and then about 0 
as center draw a hemispherical surface of unit radius with its base on 
the surface (c/. Fig. 35, where only two of the lines are shown). From 

the hemisphere cut out a ring- 
shaped element of area, QSj by 
means of two cones of semiangle d 
and 6 + d6, drawn from 0 as apex 
and with the normal OP as axis. 
The edge of this element is a circle 
of perimeter 2t sin 0, and its width 
is dd, hence its area is 2t sin 6 dd; 
whereas the area of the whole hemisphere is 27r. Now the lines of 
approach of the N beams of radiation, if drawn through 0, will cut 
the hemisphere in points equally distributed over its surface. Hence, 
if we let dN denote the number of these lines that pass through the 
ring-shaped element, dN will be to N in the ratio of the area of the ring 
to the area of the hemisphere, whence^ 



m 

N 


27r sin Odd 


sin^d^. 


The value of cos^^ is the same for all of the dN beams. Hence their con- 
tribution toScos^^ is cos^^ dN or, from the last equation, N gos^6 sin 8 dd. 
Thus 

/*ir/2 

cos^^ dN = N 


V cosW = j 


cos'^d sin 8 dB == (81) 


U J Jo 3 

(The limit is ir/2 because directions all around the normal OF are 
included in the ring.) For the pressure we thus obtain, from (806), 
p = or, by (80a), 

F - (82) 

^ In more suGcinct terms, 25r sin B is an element of solid angle about 0, having 
the form of a conical shell, and 27r is half of the whole solid angle about 0. 
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Thus the average pressure on the walls of an isothermal enclosure 
equals one-third of the energy density in it. 

73. The Stefan-Boltzmaim Law.— In 1884, Boltzmann deduced a 
theoretical law for the variation of the total intensity of black-body 
radiation with temperature. For this purpose, he applied the laws 
of the Carnot cycle to an engine in which the radiation played the 
part of the working substance. 

The ideal Carnot engine consists of a cylinder with walls impervious 
to heat, a piston likewise impervious to heat and moving without 



,(b) tc) (d) 

Fig. 36. — Boltzmann’s radiation engine. 


friction, and a base (end opposite to piston) through which heat may 
enter or leave. For our purpose, we shall make the walls, piston, and 
base perfectly reflecting except for a small opening 0 in the base which 
may be covered at will by a perfectly reflecting cover. Inside the 
cylinder is a vacuum. Let this cylinder be placed with the opening 0 
uncovered and opposite an opening in an isothermal enclosure Si, 
which is maintained at temperature Ti (Fig. 36). Then the cylinder 
will fill up with radiation entering it through 0 from Bi until there 
is the same density 4^1 of radiation in the cylinder as there is in Bi, at 
which time radiation will be passing at the same rate from 0 to as 
from J5i to 0. 

Recalling Eq. (82), -we may now consider the following cycle of 
events: 

a. Starting mth the piston in the initial position Pi [(Fig. 36 (a)], the 
initial volume of the cylinder being Vi and the initial pressure due 
to the radiation pi == we cause the piston to move upward, 
shwli/j until position P 2 is reached, the volume increasing to ^ 2 . 
During this process the radiation density within the cylinder 
tywill: .remain constant at 4/i, To keep... it, , constant, additional 
■ radiation must enter the opening . 0 from, the enclosure Bi, for 
'two reasons: ,■ 
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1. Work We is done by the radiation on the piston. If Ti 
remains constant , so do and pi and 

We = Pl{V2 - Vi) = - Vi), 

2. The volume of the cylinder has increased by {ih — ^i), which 
requires an additional influx of energy equal to ^1(1^2 ~ Vi)- 
Thus the total influx Hi of radiation from Bi must be 

Hi = - 2;i). (83) 

This isothermal process is represented on the p-v diagram 
(Fig. 37) by the horizontal line P1P2. The energy Hi is equiva- 
lent to heat supplied to the space within the cylinder, just as 
in an ordinary Carnot cycle the first isothermal expansion is 
accompanied by an absorption of heat. An amount of heat 
equal to Hi must also be supplied from external sources to Bi 
in order to keep the temperature of Bi constant. 
h. When the piston has reached P2, the perfectly reflecting cover is 
placed over the opening 0 [Fig. 36(6)], thereby effecting com- 
plete thermal isolation of the interior of the cylinder, and a 
further expansion to position P3 is made. External work is 
done, as before, on the piston, the energy required for this 
external work being supplied by the radiation. Partly because 
of this work and partly because of the increase in volume, the 
energy density of the radiation within the cylinder must decrease 
from i/i to some smaller value, ^2. The pressure, likewise, has 
decreased. This is obviously an adiabatic process. It is 
represented in Fig. 37 by the line P 2 P 3 . 

The new energy density is now equal to the energy density 
in an enclosure at a certain new temperature P2. If the 
expansion during this second process was very small, we may 
represent the change in temperature (Pi — P2) by dT, and the 
corresponding change in energy density, \^i ^2, by d\p. Since 

P = 3^#? we have then 

dv = Hd'P, (84) 

dp representing the change in radiation pressure. 
c. The engine is now placed opposite a second isothermal enclosure 
B2 [Fig. 36(c)], at temperature P2, the slide is removed from the 
opening 0, and the piston is moved, by the application of suit- 
able external force, from Pz to P4. On account of this com- 
pression, there is a tendency for the density of radiation within 
the cylinder to rise and for radiation to pass through 0 into B^, 
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The compression is supposed -to take place so slowly, however, 
that the radiation density remains constant at a value only 
infinitesimally in excess of During this second isotliermal 
process, radiant energy in amount H‘z leaves the engine, 
d. Having reached a suitable point P4, the opening 0 is closed, and 
the radiation is then compressed adiabaticaily until the initial 
position Pi is reached. 


The net external work done during this cycle is i^epresented by the 
area P1P2P3P4 of Fig. 37 . If we assume the change of pressure to have 
been very small, this area equals 
(ro — 'ih)dpT Calling the net external 
work dWj we have, therefore, 

dW = (^2 — vi)dp = — tq)# 

by ( 84 ) . Hence, by the usual rule for 
a Carnot cjm-ie, 

dW __ Pi - P2 _ dT 
Hi Ti Ti 

or, using the value just found for dW and Eq. ( 83 ), 

}i{v2 ~ Vi)dd^ ^ dT^ 

Ti 

Thus, dropping the subscript, we have quite generally 


p 

€lp 



Pj 



. 


jii * \ -■ 


p 

P2 



1 


i£i_ 







Fig. 37.— The p-v diagram for 
the Carnot cycle of the radiation 
engine. 


dip __ .dT 

This equation integrates to give log ^ = 4 log T + const., or 

f = aT\ (85) 


where a is some constant. 

Equation (85) states that the energy density of the radiation within 
an isothermal enclosure is proportional to the fourth power of the absolute 
temperature T. Since the emissive power E of a black body is propor- 
tional to the energy density within an enclosure at the same tempera- 
ture, t.e., E cc it follows also that the total emissive power of a black 
body is -proportional to the fourth po-wer of its absolute temperature. We 
may write, therefore, for the emissive power of a black bodj'', 

E = crT^ (86) 

1 This is the area of a rectangle of height dp and length PiPi. The small 
triangular areas at the ends will not be equal, but, as dp approaches zero, these 
areas become negligible i-n comparisoTi with the area PiPiP-,Pi. Hence the differ- 
ence between the latter area and the rectangle can be ignored in the limit as dp 0. 
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where o* is another constant. This equation is known as the ^^Stefan- 
Boltzmann law/^ the constant a being known as ''^Stefan’s constant^’ 
or as the “Stefan-Boltzmann constant.’’ According to Eq. (78a) 
above, a and a are connected by the relation 


4cr 

c 


(87) 


The Stefan-Boltzmann law has been confirmed by numerous experi- 
mental investigations. The values of the constants a and a are dis- 
cussed in Sec. 85. 

74. Reflection from a Moving Mirror. — In the preceding discussion 
no attention was paid to the spectral distribution of the radiation. 


M 




\M 


Fig. 38. — Keflection from a moving mirror. 

The question presents itself, however, whether or not the Stefan- 
Boltzmann law can be applied also to the separate wave lengths. In 
order to investigate this question, we need to know what happens to 
the spectral distribution of a beam of radiation when it is reflected from 
a mirror that is in motion, such as the piston in the ideal apparatus that 
was employed in the deduction of the last section. 

Let us consider first the effect of such motion upon a monochromatic 
beam. For this purpose we employ Huygens’ principle. In Fig. 
38(a), two successive wave fronts are shown at an instant when they 
have been partly reflected from a mirror ilfikf; the mirror is supposed 
to be moving with a component of velocity a perpendicular to uts 
plane, u being taken positive when the mirror is receding from the 
light. AB and DFJ represent parts of two incident waves which are 
1 wave length or a distance X apart and are falling on the mirror at 
an angle of incidence (7J5 and FF are parts of the same waves which 
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have been reflected and are now leaving the, mirror at an angle of 
reflection 0', a distance X' apart. It is obvious from the figure that 

X = BE sin 6, y = BE sin d\ whence 


V ^ sin^; 
X sin 6 


( 88 ) 


If the mirror is stationary^ we have 0 = hence X = Xh Other- 
ssrise, a second relation is necessary to fix X' and To obtain this, 
consider tivo successive positions of the same wave. In Fig. 38(5), the 
part AB of a wave is just beginning to fall on the mirror whose instan- , 
taneoiis position is Afilf. The same portion of the "wave at a later 
instant, after it has been reflected at the angle is shown by A^B\ 
the point A being now in contact at A^ with the mirror, wdiich is in 
the new position AI'M\ While A traveled along the ray AA\ B 
traversed BB', hence 

.4.4' = BB'. 


The angles BAA' and BB'A\ being angles between ray and wave, are 
right angles. It follows, therefore, by similar triangles, that angle 


B'A'B = ABA' 


or 

+ (89) 

where e is the angle QBA\ Furthermore, while -4 w^ent from *4 to -4' 
with the speed c of light, the mirror moved from MM to M'M' at 
the speed ti. Hence, if A'Q is a perpendicular dropped from A' 
onto Ifilf, 

A'Q 

AA' “ c 


or 


BA. 'sine _ sine _ 

BA' sin (0 + e) sin (0 + e) c 


Substituting here e = “ ^)7 (89) j we have 

sinj-^(^' -- 6) _ 
sinJ/^(0' + 0) c 


m' 


From this one easily obtains 

tan-a' == (91) 

2 c — u 2 

as the law, of reflection from a moving- mirror. ■ If ti = . 0, it reduces to 
the.fam'iliar'law' 0', . 
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The change of wave length implied by Eq. (88) represents a 
Doppler effect due to reflection from a moving mirror. It is this 
change which is needed for the further study of thermal radiation. 
We shall be dealing only vdth infinitesimal velocities, however, so that 
d' and 6 are nearly equal. For this case we can put 0 = in the 
denominator in Eq. (90), and we can replace the sine by the angle 
in the numerator, obtaining 

lie' - e) ^%me; 

and, similarly, subtracting 1 from both sides in (88), we have 
X' — X sini9' — sin 6 2 qos14(0^ + ^)sin!14(<9' — 0) 0^ ^ $ 


smf 


2cos,l^(^^ + S)sin}/2(6' — 6) 
sinB 


sin i9 


cos (9, 


valid in the limit as 6' 


^ 6, From these two equations we obtain 

X' — X . 

— - — = 2--COS0: 

X c 


whence, writing AX = X' — X, we have, for the increase in wave length 
upon reflection from a mirror receding with indefinitely small velocity u, 


AX 


2-Xcos 0. 
c 


(92) 


76. Effect of an Adiabatic Expansion upon Black -body Radiation.— 
Returning now to the sequence of operations described in Sec. 73, let 
us consider the effect of the adiabatic process (6) upon the spectral 
distribution of the radiation. In this process, black-body radiation 
initially at temperature Ti imprisoned in a cylinder with perfectly 
reflecting Avails is slowly expanded from an initial energy density to 
a new energy density ^ 2 . Let the former restriction to a small expan- 
sion be dropped. The change in direction of the rays that is produced 
by the moving piston, according to Eq. (91) above, will tend to make 
the radiation no longer isotropic. We can obviate this inconvenient 
effect, however, by letting part of the Avails of the cylinder reflect 
perfectly but diffusely. A surface of magnesium oxide does this very 
well. Then, if the expansion is made very sloAvly , because all rays 
(except a negligible feAv) strike the diffusing surface repeatedly, the 
radiation will be kept effectively isotropic; and the pressure on the 
piston, according to Eq. (82) above, Avill be at all times equal to 
Let the cylinder have a cross section A and a (variable) length 1. 
Then, if i/' is the energy density at any moment, Avhen the piston moves 
outward a distance dZ, work p dV = dZ is done on it by the force 
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due to radiation pressure. This, work is done at the expense of the 
enclosed energy, the total amount of which is Hence 

y^'^Adl = —d{lA^j/) = —A^dl — Aldf} 

4^ Si' 

and, after integration, 

logi^ = —logZ^^ + const., 4 / = (93) 

C denoting a constant. 

NoAr it can be shoAAm by thermodynamical reasoning that an 
expansion of the type considered here cannot destroy the black-body 
propert^^ of the radiation. For, at a certain instant, suppose that 
the expansion has reduced the total energy densit}’' to ^2. Let 
be the temperature of an enclosure in wdiich the density has this same 
value 4/2- Suppose that in the cylinder there were more radiation 
per unit volume of wave lengths near some value than at the same 
wave lengths in the enclosure, and less radiation near some other wave 
length X". It would then be possible to cause a little radiation to 
pass from the cylinder into a second enclosure at a temperature T2 
slightl}^ above F2, by covering the opening in the base of the cylinder 
with a plate transmitting Avave lengths near X' but reflecting all others^ 
and putting the cylinder into communication with the second enclosure 
through this opening. In a similar Avay, enough radiation near X" 
could be passed mto the cylinder from an enclosure at a slightly lower 
temperature T2 to restore the total energy to 4^2- Then the radiation 
could be compressed back to 4^1^ the changes in 4 and I and the amount 
of the work done being just the reverse of these c|iiantities during the 
expansion. Finally, putting the C3dinder again into communication 
Avith the enclosure at Ti, we could allow the spectral distribution to 
be restored to that proper to a black body at Th, but without any net 
transfer of energy betAA^een cylinder and enclosure, since the total 
energy density has alread}^ been restored to that corresponding to dPi. 
Thus AA-e should have performed a C3^clic operation the owiy effect of 
AAhich is to transfer heat energy from an enclosure at to one at a 
higher temperature T[\ But this is inconsistent AAith the second laAv 
of thermodynamics. 

Thus black radiation must remain black during any sIoaa" adiabatic 
expansion. Its density, and therefore its temperature, hoAA'ever, 
decrease. On the other hand, we can deterniine from the Doppler 
effect hoAA^ the spectral distribution of the radiation changes. In this 
^ Selectwe reflection and transmission are well-known optical phenomena. 
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way, we may arrive at a knowledge of the effect of changes of tempera- 
ture upon the spectral distribution of black-body radiation. 

Suppose, first, that the walls of the cylinder are perfectly reflecting. 
Then any ray preserves its angle of inclination to the axis of the 

cylinder in spite of successive reflections 
(c/. Fig. 39) and has, therefore, a con- 
stant component of velocity c cos d per- 
pendicular to the piston. Thus the ray 
strikes the piston c cos 6/21 times a 
second, I being the length of the enclosed 
space; and each time, according to (92), 
the wave length is increased 2u\ (cos 6)/c, u being the speed of the 
piston. The wave length thus increases at an average rate of 



dt 


ccos62vXcos6 vX 
— — = _ cos^y cm. per sec. 


This expression for d\/dt varies with 6, If, however, as assumed 
above, diffuse reflection occurs over part of the walls, the waves take 
turns moving in different directions, and hence they all experience 
the same average change in length. To simplify the calculation of this 
average change, imagine that each wave moves so as to be perpendicu- 
lar to one of a very large number N of lines equally spaced in direction. 
Then, since the radiation remains isotropic, during a second of time 
any wave must spend l/N second moving in each of the N directions. 
While moving in one of these directions, such that the wave makes an 
angle 6 with the axis, its wave length increases by the amount 

Ndt IN 

The total change in X in a second is thus 


V = — V 
Z/ IN IN A 


cos^d. 


S indicating the sum for all N directions. But 2cos^ was evaluated 
above and found to equal N/3 [Eq. (81) in Sec. 72], Hence, all waves 
of length X increase during the expansion at the average rate 

dX _ u\ 
dt ~ W 

Since M — dl/dt, this equation leads to the equations, for a given wave. 


dX 

T 


Idl 
3 l’ 


logX = logZ^^ d- const., 

X OC ZK 
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But, by (93), I and, also, the Stefaii-Boltzmann law, 

^ cc T^. Hence X cc oc Thus we reach the conclusion that 

the wave length of any given spectral component of black-body radia- 
tion changes during a slow adiabatic expansion in such a way that 

Xci- (94) 


76. The Wien Displacement Law. — The result just obtained leads 
to an important conclusion concerning the manner in which the spectral 
distribution of black-body radiation depends upon the temperature. Let 
d\ denote the part of the energy in unit volume that is due to waves 
of length between X and X + dX, the total energy density being thus 

dX. Let us fix our attention on a particular spectral range dXi 

at Xi containing energy ^xi dXi in the black-body radiation at tem- 
perature Ti. Then an adiabatic expansion which lowers the tempera- 
ture to some new value changes the wave lengths of this part of the 
radiation in the ratio T 1 /T 2 , Xi becoming X 2 and Xi + dXi, X 2 + dX 2 , 
where 


^ ^ Tl X2 + dX 2 _ Ti 
Xi Xi “f" dXi T 2, 


dX2 __ 7^1 

Wi ~ ¥2 


(95a, 6, c) 


{Cf. Fig. 40.) The energy originally in dXi is also decreased, and in the 
same ratio as is the total energy; for, in 
the argument that led up to Eq. (93), we 
might have started mth only the radia- 
tion in dXi present in the cylinder, and 
then Eq. (93) would have been obtained 
for this part of the radiation alone. 

Hence, ^X 2 being the new monochromatic 
density of energy, 



i%d'X2 


tl 


Ti 


tZj 

Fig. 40. — Adiabatic cliaiige of 
X and tpx. 


by the Stefan-Boltzmann law. Substituting here the value of dXi/dki 
from (95c), we obtain 


l^X; _ ri 
4'X. Tl 


(96) 


Since is proportional to the monochromatic emissive power of a 
black body at the same temperature, we can also conclude that 


fb - Tl 

eu ~ n 


( 97 ) 
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Wave lengths X 2 , Xi, such that X 2 /X 1 = Til T 2 may be called 
corresponding wave lengths for black radiation at these temperatures. 
Equations (96) and (97) then state that the monochromatic energy 
density in an isothermal enclosure and the monochromatic emissive 
power of a black body when taken at corresponding wave lengths are both 

directly proportional to the fifth power of 
the absolute temperature. This important 
conclusion is known as the Wien displace- 
ment law. 

Equations (96)' and (97) can be tested 
experimentally by plotting observed val- 
ues of or of ex/T^ against the 

product XT. The curve thus obtained 
should be the same at all temperatures, 
for at corresponding wave lengths XT has 
the same value and so have the ratios 
^x/T^ and 6 x/TI 

In Fig. 41 are shown the energy distri- 
bution curves obtained for the spectrum 
of a black body by Lummer and Pring- 
sheim,^ and in Fig. 42 is shown a composite 
curve plotted from these data in the man- 
ner just described, data taken at three dif- 
ferent temperatures being combined as 
indicated on the plot. The theoretical 
prediction is seen to be fulfilled . It is clear 
that a single curve serves to represent 
black-bod}^ radiation at all temperatures, 
is the wave length at which ex and ^x have 



Fig. 


Wavelength (fn cm.xIO'^) 

41. — Distribution of 
energy in the spectrum of a 
black body at various tempera- 
tures. 


It follows that, if X^ 
their maximum value, 


XmT = A == const. 


for all temperatures — a special case of the displacement law that is 
often cited. The value of A is discussed in Sec. 85. 

77. The Formula for Black-body Radiation.^ — The relationship 
represented by Fig. 42 can also be expressed mathematically. It is 
obvious that ex/T^ is some function of the product XT; we may write 

^ D. phys. Ges. Yerhandlungen, vol. 1, pp. 23 and 215 (1899); vol. 2, p. 163 
(1900). 
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Or, since then 


ex = T%\T) = (XT) 


“X^ ’ 


we can write 

ex = ^,T(XT), 


( 98 ) 


where T (XT) — {)^TYf(LT). _ -fKltict 

Thus, by reasoning based on thermodj^namics, the problem ot blac ^ - 

body radiation is reduced to the determination of the single unknown 



function F(XT). In order to determine this function, 

to other methods. AU attempts t” r f rLme* 

basis oJ classical theobt, however, failed. Eqmtw 98) rcp 

ih. limit of success of damcal ftee.-j « doahng mth the pioilem of 

Moti iodjradraito^^^^ that were proposed on the classical bimis, 

although incomct, deserve some consideration. Wien proposed a 
fSa that was derived from special assumptions concermng the 

process of emission and absorption, MS. 




XT' 


(99) 
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where ci and C 2 were certain constants which remained to be found. 
Rayleigh made a suggestion based on very general reasoning^ and on 
the basis of this suggestion Jeans arrived at formulas for ^ and E that 
were free from all unknown constants. The Pwayleigh- Jeans formula 
was found to fit the experimental curve at very long wave lengths; 
whereas, by assigning proper values to Ci and Co, Wien^s formula could be 
made to fit at wave lengths shorter than the point of maximum emis- 
sion. Otherwise, both formulas failed (cf. Fig. 48 in Sec. 85). The 
method of approach employed by Rayleigh and Jeans is full of interest, 
and it also furnishes an excellent background for the consideration of 
Planck^s introduction of quanta, by means of which he succeeded in 
finding the (apparently) correct black-body formula; hence the reason- 
ing of Rayleigh and Jeans will now be described. It is based upon the 
classical law of the equipartition of energy; therefore this will be dis- 
cussed first. 

78. Degrees of Freedom. — A gas molecule within an enclosure is 
free to move in a variety of ways. It may, in general, have a motion of 
translation, a motion of rotation, and, if 'polyatomic^ the atoms may 
vibrate with respect to each other. A billiard ball upon the table does 
not have so great freedom of motion as the gas molecule, for, although 
the ball has as much freedom of rotation as the molecule, its motion of 
translation is confined to a plane. A flat disk sliding upon the ice is 
not so free as is the billiard ball, for the disk is capable of rotation 
about only one axis, m., the vertical axis. A block sliding in a 
closely fitting groove is still more restricted in its freedom of motion. 

Now, it is obvious that the relative freedom of motion of these 
several bodies can be expressed by giving the number of independent 
quantities which need to be known to express completely the position 
and orientation of the bodies. Thus, in the case of the block sliding 
in the groove, its position and orientation are completely specified by 
one quantity — its distance from some origin; for the disk on the ice, 
three quantities are required — two to express the position of some 
point, say the center of gravity of the disk with respect to some 
coordinate system on the ice, and one more to specify the orientation 
of the disk with respect to some fixed line; and so on. These separate 
and independent quantities which need to be known to specify completely 
the position and configuration ofabody are called its degrees of freedom.’^ 

This concept of degrees of freedom is readily extended to a system 
of bodies. If we have disks sliding on the ice , nine independent 
quantities are necessary to express the ^^position and configuration 

^ For an outline of the arguments of Wien and of Rayleigh see Preston’s 
‘‘Theory of Heat.’v 
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fhe system ” Degrees of freedom are additive— the total number of 

ItroHreedom of a of bodie. » the of ‘>;e -o-ber of 

Ip-ees of freedom posressed by the several bodies ivhtch make il 

'"“Trerh degree of freedom of » system there corresponds an inde- 
pjenrteimfn the expression representing its kinetic enerS- as a 
toction of its coordinates. The number of these terns is equal to the 
number of the degrees of freedom of the system. 

For example, a monatomic gas molecule behaves as il 
motion of translation only. Accordingly, its kinetic energy " 

pletely expressed with respect to an a:-, y-, .-coordinate system bx the 

terms 

yimvl -I- yimi'l + Hmvl, 

1 c, 71 ind V refer to the component velocities in the three 
rS„r£i“ao:i; . the mass of .he — H * hendS 

H monatomic molecules in a given mass of gas, dA such indcpen 

ha-re 6 degrees of freedom, 3 for translation (of the ranter of 

•nd 2 for rotation of the “ dumbbell.^haped” molecule about each of a 

atoms he on a line), 3 fo , ■ „ _f ^he atoms within the molecule 

ally perpendicular axes; if vibration of the atoms w ixmn 

J also possible, there ndll be 9 degrees the 

according tec as^a ^ qiustrate the meimhig of this prmeiple, 
:sr::oltomi?gas in an racirame J a 1 ^^^ 

The moieeuWoucha^^ ,, «ded 

a mde range of velocities, r e coordinate axes, »«., 

^ t^Tcensus! m “snapshot,” of 1,000 of the gas molecules. Each 
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molecule has a component of velocity in each of the coordinate direc- 
tions X, y, z. Let Vy, and be these components^ and }4mv% 
}'2'^7ivl the corresponding kinetic energies. The average kinetic 
energy per molecule Ex in the x direction for the 1^000 molecules is 
obtained by adding the terms for all the molecules and dividing 
by 1,000, and similarly for the y- and the -s-components. The theorem 
of the equipartition of energy then states that 

Ex = Ey = E,. 

Let us designate by Ei the common value of Ex, Ey, and Ez- Then, 
if in the gas under consideration there are N molecules each with 
3 degrees of freedom, the total kinetic energy of the system, due to 
the random motion of its molecules, is SNEi. The same principle 
holds for more complicated molecules. The mean kinetic energy of a 
rigid diatomic molecule, for example, according to classical theory, 
would be 5Ei; of a rigid triatomic one, 6Ei. 

Even in the case of vibratory motion, such as a vibration of the 
2 atoms composing a diatomic molecule along the line joining their 
centers, the principle asserts that the average kinetic energy associated 
with such a degree of freedom will likewise be Ji. If the motion is 
simple harmonic, however, it is easily shown that the average amount 
of potential energy is the same as the average kinetic energy. Hence 
the total amount of energy associated with such a vibratory motion, 
according to classical theory, is 2Eu The total average energy of a 
vibrating diatomic molecule will then be bEi +* 2Ex = 7jEi. 

Now the quantity Ei is a very simple universal function of the 
temperature. This may be seen as follows: 

According to the kinetic theory of gases, the pressure p which a 
gas exerts on an enclosure is given by^ 


where p is the density of the gas and Vs is the ^^root mean square’^ 
velocity of its molecules. Since p = nm, where n is the number of 
molecules per cubic centimeter in the gas and m is the mass of each 
molecule, we have 


p = yi nmvl. 

Assume that we are dealing with a monatomic gas at temperature T, 
Then the average kinetic energy EKoi each molecule of the gas is given 

by--', 

Ek = 

^ See any textbook on general physics* 
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and we may write, instead of the last equation, 

j) = ^3 nj^K- 

But 

pFm = RT, 

where F^if is the volume of a gram-molecule of the gas at temperature 
T and is a universal constant known as the “gas constant, le 
numerical value of which is 8.315 X 10^ ergs per mole per degree, or 

1.986 calories per mole per degree. 

Eliminating p be wnen the last twn equations, we have 

HnExF-v = BT. 

The product of n, the number of molecules per cubic centimeter, 
by 7.W, the volume of the gram-molecule, is equal to .¥o, the number 
of molecules in a gram-molecule: 

7lV U = xVo- 

¥n knoivn as Avogadro’s mimber, is constant for all substances. Its 
numerical value, as given in Sec. 42, is 6.02 X 10-* molecu es per 
gram-molecule. Eliminating Vu betw^een the last two equations and 

t • T? ViQTTfa 


solving for Sk, we have 




w'here 


k = 


A 

¥o' 


( 100 ) 


( 101 ) 


The new universal constant k is known as “Boltzmann’s constant,” 

or as the “molecular gas constant” ; its A^alue is 

j 8.315 X ^ 10“^® erg per nioleciile per degree. 

^ 02 X 1^ 

Equation (100) gives the average kinetic enerp of the monatomic 
moleSile ivhich we are considering. Since such a molecule has _3 
deiees of freedom, its average kinetic energy per degree of .freedom is 

° /1A( 


El = HkT; 


( 102 ) 


aid the average total eiergy aasooiated rvith a simple-harmoric de«ree 
of freedom is 


9.R, 


kT- 


Yim'i 
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The principle of the equipartition of energy has been shown in a 
fairly convincing way to follow as a consequence of Newton^s laws 
of motion as applied to complex systems It has been strikingl}^ con- 
firmed by observations upon the Brownian movements of small par- 
ticles suspended in a fluid, 'which we have not space here to describe;^ 
these particles move about in thermal agitation like gigantic molecules. 
It is abundantly clear today, however, that the principle has only 
limited validity in relation to the internal motions of molecules of 
ordinary size. 

80. Degrees of Freedom in an Enclosure. — It w-as suggested by 
Lord Rayleigh^ and by Jeans^ that the law of the equipartition of 
energy might be applied to the radiation problem by computing the 
number of modes of free vibrations in the ether in an enclosure and 
by assuming that with each mode of vibration, or degree of freedom, 
there is associated, on the average, energy of magnitude hT per degree 
of freedom. 

Any vibrating system is capable, in general, of a great many 
modes of vibration. Thus, a violin string or an organ pipe may 



vibrate not only in its fundamental mode but also in a great many 
overtones. We may think of these several overtones as corresponding 
to the various degrees of freedom of the vibrating system. 

An organ pipe is a one-dimensional system, so far as its standing 
sound waves are concerned, since the vibrations take place longi- 
tudinally and in one direction only — viz., parallel to the axis of the 
pipe. Standing waves may be set up, also, in a ^Hhree-dimensional 
organ pipe,” i.e., in a hollow enclosure such as a large concrete-lined 
room. In this case, too, ‘we may have a great many possible overtones, 
or modes of vibration. We shall compute the number of such modes 
of vibration mthin a given frequency range for sound waves, and shall 
then extend the results to the analogous case of standing electromag- 
netic waves mthin an enclosure. 

^ See Kennaed, E. H., ** Kinetic Theory of Gases,” p. 281, 1938; or Millikan, 
R. A., “The Electron,” 

2 Phil Mag., voL 49, p. 539 (1900). 

3 PM. ifag'., voL 10, p. 91 (1905). 
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It will be instructive to apply the method of computation first to 
a one-dimensional case. Let a string of great length h (Fig. 4dj be 
stretched between two supports A and B. The condition that stand- 
ing waves may be set up requires (1) that A and B (i.e., the ends of the 
string) shall be nodes of motion and (2) that there shall be an integral 
number of equal loops between A and B. Since each loop is equivalent 
to one-half of a wave length, we may say that standing waves may 
occur in the string only for those wave lengths X defined by 



where i is some positive integer. The standing waves may be regarded 
as due to the superposition of two trains of waves of equal amplitude 
and wave length running in opposite directions along the string. 

For a string of given length, i is equal, also, to the numbei of 
possible modes of vibration of the string for wave lengths equal to 
or greater than the value of X as given by (104). We wish to know 
how many of these waves have lengths within a range AX. Now ii 
we increase i by some integer, Ai, the value of X given by (104) decreases 
to X — AX, where 


2L 

X - AX 


i -f Ai. 


Subtracting Eq. (104) from this equation, we obtain 

/ 1 l\ 2LAX 

X(X - AX)' 

Since L is very great, however, AX, as given by this last equation 
must be very small; hence, in the denominator of the last traction, 
AX can be neglected in comparison ivith X, and we can write 


Here Ai represents the number of modes of vibration whose wave 

lengths lie in the range AX. ^ x- Lu „ 

Now, associated ivith each of these modes of vibration, there aie 
2 degrees of freedom, since the vibration is teansverse and any point 
on the string is free to move in a plane at right angles to the stiing. 
The total number of degrees of freedom per unit length of the strmg 
in the wave-length range from X to X — AX is, therefore. 


(1051 
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The situation is more complex but involves identically similar 
principles when we consider the possible systems of standing waves 
in a hollow enclosure. Let us discuss first the system of sound waves 
in a rectangular flat box, a sort of two-dimensional organ pipe. Let 
ABCD (Fig. 44) represent the box, and consider a system of plane- 
parallel sound waves moving in directions parallel to the top and 
bottom of the box and being reflected, without absorption, from 

its sides, according to the ordinary law of 
reflection. A set of waves moving ini- 
tially in the direction OMi will, after 
reflection at the face CD, move in the 
direction M 1 M 2 ] after reflection at 
the direction will be parallel but 

opposite to Oilfi, etc. For this group of 
waves, only four directions of motion are 
possible, + Oilfi and ±ilfiiif 2 - 
Under suitable conditions the four trains of waves thus formed 
will combine to produce a set of standing waves. To describe these, 
divide the sides AB and DC of the box into ii equal segments and the 
sides AD and BC into h segments, as in Fig. 45; and join the points 
of division by two sets of parallel lines, lines at each point making 
equal angles with the sides {e,g., Arzg^B == Aszq 2 C), Then a group of 
waves, such as those just described, can be supposed to move so that 
they are always parallel to one or 
the other of these two sets of lines. 

At a given instant, let alternate 
parallel lines represent, respec- 
tively, crests and troughs of these 
waves. At the instant of observa- 
tion, suppose a crest moving toward 
C, for example, coincides with the 
line as times goes on, this crest 
becomes extended at the Tz end 
by reflection of a crest now at Vzq^ 
and in motion toward B, and of 
another crest now at and moving toward D. A similar crest, 
2 , moving toward C is itself undergoing progressive reflection with 
the effect of extending crests piSs and nq^] and so on. Upon these 
waves, then, let there be superposed a set of waves of equal amplitude 
moving in the opposite directions, crests moving toward A coinciding 
momentarily with and 53 ^ 2 ; and so on. We obtain in this way 
four sets of waves mutually producing each other by reflection at the 
walls, as in Fig. '44.; 



Fig. 45. — Standing waves in a two- 
dimensional box. 



Fig. 44. — Reflection of waves 
inside a box. 
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The set of waves just described will combine to form standing 
waves. For after half a period has elapsed, the crests, initially on the 
solid lines, will be meeting on the dotted lines, whereas troughs vull 
now meet on the solid lines; the result is a disturbance of which the 
phase is momentarily just opposite to the previous one. ^:ter another 
half period, the original distribution recurs. Plane surfaces parallel 
to the sides of the box through the points of subdivision are, like 
the sides themselves, surfaces of no disturbance. ^ It can be shoivn 
that by proceeding in the manner described, using in turn all pairs of 
values for ii and 12 , we obtain all possible modes of vibration of the 

medium inside the box. _ 

For our purpose, the connection between the numbers tj and lo ant 
the length of the waves is important. In Fig. 4.5, the wave length 
is the distance between adjacent parallel solid lines. Let the wa^ms 
make angles $1 and 6, with the sides of the box, of which the lengths 
are h and h, respectively. Then, since nr. = nr^ = h/ii, 

21 

{rirz)Bmdi = == X, 

2 ?,‘> 

(piP 3 )sin 02 = sin 62 = X- 

Solving these equations for sin and sin 8^ in terms of h,k and sub- 
stituting in the equation sin^^i -+■ sm^d. = sin- 0 i -f cos -81 - , ve 

obtain 


m ii = 1 

II II X- 

This method of constructing standing waves is readily extended 
to a three-dimensional rectangular box, vdth edges h, h, and h long. 
The edges are divided into n, i., and fa segments respectively; aiid 
eight sets of waves are drawn. It is then found that instead of 
last equation the condition for standing waves is 

(106) 


ff ij 

I! + n + 1 


4 


From this equation we can find the number of possible “odes o' 
vibration within the box for which the wave length is greater thM 
any given value X„. The number of such modes will be equal to the 
number of possible combinations of Pf^ive integers ii, ^ 3 , ^ 
make the left-hand member of (106) less than 4/X; ^o find t^ 

number, imagine each posrfble set of the Vs represented on ajhie^ 

dimensional plot by a point the coordinates of which aie a- - n/h, 
y = ii/h, z = H/k (Fig. 46). These points will lie at the corners of 
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rectangular parallelepipeds or cells the edges of which are l/h, I/I 2 . 
l/lz long (two of them being shown in the figure). There are Just as 
many cells as there are points; each cell has eight points at its cornerSj 

but, on the other hand, each point serves 
as a corner to eight cells. Hence, since 
the volume of a cell is l/hUh^ there are 
hUh cells or points in each unit volume 
of the plot. The points we wish to count, 
according to Eq. (106), lie inside the 
sphere defined by the equation 



^2 ^2 _|_ ^2 _ 


4 


of which the radius is 2/X^;^. The number 
of these points will be equal to the volume of 1 octant of this sphere 
multiplied by the number of points in unit volume, or to^ 


X 




X I1I2I3 — 


At 


This is the total number of the possible modes of vibration for which 
X > Xm. Dividing it by the volume of the box, which is hhUi and 
dropping the subscript m, we have, therefore, for the number of modes 
of vibration, or of degrees of freedom, per unit volume of the box, 
corresponding to wave lengths greater than X, 

^1. 

3 gX 


n 


Differentiation of this equation gives as the number of degrees of 
freedom per unit volume in a wave-length range X to X + dX 

d\ 


dn = At 


X^ 


(107) 

This is analogous 


both dn and dk being taken positive for simplicity, 
to Eq. (105) for the string. 

In the discussion up to this point we have been dealing with the 
longitudinal vibrations of sound waves. An identical analysis will 
hold for electromagnetic waves inside a rectangular enclosure mth 
reflecting walls, with one exception. In the latter case, since these 
waves are transverse, the number of degrees of freedom is twice as 
great as for longitudinal waves, corresponding to the two possible 

^ This is not quite accurate, of course, because of errors at the surface, but, when 
is large, the error is negligible. 
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independent planes of polarization. For electromagnetic waves in 
an enclosure, therefore, we may write 


dn = Stt 


dX 

Tl’ 


( 108 ) 


where dn is the number of degrees of freedom of the system of waves, 
per unit volume of the enclosure, in the wave-length ranp X to X_-t- dX. 

81. The Rayleigh-Jeans Formula. — We are now in position to 
apply to the radiation problem the law of the equipartition of energy. 
Consider the radiation within an enclosure the walls of which are at a 
temperature T, equilibriiun ha\ing been reached between the radiation 
and the walls. Whatever may be the nature of the radiating and 
absorbing mechanism of the walls, each degree of freedom of the 
electromagnetic field within the w'alls should have associated with it 
an average energy kT, and this quantity, multiplied by the number of 
degrees of freedom per unit volume for the w^ave-length range X to 
X should give the amount of radiant energy per imit volume in 

this range, which was denoted preiiously (Sec. 70) by dX. Thus, 
using (108), we have 

\}/\dK = 8Tfc2’X~*dX (109) 


as the equation for the spectral energy distribution in black-body radtatim 
as deduced from the theorem of the equipartition of energy. This is the 

famous Rayleigh-Jeans formula. , ^ n 

It is obvious, at once, howwer, that Eq. (109) cannot actually 
represent the distribution of energy throughout the spectrum oi 
body For at a given temperature T, the value of fix, according to this 
equation, should vary inversely as the fourth power of the wave length 
and should increase rapidly to infinity as the wave length approaches zero 
whereas the actual curves shown in Fig. 41 rise to a maximum with 
decreasing wnve length and then decrease to zero. Only at long wave 
lengths, in fact, is the Rayleigh-Jeans expression found to be m accord 

A little consideration shows, in fact, that the law of the equipait - 
tion of energy and the computation of the number f ^degrees of 
in tte electromagnetic fidd, resulting in E,. (108), cannot 
simultaneously be correct. For the field should be capable of con- 
taining waves of wave length varying from infinity 

by integration of Eq. (108) from ^ ^ ^ And 

number of degrees of freedom in the field should be infinite And 
if the law of the equipartition of energy is correct, it follows that the 
energy density of black-body radiation, when in equilibrium with the 
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walls of an enclosure at a given temperature, should be vastly greater, 
indeed infinitely greater, than the energy density in the walls them- 
selves. In reality quite the opposite is the case. Thus the radiation 
density in an enclosure at 1000°K, is only of the order of 8 X 10"^ erg 
per cm.®, whereas the energy density of the thermal agitation of the 
molecules of the walls, say of iron, is of the order of 10^® ergs per cm.® 
82. Planck’s Investigation of Black-body Radiation. — The correct 
black-body formula was discovered in 190P by Max Planck. By 
introducing a radical innovation quite at variance with previous con- 
cepts, he discovered a function of XT which gave a formula in complete 
agreement with experiment. This was the birth of the quantum theory. 
The remainder of this chapter mil be devoted to a discussion of the 
ideas leading up to Planck’s quantum hypothesis and of his new radia- 
tion law. 

Planck arrived at his formula as the result of a long persistent 
effort to make the theory fit the facts. The experiments of Hertz on 
electromagnetic waves had seemed to give final confirmation to the 
electromagnetic theory of light, and this convinced Planck that the 
key to the black-body spectrum would be found in the laws governing 
the absorption and emission of radiation by electrical oscillators. We 
may imagine that the walls of an isothermal enclosure contain electrical 
oscillators of all frequencies, essentially similar to the Hertzian 
oscillator, and that the emission and absorption of radiation b^^ the 
walls are caused by these oscillators 

Investigation by means of electromagnetic theory, however, led 
Planck, before 1900, to the conclusion that an electrical oscillator, 
in the long run, would affect only radiation of the same frequency 
as that of the oscillator itself. Thus, in the state of equilibrium, there 
would be a definite ratio between the density of radiation of any 
frequency v and the average energy of the oscillators of that frequency. 
The problem of the black-body spectrum was thus reduced to the 
problem of the average energy of an oscillator at a given temperature. 
Now we have seen (Secs. 78 and 79) that according to classical theory a 
harmonic oscillator in thermal equilibrium with its surroundings would 
have an average energy equal to kT, If this conclusion from the 
theory is combined with the value obtained by Planck for the ratio 
between oscillator energy and radiation density in the enclosure, the 
result is again the Rayleigh- Jeans radiation law, which was derived 
above in a different manner. Planck himself, however, did not 
accept the principle of equipartition for the oscillators. On the basis 
of a different assumption he was led, at first, to Wien’s formula for the 
^ £l. vol. 4, p. 553 (1901). 
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radiation density as stated in Eq. (99);. and he believed for a time 
that this formula must necessarily be correct. 

In 1900, however, new measurements of the black-body spectrum 
by Liimmer and Pringsheim, and by Rubens and Kiuibaiim, showed 
definitely that Wien's formula could not be correct. So Planck set to 
work to find an improved formula. First he discovered an empirical 
modification of Wien's formula that fitted the observations. Then he 
sought to modify the statistical theory so that it w'ould lead to this 
new formula. He succeeded in doing tliis only after making a new 
assumption that broke drastically vdth classical principles. 

83. Distribution and Average Energy of Harmonic Oscillators in 
Thermal Equilibrium. — The theory of black-bod}^ radiation as devel- 
oped by Planck requires a knowledge of the average energy of an 
oscillator at a given temperature. This is a problem in statistical 
mechanics.^ It is solved by finding first the distribution of energy 
among a large number of oscillators in thermal equilibrium. 

Consider a linear oscillator consisting of a mass m that vibrates 
in simple harmonic motion along a line. At any instant the vibrating 
mass will have a certain displacement x from its position of equilibrium 
and also a certain velocity. For statistical purposes, however, it is 
more convenient to employ, instead of the velocity dx/dtj the momen- 
tum p, whose magnitude is 



The potential energy of the mass can be wnitten J/2 where the 
constant (3 is analogous to a spring constant; whereas the kinetic 
energy of the mass is m{dx/dtY = p-/2m. Thus its total energy is 

+ (“O’ 

Elementary theory gives, also, for its frequency of vibration 

r = L 11. (HI) 

27rym 

The statistical law for a large set of W such oscillators in thermal 
equilibrium, as found from classical theory, is easily stated. At anj^ 
given moment, the number dN of the oscillators that have their values 

. I- CL Ken-nabd, E.' H., ^TCinetic Theory of Gases/'- Chap. , IX, 1938; Tolman, 
R. C., ^^ Principles of Statistical Mechanics/' 1938; Mayeb, J. E. and M. G., 
^‘Statistical Mechanics/' 1940. 
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of X and p lying in any given ranges of value dx and dp, respectively^ 
is given by the formula 

dN = dxdp, (112) 

C being a constant. This law is obtained by an argument similar to 
that which leads in classical theory to the law of the equipartition of 
energy, or to MaxwelFs law for the distribution of the molecular veloci- 
ties in a gas. Equation (112) is very similar, in fact, to the mathe- 
matical formula that expresses MaxwelFs law for molecular motions. 

The distribution law will better serve our present purpose, however, 
if it is thrown into a slightly different form. Let us construct a plot 

on which x and p are taken as Carte- 
sian coordinates (Fig. 47). On this 
plot dxdp is an element of area. Now, 
as the oscillator moves, free from the 
action of disturbing forces, x and p 
change with the time in such a way 
that the energy e remains constant; 
hence the point whose coordinates are 
X and p, representing the instantaneous 
state of the oscillator, moves on a curve 
given by Eq. (110) with a fixed value of e. This curve is obviously 
an ellipse. 

It is natural, therefore, to take as an element of area, instead of 
dxdp, the elliptical ring between two ellipses corresponding respec- 
tively, to energies e and € + de. The area of such a ring can be 
expressed in terms of e. For the entire area inside one of the ellipses is 

S ~ 'XpmXmf 

•where p^, Xm are its semiaxes, representing the maximum values of p 
and X, respectively, during a vibration. Putting in (110) first p = pm 
and X = 0, then p = 0 and x = Xm, we find 

Pm = Xn, = 

Hence 

s . ar.^1 = 1 (113) 

by (111). The area of a ring corresponding to an increment of energy 
de is thus 




Fig. 47. — The momentum-co- 
ordinate plane for a harmonic 
oscillator. 
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Substituting this value of dS for dxdp in (112) and writing 
C/v, we have 

dN = NCie-‘''‘nk 


Cl for 


(114) 


as the number of oscillators of which the energy’- lies between given 
\mlues e and € + de, when a large number N of them are in the thermal 

equilibi'ium at absolute temperature I . ^ 

The total energy E of all N oscillators can now be found by summing 
their individual energies, and E divided by iY gives then the average 
energy per oscillator. The summation will be made with use of a 
somewhat unusual notation in order to prepare for the introduction 
of Planck’s new principle. ^ j- xi . 

Let ellipses be drawn, as in Fig. 47, in such a way as to divide tlie 
entire xp plane into elliptical rings of equal area; and let the^ rings 
be numbered 0, 1, 2, 3, • • • from the center outward, as in Fig. 4/. 
Thus “ring” number 0 is actually an elliptical area, ihen, ii ue 
denote the area of a ring by /t, the total area inside of ring number r is 

S = rh) 

and by Eq. (113) the energy of an oscillator represented by a point 
on the inner boundary of ring number r is 

e = Sv = tJiv. 

Thus the range of energy represented by points lying on a given ring is 

Ae = vAS = hv, 


since t increases by unity from one ring boundary to the next. 

The number of oscillators represented by points on ring numbei t 
can be found by integrating dN as given by Eq. (114) over the range 

Ae of € within the ring. Calling this number we thus find 


Nr 


NCij^ e-‘^’='^d€. 


If h and A6 are small, however, we can treat e as constant in this 
integral and equal to its value at a point on the inner boundary ot the 

ring; then 


= "“"'"’'/a. 


=: A€. 


Thus, replacing NCi Ae by N„ v,e have for the number of oscillators 

on ling number r ■ 


rhp 

Nr = 


(115) 
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Obviously the constant iVo represents the number of oscillators in ring 
number 0. Its connection with the total number of oscillators N is 
easily found by noting that 

Jiv '2iliv 

N = iVo + iVi + N-i + • • • = iVo(l + + e '^ + ■ ■ ■ ) 

|_ — g — hv/kT 

(For 1/(1 — a:) = 1 + a; + + • * * )• 

The total energy of the oscillators can then be found by multiplying 
the number in each ring by the energy of an oscillator when in that 
ring, for which, since h and Ae have been assiuned to be small, we can 
use the value rhv belonging to the inner boundary, and then summing 
over all rings. Thus the total energy is 

_}ip 2hv 

E = (NoXO) + iNoe~^^ X hv) + (Noe x 2hv) + • • • 

= Nohve->'’'/’‘^il + +•••), 

_ N ohv 

~ _ g-hv/kT'^Y 

since the last series is of the form 

1 + 2rr + 3x2 + • • • = 


Dividing this expression for E by that found above for iV*, we find 
finally for the average energy of an oscillator 


E __ ___ hv 

™ J 0-hv/kT ■“ ^hv/IsT _ ]_* 


( 116 ) 


This expression represents the average value at a given instant of 
the energies of the individual oscillators. The same expression repre- 
sents also the energy of a particular oscillator averaged over any length 
of time that is not too short. For, the oscillators, being similar, will 
all have the same average energies in the long run, and this average 
energy must be a fraction l/N of the average energy of the entire set, 
which is simply E. 

The classical value for i can now be obtained from this expression 
by letting A — >0. This converts Ae into an infinitesimal, de, so that 
our sums become integrals, as in the preceding calculation for the 
mean energy of a molecule. We use the series 

e"" = 1 + a: + + • • * , 

so that to the first order in A 
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Then it is clear that according to (116), as A — » 0, 

€ -5. kT. 

This is the same value for the average energy of a harmonic^ oscillator 
that was deduced from the equipartition of energy in Secs. /8 and 79, 
and it leads, as w-e have seen, to the incorrect Rayleigh- Jeans formula. 

84. Planck’s Quantum Hypothesis. — The new assumption intro- 
duced by Planck was equivalent to keeping the quantity e finite in the 
preceding formulas, instead of letting it go to zero. 

In the first formulation of the new theory, Planck assumed that 
the oscillators associated with a given ring all have the energy proper 
to the inner bormdary of that ring. According to this assumptron, 
the energy of an oscillator cannot vary continuously but must take on 
one of the discrete set of values: 0, hv, 2hv, • • • , rhv, • • • . Actual^, 
Planck’s original assumption was somewhat more general. He 
assumed that the energy of the oscillator must always be an integral 
multiple of a certain quantity, eo. He then showed, however, that jo 
must be proportional to v if the radiation law is to harmonize with the 
Wien displacement law. Thus he assumed that eo = hv, where A is a 
constant of proportionality. The cormection betweeri the constant h 
and areas on the xp plane for the oscillator, as described above, was 

not recognized by Planck until later. 

It must be emphasized that the assumption of a discrete set of 
possible energy values, or energy levels, for an oscillator was completely 
at variance with classical ideas. According to this assumption, if 
the energies of a large number of oscillators were measured, some 
might be found to have zero energy; some, energy hv ergs each; others, 
2hv and so on. But not a single oscillator would be found which 
had energy, say 1.75 hv or 3.94 Ai-. When the energy of a given 
oscillator changes, therefore, it must change suddenly and 
tinuously. According to the older conceptions, on the other hand, 
the interchange of energy between two “systems,” as, for eixample, 
between one gas molecule and another or between radiation and 
oscillators, should be a perfectly coniinuous process. Thus, if one 
could follow the “history” of a particular gas molecule or oscillator 
and observe its energy at short intervals of time over a very long 
period, one would find, of course, that its energy varied over enor- 
mously wide limits. But, if the numerical values of the energy 
obseri'-ed at the various instants were to be arranged in a sequence 
as to magnitude, this sequence would become more and moro con- 
Umious as the number of observations becomes greater. Ur, if, 

4 Planck, Ann. d. P%sifc, vol. 4, p. 553 (1901). 
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instead of observing a single molecule over a long period; one were to 
observe, at a given instant, the energy of a very large number of gas 
molecules or of oscillators chosen at random, one ought to find that a 
similar sequence of values of energy would approach more and more 
nearly to continuity as the number of observations becomes larger. 
This continuity of these energy values is not only in accord with but is 
also imperatively demanded by classical physics. For example, the 
electric and magnetic vectors in a light wave may have any values 
whatsoever, fro7n zero up; and, accordingly, the wave may have 
any intensity, from zero up. Furthermore, the emission and absorp- 
tion of this energy by the walls of an enclosure should, likewise, be a 
perfectly continuous process. 

The problem of the absorption and emission of radiation, in fact, 
presented serious difficulties for the new theory. If the energy of an 
oscillator can vary only discontinuously, the absorption and emission 
of radiation must likewise be discontinuous processes. As long as the 
oscillator remains in one of its quantum states,^’ as we now call them, 
with its energy equal to one of the allowed discrete values, it cannot be 
emitting or absorbing radiation according to the laws of classical 
physics, for then the conservation of energy would be violated. This 
is entirely contrary to classical electromagnetic theory; for we have 
seen (Sec. 35) that classical theory absolutely requires an isolated, 
accelerated electrical charge to radiate energy. 

According to Planck’s new theory, emission of radiation could 
occur only when the oscillator “jumps” from one energy level to 
another; if it jumps down to the next lower energy level, the energy 
hv that it loses is emitted in the form of a short pulse of radiation. 
Absorption was also assumed at first to be discontinuous. An oscilla- 
tor, Planck assumed, can absorb a quantum hv of radiant energy and 
jump instantaneously (or nearly so) up to its next higher energy level. 
This assumption met with difficulties, however. For the quantum 
of radiant energy emitted by an oscillator, according to the classical 
wave theory, would spread out over an ever expanding wave front, 
and it is hard to see how another oscillator could ever gather this 
energy together again so as to absorb it all and thereby acquire the 
energy for an upward quantum jump. Absorption ought, therefore, 
on Planck’s theory, to be impossible. 

For this reason, Planck later modified his theory so as to allow 
the oscillators to absorb in a continuous manner, only the process of 
emission being discontinuous. The energy of an oscillator could 
then take on all values, as in classical theory; but, every time that the 
energy passed one of the critical values, tAj', there was assumed to 
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exist a certain chance that the oscillator would jump down to a lower 
energy level, emitting its excess energy as a quantum of radiation. 
This came to be known as the “second form” of Planck’s quantum 
theory. Calculation showed that, on the theory as thus modified, 
the average energy of an oscillator, when in thermal equihbrium 
with its surroundings, would be 


Jiv 

Qhv/hT _ \ 


+ hiJ', 


(117) 


in place of the value given in Eq. (116) above. 

Having read thus far, the student may perhaps have reached a 
state of fairly complete confusion as to what were the essential assump- 
tions of Planck’s quantum theory! This confusion can be no worse 
than that which existed in the minds of most physicists in the year, 
sav 1911. The situation was made still more puzzling by the success 
of Einstein’s theory of the photoelectric effect, described above 
(Sec. 46); for Einstein assumed not only that radiation came in 
quantized spurts but that each spurt was closely concentrated in 
space, contrary to the wave theory. Confusion usually reigns while 
important physical advances are being made; it is only afterward that 
a clear-cut logical path can be laid dovm leading straight to the goal. 

One of the principal aims of the rest of this book lyill be to show 
how the theory has gradually become clarified. To assist the student 
at this point, it may be stated that the following two new ideas intro- 
duced by Planck have been retained permanently and form a part o 

modem “wave mechanics” (Chap. VII); 

1 . An osdllator, or any other physical system, has (in general) a 
discrete set of possible energy values or levels; energies intermediate 
between these allowed values never occur. [In wave mechanics, 
however, the energy of level number t for a harmonic oscillatoi is 

4 . 'f{)hv, and their average energy at temperature i is given by 

(117), not (116).] . ^ , .,r 

2. The emission and absorption of radiation are assoaaied with 

transitions or jumps between two of these levels, the energy t ieie y os 
or gained by the oscillator being emitted or absorbed, respectively , as a 
quantum of radiant energy, oimagrutade hr, r being the frequency of the 

radiatiomuid Planck’s revolutionary assumptions 

were not based upon an extension of the ordinary lines of reasonmg 
of classical physics. Quite the contrary: they represented an empinc j 

modi^caifon of classical ideas made m order to bring the core 

deductions into harmony with experiment. 
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Had the magnitude of the quantum of energy turned out to be 
not hv but something independent of the frequency, the new theory 
might well have taken the form of a simple atomicity of energy, 
similar to the atomicity of electricity represented by the electronic 
charge. Such is not the case, however. Rather, it is the new univer- 
sal constant h that represents the essentially new element introduced 
into physics by the quantum theory. We shall find h playing an 
important part in a wide variety of atomic phenomena. 

86. Planck’s Radiation Law. — Planck derived his new radiation 
formula by considering the interaction between the radiation inside 
an isothermal enclosure and electrical oscillators which he imagined 
to exist in the walls of the enclosure. A modern version of this deduc- 
tion, in which gaseous atoms take the place of oscillators, first given 
by Einstein, will be sketched later [Sec. 116(6)]. An alternative and 
equally satisfactory procedure is to combine Planck’s expression for 
the mean energy of an oscillator with the analysis of the electromag- 
netic field by the method of Rayleigh and Jeans, in which the various 
modes of oscillation of the field inside an enclosure are treated as if 
they were oscillators. 

In See. 80, Eq. (108), we found that there would be 


Stt 


d\ 


such modes of oscillation or degrees of freedom per unit volume in the 
wave length range X to X + dX. If we multiply this number, not by 
kT, the mean energy of an oscillator according to the law of equi- 
partition, but by e as given by Eq. (116), we obtain 


8x 


d\ hv 


X^ - 1 

This is the value of i/\ dX, the energy density belonging to the range d\> 
Let us substitute in it p = c/X, c being the speed of light in vacuum. 
Thus we obtain, as Planck’s new radiation law. 


== 


1 


STch 

^ch/lkT 1 ^' 


(118) 


The emissivity of a black body, ex, is then equal to as given by this 
formula multiplied by c/4 [c/. Eq. (786) in Sec. 71]. [Strictly speak- 
ing, we should have used for e the value given by Eq. (117), which 
agrees with the value obtained from wave meehanics. The effect 
of this change would be to add in a term independent of temperature. 
Since only changes in ^ are perceptible, however, this term would 
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be without physical effect. Its true significance is still iinkiiowiij and 
it is never included in the expression for or Cx.] 

It is easily shown that Planck’s formula reduces to a form of 
Wien’s formula near one end of the spectrunij and to the Rayleigh- 
Jeans formula near the other end. Thus, if the value of the product 
\T is small enough, f.e., for sufficiently small wave lengths or at suffi- 
ciently low temperatures, the exponential term in the denominator in 
(118) is much larger than unity, so that in comparison with it the 
term ~1 can be dropped. Then (118) becomes 

which agrees with Eq. (99) or Wien’s formula if in that equation we 
choose Cl = Sttc/i, C 2 == ch/k. For large values of XT, on the other 
hand, f.c., for sufficiently long waves or at sufficiently high tempera- 
tures, we may expand the denominator in (118) by means of the series, 


= 1 + + 


obtaining 


ck 


ch 


- 1 = ~ + 




\kT 


+ 


If xr is large enough, only the first tema of this series need be kept; 
then we have, from ( 118 ), 

8irkT 

approximately. This agrees with the Rayleigh- Jeans formula as 
stated in Eq. (109) in Sec. 81. 

In Fig. 48 is shown a comparison between the several spectral- 
energy distribution formulas and the experimental data. The circles 
show observations by Coblentz^ on the energy distribution in the 
spectrum of a black body at 1600®K. The full line shows the dis- 
tribution predicted by Planck’s formula. The lower dotted line, 
which coincides with the full line from short wave lengths up to about 
X = 2.2ju, corresponds to Wien’s formula as gWen in Eq. (99). The 
upper dotted line is from the Rayleigh- Jeans formula. The superiority 
of Planck’s formula is at once evident. Thus, whatever one may 
think of the theoretical assumptions and reasoning by means of which 
Planck arrived at his formula, there seems to be no doubt that it 
correctly represents the observations on black-body radiation. 

^ Rwreaw o/ 13, p. 476 (1916). 
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The reason that the curve for Planck’s formula drops below the 
Rayleigh” Jeans formula is to be found, of course, in the failure of the 
classical principle of the equipartition of energy. This is easily seen 
from Eq. (117). At short wave lengths, the —1 can be dropped in 
the denominator in that equation and we can write, as the approxi- 
mate average energy of an oscillator, 

+ }ihv. 

Thus, the part of € that varies with temperature decreases rapidly 
toward zero as p oo . The high-frequency modes of oscillation of the 



Fig. 48. — Comparison of the three radiation laws with experiment at 1600°K. The 
ordinate represents or ex, on an arbitrary scale. 


electromagnetic field in the enclosure, which should all have mean 
energy kT according to classical theory, remain, therefore, almost 
entirely in their lowest quantum states and so contribute nothing to 
the observable density of radiant energy. 

It may be noted, also, that Planck’s formula has the form that was 
found in Sec. 77 to be required by thermodynamics. For, using Eq. 
(786) in Sec. 71 and Planck’s formula for \k\, the emissive power of a 
black body can be written 


ex 




Fi\T) 


F{\T) 


^TTC^h 

ch 1 


,k\T 


so that €x has the form given in Eq. (98). 

Finally, as to numerical values, Planck’s formula may be used to 
calculate the values of h and &, as was done by Planck himself in his 
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original paper. Observations of thermal quantities are difEcuIt to 
make with accuracy, however, and more reliable values of k and k 
can be obtained in other ways. A good estimate based on recent 
measures is^ 

h == 6.61 X erg sec. ( 119 ) 

The value of k -was given in Sec. 79. If these values are inserted, 
Planck^s formula or Eq. (118) becomes, when X is measured in centime- 
ters and T in degrees centigrade, 

^ 4.981 X 10-^^^ 1 ergs 

cm A 

e - 1 


Other quantities can also be calculated which are more easily com- 
pared ^vith experiment. Thus, the constant a or a, defined in Sec. 
73, can be derived by integration. The total radiant energy in unit 
volume of an isothermal enclosure is, using (118), 

fNxd\ = S^ch[“^-A 

do Jo I 


Let us change the variable here to 

_ ch . ^ ^ ^ chdx 

^ ~ XkT’ ' “ xkT’ “ ~ xW 

Then 

8irk^T* f “ x^dx 

Jo e® — 1 


This integral can be showTi to have the value^ 7 r‘‘/ 15 . Hence 

Stt^ k^ 


cm.® 


a = 


15 


^ Dvnnington, Rev. Modern Phys.^ vol. 11, p. 65 (1939). 

2 Since (e® — 1)“^ = e”®(l — q. g-s® q. 


/. 


(fiC 


61 


we have 


/■» x^dx , 1 . 1 , \ 

jo + • • • ) 


(120a, &) 


, and 


The value of the series written here in parentheses, as given on p. 140 of the ^^ Smith- 
sonian Mathematical Formulae and Tables of Elliptic Fimctioiis” (Smithsonian 
Institution, 1922) is tV^O. Of. also Bierens de Hahn, ^‘Noiiveiie Table dMnt6- 
grales Definies,^' No. 4, p. 124, where Bta^i == 


182 THE ORimW OF THE QUANTUM THEORY [Chap. V 

Again^ tlie Talue of X at which \p\ has its maximum value can 
be found by setting the derivative of \p\ equal to 0. From (118) 

_ AOirch Sirch ch ech/UT ^ ^ 

dX - I) - 1)^ 

or, after simplification, 


(' - 6 ^) «*"' - 1 - 

This last equation can be written 



One root is obviously x ^ 0, but this one does not interest us. Any 
other positive root must be <5, for, if x > 5, the factor in parentheses 
is negative. If x = 5, the left-hand member is zero, whereas, if 
a; = 4, it is much bigger than 1. Another root must lie, therefore, 
just below 5. To facilitate finding it, let us write 5 — a: == ;^, so that 
X 5 — y and the equation becomes 

ye^-y = S 


or 


loge^ -- y = loge5 — 5 = —3.3906. 
To make the solution still easier, set y = z/lQ; then 


- logeZ + ^ = 3.3906 - logelO = 1.0880. 


It is now easy to see, from a table of natural logarithms, that to three 
figures z = 0.349; hence, y — 0.0349, x == 4.965. Thus, \m is given by 


ch 

'kJcT 


4.965, 


whence 


= 


ch 

AMSk 


( 121 ) 


Inserting h ~ 6.61 X 10~27 and /c = 1.3805 X 10“^®, it is found 
from (1205) and (121) that 

a = 7.619 X 10"^® erg cm."'® deg.”^; 


\n,T = 0.2891 cm. deg 
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when Am is in centimeters and T in degrees centigrade; also, in Eq. 
(86) or E = <tT% 

0- = I a = 5.710 X erg cm.~" sec.“'^' deg.“‘h 

The pressure on the ■walls of an isothermal enclosure at absolute tem- 
perature T is thus, from Eq. (82), 

V = }4 ^ == 2,54 X d^me 

These values of a and of \niT differ slightly from, values based on 
observations of thermal radiation, viz..^ 

a = 7.652 X \^T = 0.2884. 

The discrepancy’' is increased if in calculating a and X,,,? from theory 
the value of h is employed that is derived from, the Rydberg constant 
(Sec. 95), viz., h = 6.624 X 10""^^; with this value of h, 

a = 7.571 X 10-1% == 0.2897. 

It is believed, however, that the thermal observations may easily be 
in error even to this extent. ^ 

In his original paper (1901) Planck used as experimental values 
a = 7.061 X 10“^^, = 0.294, and calculated from these values 

and his formulas that 

h = 6.55 X lO-'b k = 1.346 X lO^^^ 

^ Of. Birge, Rev. Modern Phys., voL 1, p. 1 (1929). Values of a are by Kuss- 
man (1924) and Coblentz (1920), of by Coblenta (1922) and Ladenburg. 

2 Ihid., voL 13, p. 233 (1944). 


CHAPTER VI 

THE NUCLEAR ATOM AND THE ORIGIN OF SPECTRAL LINES 


We have seen in the last chapter that attempts to explain the experi- 
mentally observed laws of the distribution of energy in the con- 
tinuous spectrum emitted by a black body were unsuccessful until 
Planck introduced the revolutionary concept of radiation quanta. 
Planck’s hypothesis became both possible and necessary, because the 
very careful experiments of Lummer and Pringsheim had proved that 
Wien’s law of temperature radiation was untenable. 

A somewhat similar sequence of events is to be found in the 
development of our present extensive knowledge of the line spectra 
of atoms and molecules. Corresponding to the empirical laws of 
temperature radiation, there was accumulated a vast array of very 
accurate measurements of the wave lengths of lines in the spectra 
of various substances, considerable impetus being given to this work 
because of the rigorous demands of spectroscopy as a method of 
chemical analysis. From these data, certain relations were discovered 
empirically between the frequencies of various lines in the spectra of 
certain elements. These relations pointed to some fundamental 
mechanism, common to all atoms, as the origin of characteristic line 
spectra. The gradual accumulation of evidence bearing on the 
problem of atomic structure, on the one hand, and the increasing 
importance of these spectral relations, on the other, culminated, about 
1913, in the proposal, by Bohr, of the theory of atomic structure and 
the origin of spectra which bears his name. This theory constituted 
an extension in a new field of the quantum theory which had been 
introduced by Planck to explain the law of the distribution of energy 
in temperature radiation. 

In the present chapter, we shall begin by considering very briefly 
the development of the empirical laws of spectral series. Next we 
shall take up the lines of evidence that were accumulated bearing 
on the structure of the atom, culminating in the famous nuclear 
theory of atomic structure proposed by Rutherford. Then we shall 
consider the way in which these two lines of development were com- 
bined by Bohr in his famous quantum theory of the atom. Bohr’s 
theory has been superseded by modern quantum mechanics (or wave 
mechanics), but certain features of his theory retain a permanent 
interest.,'' 
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86. Spectroscopic Units. — In stating the wave lengths of spectral 
lines, which are always very small, various siibmultipies of the meter 
are commonly employed as units of length in different parts of the 
spectrum, m., 

The micron, symbol g - 10"- cm. (or 10"® meter) 

The millimicron, symbol nifx = lO"*^ cm. 

The angstrom,^ symbol A = 10"® cm. 

(or Angstrom, symbol A.) 

The X~unit, symbol X.U, = 10"^'^ cm. (approximately; 

see Sec. 175). 

The last named is used in the X~ray region of the spectrum. 

Wave lengths of lines are of fundamental importance in the tech- 
nique of spectroscopy and in spectroscopic analA'sis. In physical 
theory, on the contrary, frequency v is more fundamental than wave 
length. We do not, however, measure frequencies directly; laboratory 
measurements yield ivave lengths, and frequencies are cornpuied from 
these and from the velocity of light c by the relation, c = pX. 

Frequencies may be expressed in vibrations per vsecond, but this 
involves very large numbers. Furthermore, the calculated frequency 
is affected, not only by errors in the measured wave lengths, but also 
by any error there may be in the assumed velocit}^ of light. For these 
reasons, it is customary in spectroscopy to use, instead of the fre- 
quency itself, the wave nimhe^, or number of waves per centimer in 
vacuum, which we shall denote by v. The unit for v is written cm."^; 
it may be read ^Avaves per centimeter.’’ Thus 

. I \ 

V — - cm."^, V = cvj 

A 

1 Strictly speaking, the angstrom is not defined from the meter as a primary 
standard of length. Michelson and Benoist in 1895 and, later (1907), Fabry, 
Perot, and Benoist measured the wave length of the red cadmium line in terms of 
the standard meter; this line is very narrow, so that its wave length can be meas- 
ured with great accuracy. The two measurements were almost exactly in agree- 
ment, the wave length according to the latter measurement being 

6,438.4696 angstroms. 

The International Union for Solar Research, in 1907, adopted this value of the 
wave length of the red cadmium line as the primary standard of wave lengths on 
the basis of which all other wave lengths were to be expressed. It is specified that 
the medium is to be dry air at 15°C. (hydrogen scale) and a pressure equal to 760 
mm. Hg at a place where the acceleration due to gravity is 980.67 cm. sec,"^. 
Formally, this amounts to .a new definition of the angstrom in terms of the wave 
length of the cadmium line such that this' wave length is exactly 6,438.4696' 
angstroms. 
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X being the wave length in vacuum expressed in centimeters. Or, if 
is the wave length in microns or Xa the wave length in angstroms, 

p — 10^ X cm.“^ = 10^ X ^ cm.“h 

Ajm Aa 

For example, the wave number of the red cadmium line 

(X = 6,438.4696 A = 0.6438^4 = 6.438 X 10"^ cm., approximately) 

is p = 15,531.64 cm.“^; its frequency is 2.99796 X 10^° times v or 
4.65632 X 10^^ sec.“^ X"ery roughly, the visible region (4,000 to 

7.000 A) extends from 14,000 to 25,000 cm.“^; from 14,000 down to 

1.000 is the near infrared region (out to lO^t); from 1,000 to 100, the 
far infrared. The ultraviolet region extends from 25,000 to 100,000 
cm.”^ (1,000 A). The principal X-ray region is from 10^ to 10® cm.""^ 

The wave length of a line in air is slightly different from the wave 
length in vacuum. Since ordinary spectroscopic work is done in air, 
wave lengths above (about) 2,000 angstroms are commonly given 
in air.^ Below 2,000 A, however, they are usually given in vacuum, 
since vacuum spectrographs are commonly employed for work in that 
region. The two wave lengths are related by the equation 

Xvac ~ 

where u is the refractive index of air; thus the relation actually used 
ordinarily in obtaining wave numbers from optical wave lengths in 
air, or vice versa, is 

. ^ 1 
/4'Xair 

The difference between Xvac and Xair is somewhat less than 1 part in 
3,000. Tables have been published to facilitate the conversion from 
Xair to V or vice versa. ^ 

Measurements of wave lengths in the visible and near-visible 
region of the spectrum are now possible with an accuracy of at least 
1 part in 1 million. 

87. Early Search for Regularities in Spectra. — One of the first 
features of spectra to be noticed was that the spectrum of a given 
element depended a great deal upon its mode of excitation. When 
the spectrum was produced by a sparky many lines were observed 
which w'^ere absent, or at least much weaker, when a steady arc 

^ Cf. the recent extensive table, ‘‘ Massachusetts Institute of Technology Wave 
length Tables,” John Wiley Sons, Inc., New York, 1939. 

2 Cf. Katsek, H., “Tabelle der Schwingungszahlen,” S. Hirzel, Leipzig, 1925. 


Sec. 87] EARLY SEARCH FOR REGULARITIES IN SPECTRA 


187 


or a flame was employed. These lines are said to form the spark 
specinmi (formerly^ .the enhanced spectrum) of the element^ those 
lines present in the arc, forming its arc spectrum. It was late,r est.ab~, 
lislied that' arc spectra are emitted by neutral atoms, spark spectra.: 
by ionized atoms. 

As soon as dependable wave-length measiireiiients becam.e avail- 
able, numerous investigators, reasoning from the analogy of overtones 
in acoustics, vsoiight for harmonic relations in the lines found in the 
spectrum of a given element. This search proved fruitless; but certai,n 
relations of a different t^^e were discovered. 

Liveing and Dewar/ in the early eighties, emphasized the physical 
similarities occurring in the spectra of such ele,ments as the alkali 
metals. They called attention to the successive pairs of lines in 
the arc spectrum of sodium and pointed out that these pairs were 
alternately ^hsharp” and ^Miffuse’’ and that they were more closely 
crowded together to'svard the short-wave-length end of the spectrum, 


250D 


2600 zm 

Wavelen 3 ^-h (fn Angstroms) 


2800 


Fig. 49. — Some lines in the spectrum of zinc in a limited wave-length range in 
the ultraviolet. The lines marked with a cross (X) belong to one series of triplets, 
lines marked (O) belong to another series. 


suggesting some kind of series relation, which, however, they were 
unable to discover. A little later, Hartley^ discovered an important 
numerical relationship between the components of doublets or triplets 
in the spectrum of a given element. If frequencies, instead of wave 
lengths, are used, Hartley found that the difference in frequency between 
the components of a multiplet (f.c., doublet or triplet) in a particular'} 
spectrum is the same for all similar muUiplets of Imes in that spectrum . ; 

Hartley’s law made it possible to isolate from the large number of 
lines in any given spectrum those groups of lines which were undoubt- 
edly related. But the task was not an easy one. Figure 49 shows 
the lines in the zinc spectrum from about 2,500 to 2,800 A. Two 
triplets. having constant frequency differences are marked, by crosses,. 
(X) in Fig. 49. This same spectral region, however, contains another 
overlapping series of ,triplets, which are designated by' circles. (G,),.., 
The'sorting ,oiit of these' related .lines required a great deal of '.diligent ,. 
and,'. patient study. . . 

The beginning of our knowledge of spectral-series formulas dates 
NRoy. Soc.fFroc., roi:2%p. zm (lS79); Yoh 
^ O'i'iew. voL 43, p. 390 (1883), 
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from the discovery by Balmer/ in 1885, that the wave lengths of the 
nine then known lines in the spectrum of hydrogen could be expressed 
by the very simple formula 


( 122 ) 

where 6 is a constant the numerical value of which, to give X in ang- 
stroms, is 3,645.6 and n is a variable integer which takes on the suc- 
cessive values 3, 4, 5, ' * * for, respectively, the first (beginning at 
the red), second, third, • • • line in the spectrum. Balmer compared 

the predictions of this formula Avith the best values then available 
for the Avave lengths of the hydrogen lines. The four lines in the 
Ausible region had been measured by Angstr5m and others; fiA^e 
ultraAuolet lines in the spectrum of AA^hite stars had been measured by 
Huggins. Table I, taken from Balmer^s paper, shoAvs the comparison 

Table I. — Waa^e Lengths of the First Nine Hydrogen Lines 


7^2 

Computed by Balmer from His Formula X = 3,645.6 — (a = 2) 


Line 

n 

X (computed), 
angstroms 

X (observed), 
angstroms 


3 

6,562.08 

6,562.10 

(Angstrom) 

H^ 

4 

4,860.80 

4,860.74 

(Angstrom) 

Hr 

5 

4,340.0 

4,340.10 

(Angstrom) 

Hs 

6 1 

4,101.3 

4,101.2 

(Angstrom) 

H. 

7 

3,969.7 

3,968.1 

(Huggins) 

Hf 

8 

3,888.6 

3,887.5 

(Huggins) 

H, 

9 

3,835.0 

3,834.0 

(Huggins) 


10 

3,797.5 

3,795.0 

(Huggins) 

H, 

11 

3,770.2 

3,767.5 

(Huggins) 


of the formula Avith the measured Avave lengths. The agreement is 
seen to be excellent in the visible spectrum. The discrepancy betAveen 
Balmer’s computed values and the measurements of Huggins increases, 
however, to nearly 1 part in 1,000 for Balmer questioned Avhether 
this discrepancy indicated that the formula Avas only an approxima- 
tion or Avhether the data AY-ere in error. Recent measurements have 
considerably revised Huggins^ data but have also revealed the need 
for a slight correction to Balmer^s formula [cf. Sec. 136(6)]. 

Balmer correctly predicted that in this series of lines in hydrogen 
no lines of longer Avave length than H« Avould be found and that the 

^ Ann. d. Physik, Yol. 25, p. 80 (1885). 
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series should “converge” at X = 3,645.6 A, since the fraction 

■tv 

approaches unity as n becomes large. In Fig. 50 is reproduced a 


€0 CO J> 



Fig. 50. — The Balnier series of atomic hydrogen, in emission. marks the 

theoretical position of the series limit. {Photograph by G\ Herzherg, Ann, d. Physik, vol. 
84, p. 565 (1927) ; reprinted hy courtesy of Prentice-Hall^ Inc., Netc York, from G. Herzherg, 
'^Atomic Spectra and Atomic Structure,’^ (1927.)] 


photograph of the first few lines of the Balmer Series; in Fig. 51 is 
shown another photograph of the same series starting from the seventh 
line, more strongly exposed so as to bring out more lines. 

The impetus which Balmer’s discovery gave to work in spectral 
series is another illustration of the highly convincing nature of rela- 
tions which are expressible in quantitative form. Soon after the 



Fig. 51. — Higher members of the Balmer series, in emission, starting from the seventh 
line and showing the continuum. (After G. Herzherg, see credit under Fig. 50.) 

publication of Balmer’s work, intensive investigations in spectral 
series "were initiated by Kayser and Runge and b}^ Rydberg. We 
shall discuss next some of the results that were obtained b}^ Rydberg. 

88. Spectral Series and Their Interrelations. — In announcing his 
discovery, Balmer raised the question as to whether or not his formula 
might be a special case of a more general formula applicable to other 
series of lines in other elements. Rydberg set out to find such a 
formula.^ Using the comparatively large mass of wave-length data 
then available and starting from the above-mentioned work of Liveing 
and Dewar, Rydberg isolated other series of doublets and triplets 
of constant. frequency difference, according to Hartley’s law of con-' 

A brief account of Rydberg^s work is given by him in Phil. Mag.j vol. 29, p, 331 
(1890). For a fuller account see E. C. C. Baty’s “Spectroscopy.’’ 


190 NUCLEAR ATOM AND ORIGIN OF EPECTRAL LINES [Chap. VI 

slant wave-number separation. In all cases^ these series showed a 
tendency to converge to some limit in the ultraviolet. He found that 
he could distinguish two tjrpes of such series: a type in which the 
lines were comparatively sharp, which he called, therefore, sharp 

I?. 
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Fig. 52.“Principal lines in the spectrum of the neutral sodium atom: p == principal, 
s == sharp, d = diffuse series. Dotted lines indicate series limits. The first line of the 
sharp series, in the infrared at 11,393 A, is not shown. 

series; and a type which, because the lines were comparatively broad, 
he called diffuse series. Both types of series occurred in the arc 
spectrum of the same element. In many arc spectra, he found also a 

third type of series in which 
the doublet or triplet spacing 
decreased as the frequency or 
ordinal number of the line 
increased, as if tending to vanish 
at the convergence limit of the 
series; these he called principal 
series, because they commonly 
contained the brightest and most 
persistent lines in the spectrum. 
The chief lines of the principal, 
sharp, and diffuse series of 
sodium are plotted in Fig. 52 
and marked p, s, d, respectively. 

In searching for a formula, 
Rydberg plotted the wave num- 
bers of the lines, or their differ- 
ences, in various ways. By a 
‘Tine^^ in this connection is 
meant a complex of actual lines 
forming a doublet or triplet, 
which is seen as a single line in a 
spectroscope of moderate resolv- 
ing power. He observed that a similarity existed not only among 
the several series of a given element but also between series of 
different elements. He then showed that this similarity was 
tive. For example, in Fig. 53, the differences in wave numbers between 
successive lines in the sharp series of sodium, and similar differences 



Fig. 53. — Wave-number differences be- 
tw’een successive lines in the sharp and the 
diffuse series of sodium. 
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for the diffuse series of the same element, a, re plotted as ordinates, 
represented by the circles, against the ordinal number of tlie ditterenee 
as abscissas. The resolving power is supposed to be limited so that 
each doublet appears as a single line. It is found that exactly parallel 
smooth curves can be drawn through the observed points; the two 
curves w?-ould coincide if the one for the diffuse series were displaced 
toward the right b}^ a certain distance o, equal to the length of the 
line aa or hh. Thus, we can say that the values of tlie successive 
differences for the sharp series are the same function of (m + h) as 
the corresponding differences for the diffuse series are of in, where rri 
is the ordinal number of the difference. Let us write v,, for the 
w^ave numbers of sharp and diffuse lines, respectively, and Avs, Avd for 
the successive differences. Then, if 

Avd = /W, Avs = /(w + ^). (r23a,&) 

A similar relationship must exist, then, for Vd and themselves. 

Let us write for the wth line of each series 

Vdra = Fd{m), = Fs{m), (124a, 6) 

Then, from (124a and 123a), 

vd,m+i “ vdm = Fd{m + 1) — Fd{ni) = /(m)., (125) 

provided the ordinal numbers of the differences are properly chosen. 
Similarly, for the sharp series, 

- v,m = F,{m + 1) F,{m) = /(m. + R). (126) 

But, if Ave regard m as continuously variable in (125) and replace m 
by m + d, we have 

/(m + 5) = Fd (m + 1 + 5) Fd + ^). 

Hence, from (126), 

F.(m + 1) -- Fs{m) - Fd(m + 1 + d) - Fd(m. + 5), 

or 

Fs(m + 1 ) — Fdim + 1 + 5) = Fsipi) — Fd(m + B). 
Replacing m by m + 1 in this equation, w^e find also that 
' .,F.,(m.+,2);'-~- Fd,(m + 2 + B) = Fs{m + 1) - Fd(m +.,,1.+ B): ,, 
whence, by the last .'equation, 

' F,(m + 21) - Fd -F.Om) -~Fd(m + 5),,. ; ■ 
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and, continuing, 

Fs (m + w) — Fdirn n + S) — F^ (wi) — (m + 5) 
for any integral n. Hence, replacing m + n by m simply, we can 
write, for any m, 

Fs(w) — F d{m 5) = C, 

where C is independent of m, or 

F.(m) = C + Fi(m + 5). (127) 

Thus, if we know Fdim) and 5, we can at once wwite dowm F,(m). 

The form of Fa could only be discovered by a judicious guess. 
Rydberg found that many observed series could be represented closely 
by an equation of the form 

= (m + ny-’ 

fjL and being constants which vary from one series to another. 
Obviously, by properly choosing the ordinal number m of the lines, 
jLt can always be made less than 1 in such a formula. The constant 
represents the high-frequency limit to which the lines in the series 
ultimately converge. The Balmer formula is a special case of this 
more general Rydberg formula/' as it is called; for Eq. (122) can be 
written 

" X 5 m^’ 

with = 1/bj R = 4/6, m = 3, 4, 5, • • • . This is of the type of 
(128) with ju = 0. 

The constant R in Eq. (128) was found to be the same for a large 
group of series for each substance^ and very nearly the same for all sub- 
stances. The slight variation of R from one atom to another is now 
known to be connected with differences in the atomic weight, the 
effect of which can be calculated theoretically (qf. Sec. 94). It is 
thus possible to calculate what the value of R would be for an atom of 
infinite weight. This latter value of R is denoted by 12^; the value 
for a particular kind of atom may then be indicated by a subscript. 
According to Birge^ the probable value of R, obtained in this manner 
from spectroscopic observations as represented by Balmer’s formula 
with a slight correction [Sec. 136(6)], is: 

For hydrogen = 109,677.58 cm.“^ 

For helium. .......................... .i?He = 109,722.26 cm."“^ 

For infinite atomic weight ..:.R„ = 109,737.30 cm.""^ 

^ BmGE, Rev. Modern Physics^ vol. 13, p. 233 (1941). 
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The value of R for the particular atom under discussion is known . as 
the Rydberg constant for that atom. 

89. Further Relationships between Series. Spectral Terms.— In 
addition to the qualitative similarities between spectral series already 
described, Rydberg discovered quantitative relationships between 
them. For one thing, he noted that the sharp and the diffuse series 
appeared to have a common convergence limit. Next, he observed that 
this common limit was equal to a term in the formula for the principal 
series, viz.^ to the term R/iin + /x)- with m set equal to 1; and that a 
similar equality held between the limit of the principal series itself 
and the variable term^ for m — 1, in the formula for the sharp series. 

Because of these remarkable relations, the formulas for the three 
series in question could be written in the following form: 



R 

R 

Vp — 

(1 + sr 

(m + F)-’ 

Pa = 

R 

R 

(1 +pr 

(m + sy^’ 


R 

R 

Vd = 

(1 +P)^ 

(m + 


m = 1, 2, ‘ • 

(129a) 

m = 2, 3, • * * 

(1295) 

771 = 2, 3, * * 

(129c) 


Here we have \vritten P, D for the values of y that occur in the 
variable terms of the formulas for the principal, sharp, and diffuse 
series, respectively; and we have indicated that, at least for the alkali 
metals, m starts from 1 in the principal series but from 2 in the others. 

Two additional relations involving wave numbers of lines are at 
once apparent from the formulas. If \ve set m = 1 in the formula for 
Va, we obtain the same number as the value of for m = 1, but with 
reversed sign! Furthermore, the difference between the limit of the 
principal sexies and the common limit of the other tAvo is just the AA^ave 
number of the first line of the principal series (the ''Rydberg-Schuster 
law, specifically enunciated by Rydberg in 1896 and independently in 
the same year b}^ Schuster). 

The structure of these formulas suggested to Rydberg the possi- 
bility that the first term on the right might also vary, in the same 
manner as does the second, thus gmng rise to additional series of lines; 
for example, Ave might expect to find a series represented by the 
formula 

^ = (2 + S)^ ” (m + Pp’ = 4, •••. 

Lines or series of this sort were actually discovered later by Ritz. 
Such lines are called intercombinaiion lines or senes, and the possi- 
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bility of their occurrence is known as the Ritz combinatioji 'principle. 
Many examples of them are now known. 

The most significant features about atomic spectra in general 
thus seem to be the following: 

1. The wave number of each line is conveniently represented as the 
difference between two numbers. These numbers have come to be 
called terms, 

2. The terms group themselves naturally into ordered sequences^ 
the terms of each sequence converging toivard zero. 

3. The terms can be combined in various ways to give the wave num- 
bers of spectral lines. 

4. A series of lines, all having similar character, results from the 
combination of all terms of one sequence in succession with a fixed term 
of another sequence. Series formed in this manner have wave numbers 
which, when arranged in order of increasing magnitude, converge to an 
upper limit. 

In the further development of spectroscopy, the spectral terms 
have tended increasingly to become the primary object of study. 
In the analysis of a new spectrum, one of the first steps is to represent 
the wave numbers of all of the observed lines as differences between 
terms, using as few terms as possible. Rydberg^s approximate 
formulas for the spectral frequencies result from the use of an approxi- 
mate formula for the terms of the type 

B 

(m + py' 

y being a constant. 

The simple picture presented here, however, requires considerable 
extension in order to be adequate even regarding the spectra emitted 
by single atoms. For one thing, in writing Rydberg formulas for 
spectral ^Tines,’^ we have ignored the fine structure of the lines, by 
means of which series were first picked out; singlet series, in which 
each line is single, are known in many elements, but more commonly 
the lines form doublets, triplets, or groups of even more components. 
In such cases, a separate Rydberg formula must be written for each 
component line; in the spectra of the alkali metals, for example, 
doublets occur, so that six formulas instead of three are required for a 
complete representation of the chief series. Furthermore, the Ryd- 
berg formula itself is only a first approximation. The whole subject 
can be much better understood when the discussion can be centered 
about the atomic mechanism by which spectral lines are emitted. 
Accordingly, further discussion of details will be postponed to a 
later chapter. 
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The , remarkable properties possessed by spec’tral series pointed 
to the existence within atoms of a comparatively simple and universal 
mechanism by which spectra are emitted. In terms of elassici'tl ideas, 
however, it was very dilSicnlt to imagine a mecliaiiisiii wliicli could 
emit spectra, having the observed features. It v;as natural to assume 
that the higher members of a series were of the nature of overtones.. 
Among acoustic vibrations, many cases are met with in wiiidi the? 
frequencies of the OAmrtones are not integral multiples of the funda- 
mental freqiienc}^ examples are the vibrations of bells and of the com- 
mon tuning fork. But no cases are known in which the frequencies 
of the overtones converge to an upper limit. Furthenriore, the Eitz 
combination principle is without analogy in the classical theory of 
vibrating systems. 

The key to the origin of spectral lines was not discovei’ed until 
certain other lines of evidence had led to the adoption of radically 
new conceptions concerning the structure of atoms. 

90. Early Views on Atomic Structure. — Speculations as to the 
structure of the atom date from the early years of the nineteenth 
century. In 1815, Prout proposed a hypothesis asserting that .all 
elements are made up of the atoms of hydrogen as a primordial substance. 
The hypothesis was based on the fact that the atomic weights of a 
large number of the elements are very nearly simple niultiples of 
that of hydrogen, and Prout had no further data to support his vie’ws. 
Accordingly, -when more accurate determinations showed that, in 
general, atomic weights were 7iot exact integral multiples of the 
atomic wmight of hydrogen and that there were such notable exceptions 
as chlorine, with an atomic w’eight of 35,5, ProuPs hypothesis was 
abandoned— to be revived again decades later in a new form and, of 
course, on the basis of newly disGOYemd experimental evidence (see 
Chap. XI). 

With the discovexy of the electron by Sir J. J. Thomson, in 1897, 
theories of atomic structure began to assume a more definite form, 
since it became obvious then that the atom must be made up of 
numerically equal quantities of negative and of positive charges. 
Two questions of importance then arose: (1) How many electrons are 
there, in atoms? and (2) How. are the electrons and the positive charges 
in the atom arranged? , Two independent lines of evidence '.'gave; an 
answ'er to the first of these tW'O questions. 

1. On the basis of classical theory, Sir J. J. Thomson showed 
that, ''when:„a.' beam .of .X-rays passes- through, mat ter,:;, it. should be 

scattered, the scattering c-oeffieient . cr ■ being . given by ' . 


8t 

3 m^c 
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where e and m are, respectively, the charge and mass of the electron, 
c is the velocity of light, and N is the number of electrons per unit 
volume [Sec. 172(5)]. Knowing N from the experimentally deter- 
mined value of cr and knowing the number of atoms per unit volume 
of the scattering material, the number of electrons per atom could be 
computed. From early measurements of cr, Thomson^ computed 
that the number of electrons per atom was of the order of the atomic 
weight; but, from later measurements,^ Barkla concluded that the 
number of electrons per atom is, for the lighter atoms at least (except 
hydrogen), more nearly one-half the atomic weight [see Sec. 172(5)]. 
The carbon atom, for example, with atomic weight 12, was found in 
this way to have 6 electrons. It was later shown that the scattering 
coefficient for hydrogen is such as to indicate that it has only 1 electron 
per atom. 

2. A stream of electrons traveling with veiy high velocity is able 
to pass through thin sheets of matter but, in so doing, is diffused, the 
electrons being deflected, more or less, from their initial direction 
as a result of the electrostatic forces acting on the moving electrons 
when they pass near the electrons in the atoms of the thin sheet. 
Comparing the computed value of the diffusion with that observed 
experimentally, Thomson concluded that the number of electrons per 
atom should be of the oi'der of the atomic ^veight. 

These conclusions were corroborated in a general way by cal- 
culations in regard to the dispersion of light by monatomic gases. 
The number of electrons in an atom was thus not determined definitely, 
but its order of magnitude was indicated. Since the normal atom is 
electrically neutral, the quantity of positive electricity per atom was 
thus roughly determined as w'ell. Now, Thomson had shown that 
the mass of the electron is of the order of one two-thousandth of the 
mass of the hydrogen atom. It was obvious, therefore, that the 
mass of the atom is vastly greater than the total mass of the com- 
paratively few electrons which it contains; and it was logical to assume 
that practically the entire mass of the atom is associated with its 
positive charge. 

The problem as to the arrangement of the electrons and of the 
positive charge in the atom then came to the fore. On the basis of 
classical ideas, it seemed obvious that this arrangement must be such 
as to meet two conditions. (1) The ensemble of positive charge and 
negative electrons which make up the atom must be stable; the elec- 
trons, for example, must be held by (electrostatic?) forces in fixed 

^ “ Electron Theory of Matter,” p. 145. 

2 voL 21, p. 648 (1911). 
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positions of equilibrium about which they may, vibrate, when dis- 
turbed, with the definite frequencies. required to explain the character- 
istic line spectra of the elements, (2) Except when so disturbed, the 
electrons must be at rest, since otherwise the,y would emit radiation 
as required by the electromagnetic theory. The much greater mass 
of the positive charge made it reasonable to assume that it is the 
electrons, rather than the positive charges, which vibrate in the process 
of emitting radiation. 

A possibility considered by J. J. Thomson was that the positive 
electricit}^ might be distributed continuously throiiglioiit a certain 
small region, perhaps with uniform density throughout a sphere. The 
electrons might then be embedded in the positive electricity, occupying 
normally certain positions of equilibrium, and executing harmonic 
vibrations about these positions when slightly disturbecl. Frequencies 
in the visible spectrum might thereby be emitted if the sphere of 
positive electricity were of the order of lO"”* cm. in radius. Thomson 
was unable to show, however, that these frequencies might be such as 
to form a series converging to an upper limit, and eventually his theory 
came into conflict with the experiments of Rutherford and his collab- 
orators on the scattering of a particles, which are now to be described. 

91. The Scattering of Alpha Particles by Atoms. — The a-rays from 
radioactive materials have been shown to be positively charged par- 
ticles which have (1) a mass almost exactly equal to that of the helium 
atom and (2) a positive charge numerically equal to twice the charge 
on the electron. Since helium is known to be produced by radioactive 
substances which emit a-rays, the latter are identified with helium 
atoms which have lost 2 electrons (c/. Sec. 198 in Chap. XI). The 
initial velocity of the a particles, although depending somewhat 
on the radioactive material from which they originate, is of the order of 
2 X 10® cm. per second. These particles can be studied b}?’ means of 
the flashes of light or scintillations w^hich thejr produce on striking a 
ziinc sulfide screen, the impact of a smgle particle producing a visible 
flash. These flashes are readily observed under a low-power microscope. 

If a stream of a particles, limited by means of suitable diaphragms 
to a narrow cylindrical pencil, be allowed to strike a zinc sulfide 
screen placed at right angles to the path of the particles, the scintilla- 
tions will occur over a well-defined circular area equal to the cross 
section of the pencil. If, now, a thin film of matter, such as gold 
or silver foil, is interposed in the path of the rays, it is found that they 
pass quite readily through the foil, but that the area over which the 
scintillations occur becomes larger and loses its definite boundary, 
indicating that some of the particles have been deflected from their 
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original direction. This spreading out of the stream of particles on 
passing through thin layers of matter, solid or gaseous, is called 
scattering.’^ 

Qualitatively, it is easy to explain the origin of the forces which 
cause the deflection of the a particle. The particle itself has a twofold 
positive charge. The atoms of the scattering material contain 
charges, both positive and negative. In its passage through the 
scattering material, the particle experiences electrostatic forces the 
magnitude and direction of which depend on how near the particle 
happens to approach to the centers of the atoms past which or through 
which it moves. 

If we assume the Thomson model of the atom, with its sphere of 
positive electrification, inside which are electrons, the path of an a 
particle in passing through such an atom might be as indicated in Fig, 
54, the net result of the passage being to deflect the path of the particle 

through a small angle 0. The major 
part of this deflection arises from the 
electrostatic repulsion on the a par- 
ticle due to the charge on the positive 
sphere, which, for the heavier atoms 
at least, has a mass many times that 
of the a particle. The electrons 
within the positive sphere, being 
capable of motion about their respec- 
tive positions of equilibrium and possessing a mass w^hich is very small 
compared with the mass of the a particle, will produce no appreciable 
deflection of the latter. Rather, the electrons themselves would be 
pulled from their positions of equilibrium and set vibrating or even 
expelled from the atom by the passage of the a particle. The total 
deflection of any given particle in passing through or past a number of 
such atoms in a thin layer of scattering material will be governed by 
the laws of probability. Thomson show^ed^ that the mean deflection 

of a particle in passing through a thin plate of thickness t should be 

<i>m == O's/NwaH, 

where i9is the average deflection due to a single atom, N is the number 
of atoms per unit volume, and a is the radius of the positive sphere. 

This process of scattering of the a particles as a result of a large 
number of small deflections produced by the action of a large number 
of atoms of the scattering material on a single a particle is called 

^ Cambridge Phil: Boc,^ Froc.j Yoh lBj f * 466 (1910)* 



Fig, 54. — Deflection of an <x particle 
by a Thomson atom. 
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multiple, or compound, scattering. It is readily seen that the stnictiiri^ 
of the atom assumed by Thomson would not result in. a large deflection 
due to any single encounter. According to Rutherford, the number 
of a particles which, as a result of multiple scattering, slioiilcl be 
scattered by such an atom through an angle 4 > or greater is given by 

where No is the number of particles for 4 ? = 0, and (pn, is the average 
deflection after passing through the scattering material. 

Now Geiger had shown^ experimentally that the most probable 
angle of deflection of a pencil of a particles in passing throiigii gold 
foil 1/2,000 mm. thick is of the order of 1°. It is evident, therefore, 
from the last equation, that the probability for scattering through 
large angles becomes vanishingly small; for 30®, for example, it would 
be of the order of 10“^^. Geiger showed that the observed scattering 
obeyed this probability law for small angles of scattering but that 
the number of particles scattered through large angles ivas much greater 
than the theory of multiple scattering predicted. Indeed, Geiger and 
Marsden showed^ that 1 in 8,000 a particles was turned through an 
angle of more than 90® by a thin film of platinum, f.e., was, in effect, 
diffusely reflected. This so-called ^'reflection,” however, was shown 
to be not a surface phenomenon but rather a volume effect, since the 
number of particles turned through more than 90® increased, up to a 
certain point, with increasing thickness of the scattering foil. It 
was also found that the proportion of particles diffusely reflected 
increased approximately as the % power of the atomic 'weight of the 
foil. 

It was impossible to explain this excess scattering of a particles at 
large angles on the basis of multiple scattering by a Thomson atom 
and the law^s of probability. There must be something wrong, then, 
with Thomson’s picture of the atom, 

92. Rutherford^s Nuclear Atom. — (a) Rutherford’s Hypothesis.— 
Accordingly, Rutherford, in a classic article^ which be regarded 
as the starting point of our modern ideas on atomic structure, proposed 
a new type of atom model capable of giving to an a particle a large 
deflection. as a result of a single encounter. He assumed iAuGlAe 
positive ' charge of the atom, instead of being distributed contmuously 
throughout u region of atomic dimensions, is concentrated in a very small 

^ Roy. Soc.j Proc., vol. 83, p. 492 (1910). 

2 voL 82,: p.:495dl9G9)V, ' b ; 

® Phil. Mag.P'Yol. .21, p. 669 (1911). Every student of modem physics should 
read and thoroughly digest, tMs article. 
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region less than 10“'® cm. in diameter. This concentrated charge, later 
called the “nucleus,” was assumed to be surrounded by the electrons 
in some sort of configm'ation. 

The difference in the effect which the two atoms, Thomson’s and 
Rutherford’s, have on an a particle passing in their neighborhood is 
shovTi in Fig. 55. In (a) is represented diagrammatically the path 
of an cc particle through Thomson’s atom, the initial path of the 

J 


(a) The Thomson A+otti 
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(b)The Ruiherford Alom 


Fig. 65.- — Comparison, of deflections of an a particle by (a) the Thomson atom and 
(5) the Kutherford nuclear atom, for similar conditions of incidence. 


particle being so directed that, if it were not deflected, it would pass 
through the atom at a distance p from its center. The force which the 
particle experiences as it penetrates more deeply into the Thomson 
atom becomes less and less. At point c, the force, although at right 
angles to the path, is a minimum. The deflection produced, equal 
to the angle between ab and de, is small. In Rutherford’s model 
[Fig. 55(6)] we have, a different state of affairs. Over the path a'6', 

the forces which the particle expe- 
riences are the same as for the cor- 
responding path in (a). After 
passing point ¥, however, the forces 
continue to increase according to the 
inverse square of the distance 
between the particle and the nucleus, 
instead of decreasing as was the case 
in (a). The difference in the forces 
experienced by the a particle in the two cases becomes very great as 
the particle approaches the nucleus. It is readily seen that the net 
result of all this is that the Rutherford model gives to the particle a 
much greater deflection than the Thomson model. 

Rutherford calculated mathematically the distribution of the 
particles to be expected, as the result ol single scattering processes by 
atoms of the type assumed. The scattering is usually measured by 
allowing the particles, after passing through the foil F (Fig. 56), to 


Sfream of 


alpha parficfes 




Fig. 56. 
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fall on the zinc siiliide screen S placed normal to the initial path of the 
particles. By means of a low-power microscope^ the iiiiiiiber of par- 
ticles striking the screen in the neighborhood of P is observed ■ for 
various angles of scattering Ptutherford showed that the iiiiinber 
of particles per unit area striking the screen should be proportional 

(1) to l/sm‘^^; (2) to the thickness t of the scattering materialj for 

Ji 

small values of t; (3) to {ZeY^ where e is the charge on the electron and Z 
is an integer depending on the kind of atom; and (4) inversely pro- 
portional to the square of the initial kinetic energy of the a particles. 

(5) Experimental Co7ifir7natio7i— These predictions were completely 
verified by the experiments of Geiger and Marsdeiib^ Their data are 



Ug of Scintillations per Unif Area at An9le^ from Incident Olrecflon 
Fig. 57. — The law of the scattering of a particles. 


shown graphically in Fig. 57, in which the logarithm of the number 
of scintillations on the screen per minute is plotted as abscissa against 
the logarithm of l/siii‘^(^/2) as ordinate. If these two quantities are 
proportional to each other, the points for each substance should lie 
on a straight line inclined at 45° with the axes. The two lines in the 
figure are drawn at exactly 45°, and the observed points are seen to 
agree well with the predictions. This is the more remarkable since 
the numbers of scintillations varied in the experiment over a very wide 
range of values, the left-hand points on the plots represeiitiiig 22 par- 
ticles per minute for silver and 33 for gold, whereas the right-hand 
points represent 105,400 and 132,000, respectively. 

The prediction of Paitherford that the scattering should, for small 
thicknesses, be proportional to thickness was confirmed by the observa- 

^ Geiger and.MAESDEN, PM. Mag,, voL 25, p. 605 (1913). 
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tions. It will be recalled that, on the theory of multiple scattering hj 
the Thomson atom, the square root of the thickness is involved. 
Geiger and Marsden also showed, in confirmation of the fourth of 
Rutherford ''s predictions, that ^Hhe amount of scattering by a given 
foil is approximately proportional to the inverse fourth power of the 
velocity (inverse square of the energy) of the incident a particles/’ 
over a range of velocities such that the number of scattered particles 
varied as 1 : 10. 

(c) Atomic Number. — Geiger and Marsden further concluded, 
from a study of the variation of scattering with atomic weight and 
of the fraction of the total number of incident particles scattered 
through a given angle, (1) that the scattering is approximately propor- 
tional to the atomic weight of the scatterer over the range of elements 
from carbon to gold, and (2) that 'Hhe number of elementary charges 
composing the center of the atoms is equal to half the atomic weight N This 
second conclusion was in agreement with Barkla’s experiments on the 
scattering of X-rays previously mentioned (Sec. 90), which determined 
the number of electrons associated with an atom. According to these 
results, carbon, nitrogen, and oxygen should have, respectively, 6, 7, 
and 8 electrons, around a nucleus containing, in each case, an equal 
amount of positive charge. Now, these elements are, respectively, the 
sixth, seventh, and eighth elements in the periodic table. The hypoth- 
esis was natural, therefore, that the number of electrons in the atom, 
or the number of units of positive charge on its nucleus , is numerically 
equal to the ordinal number which the atom occupies in the series of the 
elements, counting hydrogen as the first. This assumption gives to 
hydrogen 1 electron, and an equal charge on its nucleus, in agreement 
with the data on the scattering of by hydrogen. Helium 

would then have 2 electrons and a twofold positive charge on the 
nucleus; and we see, therefore, that the a particles, which have been 
shown to be helium atoms with a twofold positive charge, are helium 
nuclei. Lithium, the third element, should have 3 electrons and a 
threefold positive charge on the nucleus. Neon, the tenth element, 
should have 10 electrons; and so on. Thus originated the concept of 
atomic number, the importance of which was soon to be emphasized 
by the pioneer work of Moseley in the X-ray spectra of the elements. 
The atomic number, symbol Z, of an element we may think of variously 
as (1) the ordinal number of the element in the series of the elements 
starting vdth Z ~ 1 for hydrogen, or (2) the positive charge carried by 
the nucleus of the atom, in terms of the electronic charge c as a unit, 
or (3) the number of electrons surrounding the nucleus in the normal, 
neutral atom. 
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These experiments of Geiger and Marsden so corapleteiy coiilirmed 
the conclusions which Rutherford had reached by postulating the 
nuclear type of atom that, in spite of certain weighty objections, 
the Rutherford atom model was at once universally adopted. 

(d) Some Difficulties, — The objections to the nuclear t^^ps of atom, 
are, in large part, concerned with questions of stability. , It is obvious 
that equilibrium cannot be secured, if the electrons are at rest, by the 
operation of electrostatic forces alone. For, consider [Fig. 58(a)| a 
nucleus with a double positive charge +2e and with 2 electrons sym- 
metrically placed at a distance r from the nucleus. Assuming the 
inverse-square law, the attraction of the nucleus for each electron is 
2e^fT^j while the electrons repel each other wit,h a force equal to only 
one-eighth of this, viz.^ e-/(2r)“. The electrons will, therefore, ‘Tail 
into^^ the nucleus. 



Fig. 5Sa. Fig. 58b. 

Something is gained by giving to the electron an orbital motion, 
such as that of the earth round the sun, but not enough. Let a nucleus 
[Fig. 58(5)1 have a charge +E and a mass M, and let a single electron, 
charge ~ e, mass m very small compared with i¥, revolve around it in a 
circular orbit of radius a at such velocity v that 

Ee __ 
r- r 

Newton’s mechanical laws of motion are then satisfied. But, accord- 
ing to the fundamental laws of the electromagnetic theory, such a 
revolving electron, since it is subject to a constant acceleration toward 
the center of its orbit, should radiate energy. This energy can come 
only from the energy of the system. The system will, therefore, “run 
down” ; the electron will approach the nucleus along a spiral path 'and, 
as can .easily, be shown,, will gwe out radiation of constafitly increming, 
frequency. This, however, does not agree with the observed emission 
of spectral lines of fixed frequency. 

;It was 'at this poinfthat.' Bohr introduced his epoch-making.,theory 
.of the structure of the .atom' 'and of .the .origin of spectra. . His' theory 
constituted an extension of Planck’s theory of quanta to Rutherford’s 
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nuclear atom, in an attempt, extraordinarily successful, both to 
remove the difficulties of the nuclear model and to explain the origin 
of the characteristic spectra of the elements. 

93. The Bohr Theory of Atomic Hydrogen. — ^As we have seen in 
the last chapter (Sec. 84), the essential features of Planck's original 
quantum theory were two: 

1. All oscillator can exist only in one of a number of discrete 
quantum states, and to each of these states there corresponds a definite 
allowed value of its energy. 

2. No radiation is emitted while the oscillator remains in one of its 
quantum states, but it is capable of jumping from one quantum state 
into another one of lower energy, the energy lost in doing so being 
emitted in the form of a pulse or quantum of radiation. 

Successful applications of the first of these assumptions had already 
been made in other fields, notably by Einstein and especially by Debye 
in the specific heat of solids, which will be discussed in a later chapter 
(Sec. 163, Chap. IX). Nicholson had also attempted to apply the 
theory to spectra, and with some success, but he was unable to make 
it yield a series of lines converging to a limit. Bohr discovered how to 
apply similar ideas to a hydrogen atom of the Rutherford type and 
succeeded in arriving at a theoretical formula for its spectrum that 
agrees with observation.^ 

Bohr assumed that an electron in the field of a nucleus W'as not 
capable of moving along every one of the paths that were possible 
according to classical theory but was restricted to move along one of a 
discrete set of allowed paths. While so moving, he assumed that it did 
not radiate, contrary to the conclusion from classical theory (Sec. 35), 
so that its energy remained constant ; but he assumed that the electron 
could jump from one allowed path to another one of lower energy and 
that, when it did so, radiation was emitted containing an amount of 
energy equal to the difference in the energies corresponding to the two 
paths. 

As to the frequency of the emitted radiation, he considered several 
alternative hypotheses but finally adopted the same assumption that 
Planck had made for his oscillators. That is, if Wi and TF 2 are the 
energies of the atom when moving in its initial and final paths, respec- 
tively, the frequency of the radiation emitted is determined by the 
condition that 

Wi-W2 

^ Bohe, N., Phil Mag.j vol. 26, p. 1 (1913). 


( 130 ) 
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where h is Planck’s constant (Secs. 84 and 85). This .assioiiptioii had 
the additional advantage of agreeing with that made l3y Einstein in 
arriving at his highly successful photoelectric equation |Sec. 46^ Eq. 
(48)]. For the latter reason, Eq. (130) came later to be known as the 
Einstein frequency condition. 

Concerning the formulation of the condition that determines the 
allowed paths, Bohr was also in some doubt. Wliile the electron 
remains in one of its “stationary states,’*’ as he called them, he supposed 
it to revolve in a circular or elliptical orbit about the niicleus, just as the 
earth revolves about the sun, in accordance with the classical laws of 
mechanics. But what fixes the size and shape of this orbit? Bohr 
showed that it would suffice to assume a certain relation between the 
f requeue}^ of the emitted radiation and the frequency of revolution 
of the electron in its orbit. In the end, however, he preferred to 
postulate that the orbit is a circle, with the nucleus at its center, and of 



such size that the angular momentum of the electron about the nucleus 
is equal to an integral multiple of the natural unit /i/2ir. 

It wms recognized later that the postulate in this form is in harmony 
with the final interpretation that Planck had found for h in the case of 
the harmonic oscillator. We saw” in Sec. 84 that the state of the 
oscillator might be represented by a point on a plane, with the coordi- 
nate X and the momentum p of the oscillator taken as Cartesian 
coordinates, and that, as long as the energy of the oscillator remained 
constant, this point would move along an ellipse (Fig. 59). The 
condition for a stationary state or quantum state of the oscillator could 
be said to be that the area enclosed by this ellipse should be an integral 
multiple of h. For the enclosed area, wve can obviously wuite '^px dx^ 
meaning integration over a complete cycle. , While x ranges fromits 
minimum to its maximum value, px is positive .(above Ox in Fig. 59) ; 
wdiereas during the other half-cycle, as x decreases again so that dx < 0, 
Px is negative, and px dx is again positive. Thus a positive value is 
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obtained for the area. Planck^s condition for a quantum state of the 
oscillator can, therefore, be stated as follows: 

^pdx = nh, (131) 

any positive integer. 

This rule can at once be modified so as to 
apply to the revolving electron. If we take, as 
its coordinate, its angular displacement from a 
fixed line, <^> (Fig. 60), the (generalized) momen- 
tum corresponding to <t> is the ordinary angu- 
lar momentum. Equation (131) thus takes the 
form, for the revolving electron, 

Fig. 60. ^p^d^ = nh. 

But here p^ is constant during a revolution, so that ^p^ d<j> = 

and d<j> == j dcj) = 27 r. Thus, from the last equation, we have, 

as the condition for a quantum state, Bohr^s quantum condition: 

V4’ = nL, ( 132 ) 

n being any positive integer. 

Bohr’s theory represents a remarkable combination of principles 
taken over from classical theory with postulates radically at variance 
with that theory. He solved the old problem of stability merely 
by postulating that the cause of instability, the emission of radiation 
and the accompanying radiation reaction, did not exist so long as the 
electron remained in one of its allowed stationary orbits. The electron 
could thus remain in its stationary state of lowest energy indefinitely, 
mthout spiraling down into the nucleus, as classical theory would 
require. But the problem of stability was solved only at the expense 
of throwing away the only picture we had of the mechanism by which 
the atom could radiate energy. For Bohr’s postulates provide no 
picture of the sequence of events during transitions between orbits, 

A hybrid theory of this sort was widely felt to be unsatisfactory; 
but we shall see in the next section that it was astonishingly successful 
(in the case of atomic hydrogen). In the next chapter, on wave 
mechanics (Chap. VII), we shall describe the theory that ultimately 
replaced the Bohr theory. This theory leads, at least approximately, 
to the same set of energy values for the stationary states or quantum 
states of the hydrogen atom as does the theory of Bohr, but it suggests 
quite a different picture of the behavior of the electron while in a 
quantum state. In the new theory, it is only about half true that the 


where n stands for 
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electron is in, motion in the atom, even when it is in one of its iiigiier 
quail turn states; at least, it cannot be said to follow a definite orbit. 
Because of the abstractness of the new theory, the original simple 
Bohr picture is commonty felt to retain something more than mere 
historical interest. 

94. Quantum States of One Electron in an Atom. — The allowed 
values of the energy as given by Bohr’s theory for an atom containing 
a single electron are easily deduced from his basic assumptions. For 
greater generality, let the nuclear charge be Ze^ Z being the atomic 
number and, therefore, an integer, and e being the numerical electronic 
charge, in electrostatic units. Our calculations will then hold not only 
for the neutral hydrogen atom but also for a singly ionized atom of 
helium, for doubly ionized lithium, and so on. 

It is assumed that the electron revolves in a circle with angular 
momentum 


= ma^o) = n 


h 

2t 


(133) 


where n. is a positive integer, called the ‘^quantum number ’’ of the state 
in question, m is the electronic mass, a the radius of the orbit, and the 
angular velocity of revolution. To satisfy the laws of mechanics, we 
must have the necessary centripetal force on the electron supplied 
by the force of attraction due to the nucleus, whence 





(134) 


Eliminating w from these two equations, we find for ihe radius of the 
orbit 




(135) 


The energy of the electron will be partly kinetic and partly poten- 
tial If we call the energy zero when the electron is at rest at infinity, 
its potential energy in the presence of the nucleus, according to the 
usual electrostatic formula (charge times potential), is 



a 


Its kinetic .energy is 
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by (134). Thus K = a relation peculiar To motion under an 

inverse-square force. The total energy is W = K + U ox 


IZe^ 27r‘^me^Z^ 
" 2a” hV ' 


(136) 


by (135). This is the energy of the atom when the electron is in its 
nth stationary or quantum state. Here and in Eq. (135), the quantum 
number n may take on any integral value: n = 1, 2, 3, • • • . 

From Eq. (136), we see that, the larger the value of n, the smaller 
numerically but the larger in algebraic value is the energy of the system. 
The low’est value of Wn is that corresponding to the first orbit. This 
state is called the normal (quantum) state, or ground state, of the 
atom, since it should be the most stable state and the one ordinarily 
occupied by the electron. 

It is interesting to note that according to Eq. (135) the radii of the 
successive allowed orbits are proportional to to P, 2^, 3^, 4^, • • • or 
to 1, 4, 9, 16, • • • . If in (135) we substitute Z = 1 for hydrogen and 
h = 6.61 X 10""2^, e = 4.803 X 10““^^, m = 0.9107 X 10“^^ gram, and 
n = 1, we find for the radius of the smallest Bohr circle for hydrogen, 
or the radius of its orbit in the normal atom, 

^ 


The diameter of the orbit is thus close to 10“® cm., w^hich agrees very 
well with estimates of the atomic diameter obtained from kinetic 
theory. This is a first indication that the new theory may be able to 
explain, among other things, the apparent sizes of molecules. In 
atoms containing only 1 electron but a larger nuclear charge, the orbits 
are all smaller in the ratio IjZ. 

It must be remarked, however, that our calculations contain a slight 
^ ^ ^ ^ error. What we have actually 

# « ® developed is a theory. 

a-— J In reality, if the electron revolves 

in a circle about the nucleus, as we 
have supposed it to do, its path in space will be a circle about the 
center of mass of the combined system, which is slightly displaced from 
the nucleus (Fig. 61). At the same time the nucleus itself revolves 
about the center of mass in a smaller circle. If a is the distance of the 
electron from the nucleus, and a', a" the respective distances of electron 
and nucleus from the center of mass, then 

, M f, m 

a' = ———a, ■■ a = — ■ ■ 
m + M m + Af ^ 

w^here Af is the mass of the nucleus. 
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The total angular momentum about the center of mass is then the 
sum of that due to the electron and that due to the nuclear nit)tion or 


Let us write 


771 


AP 


(m + My 


0 + M 




(m + My 


aroo 


n i M 

771 “h M 




m — 


7nM 

wT+M^ 


(138) 


m' so defined is called the reduced mass of the electron. Then we can 
write for the total angular momentum m'a-coy and, if we assume that 
Bohr’s postulate has reference to the total angular momentum of the 
atom, we shall have, in place of (133), 


m'a-co 



(133') 


Furthermore, in the left-hand member of the dynamical equation, 
(134), a, representing the radius of the electronic orbit in space, is now* 
to be replaced by a'. The same result is obtained, however, if, retain- 
ing a, we replace m. by m' as defined by Eq. (138) . In the right-hand 
member of (134), however, a represents the distance between the 
electron and the nucleus and must be left unchanged. Thus in place 
of (134) we have 

m'aP = (134') 

a- 


The expression for the potential energy U is unaltered. The kinetic 
energy of the electron, however, will now be to which is to be 

added that of the nucleus, or the total kinetic energy of the 

atom is thus 


1 mM , , 

= « ; — = 

2 m, M 
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by (134'). The total energy is thus 




1^ 
2 a 


as before. 

It is easily seen now that the effect of these changes is simply to 
replace m by m' as given by Eq. (138) in all of the equations previously 
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written, including Eq, (135) and Eq. (136), so that these latter equa- 
tions become 




Wn = 


2TWe^Z^ 

hV 


(135', 136') 


We note that the nuclear motion causes the orbital radii and the 
allowed energies to vary slightly with i¥, or with the atomic weight. 

In addition to the discrete set of allowed orbits just described, in 
any one of which the electron is capable of moving with negative total 
energy, Bohr assumed that it could also move with any value whatever 
of 'positive energy. In such a case the orbit would be a hyperbola, as 
some of the orbits of comets have been supposed to be. Thus we have, 
in ail, a discrete set of allowed negative energies, or energy levels, con- 
verging to the value zero and, also, from zero up, a continuum of allowed 
positive energies. 

The zero value of the energy has been so chosen here that it 
corresponds to the electron at rest at infinity. In this state the atom 
can be regarded as just barely ionized. Accordingly, the numerical 
value of the (negative) energy of the normal state also represents the least 
energy required to ionize the atom by removal of the electron, 

A final remark should be added to forestall misunderstanding. 
The modern wave-mechanical theory assigns definite values of angular 
momentum to the various quantum states of atoms, as did Bohr's 
theory, but these values are not the same as those assigned by the Bohr 
theory [of. Sec. 115(6)]. The energy levels^ however, turn out to be 
just the same, for a 1-electron atom, as those given by Bohr's theory, so 
long as all relativistic effects (including spin) can be neglected (Sec. 
136). 

95. Spectrum of a One-electron Atom. — According to Bohr's 
postulates, a hydrogen atom radiates when the electron jumps from one 
quantum state into another state of lower energy. The difference 
in the two energies is simultaneously emitted as a single quantum of 
radiant energy, the frequency of which is given by the Einstein relation 
or 



(139) 


Inserting here for Wi and TF 2 the values given by Eq. (136) for states 
with quantum numbers Ux and we have, therefore, for the frequency 
of the line emitted when the atom jumps from state ni to state n%y 


2w^me^Z^ /l l\ 

\nl nl/^ 


(140a) 
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or, in terms of wave numbers, 

D l\ o 27r%e^ 

These expressions are positive, since necessarily Ui > fiz- 
For hydrogen (Z = 1), the latter formula becomes 


= if (-4 - 4)- 

V ^'2 ^ 4 / 


(1405, c) 


(141) 


If we set n 2 = 2 and let 7ii take on any integral value from 3 
up, this last formula is exactly of the type of Baliner’s formula! 
It permitted at once a crucial quantitative test of the new theory. 
4\Tien Bohr inserted in it the best values of his day, e = 4.7 X 
^,/fn = 5.31 X 10^^ with e in electrostatic units, and h = 6.5 X 
(as found from Planck’s formula for black-body radiation), he found 
for the coefficient in (140a) 


2'K-me^ 

~1F~~ 


X 10'^ 


This, then, should be the value of the Rydberg constant i?, wffien 
expressed in terms of frequency rather than wmve number. As cal- 
culated from the frequencies of the lines of the Balmer series, its value 
was 

3,290 X 10^^ 

Bohr considered that ^Hhe agreement between the theoretical and 
observed values is inside the uncertainty due to experimental errors 
in the constants entering in the expression for the theoretical value.” 

If we employ the best modern values, say e == 4.803 X 
e/m = 1.759 X 2.9980 X 10^^ with e in electrostatic units, and 
h = 6.61 X as obtained from independent measurements, we 

obtain, in reciprocal centimeters, 

— = LlOo X 10®cm.~"^ 

as against the best spectroscopic value^ (for an atom of infinite mass) : 

= 109,737.30 cm.“V 

The difference' is about 0.7 percent. This has been felt to be too large 
a difference to . be' due to errors in, the experimental values of e,..e/nij c, 
and A. It should be noted, however, that e and /renter into the formula 
^ Birgb, P%s., vol. 13, p, 233 (1941). 
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in rather high powers, so that any errors in these constants become 
magnified. Furthermore, as the refinement of experimental methods 
has increased, the observed values of physical constants have shown 
in the past a general tendency to become changed by larger amounts 
than would have been expected in view of the precision of the methods 
employed, presumably owing to unsuspected systematic errors. The 
formula for seems, on the other hand, to rest on a sound theoretical 
basis; the same formula is obtained on the more modern wave-mechan- 
ical theory as on Bohr's theory. According^, Birge has recommended^ 
that the value of h should be chosen so as to bring the theoretical 
formula for into agreement with the observed value, resulting in 
the value 

h = 6.624 X 10-27. 


In the present edition of this book, however, the value h = 6.61 X 10“27 
will be retained in order to avoid the necessity of recalculating various 
other numbers. 

The maximum possible value of v in any given spectral series, for 
a 1-electron atom, is obtained from Eq. (1406) if we set ni — oo . This 
gives the theoretical series limit, 


RZ^ 

nl 


(142) 


For the corresponding atomic transition, we have Wi = 0, the electron 
starting from a state of rest at infinity. 

The range of possible transitions is not thereby exhausted, however. 
It can also be imagined that an electron moving along a hyperbolic 
orbit past a h^^drogen nucleus might drop into one of the closed orbits 
that are allowed on the Bohr theory, emitting all of its excess energy 
in a single quantum. In this case, W i would have some positive value 
W and the frequency of the emitted photon would be 


W 


-W 2 - , W 

ch ch 


Since W can vary continuously from 0 upward, such jumps would 
give rise to a continuous spectrum extending from toward shorter 
wave lengths. Such a continuum is clearly visible in Fig. 51 (Sec. 87). 2 
In spite of the radical nature of the assumptions underlying Bohr^s 
Alhid. . 

2 Ti^e continuum actually overlaps the series slightly in this figure. This may 
be due to some interference of the atoms with each other; in its higher quantum 
states, according to Eq. (135), the hydrogen atom must be effectively very large, 
c.gr,,400 ao or 2 X 10”® cm. for n = 20. 
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tlieoryj its quantitative successes in explaining many facts qiii(*kly 
secured general acceptance of the theory. In his first papcafin 1913^ 
Bohr points out several other respects in which t.he predict ic^ns of his 
theory were in agreement with experiment. Acco.rdi.B.g to the theory, 
ill the formulas for v or v the quantum number as well as ni, might 
have an.}^ value. If we make == 1 and let iii vai\y, we obtain aiiotiier 
series of lines, for which the final state is the normal state of the atom ; 

= 3^ with Ui > 7i2j gives us a third series, and so on. In Bohrts 
time a series of infrared lines corresponding to 712 = 3, called the 
‘^^Paschen series/^ was actualty known. The series for = 1, how- 
ever, lies in the ultraviolet and was not discovered until later; it is 
called, after its discoverer, the Lyman series.'’ .Lines of other series 
corresponding to m = 4 or 5 have also been observed. 

It is important to note clearly, however, which features of the 
theory are directly effective in determining the frequencies of the 
spectral lines. These frequencies are quite distinct from the f requency 
of orbital revolution of the electron, a feature of the new theory that 
was in most striking contrast with classical ideas. The frequency 
of orbital revolution can be found by solving (133) and (134) in the 
last section for w; it is 

6 ? __ AirhneAZ^ 1 

- 2t “ h-> n^' 


For comparison, Eq. (140a) may be written thus: 


V 




{7I1 — ?i 2 ). 


It can easily be seen that, since n\ > 

_L <r ^ „L. 

2iifn| n| 

Hence, if ni — = 1, the frequenc^^ v of the emitted radiation is 

intermediate between the frequencies of orbital revolution in the 
initial and final states. Only for very large n, for which the orbital 
frequencies in successive orbits become indistinguishable, do the 
emitted and orbital frequencies tend to coincide. Making in succes- 
sion Ui — 71 % = 1, 2, 3, * * * , we have an approximation to various 
harmonic overtones of a fundamental frequency. Thus, quantum 
jumps in which An > 1 correspond to the overtones in the case of 
classical vibrations. This is an example of a principle later elaborated 
by Bohr and known as the “correspondence principle.” 

In the" present section we have discussed principally the spectrum 
of hydrogen, but similar results follow from Eq. (140a) .or Eqs> (140b ^c) 
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for any atom containing a single electron. As a further example, the 
spectrum of ionized helium will be discussed presently (Sec. 97). 

96. The Spectrum of Atomic Hydrogen. Energy Levels and 
Spectral Series. — The energies of the lowest eight states of the hydro- 
gen atom are shown in Table II. They are calculated from Eq. (136) 
wdth the observed value of the Rydberg constant Rn inserted in place 
of the coefficient 27rhne^Z-lh^. It is often convenient to express such 
energies in wave-number units; the difference of two energies then 
gives at once the wave number of the corresponding spectral line. 
If We is an energy in ergs, its value IF? in wave-number units or 
cm.”^ is 



Tvble IL — Energy Values of Some States of the Hydrogen Atom 


State 

Energy 

Wave-number units 

j Ergs 

Electron-volts 

n ~ 1 

- 109,678 

-217.3 X 10“!^ 

-13.58 

2 

- 27,420 

- 54.3 

- 3.394 

3 

- 12,186 

- 24.2 

i - 1.508 

4 

- 6,855 

- 13.58 

- ,849 

5 

~ 4,387 

- 8.69 

- .543 

6 i 

~ 3,047 

1 - 6.04 

- .377 

7 

- 2,238 

: - 4.44 

- .277 

8 

- 1,714 

1 - 3.40 

- .212 


For other purposes energies expressed in electron-volts are more con- 
venient. An electron-volt (abbreviation, ev) is the work done on an 
electron, or its gain in energy, vrhen it passes through a potential rise 
of 1 volt. Hence, a volt being ^ioQ electrostatic unit, 

1 electron-volt = — 1.601 X 10“"^^ erg, (144) 

if e = 4.803 X 10~"^® e.s.u. In Table II, the energies are given in all 
three units, ergs, cm.*"^, and electron-volts. 

In spectroscopic work, however, it is more usual not to employ the 
energy itself, which is negative, but its numerical value. These 
numerical values of the atomic energies are called term values or 
terms: The wave number of a spectral line is then obtained by sub- 
tracting the term value for the initial state from that f or the state. 
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In Table III are shown the first four lines of each of tlie four known 
series in the spectrum of atomic hydrogen, and tlie assoeitited t63rm 
values. Column 4 gives the quantum number for each term. The 
first term value given in column 3 is in eac.h case the eoiivergeiice wave 
number or limit for that series; the wave number v of each line is 
obtained by subtracting from the convergence limit the te,rm opposite 


Table III. — Some Term Values an.d Lines for the Hydrogen Atom. 


X, angstroms 

y, cm. ^ 

Terms, 

Quantiini number, n 

Lyman series 

109,678 

1 

1,216.0 

82,258 

27,420 

2 

1,025.8 

97,491 

12,186 

3 

972.5 

102,823 

6 , 855 

4 

949.5 

105,291 

4,387 

5 

B aimer series 

27,420 

2 

6,562.8 

15,233 

12,186 

3 

4,861.3 

20 , 565 

6,855 

4 

4,340.5 

23,032 

4,387 

5 

4,101.7 

24,373 

3,047 

6 

Paschen series 

12,186 ■ 

i 

3 

18,756 

5,331 

6,855 

4 

12,821 

7,799 

4,387 

5 

10,939 

9,139 

3,047 

6 

10,052 

9,948 

2,238 

7 

Brackett series 

6 , 855 

4 

4.05m 

2,468 

4,387 

5 

2.63 

3,808 

3,047 

6 , 

2.16 

4,617 

2,238 

■ 7'' 

1.94 

5,141 

1,714 

' 8 ■ 


the wave number of the line. 'The wave length X„ iS' calculated . as 
,X lOL Many repetitions of term values necessarily occur in such 
a table. . 

The relations between the energies and the series of lines are much 
better., seen from an energy-level diagram: In Fig. 62(a) in'Sec.^. 
98' is shown ' such a diagram^ necessarily incomplete^ for' atomic 
hydrogen.; (Each horizontal line represents an energy level, higher 
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energies being plotted above. The line at n = 1 represents the normal 
state of the atom; the line at n = co represents the electron at rest at 
infinityj the atom being just ionized; and above this is the continuum 
of positive energies for the free electron. Wave numbers are shown 
on a scale reading downward. Energies measured from the normal 
state as zero are also shown, expressed in electron-volts. A few of the 
transitions which give rise to lines are shown in an obvious manner 
by arrows. The diagram brings out clearly the fact that each series 
ends on a particular energy level. 

97. Ionized Helium. — A helium atom which has lost both elec- 
trons is a bare nucleus and cannot radiate energy. One which has lost 
only a single electron, however, resembles a hydrogen atom, except 
that Z = 2 and the nucleus is nearly four times as heavy. The 
spectrum emitted by such atoms is known as the spark spectrum of 
helium, because it is emitted much more strongly when the helium is 
excited by a spark than when it is excited by an arc. The arc spectrum 
of helium, emitted by the neutral atom, will be considered later 
(Sec. 140). 

Putting Z = 2 in Eq. (1406) wm should have for the frequencies of 
the spectral lines emitted by ionized helium 



Thus ionized helium should emit the same spectrum as hydrogen except 
that all frequencies are four times as great, or all wave lengths a quarter 
as great. 

This conclusion from the theory agrees with observation except for 
a slight numerical discrepancy which becomes significant w^hen 
measurements of precision are considered. As explained in Sec. 94, 
m in Eq. (136), or in formula (140c) for the Rydberg constant, must, 
strictly speaking, stand for the reduced mass m' of the electron as 
given by Eq. (138). Hence, the Rydberg constant for a 1-electron 
atom the nucleus of which has a mass M is, from (138) and (140c), 


R = 


M 


m + M 


R. 


R. 


27r^mc'^ 


(146a,6) 


In these latter formulas, m stands for the ordinary electronic mass, 
0.911 X 10”2^ gram. 

Gne use that can be made of these relations is to deduce the ratio 
of the mass of the electron to the mass of a hydrogen or helium atom 
from values of J? calculated from spectral data. If subscripts H, He 


IONIZED HELIUM 




indicate values of R referring to h 3 ^drogen and lieliiini, respectively, we 
have, from (146a), 

i?He _ d/Hc ■ M 4" Mu 

Ru m 4 ” Muii Mb 


whence 

Mb Rbp\ M _ Jf-He Rll 
il/ne Rll ) Mb. Rb 

If we insert here, from Sec. 88, Rb ~ 109,677.58, i?Hc == 109,722.26, 
and Mu/MBe = 1.0081/4.002, we find ’ * 

ni _ 1 

Mh ” iT^’ 

That a value of m/Mu so found realty possesses some precision, 
although it depends upon the difference of two numbers, Ru and Rbu, 
which are almost equal, is due to the extraordinary precision of the 
spectroscopic values of R. We can then also proceed further and 
obtain a value of e/m for the electron. This is one of sevei’al spectro- 
scopic methods for finding e/m. For 

e _ e Mb 
m Mb m 

and e/Mu equals the charge necessaiy to precipitate a gram-atom in 
electrol^^sis divided by the atomic weight of tyulrogen, or 9,648.8 
electromagnetic units divided by 1.0081. Thus, 

p Q 648 8 

— = Tl i a Q -T X 1,837 = 1.758 X 10' e.m.u. gram“h 
m 1.0081 

This value of e/m agrees veiy closely with the results of recent measure- 
ments of the same quantity for free electrons, - alread}'' mentioned in 
Sec. 42. Birge cites the average of four such measurements, made 
either by measuring the velocity imparted to electrons a kiiowm 
potential drop or by the magnetic-deflection method, as 1.75955./ The 
agreement of the values of c/??i obtained by these turn different methods 
constitutes a valuable check on the correctness of the assumptions 
underlying atomic theory. Furthermore, five other spectroscopic 
methods of evaluating e/m, listed by Birge, give values in good agree- 
ment with these two. The weighted average of all 10 values is 

V = 1.7591 X 101 
m 

1 Birge, P%s. vol. 54, p. 972 (1938). 
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From the value just found for m/Ms we can calculate R„ from the 
observed value of Ra by means of the formula, a special case of Eq. 
(146a), 

It is in this or an equivalent way that ^^experimentaP' values of are 
obtained. 

In a similar way, doubly ionized lithium is found to emit the hydro- 
gen spectrum with all frequencies multiplied (almost exactly) by 9; 
trebly ionized beryllium emits them increased in the ratio 16; and so on. 
The first line of the Lyman series for quadruply ionized boron [Z == 5) 
has been found by Edlen at 48.585 A, vith a frequency 25.04 times that 
of the first Lyman line of hydrogen. 

98. Energy Levels and Series Relationships for Sodium. — Energy- 
level diagrams analogous to that for hydrogen can be constructed for 
all atoms. Such a diagram makes very evident a simple explanation 
in terms of the energy levels for those striking properties of spectral 
series and of their interrelations which were described above (Secs. 
88 and 89). As an illustration we may return here to a further brief 
discussion of the spectrum of neutral sodium. 

A partial energy-level diagram for sodium is shown in Fig. 62(6) ; it 
contains levels only for those quantum states that occur as the valence 
electron moves out toward infinity (for a more complete treatment 
of the sodium spectrum see Secs. 131, 132, 134). The levels are 
labeled on the diagram in modern spectroscopic notation, but this is 
immaterial for our present purpose Most of the levels are really 
double, two levels l 3 dng very close together, but only one such pair is 
shown as such on the diagram (and on a much exaggerated scale), the 
others being represented by a single line each. (For the explanation of 
the doubling and of a similar but more minute fine structure of the 
hydrogen levels, see Sec. 136 below ) The levels labeled >8, however, 
including the normal state, are strictly single. 

A brief inspection of the level diagrams in Fig. 62 reveals the 
following explanation for the properties of the spectral series. That 
each series must converge to a finite limit arises from the simple fact 
that the largest energy difference possible between levels is limited 
to the energy required to ionize the atom, starting from the initial state 
for the series in question. The pnncfpaZ series of lines for sodium, 
including as its first member the ordinary D lines, arises from transi- 
tions ending on the normal state, which, as just state<i, is single. The 
doublet character of the lines of this series is due, therefore, to the 


Sec. 981 ENERGY LEVELS AND SERIES RELATIONSHIPS 


21.9 


doublet nature of the upper level; and, since the spacing of these levels 
decreases rapidly with increasing energy, the spectral doublets close up 
as their ordinal number increases. The sharp and tiie diij}ise series 
both end on the doublet level next above the normal state; hence, they 
have a common convergence limit. The lines of these series, as 
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Fig. 62. — The lower energy levels of (a) hydrogen and (b) sodium atoms. Values 
at the left are in em.-n a few differences are showm at the right in electron-volts. The 
transitions giving rise to the first three lines of the chief series are shown by arrows. 


observed, usually appear to be doublets of constant frequency differ- 
ence, this difference being that between the sublevels of the final state; 
hence, Hartley's law commonly appears to be obeyed by both series. 
(A further slight splitting of the diffuse lines will be discussed later in 
Sec. 134.)' Finally, the basis for^ the Rydberg-Schiister law is simple 
and obvious: the difference between the common convergence limit of 
the sharp': and the diffuse series and the limit of the principal series is 
just the difference between -the lowest two energy levels; and this is also 
equal to the ^ wave number of’ the. first line of the principal, series.' 
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The convergence limit of the principal series, corresponding to a 
jump of the electron from infinity into the normal state, obviously 
corresponds to an energy that is (1) numerically equal to that of the 
normal state, when this is measured downward from zero at infinity, 
and (2) equal to the minimum energy that must be given to the atom 
to remove an electron from it, i.c., to the ionization energy of the neutral 
atom. The ionization energy is usually expressed in electron-volts 
and called the ionization 'potential, representing the potential through 
which an electron must drop in order to acquire enough energy to 
ionize the atom by impact. It is 5.13 volts for sodium, 13.58 volts for 
a hydrogen atom. 

The discussion of spectra in terms of energy levels is thus much 
simpler than the direct discussion in terms of the lines themselves. 
Whatever may happen in the future to our picture of the behavior of 
the electrons in an atom, energy levels are undoubtedly here to stay. 

99. Excitation and Ionization of Atoms by Electrons. — In the last 
few sections, we have ascribed the emission of radiation to transitions 
made by atoms from one stationary state to another of lower energy, 
without considering how the atoms get into the higher states initially. 
Since the energy of the atom decreases with each emission of a quantum 
of radiation, the final result of emission processes can only be that the 
atom arrives in its normal state, or state of lowest energy, and then 
remains there without radiating farther. Thus, in order to be able to 
emit radiation, the atom must first be transferred by some means from 
its normal state into a state of higher energy. 

When an atom is in such a state of higher energy, it is said to be 
excited, and the process of transferring or raising’^ it from its normal 
state into an excited state is referred to as excitation. The excited 
atom may be thrown into any one of its infinite series of discrete 
quantum states. It may also happen, however, that the process of 
excitation is so intense that the electron is completely removed from 
the nucleus. The atom is then left with a net positive charge and, if 
free, will tend to move in an electric field, like an ion in an electrolytic 
solution. Such an atom which has lost 1 electron (or more) is said 
to be in an ionized state, and the process of raising the atom from the 
normal state to the ionized state is called ionization. In the process 
either of excitation or of ionization, additional energy is given to the 
atom. 

A full discussion of the subject of the excitation and ionization of 
atoms, and of the far-reaching conclusions drawn from experiments in 
this field, is beyond the scope of this book. We may, however, make 
brief mention of some of the ways by which experiment shows that 
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atoms ina}^ become excited or ionized and of the interpretation, of some 
of these experiments. 

The atoms of a gas or .vapor may become excited or ionized by 
bombarding them with electrons. An atom beco,mes ionized when the 
energy given to it in a collision is sufficient to expel an electron from 
its normal orbit in the atom to infinity. 

As one illustration of the mode of procedure followed in studying 
phenomena of this kind may be mentioned an experiment by Foote, 
Meggers, and Mohler.^ Their apparatus is shown diagrainmaticaliy 
in Fig. 63. A filament F of tungsten or lime-coated platinum is 
heated by a battery Bi to such temperature that it emits electrons. 


Tbihe F — 

Spec/ro/nefer S ^70or?or2r~ 


^ - 

c 



Fig. 63. — The apparatus of Foote, Meggers, and Mohler for studying excitation 

potentials. 

Around the filament is a spiral grid S, which, by means of a battery 
B 2 or potentiometric source of pd, is maintained at any desired positive 
potential with respect to the filament. Around S and electrical^ 
■ connected thereto is a metal c^dinder CC; S and CC are thus at the 
same potential. Inside CC is the gas or vapor under study, maintained 
at a suitable pressure. Electrons, emitted b}^ the filament, are 
accelerated toward the grid which is so close to F that with proper 
regulation of the gas pressure comparatively few atoms of the gas are 
struck by the electrons in their passage from filament to grid. After 
leaving the grid, the electrons move in the force-free space between 
S and CC, in which space, because of the greater distance S to CC, the 
electrons collide with the gas molecules causing the excitation of the 
latter, provided the energy of the electrons is sufficiently great. 

With sodium vapor inside the cylinder, no luminosity is observed 
in the vapor until the potential difference between the grid and the 
filament reaches 2.09 volts. For voltages slightly above this value, 
the spectrograph shows that the sodium vapor emits the well-known 
D lines, and those only. The mean wave length of these lines is 
5,893 angstroms, corresponding to a frequency v of 0.509 X 10^® sec."“^* 
the energy quantum /ij' is 

6.61 X 10-“27 X 0.509 X 10'- = 3.36 X 10"-'^ erg. 

Foote, Meggees, and Mohleb, Astrophys. vol. 55, p. 145,(1922); also. 
Foote and Mohler, ^^The Origin of Spectra."’ 
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According to the quantum picture of the origin of spectra^ there must 
have been a change of state of the sodium atom in emitting this line 
corresponding to an energy drop of 3.36 X 10"“^^ erg — whatever may- 
have been the absolute values of the energies in the initial and the final 
state. Now, the electrons, which, after emission from the filament, 
have dropped through 2.09 volts, have acquired a kinetic energy given 
by 

eV = 4.80 X 10-“ X = 3-34 X 10-“ erg. 

We see, therefore, that the kinetic energy possessed by the electrons 
as the};^ pass through the space between the grid and the cylinder is 
equal to the quantum energy of the radiation emitted by the sodium 
vapor. The presumption is very strong, therefore, that the electrons 
have, by collision, transferred to the sodium atoms sufficient energy to 
raise the latter from their normal state to an excited state 


3.36 X 10-^2 


above the normal, and that the atoms in returning from that excited 
state to the normal state emit the doublet D line. 

In discussing such observations, it is convenient to express all 
spectral frequencies in equivalent electron energies. If the quantum 
energy hv of a line is equal to the energy acquired b}^- an electron in 
falling through V volts or F/300 electrostatic units of potential, we 
have 


Fe 7 T ^ he 
— = A, = Ac. = - 

Inserting 6 = 4.803 X 10~^^ h = 6.61 X c = 2.998 X lO^O; and 
multiplying X by 10^ to convert to angstroms, we obtain the convenient 
conversion formulas^ 

V = 8,0797, X = (147a, A) 


The quantity F is a measure of the energy of the radiant quantum, or 
of the energy lost by the atom in emitting it, in terms of the electron- 
volt as a unit. 

To return to the experiment of Foote, Meggers, and Mohler, 
it was found that, as the voltage between filament and grid was 


^ If we employ the ^'spectroscopic^’ value of A, as described in Sec. 95, or 
h - 6.624 X 10-27, and also e = 4.8025 X 10“'«, c - 2.99776, formulas (147a, 5) 
become ' 


V « 8,062F, 


X = 


12,404 ; 

y 
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raised above 2.09 volts, the D lines continued to appear, but no 
others appeared until the voltage reached 5.12 volts, beyond whieli 
the complete arc spectrum was produced. Beyond 35 the 

so-called “ spark spectrum was seen. The explanation of these 
facts cannot be quite the same as for the D lines. For electrons 
possessing energy equivalent to, say 3.0 volts, shoiild, so far as cnprg^j 
is concerned, be able to communicate to sodium atoms siiflicient 
energy to generate lines of wave length 4,130 angstroms or longer. 
In the spectrum of sodium is found a large number of lines of longer 
wave length than this, for example practically the entire sharp and 
diffuse series, the convergence wave length of which is of the order of 
4,100 A. Why do not 3-volt electrons excite these lines? Or, for 
that matter, the wave length of the second line of the sharp series is 
6,158 A or 2.01 electron-volts. Why is this line not produced at even 
lower voltages than the D lines, which correspond to 2.09 volts? 

A little study of the energy-level diagram of sodium in Fig. 62(6) 
above reveals the answers to these questions. A given line can be 
emitted only if atoms are present in the state which is the initial 
state for that line. To emit the line at 6,158 A, the atom must start 
from a state with an -energy much above the initial state for the D 
lines, this state being actually the state for the former line; and 
2.09-volt electrons cannot possibly put the atom into so high a state. 
Even 3-volt electrons cannot excite any state above 3“P, from which 
the D lines start. On the other hand, since the convergence wave 
number of the principal series of sodium is 41,450, equivalent to 
6.13 volts, an electron with more than 5.13 volts of energy can remove 
an electron from the atom to infinity, f.c., it can ionize the atom. 
Subsequently, an electron will be picked up by the ionized atom, 
dropping from one discrete level into another with the emission of 
radiation until it reaches the lowest level and the atom is again in 
its normal state. Consequently, upon viewing the radiation from 
many different atoms, the entire principal, sharp, and diffuse series 
and all other lines of the arc spectrum of sodium may be seen. 

The spark spectrum, appearing when the energy of excitation 
exceeds 35 volts, is ascribed to ionized atoms in which a second atomic 
electron has been raised to a higher level as the result of a second 
impact by an electron from the filament. This second atomic. electron' 
then, causes the emission ofTadiationns- it drops back .into lower levels 
in, the ionized atom. 

..The .energy ' in vofe necessary to raise an ■atomiroin. its normal 
state into ' a.. excited state is. known as the excitation potential 

for that state. The first observation of an excitation potential was 
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made by Franck and G. Hertz in 1914.^ They showed that electrons 
with an energy of 4.9 volts or more, but not less than 4.9 volts, would 
excite the resonance line at 2,536 A in mercury vapor. They made 
this observation in the course of a long series of experiments on the 
energy gained by an electron when passing through a gas under the 
influence of an electric field. Observations of excitation potentials 
were important at that time because they furnished direct experi- 
mental proof of the existence of quantized energy levels. 

100. Absorption and Reemission of Radiation, (a) Absorptimi . — 
On the classical theory, the characteristic frequencies emitted by an 
atom should be identical with the natural frequencies of the atom. 
Conversely, if light of one of these frequencies falls upon the atom, 
it should set the atom into resonance, some of the energy being thereby 
abstracted or absorbed^’ from the incident beam. It follows that 
the absorption spectrum of a gas should be exactly the same as its 
emission spectrum. 

For certain spectral lines this conclusion is substantiated by experi- 
ment in the well-known phenomenon of the reversal of spectral lines, 
of which phenomena the most conspicuous are the dark lines in the 
solar spectrum. The reversal of the D lines of sodium is a familiar 
laboratory or lecture demonstration. But many of the lines emitted 
by a gas in a discharge tube are not ordinarily observable in its absorp- 
tion spectrum. All absorption lines are found to occur under suitable 
circumstances as emission lines, but not the reverse. For example, 
neon gas is highly transparent to visible light; it does not absorb the 
red wave lengths whose emission is responsible for the brilliance of 
neon signs. 

The explanation of these facts on the Bohr theory is easily seen. 
The process of absorption will be just the reverse of the process of 
emission; a quantum of radiant energy is absorbed while simul- 
taneously the atom jumps from one quantum state into a state of 
higher energy. The possible frequencies for the lines should, therefore, 
be the same in absorption as in emission. But in order to absorb a 
given line, the atom must already be in the state which is the lower 
state for that line. Since the atoms of a monatomic gas under ordi- 
nary conditions are in their normal states of lowest energy, they 
can absorb only those lines which start, in absorption, from the 
normal state. The restriction of the absorption spectrum to certain 
lines is thus accounted for. For neon, all lines that involve the 
normal state lie in the ultraviolet. Sodium vapor shows in absorption 
only the principal series [c/. diagram in Fig. 62(5) in Sec. 98]. From 

^ Franck and Hertz, <?, 'phys. Ges., Verhandlungen, yoL 16, p. 512 (1914). 
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the head of the principal series, liowerer, a co7iImuous absorption 
band extends toward higher frequencies. This is ob-\doiisI,y caused by 
processes in which the energy of the incident photon Iip exceeds the 
ionization potential, so that the atom becomes ionized witli the 
ejection of an electron at considerable speed. That is, we have here 
photoelectric emission from the sodium atoms, the electron being 
ejected with kinetic energ}?* 

mv^ = hv — eVo, 

where is the ionization potential of the atom and e the numerical 
electronic charge. The equation is a special case of Einstein's photo- 
electric equation. 

When atoms in excited states are present, as in a discharge tube, 
additional lines may appear in the absorption spectriim. 

The energy given to an atom in an absorption process may be 
lost subseciiientlj^ in any one of several ways. Collisions with other 
molecules may cause the excited atom to return to its original quantum 
state, the energy of excitation being added to the kinetic energy of 
motion of the colliding particles. In this case the energy absorbed 
from the incident radiant energy is converted into heat. Collisions 
of this sort have been called collisions of the second kind,^' the con- 
verse collisions, in which kinetic energy is converted into energ}^ of 
excitation, being called collisions ^^of the first kind.’' 

(5) Resonance Radiation and Fluorescence. — A second wa,y in 
which an atom may lose an absorbed quantum of energy is by jumping 
into some other quantum state with the emission of a quantum of 
radiation. One possibility, which we shall discuss first, is that the 
atom may drop back into its normal state, from which it was removed 
by the process of absorption; in this latter case the radiation emitted 
will have the same frequency as the radiation originally absorbed. 
The net effect of such absorptions and reemissions is a powerful 
scattering of the incident light in all directions. To this phenomenon 
R. W. Wood gave the name resonance radiation. 

Wood showed^ many j^ears ago that a bulb containing sodium 
vapor at very low pressure would, when irradiated by light from an 
intense sodium flame, emit the D lines, and those only. The resonance 
was very sharp. An examination of the reemitted D lines showed 
that they were very narrow, their width corresponding almost exactly 
to the width predicted by the Doppler effect at the temperature of the 
sodium vapor. The vidth of the lines of the exciting source was 
much greater,, since the temperature of the, source was 'much higher. 


1 See Wood, E. W., 'Physical Optics,’* 
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thaa that of the vapor. On analyzing the light which had passed 
through the vapor, it was found that there was a narrow absorption 
line at the centers of the broad D lines. 

This experiment of Wood’s was in beautiful agreement with the 
classical theory. But (the present) Lord Rayleigh showed^ that if 
sodium vapor is illuminated by the second line of the principal series, 
X = 3,303 A, both that line and the D lines were emitted By the vapor. 
The emission of the D lines under such circumstances is a case of 
fluorescence, and, like fluorescence in genei-al, is difficult to explain 
on the classical theory, whereas the explanation by the quantum 
theory is easy. The absorption of X = 3,303 leaves the atom in the 
excited state known as 4 [see Fig. 62(6) in Sec. 98]. From this 
state it cannot pass at once, for a reason described later (Sec. 131) 
into the 3 ^P state, which is the initial state for the D lines, but it 
can jump into a 4 state, in a transition not shown on the diagram, 
with the emission of an infrared quantum, and then from this state 
it can jump into the 3 ^P state, with the emission of a quantum of 
X = 11,404 or 11,382, which is the first (doublet) line of the sharp 
series, and then finally into the normal state. Thus, the single quan- 
tum absorbed from the incident light is eventually reemitted as three 
fluorescent quanta. A second but less likely possibility is a jump from 
4 ^P to 3 ^jD, and then into 3 ^P with, emission of the first line of the 
diffuse series. 

Excitation by the absorption of quanta is quite analogous to 
excitation by electron impact, except for this one important difference. 
The atom may become excited when colliding with an electron the 
energy of which equals or exceeds that required for the increase in 
energy level; whereas excitation by absorption takes place only when 
the energy of the incident quantum is exactly equal to that required to 
produce the particular change of state. 

(c) Excitation by Collision with Other Adorns.— The atoms of a 
monatomic gas are continually colliding with each other due to thermal 
agitation. There is ample evidence to confirm the view that when an 
atom A in an excited state collides with an atom B in its normal state, 
both atoms may undergo a quantum jump. Thus P becomes excited, 
while A returns to its normal state, or drops into some intermediate 
state; and thereafter B may radiate one of its own characteristic 
frequencies. At ordinary temperatures the kinetic energy of the 
atom is relatively negligible; hence, the energy gained by B in such a 
process cannot appreciably exceed that which is available in the initial 
excitation of A. 

Steutt, E. J., Bakerian Lecture, Roy, Soc., Proc,, vol. 98, p. 272 (1916). 
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To illustrate phenomena involving tlxe transfer of the energy of 
an excited state from one atom to another, mention may be made of the 
experiments on mercury vapor^ excited to resonance radiation by the 
absorption of its own line X = 2,536 A {hp = 4.9 volts). If with 
the mercury vapor is mixed the vapor of thalliiim, the characteristic 
lines of the latter element appear in addition to the mercury resonance- 
radiation when the mixture is illimiinated with the mercury line 
X = 2,536. The merewry resonance radiation is then weaker Ikan tchm 
no thallium is present. Thallium vapor alone is not excited to reso- 
nance by the mercury line. This is explained by aBsiiiiiiiig that mercury 
atoms are first raised to an excited state by absorption of the line 
X = 2,536; some of these excited atoms by collision with thallium 
atoms then transfer their energy of excitation to the latter, which 
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Fig. 64. 

subsequently radiate their characteristic lines in returning to the 
normal state. The thallium lines so produced correspond to energy 
transfers in the thallium atom of less than 4.9 volts. 

Similarly, Cario showed that the presence of argon in mercury vapor 
materially reduces the intensity of the resonance radiation when the 
mixture is illuminated by the X = 2,536 line, but without exciting any 
argon radiation. Yet an examination of the light transmitted through 
the mixture shows that there is no diminution in absoj'ptmi as a result 
of the presence of the argon. This effect is explained by assuming 
that collisions of the second kind take place between the excited 
mercury atoms and the argon atoms and that the energy of excitation, of 
the former is transformed into kinetic energy of both atoms. 

(d) Electrical Methods of Observing the Excitation of Atoms,— 
Referring to Fig. 63, it is readily seen that if the potential differ- 
ence between grid and filament is sufficiently high, the electrons may 
be given sufficient energy to ionize by collision' .the^ moieciiles of the, 
vapor in the space between the cylinder and the grid. In Fig. 64, 
the filament F iS' so connected' to the, battery J32 that the potential 

^Loria, Phys, Rev,, vol 26, p. 573 (1925); Cario, f. Pkysik, voi. 10, p. 
185 (1922); and Cario and Franck, 2 ieits , f . Pkysik, vol 17, p. 202 (1923). 
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difference between F and the grid S is less than, and in the opposite 
direction to, the potential difference between CC and ;S. Electrons 
accelerated from F toward S cannot, therefore, reach CC. The 
cylinder CC is connected to earth through the sensitive electrometer E 
and the grounding key k. As long as no positive ions are produced 
in the space between S and CC, the cylinder should acquire no charge. 
But when the velocity of the electrons accelerated from F to S becomes 
sufficient to ionize the vapor, the positive ions thus produced should 
be attracted to CC and an ionization current should be set up which is 
measurable by the rate at which the electrometer acquires a charge 
when the grounding key is open. 

An effect of this kind was observed by Lenard many years ago. 
He found that with such gases as air, hydrogen, and carbon dioxide a 



Fig. 65. — The apparatus of Davis and Goucher for studying ionization potentials. 

current, which he thought to be a true ionization current, began to 
flow when the exciting electrons had fallen through a potential differ- 
ence of some 11 volts. We have seen, however, from the experiments 
of Meggers, Foote, and Mohler, that, in the case of sodium vapor, 
resonance radiation is produced by 2.09-volt electrons and, in the case 
of mercury vapor, by 4.9-volt electrons. This resonance radiation, 
proceeding in all directions, falls on the inside walls of the cylinder, and, 
if the radiation is of sufficiently short wave length, photoelectrons will 
be expelled from the cylinder. Because of the direction of the field 
between CC and S, these photoelectrons will flow toward the grid, 
and we shall have in the circuit CB^S photoelectric current in exactly 
the same direction as if there were an ionization current. This effect 
will begin abruptly as soon as the resonance potential is reached. The 
current observed by Lenard may have been of this nature. 

To separate the true ionization current from the photoelectric 
current, Davis and Goucher^ introduced a coarse wire gauze G sur- 
rounding the grid and just inside the plate CC. By means of a battery 

i vol. 10, p. 101 (1917). 
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(Fig. 65), this gauze may be maintained at either a positive or a 
negative potential with respect to CC, ■ When G is siifFicieiitly nega- 
tive with respect to CC, photoelectrons ejected from CC by thc^ e.ctifjii 
of resonance radiation will not reach G and so cannot escaipe from (fC. 
Photoelectroiis ejected from G, however, may reach CC^ and so a 
photoelectric current may result. If now Bz is reversecL so tliat G 
is positive with respect to CC, a photoelectric current in the opposite 
direction should result, due to photoelectroiis ejected from CC. In 
either case the potential differ- 
ence between CC and G is kept 
small as compared with that 
betw^eeii G and S. The true 
ionization current cannot be 
reversed by reversing the direc- 
tion of Bzy since the positive ions 
produced betw-eeii ;S and G 
acquire sufficient velocity so ^ 
that, passing through the gauze, 
they will reach CC in spite of ^ 
any small opposing field betw^'cen ^ 

CC and C. | 

With this type of apparatus, J 
Davis and Goucher obtained, for 
mercury vapor, curves of the 
t37-pe showm in Fig. 66, in wffiich 
the abscissas are the accelerating 
potentials between filament and 
grid and the ordinates are the Fig. 66 .—Tiie resonance and ionization 

currents to the C3dinder CC as pot^tials of me.-cury vapor, as 0bser%'ed 

by Davis and Uouclier. 

measured by the rate oi charge 

of the electrometer. Curve A was obtained when the gauze G 
was positive with respect to the cylinder; curve B wiieii the gauze 
was negative. No current wms observed until the accelerating 
voltage reached 4.9 volts. Beyond that voltage a current was observed 
which could be reversed by reversing the battery Bs? indicating that the 
current w-as a photoelectric current. At point c, corresponding to 
10.3 volts, a sudden change in the variation of the currents with 
increasing potential took place, indicating that the c.ylmder w^as 
beginning to collect positive ions. Up to point c, curve A is qualita- 
tively the mirror image of curve B. 

^ These • ^'batter ies^^ are really variable' potentiometric sources of .poterrtiai 
difference. . 
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The beginning of the photoelectric currents at 4.9 volts is due to 
the excitation by electron impacts of the mercury line X = 2^536^ 
which then acts photoelectrically on the cylinder and the gauze. The 
rapid increase in photoelectric current which occurs when the voltage 
reaches 6.7 volts is attributed to the generation, at that voltage, of the 
mercury line X = 1,849; whereas the sudden break in both curves at 
10.3 volts is indicative of the beginning of the real ionization current. 
The quantities 4.9 and 6.7 volts are spoken of as resonance 'potentials 
of mercury vapor, and 10.3 volts as its ionization potential, 

(e) Ionization Potentials . — As was remarked in Sec. 96, the ioniza- 
tion potential of an atom can also be calculated from the convergence 
limit of its principal series,’’ or the series for which the normal state 
is the final state in the emission of a line. The ionization potential is 
the equivalent of this convergence limit in volts. Ionization poten- 
tials calculated in this way from spectroscopic data agree well with 
those obtained by electrical methods. Higher ionization potentials 
can also be defined, the second ionization potential representing the 
energy necessary to remove a second electron from the atom^ and so 
on. These higher ionization potentials can be calculated from the 
convergence limits of other series. Because of the greater precision 
obtainable, the spectroscopic method of determining ionizing potentials 
is usually employed. 

For example, in the arc spectrum of helium there is a singlet series 
of lines due to transitions ending on the normal state, with a con- 
vergence frequency^ v = 198,298 cm.~^ According to Eq. (147a) in 
Sec. 99, this corresponds to a first ionization potential of 24.54 volts. 
That is to say, it takes energy equal to 24.54 electron-volts to remove 
1 of the 2 electrons from a helium atom. When this has been done, 
the ion behaves as a l-electron atom. Equation (145) in Sec. 97 gives 
(with ni = cOy 712, = 1), as its ionization energy, 4i2, where R is the 
Rydberg constant for helium or i? = 109,722.26. Thus — 4i2 
or = 438,888. The second ionization potential of helium is thus 
438,888/8,079 = 54.32 volts. 

Values of many of the ionization potentials for the lighter elements 
are given in Table IV. They have been calculated from data in 
Bacher and Goudsmit’s “Atomic Energy States,” the numbers there 
given for the “absolute value of the lowest state” being divided by 
8,079 to obtain values of the ionization potential in volts. First 
ionization potentials (for the neutral atom) are given under “I,” 
second under “II,” and so on. 

^Bacher and Gotjdsmit, Atomic Energy States — as Derived from the 
Analyses of Optical Spectra,” p. 220. 
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Table IV. — Some Ionizatiojs” Potentials in Volts 


Element 

I 

II 

III 

IV 

V 

H 

1 

13.58 





He 

2 

24.54 

54.33 




Li 

3 

5.38 

75.51 

122.2 



Be 

■4 

9.31 

18.18 

153.6 

217.3 


B 

5 

8.30 

25.1 

37.87 

258.9 

339.5 

C 

6 

11.25 

24.34 

47.80 

64.38 

391.1 

N 

7 

14.52 

29.57 

47.54 

77.3 

97.7 

9 

8 

13.60 

35.03 

55.04 

77.2 

114. 

P 

9 

18.7 

34.7 




Ne 

10 

21.53 

40,9 

63.3 



Na 

11 

5.13 

47.2 




Mg 

12 

7.63 

15.01 

80. 



A1 

13 

5.98 

18.79 

28.40 



Si 

14 

8.14 

16.32 

33.44 

45.07 


P 

15 


19.9 

30.1 


64.92 

S 

16 

10.3 

23.4 

35.0 

47.22 

62.1 

Ci 

17 

13.00 

18.36 

39.8 



Ar 

18 

15.73 

27.82 




K 

19 

4.33 

31.8 

47.0 




Many beautiful experiments have been devised to extend the data 
and theories regarding the excitation of atoms b}^ impact or resonance. 
The reader will find further study in this field, from original sources, 
very fascinating. The literature is extensive. 

101, The Boltzmann Distribution Law. — ^In the last section, one 
other easy method of exciting spectral emission has not been men- 
tioned. Many elements in gaseous form, especially the vapors of 
metals, emit line spectra upon being heated; thus sodium vapor 
heated by a Bunsen flame emits the familiar D lines, whether the vapor 
is mingled with the flame itself or is enclosed in a tube. In such 
cases, it is evident that the atoms or molecules are excited by thermal 
agitation. 

If the substance is in thermal equilibrium, a simple theoretical 
formula can be given for the relative numbers of the atoms or mole- 
cules that are in each quantum state. It is deduced from statistical 
mechanics that, in the case of thermal equilibrium, the average 
number Ni in a quantum state in which the atomic or molecular 
energy is €i is 

■ Ni ' V(148a) 

where hh Boltzmann's constant (Sec. 79), T is the absolute tempera- 
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ture, and C is a constant of proportionality. If N is the total number 
of atoms or molecules, we must have 

n-In 

i i 

the sum extending over ail possible quantum states. By eliminating 
C between these two equations we can also write 

_ 

AT. - Si—L. |!148J) 

3 

It often happens, however, that a number of quantum states have 
the same energy, and then it may be more convenient to group these 
states into a multiple state. Suppose we have formed in this manner 
all the multiple states that we can, no two multiple states having the 
same energy. Let these multiple states be numbered off in a single 
series, and let the energy of multiple state number t be €r and the 
number of fundamental states composing it wf, the number Wr is 
often called the statistical weight of the multiple state. Then by Eq. 
(148o), when therrnal equilibrium exists, the number Ni is the same 
for each of the fundamental states composing a multiple state, so 
that the number of atoms or molecules in multiple state number t is 
just WrNi. Calling this number Nr, we can write for it, replacing ej 
by er in (148a), 

__ .fL 

Nr = Cwre (148c) 

These formulas constitute special cases of what is known as the 
Boltzmann distribution formula for quantized systems. We have 
already encountered an example of the formula in Eq. (115) in Sec. 83 
for the distribution of a set of harmonic oscillators in thermal equilib- 
rium. MaxwelFs law constitutes an example of the corresponding 
formula in classical theory. 

As an example, the sodium D lines result, as we have seen, from 
transitions betw^een either of two excited levels lying close together 
and the normal level (c/. Sec. 98). For our purpose we may treat the 
upper two levels as a single composite level. Then it follows from 
the more modern theory of wave mechanics, to be described in the 
next two chapters, that this composite upper level is composed of six 
fundamental states, so that for itw = 6, whereas, for the normal level, 
2. The two levels lie hv = 3.36 X erg apart. Hence, 
indicating them by subscripts 1 and 0, respectively, we have for the 
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numbers of atoms in them, 

^ 

- iSCe ^ 2Ce 

In the case of sodium in a Bunsen flame at ISOO^Cl, this gives 

ili _ 3g-(ei-€o)/A;7’ _ 3^-3.36X10"iV(2073X1.3SXi0"i6) ~ 2Z X 1 0~“’\ 

No 

Thus only a very small part of the sodium atoms are excited in this 
manner at any given time. They suffice, however, to cause a consid- 
erable emission of sodium light. With further increase of temperature 
the higher members of the principal series and members of other series 
are found to appear. 

102. The Extension of Bohr’s Theory. — In his original paper ^ 
Bohr remarked that the orbit of the electron in a hydrogen atom 
might be an ellipse instead of a circle. A detailed theory of elliptical 
orbits was developed by Sommerfeid several years later. The geo- 
metrical ideas involved still possess a certain interest. ^ 

According to the laws governing planetary motion, or any motion 
under an inverse-square force, an elliptical orbit will have one of its 
foci at the nucleus, and the energy of the system will depend only 
on the length of the major axis of the ellipse. The orbit will lie in a 
fixed plane, so that the motion can be described by means of two 
coordinates, for which we may take polar coordinates r, 9, with the 
origin at the nucleus. Then, as 9 increases through 27r, r increases 
from its minimum value at one end of the ellipse to a maximum at the 
other end, after which it decreases again to a minimum. Thus r 
executes what is called a ‘Tibration” during each revolution of the 
electron. Sommerfeid assumed that the same generalized f|uantiim 
condition which had been postulated for the harmonic oscillator and 
the circular orbit, as represented by Eq. (131) in Sec. 93, will hold 
for f ; i,e.^ he assumed that 

^Prdr = n'hj 

where Pr is the momentum in the radial direction, the integral is 
taken throughout a libration, and n' is a positive integer or 0. For 9, 
he assumes with Bohr that the angular momentum is an integer 
k times h/iir, (In his books Sommerfeid writes or just for k 
and sometimes Ur for 7i'.) Sommerfeid showed then that the energy 
depends only on the total” quantum number, 

n = k + n', 

^ For a more complete account see A. Sommerfeid, 'b^tomic Structure and 
Spectral Lines,” Methuen & Co., Ltd., London, 1929; also Ruark and Urey, 
Atoms, Molecules and Quanta,” p. 132. 
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and is, in fact, the same function of n as in Bohr^s theory [Eq. (136) in 
Sec. 94]. Thus up to this point nothing is gained except a greater 
variety in the possible types of orbit. For = 1, we must have 
n- = 0, since k cannot be less than 1; i.c., only the Bohr circle is 
possible. But, for n = 2, we can have either the Bohr circle, with 
/c = 2 and n' = 0, or an ellipse with major axis equal to the diameter 
of the circle, corresponding to A; == 1, n' = 1, and so on. 

Sommerfeld then showed, however, that, if allowance is made 
for the known variation of electronic mass with speed, the energy of the 
elliptical motion is slight^ different from that of the circular motion. 
The ellipse is also caused to process slowly about the nucleus. In 
this way, he arrived at a splitting or fine structure of the levels of 
hydrogen, or of any other 1-electron atom. This splitting appeared 
to be in quantitative agreement -with observation. Sommerfeld 
arrived, in fact, at the same expression for the energy as was obtained 
later from the wave-mechanical theory as modified to bring it into 
harmony with relativity. Sommerfeld^s theory, however, included 
no consideration of the effects of electron spin, which was discovered 
much later; hence, we shall postpone all discussion of the fine structure 
of the hydrogen lines until we can take it up on a more adequate basis 
(Sec. 136). 

In the meantime, Bohr and others were endeavoring to extend the 
theory to atoms containing more than 2 electrons. Little quanti- 
tative success was achieved in this direction. In particular, no 
plausible arrangement of orbits could be devised for the 2 atoms of 
helium which would give the correct value for the second ionization 
potential (54.3 volts). In a broader way, Bohr endeavored to under- 
stand the known variation of chemical and physical properties from 
atom to atom through the periodic table. His results were so unsatis- 
factory, however, that the old static atom of J. J, Thomson was 
revived for a time in a modified form, but without great success 
(see Sec, 123). 

The truth is that two principles essential for the understanding of 
complex atoms were at that time unknown — the Pauli exclusion 
principle and the phenomenon of electron spin. Accordingly, we shall 
follow the old quantum theory no further and shall devote the next 
chapter to a description of the modern theory of wave mechanics. 
This theory furnished also a definite answer to another problem of 
spectroscopy that is second in importance only to that of spectral 
wave lengths, viz., the relative intensities of spectral lines as they are 
observed under given conditions. 


CHAPTER VII 
WAVE MECHANICS 

One must be prepared to approach the subject of this chapter philo- 
sophically, prepared to accept conclusions which are, at first thought, 
seemingly at variance mth our senses and with a belief that has 
persisted almost unquestioned from the time of the Greeks, viz., that 
matter is made up of particles. We have seen in Chap, HI that light 
possesses both undulatory and corpuscular characteristics. But even 
so, we might say, light differs from matter; whereas we can determine 
the nature of light only by indirect observation, matter we can see. 
We observe directly that a handful of sand is made up of real parti- 
cles. In ordinary experience they certainly do not exhibit wavelike 
characteristics. The particles of sand, which we see so clearly, are, 
however, made up of molecules and atoms and electrons and protons 
and neutrons, none of which we can see directly any more than we can 
see light waves or photons. It is with these so-called particles, evidence 
concerning which is almost as indirect as mth photons, that the 
wave theory of matter is primarily concerned. 

We shall attempt in this chapter to give merel}^ a brief introduction 
to this most important subject. Our purpose vnll be to show how 
the concept of matter waves can be developed more or less naturally 
from the previous concepts of both classical and quantum physics 
and to summarize the pertinent experimental evidence. Certain 
features and results of the new mathematical theory known as wave 
mechanics will also be described, but no complete presentation of 
mathematical details will be attempted, as this would require mathe- 
matical tools and technique much beyond the scope of this book. 

103. Matter Waves, (a) Matter and Energy . — With the discovery 
of the law of the conservation of energy toward the middle of the 
nineteenth century, it became obvious to ph 3 rsicists that the physical 
universe is made up of two great entities, viz., matter and energy, 
each of which is ^^conserved.^^ These two great conservation laws 
provided much of the foundation upon which classical physics was 
built. By 1900, the corpuscular nature of matter — molecules, atoms, 
electronS“had become firmly established; likewise the imdulatory 
nature of light. By 1910, furthermore, Planck’s quantum theory and 
the Einstein photoelectric equation together vith various lines of 
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experimental evidence had made it clear that, impossible as it then 
seemed, physicists would have to accept the hypothesis that light itsel 
possess;s corpuscular characteristics. By 1920 the dual nature of 
Ldiant energy was generally recognized, although not undei stood 
and, vdth the gradual accumulation of experience, physicis s 
imost become accustomed (perhaps “resigned” would be more nearly 
correct!) to using either the corpuscular or the undulatory theoiy o 
light, according to the experimental phenomena m hand. 

During all this time, there was no suggestion that matter was any- 
thing but corpuscular. Matter was made up of atoms which in 
turn were made up of electrons and nuclei. But, in 1924, Louis de 
Broglie^ made the very bold suggestion that particles of matter, and 
in particular electrons, might possess certain undulatory ch^cte^ 
istics so that they, too, might exhibit a dual nature. He suggested 
also a way in which the undulatory characteristics of electoons mig 
perhaps furnish a new basis for the quantum theory. He did no 
Lvelop his ideas into an exact theory, however. His way of thinking 
was raLr akin to that of the ancient Greeks. The reasoning used 
^ght almost be paraphrased as follows: (1) Nature loves sym- 
metry (2) Therefore the two great entities, matter ^ and energy, 
must be mutually symmetrical. (3) If (radiant) energy is Y^d^Mory 
and/or corpuscular (?), therefore matter must be corpuscular and/or 

'''' H^f notM^g further happened, de Broglie’s speculations woMd 
doubtless soon have been forgotten. Reasoning of this sort, m the 
mind of a genius, may point the way to an advance but, before 
definite scientific progress can be achieved, the new ideas must be 
precisely formulated and compared with experiment. The importance 
of doing this was overlooked by the ancient Greeks. De B^oghe s 
loosely woven speculation set a German, E. Schrodmpr, to thinking, 
and he discovered how to develop certain of de Broglie s Meas in o a 
precise mathematical theory.^ With additions ^o it by Born 

Heisenberg, Dirac, and others, this theory has become the h ghly 
successful quantum mechanics of the present day. In folljs 

we shall endeavor to arrive at the basic assumptions of Schrodin,„er s 
theory by developing de Broghe’s ideas in a natural and logical manner. 

(h) Matter TTaves.— In his first paper, de Broglie is concerned pri- 
marily with develop^ing a theory of light in terms of ‘ light quanta, 

IDE Bboghib, PhU. Mag., vol. 47, p. 446 (1924); dnn. Physique, vol. 3, 

?sSh£ingbb, Ann. d. Phy^k, vol. 79, pp. 361, 489, 734; vol. 80, p. 437; vol. 
81, p. 109 (1926). 


Sec. 103] 


MATTER WAVES 


237 


or photons. If the energ}^ of the light is concentrated in photons, 
how are the phenomena of interference to be understood? There 
must be waves of some sort associated with the photons, in order to 
account for the observed interference effects. We can no longer 
suppose that the energy is spread out over these waves, as in classical 
theory; nevertheless, the waves must somehow determine where, in 
an interference pattern, the photons can produce effects by being 
absorbed. The details of interference patterns depend largely upon 
the phase relations of the waves; hence, de Broglie called the latter 
phase waves. He assumed their frequency v to be such that the energy 
in a photon equals hv. 

But why should such waves be associated only with photons? 
A material particle carries energy; and 'Tt would seem that the basic 
idea of the quantum theory is the impossibility of imagining an iso- 
lated quantity of energy without associating with it a certain fre- 
quency.”^ Material particles ought, therefore, like photons, to be 
accompanied by phase waves of some sort; and these weaves ought, 
under suitable circumstances, to give rise to interference effects* 
Furthermore, to complete the analogy, the waves associated with a 
particle moving at speed v should have a frequency equal to the energy 
of the particle divided by h. 

Regarding the energy of a material particle, however, there is a 
divergence between the assumptions of de Broglie and of Schrodinger. 
De Broglie includes in the energy the rest energy, mocy the existence 
of which is suggested by the theory of relativity (Sec, 65) . Schrodinger, 
on the other hand, prefers to construct first a nonrelativistic theory. 
He assumes the mass of the particle to be constant and equates Just the 
ordinary energy, kinetic plus potential, to hv. In this respect we shall 
follow Schrodinger, reserving comment on the relativistic form of the 
theory, which must be used for high-speed particles, to a later section 
(Sec. 117), We shall assume, therefore, that any material particle of 
mass m moving at speed v has associated with it in some manner waves 
of frequency given by the relation 

hv = }imv^- + V, ( 149 ) 

where A is Planck’s constant, m is the mass of the particle, and V. is its 
potential energy, due to electrical fields or to other causes. 

The physical nature of these waves was left indefinite by de Broglie. 
We cannot go to the extreme of supposing that a material particle t's 
just a group of waves; for then its mass and energy, and also its charge 
if it has a charge, would of necessity be spread out over these waves and 

i Translated from Ann. V (1925). 
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would, in consequence, soon become scattered widely in space, contrary 
to the observed facts. It is of the nature of waves to diverge toward 
all sides. We should not be disturbed, however, by the impossibility 
of visualizing the weaves. We should remember our experience in 
optics. Using classical theory, it was easy to picture light as wave 
motion; but, if we retain this concept, it is very difficult to picture a 
beam of light as a moving stream of photons. Similarly, as long as we 
retain the particle concept of an electron or proton, w^e cannot hope to 
form a concrete picture of the accompanying waves. Perhaps, even, 
they are only mathematical waves, so to speak, a device that we 
employ for the purpose of making calculations and predicting the 
results of observation. In adopting this standpoint, we are doing 
only what has been done, in various ways, many times previously in 
physical science. Strictly speaking, we have no very exact knowledge 
of the fundamental nature of a magnetic field, and yet we do not 
hesitate to use the symbol H with all due familiarity. In Sec. Ill 
will be described more precisely the extent to which it has been found 
possible to attach physical significance to matter waves. 

104. Mechanics as Geometrical Optics of the Waves. — If waves 
of some sort are associated wdth all material particles and play a part 
in determining their motion, then there should be a parallelism between 
the laws of mechanics and the laws of wave motion. For the particles 
certainly obey the laws of mechanics in some cases, at least. Now 
it w^as pointed out long ago by Plamilton that there does exist a" close 
parallelism betw^een the law^s of mechanics and the laws of ordinary 
geometrical optics, De Broglie suggests, accordingly, that the familiar 
laws of particle mechanics may represent an approximation w’’hich is 
valid under such circumstances that the laws of geometrical optics 
hold for the matter waves. 

Now, one of the fundamental laws of ordinary geometrical optics 
is that, in a homogeneous medium, light travels in straight lines or 
rays. This assumption is very nearly correct as long as the lateral 
dimensions of the beam are large compared with the wave length of 
the light. Under these conditions one might say that the particle” 
characteristics of light appear to predominate, although w^e now know 
that the rectilinear propagation of light is entirely consistent with the 
wave theory. When, however, the cross section of the beam is of the 
same order of magnitude as the wave length of the light, rectilinear 
propagation no longer holds, diffraction phenomena are observed, and 
undulatory characteristics of light predominate. If we carry the 
similarity over to mechanics, might w^e not expect that, for very small 
particles of matter, the ordinarj’^ laws of mechanics — found by Newton 


Sec. 105] 


REFRACTION OF MATTER WAVES 


239 


to be applicable to the phenomena of ^^macroniechanics'*’: — would fail, 
and, by analogy with light, we should find that matter shows iiiidiila-, 
tory properties in the realm of micromechanics 

If we assume that the phenomena of ordinary mechanics con- 
stitute those of geometrical optics for matter ivaves, then, as de Broglie 
showed, we can find out a great deal about the properties that these 
waves must have in order that, under suitable conditions, the laws of 
mechanics may hold. Geometrical optics may be said to be based 
upon twm laws, the la-w of reflection and the la^v of refraction. The la-w 
of reflection as applied to matter waves presents no difficulty, for it is 
essentially the same as the law governing the rebound of an elastic 
body from a hard wall. Refraction of the waves, on the other hand, 
obviously corresponds to the deflection of a particle by the action of 
forces. It wdll be worth w^hile to study this latter phenomenon in 
greater detail. 

105. Refraction of Matter Waves. — ^Let us first analyze a mechani- 
cal phenomenon which imitates a simple case of refraction in geomet- 



V 




Fig. 67. — -Showing “refraction” of a pencil of electrons. 


rical optics. Let a pencil of electrons from a suitable gun G (Fig. 67), 
in which they are accelerated by a potential drop of Fo electrostatic 
units, enter through orifice a an enclosed metal box A, the potential 
of which is F. Let these electrons emerge from A through orifice b 
into the space between box A and box R, the latter of which is main- 
tained at a potential +AF with respect to A, The electric field 
between the two boxes will give the electrons a component of velocity 
in a direction at right angles to the adjacent surfaces, and the electrons 
will enter box B through orifice c in a direction different from that in 
box A, This change of direction is closely analogous to that experi- 
enced b}^ light in passing from one medium to another. Let lu and 
Vb (Fig. 68) be the velocities of the electron beam in box A' and box S, 
respectively; and let the corresponding kinetic energies be 
^mvl = Foe, Mmvl = (Fo + AF)e, 


(150a, 6) 
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e being the numerical charge on the electron. Since the electric field 
does not change the component of velocity in the x direction, we may 
write 

2;^sin0A = t^^sin^B, 


VjB 

Va 


sin 0A 
sin 6b 


(151) 


where 6a and 6b are the angles which the two beams make with the 
normal to the adjacent faces of the boxes. From Eqs. (150a, 6) we 
have 

ii _ (Fo + AF )6 „ , , AF 
~ ^ Fo' 


vl Voe 

from which and from Eq. (151) we obtain 

sin 6 a 
sin 6b 



Va 


= + 


AV 

7o' 


( 152 ) 


Now this result might also be 
expressed by introducing an equivalent 
refractive index p defined by the equation 


sin 6 a 
sin dB 


Then 


Fig. 68. 




1 + 


AF 

Fo“ 


(153) 


We see, therefore, that, for any given pair of values of Fo and AF, the 
bending of the electron beam can be described by saying that the 
space B has a certain ^‘electron index of refraction” with respect to 
space A, Or, we can proceed as in optics and introduce an index of 
refraction for each region. Let us assume as indices of refraction for 
electrons in spaces A and J5, respectively, 

k'VTo, IIB = A:VFo + AF, 


PA 




AF 


in which ifc' is an arbitrary constant. Then 

_ _ \/Fo + AF 

VTo ^ ' Fo 

as before. Clearly we can account for the motion of the electron 
along any path by assuming that, at any point where its potential is 
F, its refractive index is 
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It is important for the validity of this result that the arbitrary 
additive constant that is necessarily present in the potential F be so 
chosen that 7 = 0 at a point where the kinetic energy of the electron 
is zero. The kinetic energy at any other point is then 

3 ,^ 772^2 ^ 

If we eliminate 7 between the last two equations, we obtain 

p, = 

where k" — k' \/m/2e and represents a new arbitrary constant. ^ 

In this latter form, the result is applicable to the motion of ariy 
sort of particle in a field of force. For we could set up an electric ^ 
field in which at each point the potential energy of an electron, -ek , 
would be the same as the potential energy of the other particle in its 
ovm force field; then a particle and an electron, projected with equal 
speed and in the same direction from corresponding points, would 
traverse similar trajectories. Thus the refractive index necessary to 
account for the motion of a particle in a force field vanes from point to 
point along the path in proportion to the velocity of the particle. 

The refractive index for waves of any sort, on the other hand, iS 
inversely proportional to the wave speed u: 

k'" 


This rule is a direct inference from Huygens’ principle, which must 
hold for anything that we may call waves. Hence, if the waves, 
moving according to the laws of geometrical optics, are to follow the 
particle along its path, we must have at every point 

11=^ (154) 

in terms of a new constant of proportionality h, or the wave speed 
must be inversely proportional to the particle speed. We can also express 
this result in terms of the constant total energy E and the (perhaps 
variable) potential energy U of the particle. For 

— U = hv U, 

if we introduce the assumption that the frequency r of the waves is 
given by the Einstein relation, E = hv, h being Planck’s constant. 

Then , u 

, = U = bxihv - U)-^% 

= jiQ/\/Tiv — U,. 

bi and MO being new constants (6i = bVmf2, lio = k"'/hf). 


(155a, 5) 
(156) 
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According to Eq. (156), in which U is a function of position in 
space, the refractive index for the waves must be supposed to vaiy 
from point to point, in somewhat the same way as it does for light 
waves in a nonhomogeneous piece of glass. At any given point, 
furthermore, ^ varies with p, f.e,, the waves exhibit the phenomenon 
of dispersion. For matter waves this is true even in free space, where 
U = 0 . 

Parenthetically, it should be remarked, to avoid misunderstand- 
ing, that the well-known ''electron microscope” does not depend for 
its operation upon the wave properties of the electrons. In this 
microscope the electrons move according to classical mechanics, 
although their motion is sometimes treated in terms of the equivalent 



Fig. 69 . — The solid line P1P2 represents the path taken by a beam of light; the dashed 
line represents a geometrically possible near-by path. 

refractive index described above. The only connection that matter 
waves have with the electron microscope is that their wave length 
will ultimately set a limit to the possible resolving power that can be 
attained, just as the resolving power of ordinary microscopes is limited 
by the finite wave length of light. The wave length of the electron 
waves, however, we shall presently find to be so small that the resolving 
power of existing electron microscopes is limited by other factors. 

106. FermaPs Principle and' the Principle of Least Action —For 
the benefit of those students who may be interested in the more 
abstract formulations of mechanics, an alternative and more complete 
treatment of the refraction of matter waves will also be given, along 
lines suggested by de Broglie. 

One way of stating the law of the propagation of light in geometrical 
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optics is in terms of Fermat’s principle of least time. This principle 
is a direct deduction from Huygens’ principle and states that, of all 
possible paths which a ray of light might conceivably take betweeii 
two given points, it chooses that path which makes the time requned 
a minimum (more exactly, an extremum, a minimum if the points 
are not too far apart, othervdse, often a maximum). The principle is 
equally applicable to the propagation of waves of other sorts. 

To express the principle in mathematical form, consider a surface 
SS (Fig. 69) separating turn mediums of respective indices of refraction 
ui and''ju 2 . Let the full line represent the path actually taken by a 
monochromatic ray of light of frequency v in passing from any point 
Pi to any other point P 2 , the dashed line being a near-by geometrical 
path. Let ds represent an element of the path, and u the velocity of 
light of frequency v in the medium in which ds is located. Then the 
time T required for the light to travel from Pi to P 2 is 

.. r-- 

Jpi u 


Fermat’s principle of least time is stated by the equation 


= 5 


where 5r means “the difference between the value of r for the natural 
path and for an infinitely near path.” An alternative form of the 
fast equation is obtained by multiplying Eq. (157) by c the vdoc ty 
of light in free space, and introducing the refractive index, m c/m. 


-ds = 5 


Now in form these equations are the same as those expressing the 
principle of least action in mechanics, which descnbes, or determines, 
the “natural” path taken by a body, 
regarded as a material particle, in its passage 
from one point to another under the action 
of conservative forces. Let the line AB 
(Fig. 70) represent the natural path of, say 
a projectile of mass m, air resistance being 
eliminated. Let ds be an element of length 

of the path and let v be the velocity of the 

projectile. Then the ** action’ A between . 

any two points Pi and P 2 on the natural path is defined as the hue inte- 
gral of the momentum along the path between those points. That is, 

= j^'mvds. 
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The principle of least action now states that, of all imaginable paths 
between Pi and P 2 , the projectile chooses the path which makes A a 
minimum (or at least an extremum) as compared with the value which 
A would have for an}^ neighboring path that might be followed from 
Pi to P 2 . It must be assumed that all paths are traversed mth the 
same total energy. Or, in mathematical form, 

BA = sj^^mvds = 0, (159) 

where BA has a meaning analogous to that of Br in Eq. (157). Another 
form is obtained if we substitute for v in terms of the total energy E 
and the potential energy V ; since mv^ = P — F, 

mv = \/2m{E — F), 
and (159) can be written 

\/2m{E - V) ds = 0. (160) 

In this latter equation, E is to be kept constant as the path is varied, 
whereas F depends only on position in space.' 

These equations for the projectile become the same as those 
obtained previously for light waves if we suppose that 

1 _ V ^ V2m(P - F) 

u b bm 

or 

M = 7 = V2miE - 7), 

where mo = c/(bm); with these substitutions, (157) becomes the same 
as (159), and (158) the same as (160), except for constant factors 
(m, 5, Uq) which can be canceled out. Thus a ray of light can follow 
the same path as the projectile, provided the index of refraction varies 
along the path as given by Eq. (162). If we replace light waves by 
matter waves, we obtain Eqs. (154) and (156) above, in which P is 
written for F and the frequency of the waves is assumed to be such 
that P = the arbitrary constant fxa in (156) replaces jUq in 
(162). 

107. The de Broglie Wave Length.— The most significant feature 
of matter waves will undoubtedly be their wave length. In general, it is 
this property of waves that controls the phenomena of diffraction 
and interference. Even in ordinary optics, the fundamental 

entity is the wave length; the frequency y, which appears in the 


(161) 

(162) 
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expression hv for the energy of a photon, which is the fundamental 
entity in corpuscular optics, is actually calculated from measured 
values of the wave length. 

The wave length to be expected for matter waves can be inferred 
by developing another suggestion due to de Broglie. If we adopt the 
right assumption concerning the velocity or refractive index of matter 
waves, as we have seen, the waves can be caused to follow the same 
trajectory as does the particle with which they are associated, in so far 
as classical mechanics is valid for the particle and the laws of geo- 
metrical optics for the waves. But it follows from Eq. (154) that the 
waves will not actually keep up with the particle, since in general the 
waves and the particle move vdth different velocities. It is well 
known, however, that, whenever the wave velocity varies with the 
frequency (f.c., whenever dispersion exists), a finite train or group of 
waves moves Avith a velocity different from that of the individual 
waves. This phenomenon is easily observed on Avater. Close inspec- 
tion of a group of Avaves advancing over a water surface Avill show that 
the individual Avaves advance about tAAuce as fast as the group as a 
whole; new AvaA^es continually arise at the rear of the group, pass 
through it, and die out at the front. In the case of matter weaves, de 
Broglie showed that their group A^elocity could be assumed to be equal 
to the velocity of the associated particle, so that a group of them is 
able to accompany the particle in its motion. 

It is readily shown^ that, if u is the wave velocity, a finite group of 
AvaA^es having almost the form of sine AA^aves AAuth wa>ve length X 
advances Avith a group velocity u' of magnitude 

u' ^u-\~ (163) 

oK 

Here a partial derivative of u is written because u may A^ary AAuth the 
refractive index from point to point as well as AAuth X. If there is no 
dispersion, as in the case of sound or of light in vacuo, du/dX = 0 and 
u' = u. In the presence of dispersion, hcAA-eA^er, the group velocity 
and the Avave velocity are not equal. In the latter case, the group 
velocity is obviously the velocity at which the energy travels; the 
individual AvaA^es function essentially as phase AA^’aA^es,'’^ seiAung to 
determine, for example, AA^'here the energy shows up in an interference 
pattern. 

Let us now postulate the equality of group velocity and particle 
v’'elocity for matter Avaves and see to Avhat conclusions AA^'e are led. 

i See, e.g., Wood, R. W., '' Physical Optics'' ; or PIoxjston, R. A., Treatise on 
Light."' 
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Then, replacing u* in (163) by the particle velocity y, we have 

(164) 

But, for any type of waves, u = p\; and the frequency p of matter 
waves we have assumed to be such that 


hp — E — + U, ( 165 ) 

U being the potential energy and E the total energy of the particle. 
Differentiating this latter equation with respect to X, we have^ 

, dp dv 

'‘ai - “a 

But substitution of u = p\ in Eq. (164) gives 

V = 

after carrying out the differentiation. Elimination of dp/d\ between 
these last two equations gives 

_ \^mv dv ^ 

^ ~ IT d\ 

Integrating, we have the general relation 

V ~ + const. 

mX 


If we now set the constant of integration equal to zero in this last 
equation, we have the product mv\ equal to a universal constant. 
Then along any particular path, since X = u/p, mvu/ v is constant, and, 
since m and p are constant, vu is also constant. This result is in agree- 
ment with Eq. (154). It can be shown, furthermore, that no other 
assumption concerning the constant of integration in the last equation 
can be harmonized with Eq. (154). Hence, we can write the last 
equation in the form 


A — -j V — mv. 
V 


(166a, 5) 


Here p represents the ordinary momentum of the particle. 

Equations (165) and (166a, 5) fix the frequency v and the wave 
length X of the waves in terms of the energy E and momentum p of 
the particle with which they are associated. The wave velocity, if 
^ 17 contains as variables these are to be kept constant in the 

differentiation. 
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wanted, can then be calculated as u ~ pX, Wave lengths given by 
Eq. (166a, 5) are known as de Broglie wave lengths. It may be remarked 
in passing that Eq., (166a) holds for photons as well as for material 
particles; for the momentum of a photon is hv/c == h/\ [cf. Eq. (17) in 
Sec. 33]. Equation (166a) combines corpuscular and undulatory con- 
cepts in a very intimate way; for X has a clean-cut meaning only in 
connection with a ivave theory, and p, the momentum, is most naturally 
associated with a moving particle. 

We can now compute the wave lengths to be expected for electron 
waves, atom waves, or molecule waves. For an electron moving at a 
velocity much below that of light with kinetic energy equal to F 
electron-volts (Sec. 96), we have 

1 , eV /2^ 

2™" = 300’ p = 


e being the numerical electronic charge in electrostatic units. Hence 
dyy (166a) its wave length is^ 


X(j Iv 



12.24 

V'F 


X 10""® cm. 


12.24 , 
— —A, 
VF • 


(167) 


if we introduce m = 0.9107 X 10 gram, e = 4.803 X 10 e.s.u. 


^ If V exceeds a few thousand volts, it is necessary to take account of the varia- 
tion of mass with velocity. Using the relativistic equation for kinetic energy, Eq. 
(61) in Sec. 64, we have 


eV 

300 


{(-S) 


c being the speed of light. From this equation, if we write 

eV 

SOOmoc^ 

we find 

^1 — =14- p, r=cA/l — (14“ 

Substituting these values in the relativistic equation for momentum, Eq. (60) in 
Sec. 63, we have for the momentum 

P = (1 -7vc")H “ + p)2 - 1 = moc W(2 + p). 


Hence, by (166a), which is readily shown to hold in the 
electronic wave length is 



relativistic case also, the 


Here p represents the ratio of the electron's kinetic energy to its relativistic rest 
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For 100- volt electrons, Xe = 1.22 angstroms; for 10,000-volt electrons, 
X^; = 0.122 angstrom. 

Wave lengths can be calculated in a similar way for molecules 
or, for that matter, even for large masses such as billiard balls. The 
larger the mass, the shorter is the wave length at given speed. 

It would be logical now, following the historical order, to describe 
at once the complete mathematical theor}^ of matter waves, as worked 
out by Schrodinger. Ail that we need, however, for a discussion of 
experiments on the diffraction and interference of these waves is their 
wave length. It may relieve the tedium of so much abstract discus- 
sion if we describe next the experiments which have shown that elec- 
trons and even molecules actual^ do possess certain wave properties. 

108. Experiments on Electron Waves, (a) Reflection from a Crys- 
tal . — The first experiments on electron diffraction were reported^ 
by Davisson and Germer 3 years after de Broglie^s first paper appeared. 
Davisson and Germer were studying the reflection of electrons from 
a nickel target and accidentally subjected a target to such heat treat- 
ment that it was transformed into a group of large crystals. Anoma- 
lies then appeared in the reflection from it. Following up this lead, 
they prepared a target consisting of a single crystal of nickel and 
bombarded its surface at normal incidence by a narrow pencil of low- 
voltage electrons; by means of a suitable collector of small aperture, 
they studied the distribution in angle of the electrons reflected from 
the crystal. In this reflected beam, they found striking maxima and 
minima, which they were able to explain in terms of diffraction of the 
electron waves. 

The diffraction of such \vaves by a crystal is very similar to the 
diffraction of X-rays, which has been studied extensively, and is 
described at length in a later chapter {cf. Sec. 174). Here we shall 
discuss the structure of crystals, and the diffraction of waves by 


energy moc^ and tke parentheses represent the effect of the variation in mass. 
For p 2, i.e., F 10® volts, we can write 



The correction to formula (167) is about 2.5 percent for 50,000-volt electrons and 
about 8.5 percent for 200,000-voit electrons. For p :;$> 2, i.e., V 10®, we can 
use the expansion in powers of 1/p: 


Xe - 


eV V 


_i+3r 

P 



i Davisson and Germeb, P%s. iSep., vol, 30, p. 705 (1927). 
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them^ only as far as is necessary in order to understand the sigiiificarice 
of the experiments on matter waves. 

Crystallographic studies means of X-rays show tliat the nickel 
crystal is of the ^^face-centered cubic’^ type, as shown in Fig. 71^ nc.j 
the crystal can be imagined to be constructed of cubical unit cells 
each having an atom at each corner and one in the center of each facCj, 
with none inside the cube. The atoms are indicated by circles in the 
figure, certain ones being Joined by lines in order to outline the unit 
cells. The length Uo of the edge of the unit cube is 3.51 angstroms. 
Figure 71(5) shows a face cut on the crystal at right angles to one of 
the diagonals of the cube. In Fig. 71(c) the direction of the iiiciclent 
electrons is shovm by the hea^^’' arrow. The lighter arrows show, 





Fig. 71. — (a) A nickel crystal, showing face-centered cubic structure, (h) Same, 
with a face cut at right angles to a diagonal, (c) An incident beam of electrons (heavy 
arrow) is scattered in all backward directions. 


schematicall}^, that these electrons are reflected in all (backward) 
directions. Considering only the surface layer of atoms in the tri- 
angular face of Fig. 71(c), it is readily seen that these atoms are 
arranged in rows parallel to one side of the triangle, and it is easily 
shown that the distance d between these rows is 

d = = 2.15 angstroms. 

Now it is fairly obvious that we may regard these rows of atoms as 
equivalent to the lines of a plane grating of grating space d « 2.15 
angstroms. Radiation of wave length X incident normally on such a 
grating, the plane of incidence being taken normal to one side of the 
triangle, should be diffracted, as is light from a reflection grating, 
according to the well-known law 

nk == dwiBj (168) 

^ This and certam other figures are used by permission of Dr. Davisson. 
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where d is the angle between the (normally) incident beam and the 
diffracted beam and n is the order of diffraction [Sec. 174(6)]. These 
relations are shown schematically in Fig. 72. It will be observed, 
from Fig. 71(c) and from Fig. 72, that the crystal is in reality equivalent 
to a series of such plane gratings, piled one above the other and 
separated by a distance b = do/ VS. Radiation penetrating to 
and diffracted backward from any one of these underlying layers 
will be combined ^^ith that diffracted from other layers, with the result 
that, for a given wave length X of the (normally) incident radiation. 
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Fig. 72. — Schematic representation of reflection of electron beams from a nickel crystal. 


we skall expect to find a diffracted beam at the angle Q defined by 
Eq. (168), unless the beams from the several layers destructively 
interfere. If conditions are such that destructive interference takes 
place, the beam to be expected at angle ^ will be wholly or partially 
suppressed. 

The apparatus used by Davisson and Germer is represented 
diagrammatically in Fig. 73. The electron gun consists of a 
heated filament emitting electrons, an accelerating field to give 
the electrons any desired velocity, and a series of collimating apertures 
to produce a (nearly) unidirectional beam. This mono velocity beam 
of electrons strikes the surface of the crystal at normal incidence, 


Sec. 108] 


EXPERIMENTS ON ELECTRON WAVES 


251 


and the electrons are reflected, or scattered, in all directions. A 
collector for measuring the reflected electrons is so arranged that it 
can be adjusted to any angular position with respect to the crystal, 
and thus the intensity of the electron beam reflected within a small 
solid angle du may be determined. The collector has two walls 
insulated from each other. A retarding potential is applied between 
the inner and the outer wall so that only the fa.stest electrons- those 
possessing nearly the incident velocity— may enter the inner chamber 
and be measured by the galvanometer. The crystal may be turned 
about an axis parallel to the axis of the incident beam, and thus 



Phni-rm Electron 



^ 73 —Schematic representation of apparatus used by Davisson and Germer in their 
discovery of the diffraction of electrons. 


any azimuth of the crystal may be presented to the plane defined 
bv the incident beam and the beam entering the collector. In what 
follows we shall be concerned mainly with the A and the B azimuths. 

If a beam of low-voltage electrons is incident on the crystal, 
turned at any arbitrary azimuth, and the distribution of the scattered 
beam is measured as a function of the colatitude-the angle between 
the incident beam and the beam entering the collector— a curve similar 
to that in Fig. 74(a) is obtained, which refers to incident 3b-volt 
electrons. If now the crystal is turned to the A azimuth,^ the dis- 
tribution curve for 40-volt electrons [Fig. 74(5)] shows a slight hump 
at about colatitude 60°. With increasing voltage this hump moves 
upward and develops into a spur which becomes most prominent at 
54 volts [Fig. 74(e)], at which voltage the colatitude of the spur is 
50°. At higher voltages the spur gradually disappears. 
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The spur in its most prominent state of development offers con- 
vincing evidence for the existence of electron waves. According 
to Eq. (167), the wave length \e of a beam of 54- volt electrons should 
be 

Xe = — ~ = 1.67 angstroms. 

V54 

Since a diffracted beam is observed at 50®, it is obvious that, irrespec- 
tive of how the underlying layers have cooperated, constructive 
interference has occurred among the beams diffracted from the 


(a) (b) (c> (d) (e) (f) (g) (h) 



Fig. 74. — The development of the diffraction beam in the A azimuth, showing maximum 
length of “spur” for 54-volt electrons, at colatitude 50®. 

several plane gratings; hence, we may use Eq. (168) to determine the 
wave length. We find 

Xe = dsin^ = 2. 15 sin 50® = 1.65 angstroms. 

This observed value of \e agrees excellently with that computed above 
from de Broglie^s formula. 

A similar agreement was found for other beams. In the B azimuth, 
a spur was strongly developed^ with 65- volt electrons at a colatitude 
44°, The wave length of 65-volt electrons is found in a similar way 
to be 1.52 A, whereas at 44° we have X 2 = 2.15 sin 44° = 1.49 A. 
In the A azimuth, a spur was also found at 55° colatitude with 181-volt 
electrons. This was interpreted as a second-order beam. For 

^ The difference in the colatitude at which the spur is most strongly developed 
for the A and the 5 azimuth, respectively, is due to the fact that the displacement 
of each plane grating with respect to the one immediately above is different for the 
two azimuths, and hence the angle at which greatest reinforcement occurs is 
different in the two cases. 
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18 l“Volt electrons, Xe = 0.91 A, whereas second-order diffraction gives, 
for colatitude 55°, 

2\e == 2. 15 sin 55°, :.X, = 0.88 A. 

In the C azimuth,^ for which d = 1,24 A, a strong beam was found 
at 56° colatitude for 143-volt electrons. The wave length corre- 
sponding to 143-volt electrons is 1.02 A, whereas 1.24 X sin 56° = 1.03 
A — again an excellent agreement. Over 20 such beams were reported 
by Davisson and Germer for electron energies up to 370 electron-volts. 
In each case, the agreement between the observed and the computed 
wave lengths was within the limits of error of the observations. 
Subsequently, with improved apparatus, they reported measurements 
in which the agreement between observed and computed values of 
wave length was better than 1 percent.- 



beam of electrons incident at angle 0i, on the (cut) face of the nickel crystal, (b) Cross 
section of the crystal showing the “cooperating” planes of atoms. 

The excellent quantitative agreement between such directly 
observed values of vith values computed from de Broglie^s formula 
is convincing proof that the beam of electrons proceeding from filament 
to crystal does have wavelike characteristics as definite as those of 
light or X-rays; and, furthermore, that the length of the electron 
waves is correctly given by de Broglie^s formula, Eq. (167). 

(6) Refraction in a Crystal — When Davisson and Germer let the 
electrons fall obliquely^ instead of perpendicularly, upon the nickel 
crystal, they observed new effects which did not seem to agree entirel}^ 
with the theory.® Their figures illustrating this case are reproduced 
in Fig. 75. With a fixed angle of incidence electrons were observed 

^ Plane of incidence and reflection parallel to a side of the triangle. 

® Acad jScf., Proc., voL 14, p. 317 (1928). 

D.A.vissoN,and Germee,. Nat. Acad. ScL^ Proc.^ vol. 14, pp. 317, 619 (1928). 
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to be reflected at all angles ^ 2 , as is illustrated in Fig. 76, which is also 
taken from their paper. For any given angle of incidence, however, 
at certain electron speeds, selective regular reflection occurred, as is 
shown by the “spin's” in Fig. 76(6), (c), and (d). 

It was assumed that this selective reflection was due to constructive 
interference b^^ beams reflected from successive layers of atoms in the 
crystal. The phenomenon is well known in the case of X-rays, which 
are very weakly reflected unless the conditions are met for such con- 
structive interference. The condition for strong reflection will be 
deduced later for use in the more important case of X-rays; it is 
expressed to a high degree of approximation by Bragg^s formula: 

n\ = 2dsindg, (169) 

where X is the wave length, dg the “glancing angle” or angle between 
the incident ray and the plane of reflection (complement of the angle 



120 Volfs 133 Volts 353 Volfs 

<a) (b) (c) 

Fig. 76. — (a) Nonselective reflection of an electron beam. 

at various angles of incidence. 



Cd) 

(5, c, d) Selective reflection 


of incidence), d the distance betw’een layers [shown as 2.03 A in Fig. 
75(6)], and n a positive integer. (See Sec. 174.) If we may assume 
that the electron waves penetrate a short distance into the crystal, 
so as to be reflected from a number of layers of atoms, the same law 
should hold for the selective reflection of electrons. (In this case, 
the spacing in a given layer, shown in Fig. 75(6) as D == 2.15 A, is 
of no consequence, since reflection from each layer is regular.) 

When Davisson and Germer calculated electron wave lengths 
from their data by means of the Bragg formula, however, a dis- 
crepancy was found between them and the de Broglie wave lengths. 
Thus, for 83-volt electrons, selective reflection was observed at an 
angle of incidence of 35° [Fig. 76(d)]; putting dg = 90 — 35 = 55°, 
d == 2.03 A, in Eq. (169), we find 


X, 


n 
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For 83-volt electrons; Eq. (167) gives a de Broglie wa^^e length of 

\e = 1.34 A. 

It is impossible to find an integral n (1, 2, • • • ) that will bring 
these two equations into agreement (if n = 2, = 1.66 A; if n == 3, 

X. = 1.11 A). 

It was suggested by Eckart^ and by Bethe^ that this discrepanciy 
would be explained if it w^ere assumed that the electron beam suffers 
refraction as it enters the crystal. In the case of X-rays, the refractive 
index is so nearly unity that it need be taken into consideration only 
in very precise work (Sec. 187). In the latter case^ Eq. (169) must be 
replaced by 

nX = 2d — cos-^^, (170) 

being the refractive index for rays entering the crystal. 

Equation (170) will presumably hold also for electron waves. 
Since we do not know g, we cannot use it to secure another check of 
the de Broglie relation; but, if we assume the latter relation, we can 
use the formula to calculate g. It is necessary, however, to make 
some assumption concerning the values of n. The right assumption 
to make might be discovered by endeavoring to secure consistency 
between values of g obtained from many different reflections ; but it is 
more satisfactory to be guided by physical considerations based upon 
the probable cause of the refraction. In Sec. 105, we saw that elec- 
tron waves should be refracted upon entering a region of different 
electric potential; if the potential suddenly increases by an amount 
AF, so that the potential energy of the electron decreases by e AF, 
the index of refraction is 

Fo being the energy of the electrons before entering the region, 
expressed in equivalent potential units. Now photoelectric and 
thermionic phenomena indicate that matter aitmcis electrons; the 
potential energy of an electron decreases when it enters a metal, by 
an amount that was formerly identified mth the work function but 
is now estimated at 10 to 20 electron-volts (Sec. 54). Hence g should 
be greater than unity for electron waves entering a crystal; and AF 
as calculated from Eq, (171) should be of the order of 10 to 20 volts. 

Using the above data, i.e., X = 1.34 A, d = 2.03 A, dg == 55®, if 
we take n == 2, we find, from (170), = 0.76. This is less than unity 

^ Eckart, AaL Acad /8a., Proc., voL 13, p. 460 (1927). 

Bethe, voL 15, p- 787 (1927). 
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andj for the reason just stated, must be rejected. Trying w, = 3^ 
we find ji = 1.144; and (171) then gives, with Fo = 83 volts, AF = 26 
volts, which is of the order to be expected. 

A careful study of the selective reflections occurring for various 
voltages at the angle of incidence = 10° {Bg = 80°) was made by 


Table I. — Index of Kefraction op Nickel for Electron Beams of Various 

Voltages. 6 g =80® 


V, 

volts 

X, 

angstroms 

Order of 
diffraction, 
n (assumed) 

[from Eq. 
(170)] 

^ - a/i + ^ 

for AF = 18 
volts 

64 

1.52 

3 

1.14 

1.132 

130 

1.07 

4 

1.07 

1.068 

215 

.83 

5 

1.04 

1.042 

327 

.67 

6 

1.02 

1.027 

450 

.58 

7 

1.01 

1.020 

585 

.50 

8 

1.008 

1.015 


Davisson and Germer. A summary of the data is shown in the first 
four columns of Table I. The values of the index of refraction com- 
puted by Eq. (171) for an assumed inner potential AF of 18 volts for 
the nickel crystal are shown in column 5 and are seen to be in reason- 
able agreement with the directly observed values of ii as given in 
column 4. 

The phenomena of the refraction of electron waves are somewhat 
more complex, however, than might be expected from the simplicity 
of Eq. (171) and the agreement of the data. For further information, 
the reader is referred to the literature.^ 

(c) Transmission through a Crystal. — Electrons, if given sufficient 
energy, are known to pass readily through thin films of matter such 
as metal foil or thin mica. If an electron beam has wave properties, 
then in its passage through matter we should observe some or all 
of the phenomena characteristic of the similar passage of X-rays. 

Soon after the discovery of electron waves, Kikuchi^ succeeded ' 
in obtaining electron diffraction patterns by passing a pencil of elec- 
trons through a thin mica crystal. Figure 77 shows the pattern 
obtained by passing 68,000-volt electrons through mica of the order 
of 10“^ cm. thick. These observations are the exact analog of the 

^ See, for example, Davisson and Germer, Nat . Acad. Sci., Froc., vol. 14, p. 
619 (1928); Davisson, Bell System Techn. J.j voi. 11, p. 546 (1932). 

^ Japan. Jour. Phys.j Yol. 6, p. SZ {192S). 
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first experiments on the diffraction of X-ra}^s by Friedrich, Knipping, 
and Lane [Sec. 174(6)]. 

Studies of metal foils with X-rays show that ndth appropriate 
treatment such foils are composed of polycrystalline material with a 
random orientation of crystal axes. Crj'-stallographically, such foils 
are similar to crystalline powders. If in the Friedrich, Knipping, 
and Laue experiment with X-rays (Fig. 146) a powder or a foil is sub- 
stituted for the single crystal, the observed diffraction pattern will 
consist of a series of concentric rings instead of spots. Such a pattern 
produced by passing a pencil of X-rays through gold, is shown in 



Fig. 77.-— Diffraction of 68, 000-volt electrons by a thin sheet of mica. {After Kikuchi, 
Japan, Jour, Phys.y vol. 5 (1928).] 

Fig. 78(a). In Fig. 78(6) is shown the diffraction pattern obtained 
by passing 30;000-volt electrons through a film of gold; whereas Fig. 
78(c) shows the pattern for 48,000-volt electrons, passing through a 
film of silver. Qualitatively, the similarity between the effect of X-rays 
and of electrons is so striking as to prove conclusively the wave nature 
of electrons. From the diameter of the rings in Fig. 78(6) and the 
dimensions of the apparatus, it is possible, knowing the length of the 
side of the unit cube of gold from X-ray data, to measure the wave 
length of the electron beam producing the pattern. 

■ 109. Diffraction of Molecule ■ Waves. — Even molecules should 
exhibit wave properties under suitable conditions, according to the 
new theory. This, too, has been verified by experiment. A molecular 
beam is easily formed by allo^wing molecules of a gas to stream out 
of an enclosure through a small hole or slit into an evacuated chamber. 
Often the enclosure is heated, in order to vaporize the substance to 
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be studied; it is then called an ^^oven.’’ Two difficulties have to be 
overcome, however, which do not arise in working with electrons. 
The molecules issue with a maxwellian distribution of velocities, 
whereas for diffraction experiments a beam of uniform velocity is 
desirable, corresponding to monochromatic waves. Then, too, 
neutral molecules are very much harder to detect than are charged 
particles. 

Especially interesting is an experiment^ performed by Estermann, 
Frisch, and Stern, They managed to select a beam of helium mole- 
cules or atoms having fairly uniform velocities by passing the beam 
through narrow slits in two parallel circular disks placed 3 cm. apart. 



Fig. 78. — (a) Diffraction pattern produced by passing X-rays tbrougb. thin gold foil. 
(Kindness of Dr. I. FankucherC). (h) Diffraction pattern produced by passing a pencil 
of 30,00D-volt electrons through gold foil. (From Thomson: '' Wave Mechanics of Free 
Electrons” Fig. 196.) (c) Same for 48,000-volt electrons and a silver foil 500 A thick. 

(CouTtesy of Dr. L. H. Germer, Bell Telephone Laboratories, Inc.) 

rigidly connected together and rotated about their common axis. 
The slits in the disks were adjusted so as to be opposite each other. 
An atom, after passing through a slit in the first disk, would arrive 
at the second disk too late to pass through the corresponding slit in 
that disk; but, if its velocity were just right, it would be in time to 
pass through the next following slit. Atoms moving faster or more 
slowly would arrive too soon or too late and would be stopped by the 
disk. After leaving the second disk, the beam fell upon the surface of a 
lithium fluoride crystal, by which it was reflected or diffracted. To 
measure the intensity of the beam diffracted in a given direction, the 
helium atoms were allowed to pass through a small hole into a chamber 
where they accumulated until a certain pressure of helium was reached 
(of the order of 10“® cm. Hg). This pressure was measured by the 
cooling effect of the helium on an electrically heated metal strip, 
Giving to conduction of heat through the helium; the electrical resist- 
i Estbkmann-, Feisch, and Steen, Zeits. f. Physik, vol. 73, p. 848 (1931). 
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ance of the strip was measured with a Wheatstone bridge as an indica- 
tion of its temperature. 

A strong diffracted beam of helium atoms was observed in addition 
to the regularly reflected beam. In the most precise .measiirenieiitj, 
the maximum in the diffracted beam was found at 19. 45"^, correspond- 
ing to a wave length of X = 0.600 X cm. as calculated from the 
usual formula for diffraction by a crystal. From the dimensions and 
rate of rotation of the disk, the velocity of the iieiiiim atoms was cal- 
culated to be 1.635 X 10^ cm. sec.“^; the corresponding de Broglie 
wave length is, by Eq. (166a, 5), 



mv 


hNo __ 6.61 X 10-27 X 6.02 X lO^^ 
Mv 4.00 X 1.635 X 10^ 


= 0.608 X 10-® cm. 


(h = Planck^s constant, No — Avogadro’s number, ilf = molecular 
weight.) The agreement is within 1.5 percent. This result is par- 
ticularly interesting, not only because it refers to an atom, but also 
because the velocity was measured in simple mechanical fashion 
instead of in some indirect manner. 

110. Schrodinger’s Wave Equation. — ^We shall return now to the 
discussion of the theory of matter waves. In Secs. 103 and 104, A?e 
have described the line of thought which led de Broglie to the con- 
ception of such waves. In his first paper, he managed to apply 
these ideas to the motion of an electron in the field of a inicleus and 
actually arrived at Bohr^s formula for the energies of the quantum 
states. In order to obtain discrete states, he replaced Bohr\s quantum 
condition by the requirement that the orbit must contain an integral 
number of wave lengths of the waves, so that resonance’^ ma}" occur. 
This is not a very satisfactory statement of the condition, however, 
because in such cases the wave length is so large relative to the scale 
of the motion that diffraction effects would be enormous. Schrod- 
inger, refining de Broglie's idea, suggested that each quantum state 
represents a system of standing waves, or a normal mode of harmonic 
vibration, somewhat like the vibration of a violin string when sounding 
its fundamental or one of its overtones. 

In order to find out what the normal modes of oscillation would be 
for the matter waves accompan^dng an electron, we require a more 
complete statement of the law governing their motion. Now the 
usual basis of the mathematical theory of wave motion is furnished by 
a differential equation. Thus, for a violin string vibrating in a fixed 
plane, we have the equation 


d^7] 
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in which rj is the displacement of any point of the string at a time t, z 
is the coordinate of this point measured from one end of the string, 
and g is a constant depending on the tension in the string and its 
mass per unit length. In addition to this differential equation, we 
have also the boundary condition that 7? = 0 at all times at each end 
of the string. To cite a second example, in the case of sound weaves 
moving in three dimensions, the differential equation for the pressure p 
in terms of Cartesian coordinates x,y,z and the time t is 

^ =:-r2/£!2_L^_L 

dt‘^ ^ \dx^ dy^ as7’ 

/ denoting another constant. These differential equations are derived 
from the laws of mechanics; they are obtained by applying Newton’s 
laws of motion to the particular medium under discussion. 

We cannot follow an analogous method in arriving at the differ- 
ential equation for the matter weaves; for we know nothing of any 
medium to convey them. The best we can do is to try to guess a 
mathematical wave equation that will be in harmony with those 
properties which we have found the waves to have, and then to test our 
guess further by means of comparison between observations and other 
results deduced from this wave equation. Limitations of space and 
of the mathematical tools required for this book make it impossible 
for us to attempt here any extensive treatment of "wave mechanics.^ 
It may be worth while, however, to see how the properties that we have 
assigned to matter waves lead rather naturally to Schrodinger’s differ- 
ential equation for them and then to describe in general terms the 
application of the equation to a few important problems. 

For plane harmonic matter ^vaves of frequency v and wave length 
X moving toward +Xj we might expect to be able to Avrite 

-x> 

^ being the quantity, whatever it is, that oscillates in the w’-aves. 
Since, according to Eqs. (165) and (166a), 


where W and p are, respectively, the energy and the momentum of the 
associated particle, we can also wwite the last equation in the form 

= Asin^(lTr— pa:), (172) 

^ For a simple introduction, see Dushman, S,, ''Elements of Quantum Mechan- 
ics,'^ 1938. 


^ sin 27r ( vt 


(' 
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W 



here V is the potential energy of the particle, and 


(17S) 


_ (mvy 

2m 2m 




its kinetic energy. Now, whatever the correct differential equation 
for ^ may be, it should be such that any allowable function Af expressed 
in the form of Eq. (172) is a solution of it regardless of the value of 
IF or p. Let us endeavor, therefore, to find by trial a differential 
equation such that, when the expression just given for is substituted 
in it, IF and p cancel out in consequence of the known relationship 
expressed in Eq. (173). 

A few derivatives of Ar as obtained from Eq. (172) are: 


dt 

__ 


~ WA cos— (TFi - px) 

2'7r 

- ^WNAsin^(Wi ~ px) 


dx 


2x . ^11 / 

— j^pA cos— (IF^ 


27r,. 

T 


px) 


d-<k 4ir- , . . 2x 
7. ^ 


dx 


h 


{Wt — px). 


The only sort of combination of these derivatives that would enable 
us to use Eq. (173) seems to be one in which the derivative with 
respect to t is combined with the second derivative with respect to .t. 
We can get a term in F by using Ai itself, undifferentiated, multiplied 
by F. We are thus led to try as a wave equation 


di 


A-3- + 


(174) 


where the coefficients a and h remain to be determined. 

If we substitute ’F from (172) in this equation, however, we 
encounter a difficulty, since d^/di contains a cosine, whereas 
and F itself both contain a sine. However, w^e could eciually well have 
started with a cosine instead of a sine; or we could use a combination 
of cosine and sine, such as 


^ - A Bin— (Wt - px) + Bcos-^ (TF^ - px), 

where A and B are independent constants. The student may alread,y 
be familiar with the use of such combinations as the general solution 
of a differential equation of the second order. If we substitute this 


262 


WAVE MECHANICS 


[Chap. VII 


latter expression for in (174) and then equate coefficients of the 
sine terms and the cosine terms separately on both sides of the equa- 
tion, so as to have it satisfied for all values of x and t, we obtain the 
equations : 


or 


W 


_ 

h 

2x 

T 

2x „A 


4^2 

jYB = + hVAy 

WA = + bVBy 


hh j^A 2ir . hh B 

- - ‘‘T’’'A+rjA 


These equations vill agree with (173), provided 
2xd 1 


h B 2m 
2x5^ 1 ^ 
^ h A ~ 2m 


UA 

27r B 

ms 

2ir A 


= 1, 

= 1. 


Eliminating either a ov h from these equations, we obtain 

A^ 1 ^ 1 ' * / — T 

^2 = •■*5 = ^ = V - 1 . 

To agree with common practice, let us take 


A ^ 
B 

Then we obtain (since 1/i = —i): 




27r 


1 


h 2m 


a == 


ill ^ 
47rm' 


M 

^27r 


ih 


Thus (174) becomes 


dt 


ih 

Airm dx 


2t ^ 

ih 




or, after multiplying through by ~/i/(27ri), 

_ 

2'n-i dt Sw^mdx^ 

For three-dimensional waves this will read 


+ 7^. 


A^ 

27ri dt 


A__f A 

STT^mV^cc^ 


dy^ 


+ A" + 


dz^ J 


-1-7'^ 
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or, in a condensed notation often used, 


27^^ dt 


A2 


+ F^, 


(175) 


(or A) standing for the “-Laplacian operator” or the sum of the 
three space derivatives of the second order. 

Equation (175) is Schrodinger’s famous wave equaUon contcdning 
the time. The agreement of results deduced from this equation justi- 
fies the belief that the equation is valid for the matter waves associated 
with a particle of mass m as long as relativistic effects can be neglected. 

Schrodinger’s equation is simple in form, containing in its coeffi- 
cients only the potential-energy function for the particle, Vix^y^z)^ 
and the universal constant h. It is remarkable among the differential 
equations of mathematical physics in that it contains i = V 1. But 
for this factor it "would resemble the equation for the flow of heat in a 
solid body, wffiich likewise contains the first derivative with respect 
to the time. The motion of matter waves combines, in fact, some of 
the features of heat flow in a solid with other features resembling 
the propagation of mechanical disturbances, such as sound waves. 

The solutions of the equation are likewise peculiar. As Ave have 
seen, no solution can have the form of a simple sine or cosine function, 
such as can be used to represent a train of sound waves in the air 
[c/. Eq. (172)]. The combination of sine and cosine that we found 
ourselves compelled to use is equivalent to a complex exponential, 
since e = cos x ± i sin x. 

In case F is a constant, it is easily seen by direct substitution that 
a solution of (175) is 

2x1.. 


= Ce 


-(TTf — pa:) 


(176) 


provided IF and p are constants satisfying Ec[. (173). Here C is an 
arbitrary constant, representing the wave amplitude. If IF > 0 and 
p > 0, this solution of the wave equation represents plane waves of ^ 
traveling toward +a;; for, at a point moving with velocity IF/p, the 
value of ^ remains constant.^ IF and p represent energy and momen- 
tum of the associated particle, respectively; the frequency > and the 
wave length X of the waves are easily seen to be f = IF/7i, X = /i/p, in 
accordance Avith conclusions reached pre\dously. If p < 0 but IF > 0, 
both the particle and the waves are mo Aung toward —.r. 

If IF < 0, as may happen if F < 0, the AvaAms and the particle 
travel in opposite directions. We can ahvays make this so, if aa^c AAish, 

^ If a point moves with velocity W /p, in time dt it moves a distance dx — Ik dt/ p ; 
hence, d(IF^ — px) = IF dt — p dx - 0, and so = 0. 
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by adjusting the arbitrary additive constant that occurs in F, as in 
any potential energy. The possibility of reversing the direction of 
motion of matter waves by a mere mathematical change of this sort 
is a clear indication that they cannot be ordinary real waves. 

111. Physical Significance of — The question at once arises: 
what is the physical significance of the mysterious ^ that appears in 
the mathematical theory? 

An answer sometimes given to this ciuestion is that 4^ is merely an 
auxiliary mathematical quantity that is introduced to facilitate 
computations relative to the results of experiment. For example, in 
the experiments described above on the diffraction of electrons by a 
crystal, the experimenter sets up an electron gun that fires electrons 
of a certain energy at a cr 3 ^stal. A detector placed at a certain angle 
gives indications which are taken to mean that electrons are being 
received. In order to develop a quantitative theory for such observa- 
tions, we assume that a beam of electron waves of frequency v = TF /h 
falls on the ciystal, and we calculate the intensity of the waves scat- 
tered in the direction of the detector. From this mathematical 
result we infer, following certain rules, w^hat the indication of the 
detector should be. In order to make such calculations, it is not really 
necessary to attach any physical significance at all to the mathematical 
symbol 4^. 

There is much to be said for such a viewx After all, observational 
results are the primary material of physics; the purpose of theories is 
to correlate these results, to group them into those regularities of 
experience that w^e call laws, and to predict the results of new experi- 
ments. Even the motion of the electron as a particle is only an 
auxiliary concept, introduced for convenience in describing and 
interpreting observational results; the evidence for the particle nature 
of the electron is in reahty very indirect. If we carefully examine the 
history of the concept of the electron as a particle, we shall realize 
that this concept owes its origin to the w’’ell-established beliefs in the 
corpuscular nature of matter. The electron was regarded as one 
of the building blocks of matter and was, therefore, visualized as a 
particle. 

Such auxiliary concepts as particles constitute very convenient 
aids to thinking, and most physicists find it advantageous to make use 
of them. Whereas some experimental results are conveniently under- 
stood in terms of the electrons as particles, however, others can be 
understood only in terms of the interference of waves. It is wmrth 
while, therefore, to go as far as we can toward assigning some physical 
significance to these w’-aves, or to the quantity % in terms of which the 
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iiiatiiematical theory of the waves is expressed. It turns out that 
significance can be attached to the waves, according to circumstances, 
in two rather different ways. 

Ill dealing with an experiment on scattering such as that just 
devscribed, a beam of waves of indefinite total length is commonly 
assumed, represented b3^ a ^ like that in Eq. (176). The square of 
the ahsolute value of is then taken to be proportiofial (for given 

particle energ}^ number of particles in the beam that cross unit area 
per second^ the imit area being taken perpendicular to the direction 
of motion.^ Thus, in an experiment on the diffraction of electrons, let 
0 electrons cross unit area per second in the incident beam and let 
■'ko denote the mathematical expression assumed for ^ in the waves 
representing this beam. Then, if calculation b^" means of the wave 
equation, Eq. (175), gives as the value of Sk in a certain direction 
of diffraction, the theoretical value for the intensity" of the diffracted 
beam in that direction, defined as the number of diffracted electrons 
crossing unit area per second, is 

n. = ^^no 

[provided both the incident and the diffracted beams move in regions 
where F in (175) has the same value]. 

This procedure corresponds exactly to the method of handling 
similar problems in optics. The intensity of a beam of light, which 
might be defined as the number of photons crossing unit area per 
second, is proportional (in a given medium) to the square of the 
electric vector (Sec. 32). The principal difference here is that, ^ 
being a complex number, must use instead of 

There are other cases, however, as in the photoelectric effect, in 
ivhich one wishes to follow the flight of a single electron or other 
particle. Then "k is taken to refer to a single particle. Usually, in 
a given case, values of appreciabty different from zero occur only 
witliin some finite region. A solution of the wave equation of this 
latter type is sometimes called a wave especially if the region in 

which it has nonzero values changes position in space as time goes on. 
In such a case it is natural to ask, where is the particle in relation to 
the wave packet? The accepted answer may be stated in terms of 
probabilities. The position of the particle is usualty considered not to 
be defined any more closely than is indicated by the values of "k. At any 
given instant, if a suitable observation were made, the particle might 

: ' ^ ^.is a. complex number; by the absolute value of an}^' complex number, + % 
(where a: and y are real), is meant -f written \x + fi/|. 
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be foimd at any point where ^ is different from zero; the prohability 
of finding it in the neighborhood of a given point is proportional to 
the value of \Af\^ at that point. More exactly, the prohability density 
at any point is represented by 1^1^; the probability of finding the particle 
within any element of volume dxdydz is 


\^\^dxdydz. (177) 

When interpreted in this way, ^ is sometimes called a probability 
amplitude for position of the particle.^ 

The interpretation Just stated imposes upon ^ a certain mathe- 
matical requirement. For the total probability of finding the particle 
somewhere is, of course, tmity. Hence Af must satisfy the condition 
that 

fjm^dxdydz - 1, (178) 

the triple integral extending over all possible values of x, y, and z. 
A % satisfying this requirement is said to be normalized (to unity). 
Any solution of Eq. (175) that gives a finite value to the integral in 
Eq. (178) can be normalized; for, because the wave equation is linear 
and homogeneous in any solution of this equation can be multi- 
plied by an arbitrary constant without ceasing to be a solution, and 
the arbitrary constant can then be adjusted so as to make Eq. (178) 
true. 

There are also interesting relations between a wave packet and 
the velocity or momentum of the particle. A detailed study, for which 
we have not space, brings out the following features. 

Suppose the particle is in free space (i.e., F = 0). Then a possible 
solution of the wave equation is given hy Eq. (176) or 




9 


(179) 


where C and p are constants and W = p^/m. This solution, repre- 
senting an infinite train of waves, is considered to correspond to a 
particle moving with energy IF, momentum p, and velocity v = p/m. 
It cannot be treated as a wave packet, however, for it makes 

f f dxdydz = co 


(unless C = 0!). We may conclude that it is not possible for a particle 
to have a perfectly definite momentum or velocity. We can, however, have 
as close an approach as we please to a definite momentum, for ^ may be 
assumed to be indistinguishable from (179) over as large a region as 

i The word amplitude is not used here in quite the same sense as in elemen- 
tary physics. 
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desired, sinking to zero outside the boundary of this region; the con- 
stant C can then be chosen small enough so that / dxdydz = 1. 
A wave packet formed in tins way will retain its form for a long time, 
traveling along with a velocity roughly equal to the group velocity 
of waves of frequency v = W/h or with a velocit}^ equal to p/m. 

In general, any wave packet can be expanded in terms of wave 
trains like (179), just as any patch of light waves can be resolved into 
monochromatic trains. Essentially, this amounts to representing ^ 
by a Fourier integral. When this has been done in a suitable way, the 
coefficients of the various wave trains in the expansion constitute a 
probability amplitude for momentum; i.e., the square of the absolute 
value of any coefficient gives the probability that a suitable observa- 
tion would reveal the particle as mo'vdng in the direction, and with the 
momentum or velocity, that is associated with the corresponding 
wave train. Thus, in general, according to wave mechanics, a particle 
does not have either a sharply defined position or a sharply defined 
momentum or velocity. 

112, The Indeterminacy Principle. — The indefiniteness that we 
have just found to exist in the values of certain mechanical magnitudes 
associated with a particle, such as its position or momentum, is a 
fundamental feature of wave mechanics. The indefiniteness as to 
position can be minimized, to be sure, by maldng the wave packet 
very small practically zero except within a ver}^ small region); 
but in that case it can be showm that the packet will spread rapidly. 
Consequently, if we were to observe the position of the particle a little 
later and then calculate its velocit}^ by dividing the distance covered 
by the time that has elapsed, any one of a wide variety of results might 
be obtained. Thus, a small packet means a large indefiniteness in 
momentum and velocity. On the other hand, if we give to "F a form 
like that in Eq. (179) over a large region, in order to fix the velocity and 
momentum of the particle within narrow limits, there is a large 
indefiniteness in the position. In general, it can be shown that, if Ax 
denotes the effective range in the possible values that might be found 
by observation for the coordinate x of the particle, and if Ap indicates 
the similar range for momentum, then very roughly 

ApAx ^ hj (180) 

where h is Planck’s constant. This principle was first enunciated 
by Heisenberg in 1927,^ who called it, in German, the principle of 
^^Unbestimmtheit.” This term has been variously translated , as , 
“ indeterminacy ^ Tndefiniteness,” uncertainty . ” 

^ HEisENBEEa, vol. 43, p. 172 (1927). 
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The principle can be said to have its basis in the wave properties 
of matter. It even has an analog in the field of optics. A single 
sinusoidal Avave of light of Avave length X represents a certain amount 
of energy that is closely localized in space, but it does not constitute 
monochromatic light; for, upon passing through a spectroscope, it 
AAull spread AAudely in the spectrum. To have an approach to mono- 
chi'omatic light, AA^e must haA^e a train of many AA^aAms; and this means 
a corresponding dispersal of the energy in space. 

The conclusion that a AA^ave packet cannot represent a particle 
as haAung at the same time a definite position and a definite momentum 
might seem to be in conflict with the fact that both position and 
momentum are capable of precise measurement. In ordinary physics, 
Ave have no difficulty in determining both of these quantities simul- 
taneously; e.g.j from tAVO snapshots of a rifle bullet, its position and 
velocity at a given instant can both be calculated. Heisenberg 
pointed out, hoAvev'er, that this could be done only because, on the 
scale of observation used in ordinary physical measurement, the inde- 
terminacy required by Eq. (180) is so minute as to be lost in the 
experimental errors. It is quite otherAAUse for an electron, or a molecule. 

Consider, for example, hoAV an electron might be located Avith 
atomic precision. We might use a microscope; but then Ave should 
have to use light of extremely short Avave length in order to secure 
sufficient resolving poAver. To distinguish positions cm. apart, 
for example, AA^e should have to use 7 -rays. Under these circum- 
stances, the effect of the light on the electron cannot be neglected. 
If Ave are to ^^see” the electron, at least 1 photon must bounce off it 
and enter the microscope. In rebounding from the electron, hoAvever, 
this photon AAill give it a strong Compton kick (see Sec. 186). Thus at 
the instant at Avhich Ave locate the electron, its momentum undergoes 
a discontinuous change. Furthermore, there is an indefiniteness 
about the magnitude of this change, for it AAfill vary according to the 
direction in Avhich the scattered photon leaves the scene of action. 
We cannot limit closely the range of possible directions for the scat- 
tered photons that enter the microscope, by stopping doAvn the aper- 
ture, without a serious loss of resolving poAver. A quantitative 
analysis of such observations leads again to Eq. (180). 

It appears, then, that Ave cannot at the same time assign to an 
electron or other small particle, in terms of actual or possible observa- 
tions, a definite position and a definite momentum (or energy). Thus, 
an assertion that both the position and the momentum of a particle 
have simultaneously certain precise values is a statement devoid of 
physical meaning ; for, since 1900, it has become increasingly accepted 
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as a principle of physics that only those magnitudes wliich can be 
observed, directly or indirectly, have physical significance. , Our 
classical notion of a particle as something that can .move along a 
sharpl}?* defined path, ha\dng at each instant a definite position and 
velocit}^", is therefore not applicable to electrons or protons or atoms 
or molecules. These small bits of matter may be said to have some 
particle properties, but they also possess certain wave properties, so 
that, ill the classical sense of the words, they are neither true particles 
nor true w'aves. Darwin proposed to call them wavicles.’^ 

After this discussion of the physical significance of we shall now 
return to a further consideration of the mathematical theory. What- 
ever changes may occur in the future in the physical ideas that are 
considered to underlie wave mechanics, it seems probable that the 
mathematical theory is here to stay. 

113. Stationary or Quantum States. — So far we have discussed the 
motion of free particles only. Suppose now an electron or other par- 
ticle is in a region where, because of a force field, it has a potential 
energy V depending on its position. To treat such cases, as has 
already been indicated, Schrddinger suggested seeking solutions of the 
wave equation ivhich represent standing ivaves. 

The distinguishing characteristic of standing waves is that the 
phase of the vibration in such waves is everywhere the same, whereas 
in running waves there exists at any moment a progression of phase 
along the wave train. In a mathematical expression for ^ representing 
standing waves, therefore, the time must occur in a separate factor. 
The analogy of Eq. (176) suggests that we seek a solution of Eq. 
(175) of the form 

^{x,y,z,t) = e '• ^{x,y,z). (181) 

Here W is a constant, i = 1,11 is Planck’s constant, t is the time, 

and X, y, and z are Cartesian coordinates for the particle; as indi- 
cated, is a function of the four variables, x, y, z, i, whereas f is a 
function of only x, y, and z. The frequency of oscillation of such a 
is V = W/h. For, if t is increased by h/W, the exponent of e is 
thereby increased by —%ri, which multiplies bj^' 

g-2xi = cos27r — isin2T =1 

and so leaves unchanged; hence h/W is the period of oscillation of 'J", 
or W/h is the frequency. Since by assumption the frequency of 
harmonic matter waves always represents the energy divided by 7 j. 
(Secs. 103, 104, 105), it follows that W represents the energy of the 
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particle. It is easily shown that Eq. (181) defines the only possible 
form of ^ in which t occurs in a separate factor. 

Differentiating, we find from (181) that 


dt 


2wi 

h 


We ^ 


dx^ 


0 h « 

dx^ 


etc. 


Thus the operator affects only the factor 4^. Hence, if we insert the 
above expression for 'V in Eq. (175), we obtain 


We '* 


^ = 


JN. 


~T 


'iri 


2Tri 

Canceling e ^ 


Wi 

) 


we can write this result as 


- 8^^’^ + 

VV + ^ (W - F) vi' = 0. (182) 


The differential equation thus obtained for the amplitude factor 
\[/(Xjy,z) is known as Schrodinger’s amplitude equation, or, more com- 
monljq just as SchrodingeHs wave equation. 

Not every solution of Eq. (182) can be used hoAvever. As explained 
in Sec. Ill, we must be able to make J dxdydz finite. Now, if ^ 
has the form shown in (181), its absolute value is 

—hii lYt 

W=le ^ |W = W 

since = L* Thus only those solutions of (182) can be used to 
represent standing waves for which 

dxdydz 

is finite. (The statement usually made is that itself must remain 
finite even at infinity.) In general, this condition can be met only for 
certain values of W] these are known as characteristic values {or 
eigenvalues). These values of W are the allowed values of the energy 
corresponding to the stationary states, or quantum states, of the particle 
in the given force field. Corresponding to each allowed value of W 
there are one or more different functions i/, obtained as solutions of 
Eq. (182) ; these are known as characteristic functions or wave functions 
(or eigenfunctions). 

According to the physical significance that was assigned to ^ in 

* — Icos a; — ^ sin a?! = (cos^a? -f, sin^a;)^^ = 1. 
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Sec 114] mih — 

Sec. Ill the prohalility of finding the particle in a given element of 
space dr when it is in such a stationary or quantum state, is given 
either by 1^1' dr or by dr, since, as we have seen, i^l = li'l 

The problem of determining the allowed energy levels tor a particle 
in a <nven force field thus reduces to the mathematical problem of 
finding the allowed solutions of a wave equation. Limitations of 
space and of the mathematical tools required for this book compel us to 
kave it to the reader to familiarize himself, by study elsewhere, vuth 
the further mathematical developments of the theory. \\e have 
space only for a few descriptive remai'ks concerning the two eases 
that have already been treated in previous chapters in terms of the 

old quantum theory. ^ 

114. The Harmonic Oscillator.— Let x be the coorchnate^of a mass 

m moving in one dimension with a potential energy given b\^ T — /sP^ > 
|3 denoting a constant. For such a particle, the (amplitude) wave 
equation (182) becomes simply 

(183) 


dx^ h 


(^W - = 


0 . 


A mathematical study of this equation shows that the characteristic 
values of W can be written^ 


17 „ = {n + = 0 , 1 , 2 , 


= l fl. 

2rym 


(I8ia,h,c) 


The constant r. is the frequency with which the mass m vibmte 

according to classical theory; but it has no special physical significance 

^''The normalized wave functions for the first three quantum states 
corresponding to n = 0, 1, or 2, are found to be as follows, stated in 

terms of 


Co 


^/2 


n = 1; = V2Co?e-5v=; 

(2f - 1) 


For ft = 0: == Coe 

ft = 2: = 

The reader can readily verify that each of these expressions for ^ 

rE.g., in Dushmax, S., “Elements of Quantum Mechanics/’ 1938^ 
and WmsoN, “Introduction to Quantum Mechanics, 193o, Ro,t.vnsui, \ „ 

‘'Introductory Quantum Mechanics,” 1938, 

2 JMd. 


272 


WAVE MECHANICS 


[Chap. VII 


is a solution, of Eq. (183), if in the latter equation the corresponding 
value of IF is inserted from (184a), and that they are normalized so 

that j = 1. (Hint: Change the variable from xio ^ even in 

the differential equation! Also, remember that e dj = 'x/ TT.) 
A graph of these three wave functions is shown in Fig. 79, 



Fig. 79. — Characteristic functions for n = 1, 2, and 3 for a harmonic oscillator. 

115. The One-electron Atom, (a) Energy Levels and Wave Func- 
tions . — An electron of numerical charge c, in the field of a fixed nucleus 
of charge Zc, has a potential energy 



T 


at a distance r from the nucleus. Hence the wave equation (182) 
for an electron in such a field reads 

+ + = 0, (186) 

m being the electronic mass (more accurately, the reduced mass — Sec. 
94). This equation is more complicated to handle than that for 
the harmonic oscillator, because it involves three variables ix,y,z). 
Only a few mathematical details will be given here. 

The variables can be ^'separated” in terms of polar coordinates, 
r, <j); solutions can then be found of the form 

= Cixe^^PhiGOsd)Rni(r). (186) 

Here Rni{T) is a certain function of r, P^i denotes a certain function 
of cos dj and Czx is a normalizing factor. [Sometimes i?(r)/r is written 
in place of 12 (r).] The symbols n, I, and X denote three integers which 
happen to occur in the customary expressions for the functions; these 
integers may have any values such that 

|Xl ^ K n. 
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Thus the possible values of n are n = 1, 2, • • • ; for each n, 
^ _ 0, 1, • • ■ n — Ijfor eachl, X = —I, —I + 1,. — ? + 2, • • • I 1, 
I (More commonly the letter m, or mi, is used in place of X. Ihe 
notation used here has certain advantages which will appear later in 
the study of manj^-electron spectra.) The numbers n, I, and X serve 
as convenient labels for the wave functions and are commonly called 
“quantum numbers.” 

The corresponding values of the energy turn out to be the same as 
those found by Bohr (Sec. 94): 


W = 


2T‘^me*Z^ 


( 187 ) 


This problem illustrates an important feature that is frequently 
met with called degeneracy of the wave functions or quantum states. 
For any value of n above 1, there are several independent wave func- 
tions for each allowed value of the energy. Corresponding to given 
I the number X ranges over 21 + 1 different values from —I to 
and for given n, I ranges from 0 to n - 1; and for each combination 
of a' value of I with an allowed value of X there exists a distinct wave 

(b) Relations with Angular Momentum. When the atom is in a 
definite quantum state, the probability density, or is eyeiy- 
where constant in time. Thus it might be said in one sense that the 
electron is not in motion. There is at least no suggestion of motion 
along an orbit. Certain phenomena suggest, however, that, provided 

I > 0 the atom should be regarded as possessing moment of momentum 

or angular momentum about the nucleus; and this momentum is asso- 
ciated with magnetic effects in the same way as is that of the classical 
motion in an orbit. Accordingly, for convenience, we shall speak of 
the electron as “moving” in the field of the nucleus, and we may some- 
times even refer to this motion as “orbital. 

The value of the angular momentum furnishes a useful means ot 
distinguishing between states that have the same energy. Before 
proceeding further, the treatment of angular momentum in classical 

theorv may be recalled. . i 

The student is doubtless familiar with the interpretation of angular 
momentum as a vector quantity. When a rigid body is rotating about 
a fixed point, like a top about its point, there will be a certain axis 

through the fixed point about which the f ^ . 

body is a maximum. About any other axis, inchned at an angle 0 

to the line of maximum angular momentum, the 

equal to the maximum value multiplied by cos 6. The an,,ular 
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momentum, can be represented by a vector drawn in the direction of 
the axis about which it is a maximum; the length of this vector can be 
made to represent the magnitude of the maximum angular momentum, 
and its direction, indicated by an arrowhead, is commonly taken in the 
direction in -which a right-handed screw would advance along the axis 
•while turning about it in the same direction as the rotating body. 
The angular momentum about any other axis is then represented by 
the component of this vector in the direction of that axis. The vector 
may or may not coincide with the instantaneous axis of rotation of 
the body. 

A similar treatment can be given to the angular momentum of a 
moving particle. In classical theoiy, the electron can be regarded 

as moving at every instant in a 
certain plane drawn through the 
nucleus; the vector representing 
its angular momentum about the 
nucleus is commonly drawn per- 
pendicular to this plane and in the 
direction specified in the last para- 
graph (see Fig. 80). The angular 
momentum about any oblique axis 
such as PP', being equal to the 
component in that direction of the 
vector angular momentum, is rep- 
resented by the projection on the 
given oblique axis of the directed line that represents the vector angular 
momentimi itself. 

Now, it can be shown that a given wave function \pnix represents a 
special state of the electron in which its angular momentum about the 
axis of polar coordinates has the definite value 



Thus, in the set of 2Z + 1 quantum states that exists for a given n 
and I, the angular mometum about the polar axis ranges by integral 

steps from a maximum of I units, each of magnitude in one direc- 
tion through zero to I units in the opposite direction. Such a varia- 
tion of the angular momentum from one state to another is represented 
if we imagine that the angular momentum of the electron has a fixed 
value of i units but is inclined at various fixed angles to the axis. 
This is illustrated in Fig. 81, in which the vector representing the 


P' 



Fig. so. — I llustration of the vector 
angular momentum of an electron due 
to its motion about the nucleus. 
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w j 

The vector angular 


angular momentum is assumed to have a length of 2 units and is sho ^ 
in five alternative positions, corresponding to X = i, 

Onlv for X = + 2 does the vector coincide with the polar axis. Avcaor 
diagram so constructed serves vi^ddly to illustrate the relation between 
the quantum number I and the various allowed values of X 

Actually, however, according to wave mechanics, the total angular 
momentum of the electronic motion about the 

about the center of mass of the atom), is not equal to lh/2^ but has 
ae ratL curious value VW+T) h/2.. Furthermore, it has no 
fixed vector direction, as it has in classical theory, 
momentum can be regarded, to be sure, as mak- 
ing a fixed angle with the axis, for, in wave 
mechanics, the magnitude of its component 
perpendicular to the axis has a fixed value. 

But if we draw a fixed line PP' perpendicular 
to the axis of polar coordinates and consider the 
component of the angular momentum in the 
direction of this fixed line, then this component 
has no definite value. 

The component of angular momentum in 
the direction of such a line PP' is susceptible of 
measurement, according to the accepted \uew 
and the result of such a measurement might 
be the value 0, or it might be a positive multi- 
ple of h/27r, or a negative multiple. The aver- 
age of many such measurements would almost 
certainly be close to zero, and closer as the 
mimher of measurements is increased.; tins 
Set is expressed by ssying that the value of the eomponent of momen- 
tum in this direction has a mean expectation ^ 

situation wo„ldem^nc«»,m.ha.^^^^^^ 

ESF£™“eJ^~tSsrs!:wdL" 

of the line P . ^ mechanics suggests such 



Fig. 81. — Illustrating 
the quantization of angu- 
lar momentum for i = 2. 
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not to a single classical motion mtli the vector angular momentum 
in a definite direction, but to a sort of average of man}^ motions, each 
associated with a different position of the vector momentum in azimuth 
around the axis. 

Sometimes a little more information is put into t he vector diagram 
b\" drawing the vector of a length to represent + 1) units of 
magnitude instead of I units; then the vector necessarily remains 
somewhat inclined to the axis even when X = ±1, since in this case 
the component along the axis represents only I units. This is a com- 
plication in the diagram that is of small value, however. The most 
important use of the diagram is to exhibit the relation between the 
quantum numbers I and X, and this relation is adequately exhibited 
when the vector is drawn of a length to represent I itself. 

A separate diagram is to be drawn for each value of 1. The rela- 
tionships involved here are sometimes referred to as space quantization. 

No analogous interpretation can be given for the quantum number 
n, which is sometimes called the principal quantum number. It 
should be remarked also that in the simplified theory that is here 
described no allowance has been made for electronic ^^spin^' (see Secs. 
117 and 135). 

(c) Degeneracy of the Wave Functions. — The axis for the polar 
coordinates can, in general, be drawn in any desired direction. Thus 
the set of quantum states and of associated Avave functions is in some 
degree a matter of arbitrary choice. This arbitrariness is one aspect 
of the degeneracy of the w^ave functions, which deserves more detailed 
discussion. 

When seA^eral wave functions are associated Avith the same value 
of the energy IF, then any linear combination of them is another pos- 
sible Avave function for the same energy. Thus, let t/'i, ^ 2 , ‘ * 4^k 

be solutions of Eq. (185), for W = TFi. Then the linear combination 
where 

= cii'i + C2\^2 + • • • + CkPhi (188) 

Cl, C 2 , Cs, * * • Ck being any constants, is also a solution of Eq. (185), 
as may be verified by substitution. Thus is as valid a Avave func- 
tion, and represents just as valid a quantum state for the energy W, 
as do pi, ^2, • * ‘ pk- The possible Avave functions for IFi are thus 
infinite in number. It is possible, hoAvever, to find a number k 
of them in terms of Avhich all others can be Avritten as linear combina- 
tions. For Eq, (185), as already noted, the number of independent 
AAwe functions associated with a given value of IF, or with a given 
value of n, is The independent AvaA^e functions can be chosen 
in many Avays, but their number is ahvays the same. 
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If the axis of polar coordinates is taken in a different direction, 
the factor in the expression for as given in (186) is the same 

as before, but the geometrical significance of the directional factors 
(cos e) is different. It can be shown, however, that^the new 
directional factor can be written as a linear combination of the duec- 
tional factors relative to the original^ axis, and, in fact, in terms of 
those factors, 21 1 in number, which are labeled with the same 

value of h , , 

The infinite variety of the quantum states for given « and i cor- 
responds to the infinity of different possible orientations ot a Bohr 
orbit, and it is closely related to the isotropy of space.^^ 

(d) Probability Density and Charge-cloud Density. The probability 
density corresponding to one of the wave functions is easily seen 
from Ecp (186) to be 


M = \CiAnPh{<^ose)r-[Rni{r)Y. 


(189) 


There is little suggestion here of anything like orbital motio7i. The 
ouantity I'^'^ixl^ dr represents the probability that, if the electron 
were located experimentally at any instant, it would be found in the 
element of volume dr (Sec. 111). It would not be possible, however, to 
follow the electron in an orbital motion around the nucleus by means 
of a succession of such observations, as the astronomers follow the 
planets around the sun; for one observation with a y-ray microscope ot 
sufficient resolving poiver would suffice, because of the Compton effect, 
to knock the electron entirely out of the atom. 

Often it is convenient to imagine tlie electronic cliaige e ^ ^ 
distributed in space as a sort of charge cloud, vith a density r? of 
magnitude 

V = 

Many effects of the atom on its suiToundings are approamately 
the same as if the atom actually contained a distribution of charge 
of density u, acting according to the ordinary laws of electrostatics 
In any case, this furnishes a convenient means of visualizing the 

probability distribution. _ 

Omns to the absence of the coordinate 4> in the right-hand mem- 
ber of Eq. (189), it is evident that, when the electron is in one o 
its quantum states, the probability density or charge-cloud ^density 
is symmetrical about the axis of polars. Ihe variation with^fl, on 
the other hand, may be large. This variation is of minor interest 
however, and for this reason it is more illummatmg to considei t 
average radfaZ variation in the density. Let P. dr denote the total ^ 
amount of probabffity, or nr dr the numencal amount of charge, con- 
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tained between two spheres of radii r and r + dr drawn about the 
nucleus as a center. The volume between the two spheres is propor- 
tional to rh Hence it is easily seen that^ if Rni is separately normalized 
so that 

r^Rlidr = 1 

{Ci\ being then so chosen that 

(cos d)]^ sin dddd<t> = 1), 

then 

Pr = rmh, 

and 

rir = ePr = er^Rh, 

{e) Further Details Concerning the W ave Functions , — As examples, 
the following mathematical details may be given concerning the 
states of lowest energy, written in terms of the constant 


ao = = 5-27 X 10-® cm.: 
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The coii.staiit ao is the same number that represented the radius of 
the smallest orbit for hj'drogen [cf. Eq. (135)] in the Bohr theory. 
Yoy Z — I, these formulas refer to hydrogen; for Z = 2, to ionized 



helium; and so on. In Fig. 82 are plotted, for hydrogen, not Rni but 
7'Rni; and in Fig. 83 are shown the corresponding curves for Pr or 
which is proportional to f^Rh. The areas under the latter curves 



would all be equal if they were plotted to the same scale. The curves 
are labeled in the notation of the spectroscopists, the letters s, p, 

d, f, • ' • being used to indicate Z = 0, 1, 2, 3, • ■ ■ , preceded by a 
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number giving the value of n. The meaning of these letters should 
be learned : 

I = 0 1 2 3 4 5 6 7 • • • 

5 pdf g hi k • ‘ , 

The reason for the choice of letters is stated in Sec. 131. 

Although there is nothing in the wave functions that suggests 
the former Bohr orbits, a certain correspondence between them can 
be traced. The Bohr orbit has one more unit of angular momentum, 
than has the corresponding state, viz,, k units of ]i/2t where k = I + 1. 
In the normal or lowest energy state (or ^ Aground state there is 
no angular momentum, according to wave mechanics, as against 
1 unit in the Bohr theory. States with Z == n ~ 1 correspond to 
circular orbits, the other states to elliptical orbits of various eccentric- 
ities; the 5 state, 1 = 0, corresponds to the ellipse of maximum 
eccentricity for given n. The various values of X correspond to 
various inclinations of the plane of the orbit to the axis, the plane 
being parallel to the axis for X = 0 and perpendicular to it for X = ± h 
A fui'ther connection with the Bohr orbits is found to be that, in 
states with I = n — 1, the maximum value of tl^^ radial probability 
density Pr or of the charge density 7]r occurs at ‘ ^^llue of r equal to 
the radius of the corresponding Bohr circle. lA these states with 
I = n — 1, Bs is evident from Fig. 83, the densi • is crowded into a 
single large hump; it is most widely distributed b f he 5 states (Z = 0). 

From the formulas, it is evident that for s sta ^.s ^ does not vanish 
at the nucleus (r = 0) . This fact tends to gi^ 2. peculiar properties 
to s states. 

As increases, the curves for Rni, or for Pr Vr, spread out more 
and more, just as did the Bohr orbits; the atc9*i2i3wells, so to speak. 
If Z increases, on the other hand, it is evident i the formulas that 
the atom shrinks in inverse ratio to Z, = — 1 

As a final remark, it may be stated that th ^4ion of the nucleus 
introduces exactly the same effect as we foiu. . ':o do on the Bohr 

theory: the electronic mass m is merely rep n all formulas by 
the reduced mass (Sec. 94), 


m 


mM 

m + M 


m 


{M = mass of nucleus). 

116. Emission and. Absorption of Radiation.— One of the most 
important properties of atoms and molecules is their ability to emit 
or absorb radiant energy. We cannot take up here the mathematical 
theory of this process; but we may describe the quantities that are 
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calculated theoretically with the help of ware niechaiiicSj and a 
word or two may be added in regard to the method of procedure. 

The most comprehensive method of treating radiation problems 
is to resolve the electromagnetic field inside a large box into standing- 
wave systems or harmonic modes of oscillation, just as we did in 
Sec. 80 for the purpose of deducing the laws for black-body radiation. 
Each mode of oscillation ■ of the field is then treated as a harmonic 
oscillator, the wave-mechanical theory described in Sec. 114 being 
used for it; and radiation problems are solved by calculating the 
effect of the interaction between these field oscillators and any atoms 
or molecules that may be immersed in the field. 

(a) EmsteMs A and B Coefficients, Mean Life. — Problems in the 
emission of radiation center about the determination of constants 
known as the prohobilities foi' spontaneous radiative transition or Ein- 
stein’s A coefficients. These quantities can be defined as follows. 
Suppose that an atom is in its quantum state number n and that state 
number j has lower energy. Then, in any short interval of time dt, 
there will be a certain probability that the atom will jump from state 
n into state j, the^J^difference in energy between the two states being 
emitted as a ph^ / ii of radiation. This probability is denoted by 
Anj dt. Or, we caiJSay that out of a large number N of atoms in state 
NAnj dt will jui-j g‘ into state j during the interval of time dt. Thus 
An^ represents tl^Qj^u^bability per second of a spontaneous jump 
from state ti to st __ accompanied by the emission of a photon. 

The A coefficie'^"' "we connected with the 7nea7i life of an atom in 
a given quantum ^ of i an idea that is often useful. Suppose that 
No atoms start in s at time t = 0, and that after a time t all have 
jumped into other photon except N of them. Then, during the next 
element dt of time, ton. j 

iV^ Anjdt 

.. __ __ y 

of them will jump ^ where C a summation over all states of 

lower energy only. C ^ changes by dN where 

}dAf =-?^ydi, y = y 

,, ; 3 

,so that, 'afteivintegrating,,, 

here we ha vd chosen the constant of integration so that =,*Vo 
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when i = 0. (Cf. Fig. 84). Let us calculate the average time spent 
by all No atoms in state n, Avhich is called the mean life of an atom 
in that state; denote it by t„. Since —dN or Ny dt of them jump 
after a time t spent in state number n, the average time spent in that 
state is 

or, after inserting the value of N and integrating by parts, 

+ /o” 

r 00 

But > 0 as 0 or as oo ; and / e~"^^ dt = 1/ y. 

A. • , 




Hence 

(190) 


For atomic states involved in the emission of visible or ultraviolet 

radiation, is very roughly of the 
order of ec.; in the X-ray 

region, it is nj ,\i smaller. 

For the abs^ption of radiation, 
a correspond|y ^ coefficient B is 
defined, as f‘ Consider, as 

before, twr^ \g antum states for 

I’wd'W be "V frequency of the 

:>V' , . , \ac 



crease by radiative transitions, 
mean life. 


c^miV 


Vr 


the atom when it 
atom is bathed 


1? 

jumps spontaneously from n to j. ^ 

by radiation with a spectral energy dp nto in the neigh- 
borhood of the frequency Vnj-; ix,, ^3:‘gs of radiant 

energy per cm.^ in the frequency if the atom is 

in state j, there is, during each element \ixne ^ certain prob- 

ability that the atom will absorb a ph of ' 
jump up to state n; this probability wi[ 1 ^^ p^Q^^ortional to so 
we may write for it B^jUp dt, in terms a ’Fxow. constant Bn^\ If, 
on the other hand, the atom is alread;^ state fbe theory indi- 
cates that its probability of jumping i %,Q state jJi: increased by the 
presence of the radiation from the valueA^^ to + B^fUj,) dt. 
In this case the term BnjUpdt is said to represent mdwced emission. 
We can say that the radiation induces the same probability of jumping 
either way between the two states, the probability per unit time being 
Bn/Uy, (An analogous conclusion follows from classical theory; radia- 
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tioii falling on a vibrating oscillator causes it either to gain or to lose 
energy depending upon the phase relation between the waves and the 
vibration of the oscillator.) The quantity often called ^^Einstein^s 
B coefficient,” might be called the prohahility coefficimt for mi induced 
radiative transition. 

Although Anf and Bnj seem to be quite distinct from each other, 
theory indicates that a simple general relationship should exist between 
them, viz,: 


Bfij 


qZ 


(191) 


where h is Planck’s constant and c the speed of light. Thus, the ratio 
Bnj/Anj is the same for all radiating systems. It follows that for 
different atoms or molecules the ability to absorb and the ability to 
emit radiation of any given frequency are proportional to each other. 
This constitutes an extension to gases of Kirchlioff’s law (vSec. 70). 

(b) Einstein^ s Deduction of Planclds Law. — The coefficients A and 
B Avere originally introduced by Einstein in giving a deduction of 
Planck’s law for thermal radiation based upon the processes of emis- 
sion and absorption.^ The proof is very simple and is interesting. 

In an isothermal enclosure, let there be Nn molecules in state n 
and Ni molecules in state J, and let Wn, Wj denote the molecular ener- 
gies for these two states. Then, Avhen thermal equilibrium obtains, 
according to the Boltzmann formula [Eq. (148a) in Sec. 101], 


C being a constant of proportionality. The existence of equilibrium 
requires, now, that as many atoms jump in a second from n to j, with 
the emission of a photon, as jump from j to n, accompanied by the 
absorption of a photon. Hence, in terms of the probability coefficients 
just defined, 

N n (A,ij ~h Bfijuf) N^BfijU;,} 


whence 


u. 


Ani 1 


But, by the preceding equations, 

-^3 _ Qhv/kT y _ 

Hence, using Eq. (191) with Vnj replaced by r, we obtain 

1 


Uv == 


- 1 


^ Einstein, Phy8. Zeits., vol. 18, p. 121 (1917). 


284 


WAVE MECHANICS 


[Chap. VII 


This is readily shov^Ti to represent Planck’s radiation law expressed 
in terms of frequency instead of wave length. For the frequency p 
and wave length X are related to the speed of light c by the equation 
v\ = c; hence, as v and X vary, p<iX + Xdp = 0. If we omit the 
negative sign, taidng d\ and dv both to be positive, we may Avrite 

vd\ = \dv. 

Noav the same energy Avhich is represented here by Uv dv Av^as repre- 
sented by xpv d\ in Chap. VI. Hence, 

4/xdX = Updv. 

From these two equations we have 



Inserting here the value just obtained for ii;, and then v = c/X, 

. _ Sirch 1 

— ^5 ^ch/UT _ i 

which agrees with Eq. (118) in Sec. 85. 

(c) Calculation of Transition Probabilities . — When theoretical 
values of the transition probabilities are calculated by the method 
indicated at the beginning of this section, they are found to depend 
upon certain quantities called matrix components betAveen the Avave 
functions of the two states that are inAmhmd in the transition. 

The most important term in the expression that is obtained for 
Anj from Avave mechanics, for an atom containing 1 electron, is as 
folloAvs: 

A-ni=~^{\x4^+\yn^^+\ZnlV). (192) 

Here e = electronic charge, h — Planck’s constant, c == speed of light, 
and is the frequency of the radiation that is emitted as the electron 
jumps from state n to state j; x^y^z are the coordinates of the electron 
and 

== f f fxxpti/^dxdydz, 

Avhere xpj are the wave functions for the tAVO states, y^i md Znj 
being given by similar integrals AAuth x replaced by y or respectively. 
The symbol Vt denotes the complex conjugate of the value of 
AA^hich is in general a complex number. The mimhem Xni, Unu ^nj are 
called matrix components of x, y^ or z, respecthmly, betAveen the func- 
tions ^n mdxpi. They vary according to the values of the two indices, 
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n and j, and the possible values of each of them might be written as a 
matrix vdth n numbering the rows and j the columns. 

It is of interest to compare the expression just written for Anf wMi 
that for the emission of radiation by a classical oscillator. In Eq. 
(34) in Sec. 35, for the energy radiated per second by a classical har- 
monic oscillator, consisting of a charge q vibrating in linear harmonic 
motion with amplitude a, we obtained 

If we divide this expression by the amount of energy in a photon, hv, 
we have 

as the number of photons of energy emitted by the oscillator per 
second. This agrees with the value given in Eq. (192) for A^j, which 
is the probability per second of the emission of a photon, provided we 
drop ynj and so as to have an expression referring to one-dimen- 
sional motion, and assume that q == e, p == and 

a = 2xni^ 

Because of such correspondences with classical theory the term in Anj 
that is given in (192) is said to refer to dipole radiation the atom. 
The average rate of emission of dipole radiation by atoms in jumping 
from state n to state j is the same as if the atoms contained classical 
oscillators of the corresponding frequency vibrating with amplitudes 
equal to twice the matrix components of the electronic coordinates 
between the two states. 

There are also less important terms in the complete expression 
for Anj. The dipole term, given in Eq. (192), is usually the principal 
term, unless it actually vanishes. If the dipole terms vanish, the 
transition from level n to level j cannot occur by dipole emission of 
radiation. Such transitions are said to be ^Torbidden"' so far as 
dipole emission is concerned. ^‘Selection rules” stating which transi- 
tions are forbidden are of great importance in spectroscopy. A small 
probability of transition may exist, however, owing to the other terms 
in Anj^ The next most important term is called the ^'quadrupole” 
term.'' ■ 

, 117." Relativistic Effects and Electron Spin. — The theory described 
so far has been a iionrelativistic one suited to cases of small energy 
only. Like Newtonian mechanics, it requires modification to bring 
it into harmony with the principles of relativity. W e cannot say much 
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here about the relativistic form of wave mechanics; but it happens 
that its principal new feature can readily be described in terms of a 
physical picture. This feature was, in fact, discovered before the 
advent of wave mechanics. 

In 1925, Uhlenbeck and Goudsmit pointed out^ that certain fea- 
tures in atomic spectra could be explained if it was assumed that 
the electron spins, or rotates about an axis through its center of 
mass, and that it has both angular momentum and a magnetic moment 
associated with this rotation. The angular momentum is constant 
in magnitude, but because of it the electron possesses two internal 
quantum states. These states can be so chosen, with reference to any 
axis, that, when the electron is in one of these quantum states, it has 
internal angular momentum about the axis equal to unit or h/4iTv 
in one direction; whereas, when it is in the other state it has an equal 
amount of angular momentum in the opposite direction. When the 
electron is in an atom, its angular momentum of spin is to be added 
to its angular momentum due to orbital motion. The interaction of 
the associated magnetic moment with electric or magnetic fields, 
including that of the nucleus, or with the magnetic moments of other 
electrons, modifies the atomic energy levels. Examples of such 
effects will be described in the next chapter. 

An astonishing new turn was given to the theory in 1928 by Dirac. 
He showed^ that the most natural way to bring wave-mechanical 
theory into harmony wdth the theory of relativity is to adopt quite a 
different wave equation and that, when this is done, the new equa- 
tion leads automatically to effects equivalent to those deduced from 
electron spin. It need not be assumed that the electron is spinning 
or turning on its axis. This theory of Dirac^s, although not free from 
objection, is the most satisfactory one that we have today. According 
to it, the electron does behave as if it had an internal angular momen- 
tum of the sort just described and an associated magnetic moment. 
Furthermore, if a wave packet is formed representing an electron, 
there is in it, in general, something like a closed current or eddy of 
probability that can be regarded as analogous to an actual motion 
of spin. 

In the Dirac theory there are four wave functions for an electron 
instead of one. The complete Dirac theory is seldom used, however, 
in spectroscopic calculations. A simplified form usually suffices in 

^Uhlenbeck and Goxjdsmit, Naiurwiss., vol. 13, p. 593 (1925); Nature, voi. 
117, p. 264 (1926). 

^ Dibac, Roy. Soc., Proc,, vol. 117, p. 610; vol. 118, p. 351 (1928). C/. also 
Dakwin, Roy, Sac,, Proc., vol. 118, p. 654 (1928). 
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which only two functions are used, one for each direction of the spin 
moment. The spatial probability density is then \ipi\- + where 
d/i and i /'2 stand for the two functions. ^ ^ _ 

For a first approximation, furthermore, it is frequently convenient 
to ignore the effect of spin upon the energy. Then, for the hydrogen 
atom, both wave functions have the same form as functions of the 
space coordinates, and it is convenient to take account of spin merely 
by adding two more quantum numbers, s and The total spin 
quantum number s is analogous to I but has always _the_va^ie M . 
the total magnitude of the spin angular momentum is V s{s + 1) h/^T 
or h -\/3/47r. The axial quantum number m has the value }i for one 
of the two wave functions and for the other. Since s never 

chano-es it need not be indicated; a sufficient notation for one of the 
wave^functions is then The total angular momentum about the 

axis of polar coordinates associated with such a function is (X +ti)h/2ir. 

When the effects of the spin magnetic moment are allowed for, 
it is found necessary to modify the wave functions, by making suitable 
linear combinations of the functions This feature is discussed 

further in Sec. 133; but no actual mathematical details of the theory 
can be given in this book. 


CHAPTER VIII 

ATOMIC STRUCTURE AND OPTICAL SPECTRA 


In the discussion of quantum theory in Chap. VI, we considered 
only atoms containing a single electron. We shall now attempt to 
explain the properties of the numerous kinds of atoms (and mole- 
cules) that contain 2 or more electrons. 

The Rutherford-Bohr model of the atom was built out of raw 
material which grew in the field of physics. Originally, however, 
the atom was a child of chemistry. The ultimate theory of its struc- 
ture must explain and agree with the facts of chemistry, which are 
just as cogent as are the facts of physics. In part of the present 
chapter, we shall deal with the explanation of the periodic table of 
the elements. In another part, w^e shall return to the study of spectra. 
The two topics are closely related; for wave mechanics furnishes the 
key to the theoretical understanding of both subjects. The mathe- 
matical theory encounters such great difficulties, however, that empiri- 
cal evidence from the facts of spectroscopy has to be invoked in order 
to interpret some of the finer details of atomic structure which are 
important to the chemist. 

Before taking up either of these topics we shall first describe briefly 
the manner in which the theory has been extended to cover systems 
of 2 or more electrons. 

COMPLEX ATOMS 

118* Theory of the Many-electron Atom— A completely correct 
wave-mechanical theory of the many-electron atom can scarcely be 
given, but an approximate theory has been developed that should be 
adequate to cover all known experimental facts if only the mathemati- 
cal conclusions to be derived from it could all be worked out. Even 
this approximate theory is so elaborate that only a few details con- 
cerning it can be given in this book. 

The approximate theory indicates the existence of stationary states 
or quantum states, for the atom as a whole, in close analogy to those 
described in Sec. 115 for a single electron. To a large extent 
the experimental facts can be described in terms of these quantum 
states without mentioning the mathematical theory at all. The 
states are commonly labeled with appropriate quantum numbers; and 
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it happens that they are characterized by certain features as regards 
ano-ular momentum that serve greatly to assist the memory. As a 
matter of fact, considerable progress was made toward understanding 
complex spectra in terms of atomic quantum states and their char- 
acterization in terms of angular momenta, even before the advent of 
wave mechanics. The discussion udll be phrased consistently m terms 
of these atomic quantum states. From time to time a few remarks 
mil be added concerning the mathematics of the wave-mechanical 
theory, but a reading of such remarks mil not be necessary for an 
understanding of the remainder of the text. _ , i ^ 

A description of the atomic quantum states is most easuy developed 
bv imagining first that the electrons in the atom do not mteract at all 
with each other. On this assumption, each electron moves in the field 
of the nucleus as if the other electrons ivere absent; and, if the effect 
of spin upon the energy is also ignored, each electron may be assumed 
to occupy one of the set of possible quantum states that were described 
in Secs 115 and 117. These states were labeled with four quantum 
numbers Three of these, I, X, and m, possess physical significance 

in terms of angular momentum, ft representing momentum c^e to 
soin- but the energy of an electron depends only on the number n. 
There is also a fifth quantum number s, but this is always equal to 
U and hence can be ignored. 

Now in reality this picture is unwarranted because the electrostatic 
repulsion between the electrons can never be neglected Since, how- 
ever, according to classical theory the electrons would be 
about or, according to wave mechanics, they do not occupy defimto 
positions but have only a certain probability of being found here oi 
there it would be expected that the collection of electrons as a whole 
more or lese equivalent in their electrical effects to a eon- 
tinuously distributed cloud of negative electnc charge smroundmg the 
nucleus Each electron will then be subject to the electrical actmn 
Tihat part of this cloud charge which arises from the remaining 

thus led to imagine, as a first step toward an ex«t theory 

that each electron moves, not in the electnc “ 
alone but in a modified field which includes a part due to the charge 
cloud representing all the other electrons, and that aside from their 
tlipLn in tie production of this field the feotro- 
further effects on each other. The resultant electric field in which 
iSi eleLon moves may be assumed to possess spherical symmetry 
about the nucleus. Now classical theory leads to the conclusion that 
S ettn moSg in such a field rvifi have a fined angular momentam 


290 


ATOMIC STRUCTURE AND OPTICAL SPECTRA [Chap. VIII 


about the nucleus. We are thus led to expect that the quantum states 
for the electrons in the modified field will be characterized by the 
same properties in terms of angular momentum as are the quantum 
states in the nuclear field alone^ so that they may be labeled with the 
same set of quantum numbers n I X fi. The same conclusion follows 
from the detailed wave-mechanical theory [Sec. 120(5)]. 

The energy associated with each electronic quantum state depends 
again cliiefly upon the quantum number increasing (algebraically) 
as n increases; it is not, however, the same function of n as in the 
1-electron atom, since the potential-energy term that occurs in Schrod- 
inger’s equation [Eq. (182)] is now decreased because the field of the 
nucleus is partly screened off by the negative charge cloud, so that 
the potential-energy term F in Schrodinger^s equation is diminished. 
Furthermore, the energy in the modified field is found to depend 
slightly upon Z, increasing as I is increased. The energy of an elec- 
tronic quantum state is independent of I only in the special case of a 
Coulomb field such as that due to a point charge. 

The possible values of the spin quantum number /x, as before, are 
and while n, Z, and X may be any integers (or zero) such that 

n > I |X|. 

Sometimes mi is written for X, and for /x. Furthermore, in 
place of I, the notation developed by the spectroscopists, as described 
in Sec. 115(e), is often more convenient; in tliis notation I values of 
0, 1, 2, 3, 4, 5, 6, 7, etc., are denoted by the letters s, p, d, /, li, 
jj kj etc. The number of electrons that have the same n and I in an 
atom is often indicated by a superscript. For example, 

denotes 3 electrons of which 2 are in quantum states with n = 2, 
Z = 0, while the third is in a state mth n = 3, Z = 2. The states of 
lowest energy for an electron are the Is states (n == 1, Z = 0, X = 0, 
M = ±K)> lowest are the 2s states {n = 2, Z = 0, X =^0, 

y — ±K)j with slightly lower energy than the six 2p states (n = 2, 
Z = 1, X = — 1, 0 or 1, jLx = ±H); and so on. 

When two or more electrons coexist in the same atom, however, it 
is also necessary to take account of an important principle known as 
the exclusion principle. In the first place, no two electrons in an atom 
can be in the same quantum states corresponding to the same set of the 
quantum numbers nl \ p. This part of the principle was postulated 
by Pauli before the advent of wave mechanics (in 1925). In the 
second place, it makes no difference which electron is in which quantum 
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state- just one atomic state corresponds to an assignment of a set of 
Quantum states, all different, sufficient in number to contain all of the 
electrons in an atom. The interpretation of the exclusion principle 
in terms of wave mechanics vill be discussed later [Sec. 120 (5)]. All 
deductions from it have been found to be confirmed by experiment. 

Finally, it should be remarked that, as in the hydrogen atom, the 
set of electronic quantum states is not unique, since the axis that is 
used in defining them can be drawm in any direction through the 
nucleus. This freedom as to the direction of the axis is lost only when 
the atom is subjected to an external field of force. 

In dealing with many-electron atoms it is sufficiently accurate to 
suppose that the nucleus remains at rest. 

119. Shells and Subshells. — On the basis of the principles just 
stated, let us consider how the electrons should normally be distrib- 
uted among their quantum states in a neutral atom. Let Z electrons 
be added in succession to a nucleus carrying Z units of positive charge, 
in such manner as to form a neutral atom in its normal state. Since 
this is the atomic state of lowest energy, each electron mil be assumed 
to go into the lowest electronic state that is available. ^ 

The first two electrons will go into Is quantum states with n -1, 

1 = 0 X = 0, M H or -K- No other states with n = 1 exist; 
hence the next 2 electrons will go into 2s states (n = 2, I = 0, X = 0, 

„ = +14), with considerably higher energy; and the next six wdl go 
ilito 2p states, with slightly higher energy 1, X = N 0 or 1 and 
in each case m = ±H). No other states ^ == 2 exist. Hence 
the next 2 electrons must go into 3s states (provided Z is large enou^^h), 

with much higher energy, and so on. 

Thus, so far as energy is concerned, the electrons will form distm , 
groups differing in the value of the quantum number Electrons 
Lvtag the same » ate said to belong to the erne sMl Each shel is 
then regarded as divided into mb,MU according to the values o( i. 
Any subshell may contain up to 

2{2l + 1 ) 

electrons, but no more. For X can range from X = I down through 
zero to X = -I, making 2l -b 1 different values for X; and, m each 
case u may be either or whence the factor 2. The numbeis 

of electrons in the various types of closed subshells are, therefore, as 

follows: 

s p d f g 

2 6 10 14 18 

The maidnium possible number of electrons in a ivhole sMi, on the 
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other hand, is 

2n\ 

For, since 0 ^ < n, it is 


n — l 


n~-l 


I 2(31+ ' + 2 2 '■ 

2=0 2=0 2=0 


7l~l 

Here in the series ^ i[ = 0 + l+ 2+ • • • (/ 2 — 1), there are 7i 
1^0 

terms, and their average value is [0 + (n — l)]/2 = (n — l)/2; 

n-l 

hence, the sum of this series is n(7i — l)/2. Furthermore, > 1 = ? 2 . 

2 ^ 


The shells are often referred to by the capital letters which became 
attached to them in the early days of X-ray study (Sec. 178). These 
designations are shown below, also, in part, in Table I, in which the 
numbers and notation for the first three shells are summarized: 


n= 1234567 

X-ray designation: K L M N 0 P Q 


Table I. — Electron Shells and Sub shells 


Shell 

K 

I' i 


M 


n 

1 


1 


3 


SubsheU, L 

0 

0 

1 

0 

1 i 

2 

Letter designation 

s 

s 

V 

8 

V 

d 

Number of electrons in subshell or shell . \ 

2 

2 

6 

2 

6 

10 

1 

2 

8 1 


18 



A more complete list is contained in Table II in Sec. 128. 

The spatial volume occupied by the successive electronic shells 
may be supposed to increase vdth increasing n. For, in the semi- 
classical theory, the diameters of the electronic orbits increase rapidly 
as n increases, and in wave mechanics the probability distribution for 
the electrons becomes correspondingly more widely extended. This 
is illustrated for the hydrogen atom in Secs. 94 and 115. A shell 
that contains as many electrons as can be put into it, viz,, 2n^ electrons, 
is said to be completed, or full, or closed. In a neutral atom it can 
only happen exceptionally that the outermost shell is complete, since 
the total number of electrons in the atom must equal the atomic 
number. 

The ideas thus described suffice for the explanation of the periodic 
table of the elements. Later it will be found necessary to take account 
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more accurately of the interaction between the various electrons and 
of the interaction between their spins and their orbital motions. It 
will then be necessary to modify considerably our conception of the 
electronic quantum states. In the ultimate analysis, in fact, it 
becomes impossible to imagine that each electron occupies a quantum 
state of its own; only the atom as a whole has distinct quantum states. 
But these changes in the picture will not affect materially the explana- 
tion that is presently to be given of the periodic table. 

Before proceeding to a discussion of the periodic table, a brief 
description will be interposed of the mathematical procedure that is 
used in developing a wave-mechanical theory of atoms containing more 
than 1 electron, for the benefit of those students who wish to 
form some idea of this procedure, but without going into actual 
mathematical details. 

120. Wave Mechanics of Many-electron Atoms, (a) Fundamen-- 
tals. — In Secs. 110 to 115 and 117 we have described the wave-me- 
chanical theory of a single electron in a field of force. When more than 
1 electron is present in an atom, there is still a single probability 
amplitude ^ and a single wave equation (at least in the most compact 
formulation of the approximately correct theory); but both Ar and the 
wave equation now contain the coordinates and symbols denoting 
the spins of all the electrons. Since our purpose is not to develop 
the mathematical theory in detail, we shall not actually write out the 
wave equation but shall only describe some of its terms. 

Only the stationary or quantum states of the atom will be discussed. 
For any one of these states we can write 


in which W is the energy of the atom, tj the time, A, Planck^s constant, 
and a function which does not contain t (cf. Sec. 113). 

The function ^ will be a solution, satisfying certain boundary 
conditions, of a wave equation not containing the time which is a 
generalization of Eq. (185) as written for 1 electron. This equation 
contains a term of the form but the potential-energy function V 
now includes not only the potential energy of all the electrons due to 
the field of the nucleus but also their mutual potential energy due to 
the repulsion of each one by all of the others. With this preliminary 
remark, the principal groups of terms in the wave equation (or ampli- 
tude equation) for i/ may be listed as follows: 

(1) terms containing second derivatives, like those in the equation 
for 1 electron; 
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(2) terms due to the nuclear fields which can be written as the sum 



where e = electronic charge, Z = atomic number, l/vr = distance 
of the rth electron from the nucleus, and the sum extends over all 
electrons in the atom; 

(3) terms representing the electrostatic interaction of the electrons, 
which can be written 

‘C I ih 

P<T 

where Vpr is the distance between electrons number p and r expressed 
in terms of their coordinates, so that e^/fpr is the mutual potential 
energy of this pair, and the sum extends over all pairs that can be 
formed out of the whole group of electrons ; 

(4) spin-orbit terms representing an interaction between the spin 
magnetic moment of each electron and its own orbital motion. 

In addition, there are a few terms of minor importance representing 
mixed spin effects and certain other relativistic effects, but with these 
we need not concern ourselves. 

In the terms of type (3), the coordinates of different electrons occur 
combined together in such fashion as to make the solution of the wave 
equation very difficult. For this reason, little progress has been made 
except by means of a method of approximation known as perturhation 
theonj. In using this method, the interaction of the electrons with 
each other is at first omitted entirely; f.e., each electron is assumed 
to move in the field of the nucleus alone, Just as if the other electrons 
were not there. Or, still better, the field of the nucleus is replaced 
by a modified central field in which an allowance is made for the 
average effect of the electrons on one another. 

The introduction of the modified field is Justified in wave mechanics 
as follows. In the case of 1 electron, as explained in Sec. Ill, dr 
is interpreted as the probability of finding the electron, and also 
its total electrical charge, in the element of volume dr, ^ being given 
the value that it has at some point in dr. This rule can be visualized 
by imagining the electronic charge e distributed continuously in space 
with a density the fraction of the charge thus assigned to dr 

is the same as the probability of finding the electron in dr. In a 
similar way, the charges on all the electrons in a many-electron atom 
may be imagined spread out in a continuous charge cloud^f whose 
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density is determined in a certain manner by The conception is an 
artificial one, but it is useful. 

The modified central field is now formed by superposing the field 
of potential due to the electronic charge cloud upon the Coulomb 
field due to the nucleus. The result is a field the potential of which 
becomes indistinguishable from the nuclear potential Ze/r (e == riiimer- 
ical electronic charge, Z = atomic number) near the nucleus but falls 
off more rapidly at greater distances. The electronic charge cloud 
may be thought of as screening off’' part of the nuclear field. Out- 
side of the atom, the potential in the central field drops rapidly to 
2 ero if the atom is electrically neutral, otherwise it passes into the 
Coulomb field of a charge equal to the net charge on the atom. 



Fig. 85. — The Hartree field and charge-cloud density for argon. The potential 
energy of an additional electron inside the argon atom would be — eZj>/r (e = numerical 
electronic charge, r == distance from the nucleus) ; the amount of electronic charge 
between r and r + dr in terms of e as a unit is rjr dr. K, L, M indicate the approximate 
locations of the iT, L, and M shells. 

Strictly speaking, however, the central field formed exactly as described 
is suitable only for treating the deflection of an external electron b}^ 
the atom, as in calculating the scattering of cathode rays. In dealing 
with the motion of one of the electrons in the atom, only the potential 
due to the charge cloud of the others, or the fraction {N — l)/iV of the 
potential due to all N electrons in the atom, should be superposed upon 
the nuclear field. Several good mathematical methods have been 
invented for obtaining appropriate central fields mthout a prior 
knowledge of 

In Fig. 85 is shown such a central field for the atom of argon, and 
also the charge-cloud density, as obtained using the Hartree con- 

1 Cf. Condon, E. U., and G. H. Shobtley, '"Theory of Atomic Spectra,” 1935. 
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sistent-field method mth allowance for the effects of exchanged The 
curve labeled Zp shows, in a certain manUer, the potential energy V 
that an electron would have due to this field at various distances f 
from the nucleus. Here the reference is to an extraneous electron not 
belonging to the argon atom. The potential energy itself is not 
plotted, however, because it varies so rapidly with r, but, rather, the 
number of units of charge Zp on an equivalent nucleus; i.e., the ordinate 
of the curve at any given value of r shows the atomic number of a 
nucleus which, at that particular distance, would give to an electron 
a potential energy equal to Z7, so that U = —eZ^lr, Thus, Zp varies 
from Zp = Z - 18 at r = 0 to Zj, = 0 at the periphery of the atom. 
The other curve in Fig. 85 is a plot of rjr, Vr dr being the amount of 
electronic charge between distances r and r + dr from the nucleus, 
in terms of e as a unit of charge. The maxima in rjr correspond to 
the various electronic shells, as is indicated in the figure. 

(5) The Zero-order Approxnnaiion: Spin Energy Omitted , — 
Having selected a suitable central field, the next step is to ascertain 
the wave functions corresponding to the various possible quantum 
states for a single electron in this field. For this purpose, it is often 
convenient at first to omit the spin terms from the wave equation. 
When this is done, the 1-electron wave functions can be so chosen that 
each one contains the same sort of angle function as occurs in the wave 
functions for the 1-electron atom as mitten above (Sec. 115). The 
radial factor in the wave function, or the function of the distance r from 
the nucleus, is different here, however, and can be found only by a 
process of numerical integration. Furthermore, although the spin 
terms have been omitted from the wave equation, spin must still be 
taken into account in drawing up the list of 1-electron quantum states. 
Each quantum state or wave function for 1 electron is found to be 
characterized by four quantum numbers, n l\ jxj as already indicated 
in Sec. 118. The radial factor Rniir) in the 1-electron wave functions 
varies both with n and with 1; the energy varies chiefly with n but 
to some extent also with L Thus, part of the degeneracy found with 
a field of Coulomb type was of the nature of a mathematical accident 
and does not occur with more general types of field. 

The first step in obtaining a wave function ^ corresponding to a 
certain quantum state for the atom as a whole is then to assign a 
1-electron wave function for each electron. All of these electronic 
wave functions must be different, in accord with the exclusion prin- 
ciple. As stated above, this principle can be derived from a certain 
sort of symmetry that the wave function for the entire atom must 

^ Haetree and Hartree, Roy, Soc,j Proc,, vol. 166, p, 450 (1938), 
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possess/ but no reason can be given (as yet) for requiring tliis type 
of symmetry in 4^, except the fact that, if it is required, the results 
of the theory are thereby brought into agreement with experiment. 
The restriction thus imposed upon the admissible solutions of the 
imve equation plays an important role in atomic theory. 

A first or zero-order” approximation to a wave function # for 
the atom as a whole is then constructed out of these 1-electron func- 
tions in a manner that need not be described here. This atomic 
function, or the corresponding atomic quantum state, can be regarded 
as characterized by the sets of quantum numbers specif}ing the chosen 
1-electron w-ave functions, e.g.^ for N electrons, by the following N 
set of numbers, ail sets differing in at least one number: 

El 1^1} I 2 X 2 j In X.y juy. (A) 

Even in this first stage of perturbation theory, how^ever, it makes 
no sense to ask which electron is represented by w'hich of the 1-electron 
wave functions. Here is another point of contrast with classical 
ideas. The atomic wsive function is constructed out of the 1-electron 
functions in such a wmy that the coordinates of each electron occur 
once in each of the N 1-electron functions (just as in the function, 
sin ax sin by —sin ay sin bx, x and y both occur once in each of the 
tAvo sine functions characterized by a and h). Thus, according to AA^ave 
mechanics, the electrons do not seem to possess the same degree of 
individuality that we attach, say, to separate grains of sand. Some- 
times the electrons are imagined to take turns moving in orbits 
corresponding to the various 1-electron functions; such an assumption 
is harmless, but there is nothing in the theory actually to suggest such a 
periodic exchange of positions. 

For the same reason, the total charge-cloud densit 3 ^ at a given 
point is not just the sum of the charge densities corresponding to the 
separate electronic functions, as classical analogies AAmuld lead us to 
expect. Its integrated value, hoAvever, must come out equal to the 
total charge on all the electrons; and, for some purposes, the finer 
details concerning the charge cloud can be ignored. As a first approxi- 
mation, therefore, Ave may, if AA^e AAUsh, imagine the charge on each 
electron to be distributed in space in the characteristic manner indi- 
cated by its 1-electron AA’ave function. 

When an approximate Avave function has been constructed for the 

^ The atomic wave function ^ must be antisymmetric in the electrons, ie., i/ 
must be such a function that it reverses its sign, without other change, Avhen the 
coordinates and spins of any 2 electrons are interchanged in it. For example, 
sin (o^x ■— xA is antisymmetric in Xi and aja, but sin x\ cos Xi or sin (xi -j- 2 : 2 ) are not. 
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atom in tMs manner, the energy of the atom can be calculated, by a 
method that will not be described. This energy is not just the sum 
of the energies of the electrons in the central field, because, A¥hen these 
energies are added up, part of the total represents mutual energy 
arising from the mutual repulsion of the electrons and is counted 
tmce in making the addition. The simplest physical significance 
that can be attached to the energy of an indi^ddual electronic quantum 
state is that it represents, except for a change of sign, approximately 
the work that must be done in removing an electron out of that quan- 
tum state in the neutral atom and carrying it off to infinity into a state 
of rest, thereby ionizing the atom. 

(c) Spatial Degeneracy of the W ave Functions . — Since the axis that 
is used in defining the electronic quantum states can be drawn in any 
direction, the set of atomic wave functions that is obtained in the 
manner just described is not unique. The functions defined in terms 
of different axes are not, however, independent of each other. Any 
function \p' that is obtained with the use of one axis can be expressed 
as a linear combination of certain ones of the wave functions obtained 
with use of any other axis, thus, 

= aixpi + + az-pz -{-•** ak4^k, (193) 

where ai,a 2 , * ak are certain constants depending on the relative 
orientations of the two axes and ipiy ^ 2 ? * * * sue wave functions 
referred to the second axis. The latter wave functions are all con- 
structed out of electronic functions having the same set of the 
numbers ni Zi, Z 2 , • * * Un Ly that occur in the electronic functions 
out of which is constructed; only the numbers Xi pi, X 2 p 2 , * * • 
pN are allowed to vary. 

Furthermore, it is also possible to make linear combinations among 
the electronic wave functions having the same n I and hence the same 
electronic energies. In this way a new set of electronic wave 
functions is obtained, which can be regarded as representing a new 
set of electronic quantum states. This procedure will be employed 
in Sec. 133 in order to deal with the spin-orbit effect. 

Further discussion of the perturbation theory will be postponed to 
Sec. 137. At this point we shall return to the discussion of the periodic 
table. 

THE PERIODIC TABLE OF THE ELEMENTS 

121. Atomic Numbers of the Elements.— Mention was made, in 
discussing the Rutherford atom model, of the concept of atomic num- 
ber. This concept was firmly established by the work of Moseley on 
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X-rays, to be described later. . As a result of Moseley^s work, the total 
number of elements up to and including uranium was fixed at 92, and 
the atomic number of each element was unambiguously assigned. The 
periodic table of the elements, dra’VMi up by the chemists on the basis of 
chemical facts primarily, w^as thus established mth the assurance that 
no unknown gaps rvere left in it. The atomic numbers of the various 
chemical elements are shown in Appendixes I and II, the latter giving 
the periodic table in its standard form as used by the chemists. 

The atomic number of an atom appears, in Rutherford’s theory 
of the scattering of a particles and in Moseley’s work, as the numerical 
ratio of the charge on the nucleus to the charge on the electron. This 
ratio is also numerically equal to the number of electrons surrounding 
the nucleus when the atom is in its normal, neutral condition. When, 
as a result of the action of some physical agency, an atom becomes 
ionized with the loss of 1 or more electrons, the number of electrons 
in it is less than its atomic number. The chemical properties of an 
element, however, are understood to refer to the neutral atom. Hence 
the chemical properties of an element can be regarded as depending 
either upon its atomic number or upon the number of electrons in it when 
it is electrically neutral. 

The problem of the periodic table is to be solved, therefore, by 
determining somehow the arrangement of the electrons in the atoms 
of the various chemical elements and the physical and chemical 
properties that follow from this arrangement. 

122. Some Features of the Periodic Table. — A bird’s-eye view of 
the chief features to be explained is best gained from an arrangement 
of the periodic table given by Bohr, which is reproduced in Fig. 86. 
The most striking feature is undoubtedly the repeated reciiiTence 
of a noble or inert gas, forming a series of turning points in the pro- 
gression of the elements. These gases are the elements helium 
fZ = 2), neon (10), argon (18), kiypton (36), xenon (54), and radon or 
radium emanation (86). It was pointed out by Rydberg that the 
values of the atomic number Z for the inert gases can be expressed 
by simple numerical series: 

Z = 2(P + 22 + 22 + 32 + 32 -f 42 + • • • ); 

f.e., 2 X P = 2 (helium), 2(P + 2^) = 10 (neon); and so on up to 86. 
Such a fact must obviously find its explanation somehow in the arrange- 
ment of the electrons in the atom. The numerical series suggests 
that the electrons in these inert gases may be arranged in “layers” of 
some sort; the third inert gas, argon, for instance, would consist of 
three layers, the first containing 2 X P electrons, the second, 2 X 2^, 
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and the third, 2 X 2^ The factor 2 suggests symmetry of some kind, 
or some general reason for the occurrence of electrons in closely 
associated pairs. 

The “inert” gases, as the name indicates, show comparatively 
little tendency for their atoms to associate themselves with other atoms 


Period Period 

VI vn 



Fig. 86.' — Bohr’s periodic table of the elements. Completed subshells contain 
two 8, six p, ten d, or fourteen / electrons. Irregularities in the progression occur at 
Cr, Cb, Mo, Ma, Ru, Eh (see Appendix III). 

in chemical combination. The elements standing in the table on 
either side of an inert gas, on the other hand, are strongly active 
chemically, and have contrasting properties. Those closely following 
an inert gas, like lithium, beryllium, potassium, calcium, and so on, are 
metallic and strongly electropositive; they readily form 'positive electro- 
lytic ions. Furthermore, their maximum valence in chemical com- 
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pounds is equal to the number of steps by which they lie beyond the 
inert gas 1 for sodium^ 2 for magnesium, 3 for aluminum; sodium 
forms univalent ions in solution, magnesium, bivalent, alumiiiiim, 
trivalent). The elements closely preceding an inert gas, on the con- 
trary, are electrically nonconducting, perhaps even gaseous, and 
strongly electronegative; they tend to form negative electrolytic ions, 
alone or in combination mth other atoms, and they tend to exhibit 
chemical valence equal to the number of steps by which they precede 
the inert gas in the table. An element of either of these two kinds 
scarcely combines at all with another element of the same kind; but an 
element closely preceding an inert gas in the table combines readily 
wth any other element closely following an inert gas. 

These facts invite the conclusion that there is something very 
peculiar about the arrangement of the electrons in an atom of an inert 
gas. If we make the reasonable assumption that the chemical 
activity of an atom is conditioned somehow upon the magnitude of its 
external electric (or perhaps magnetic) field, we may conclude that the 
atoms of the inert gases must be surrounded by very weak fields. If 
so, there should be little tendency for the atoms of these gases to 
combine into molecules or to condense into liquid or solid form; and 
it is a fact that the inert gases are composed of monatomic molecules 
and also have very low boiling and freezing points. 

The properties of the elements adjacent to the inert gases are then 
accounted for if we suppose, further, that the arrangement of the outer 
electrons in an atom of an inert gas is an especially stable one, i,e., an 
arrangement of especially low energy. An atom of an element follow- 
ing an inert gas in the table will then contain 1 or 2 extra electrons 
outside of an inert-gas core {e.g.j sodium has 1 and magnesium 2 
electrons outside of a neon core); and these extra electrons may well 
be comparatively easy to detach. The tendency of such atoms to 
form positive ions would thus be explained. Furthermore, in the 
solid state these extra valence^' electrons may easily come loose 
under the attraction of neighboring atoms, functioning, therefore, as 
free electrons, so that the elements in question ought to be good 
conductors of electricity, which they are. 

An element such as chlorine, on the other hand, could arrange itvS 
electrons as they are arranged in argon if it had 1 more electron. Such 
elements, closely preceding an inert gas in the periodic table, might, 
therefore, be expected to exhibit a tendency to pick up an extra 
electron, thereby forming a negative ion. Some of these elements do, 
in fact, form negative .ions that are more stable, f.c., have lower 
energy, than the neutral atom; this is true of the halogens and of 
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oxygen and sulfur. In the solid state, such atoms would probably 
contain no electrons mth a tendency to become free; thus, the absence 
of electrical conductivity in these elements would be accounted for. 

These ideas furnish a ready explanation for the formation of a 
compound such as sodium chloride. In combining, the sodium atom 
loses 1 electron, its remaining 10 electrons then forming the stable 
configuration that is characteristic of neon (but, doubtless, somewhat 
more compressed because the nuclear charge of sodium is higher by 
1 unit than that of neon). The chlorine atom adds the electron lost 
by the sodium to its own 17, making 18 electrons arranged in the stable 
argon configuration (but slightly expanded because of the weaker 
nuclear charge of chlorine). The electrostatic attraction of the 2 ions 
thus formed then binds them tightly together into a molecule. When 
the molecule of sodium chloride thus formed is put into water, the 
attraction of the ions is weakened and the molecules fall apart into 
the constituent ions, each with its outer group of electrons in the 
arrangement characteristic of an inert gas. In a crystal of sodium 
chloride, also, the grouping into molecules disappears; a crystal of this 
type is composed of ions but not of molecules. Thus many chemical 
and physical facts can be correlated if we make the assumption 
that the an^angement of the electrons occurring in an inert gas is a 
peculiarly stable one of low energy. 

One of the principal problems of an explanatory theory of the 
atom is thus to account for the high stability of certain configurations 
of the electrons. Then an explanation must be found for the occur- 
rence of the long sequences of elements that are observed to be inserted 
between the groups of highly active elements surrounding the inert 
gases. These intermediate elements do not differ strikingly from 
each other in chemical properties. Many of the ^^rare earths are 
even difficult to separate chemically. The theory should be such 
that it leads automatically to all of these relations between chemical 
properties and atomic number on the basis of as few assumptions as 
possible. 

123. The Static Atom. — As was remarked in Sec. 102, while Bohr 
was endeavoring to develop a theory of atoms on the basis of the older 
quantum theory, G. N. Lewis and Langmuir suggested a static theory 
of the atom which had some success in correlating chemical and physical 
facts. It was natural that the physicist should picture an atom as full 
of moving mechanisms, for his information has been acquired from 
watching atoms m action or, at least, from watching the results of their 
activity, such as the emission of radiation, .or the scattering of a 
particles. The chemist, on the other hand, is more concerned with 
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the atom at rest. He weighs it in finding what combinations it makes 
with other atoms; he observes it in crystals apparently at rest except 
for possible thermal agitation; he thinks of it as occupying a definite 
position as one of the constituent atoms of various complex molecules, 
Ijeing held in place by certain interatomic forces, perhaps of electro- 
static origin. It was difficult to see how a thing so full of whirling 
mechanisfiis as the physicist pictured the atom to be could keep as 
quiet as the chemist found it when he looked at it. 

Now there is in the periodic table a remarkable tendency, not yet 
mentioned, for chemical properties to recur in groups of eight Each 
inert gas except helium, in fact, forms the terminus of such an octet of 
elements. The first two octets, lithium to neon and sodium to argon 
{cf. Fig. 86), follow each other immediately; the other three are 
separated by intermediate sequences of elements. It is reasonable to 
suppose that each of these groups of eight represents the building 
up of a particularly stable octet or group of 8 electrons in the outer- 
most shell of the atom. Since w'e know of no reason why the 8 elec- 
trons should not be symmetrically disposed about the nucleus, it was 
assumed by Lewis and by Langmuir that they were located at the 
corners of a cube. 

The static theory of the atom never got beyond the qualitative 
stage, however, and it was soon abandoned. 

124. Wave Mechanics and the Periodic Table: the First Two 
Periods. — The key to the periodic table was finally furnished by wave 
mechanics, with the help of two new principles that we have seen to 
be associated with it: the Pauli exclusion principle and the principle 
of electron spin. These two additions to the theory were not made 
until 1925. They have been given due w^eight in the theoretical discus- 
sion in preceding sections. It mil now^ be showm, taking the elements 
in the order of their atomic numbers, that the ideas and assumptions 
developed in Secs. 118 to 120 enable us to understand the sequence 
of the elem.ents. The neutral atom will ahvays be assumed to be 
under discussion unless the contrary is stated. 

{a) Z == 1. Hydrogen . — A single electron in an atom will exist 
normally in a Is electronic quantum state, with n == 1, Z ~ 0, X == 0, 
M = ±/'2j for energy associated with this state is less than that 
for any state having > 1. Degeneracy exists because of the two 
possible values of y. This doubling of the 1-electron quantum states 
due to spin wms not considered in our previous treatment of hydrogen 
(Sec. 115). It is of importance, however, when a magnetic field is 
present. (Actually, the state of the electron will be one characterized 
by other quantum numbers than X and g, as explained in Sec, 133, 
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but the iiiiinber of states and their approximate relations as to energy 

are the same as are obtained with use of the more convenient numbers X | 

and n.) 

(h) Z ^ 2. Helium. — If 2 electrons are combined mth a nucleus j 

for which Z - 2, they can both go into Is states, mth quantum } 

numbers ’ 

10 0 1 0 0 -M- ’ 

It can be shown from wave mechanics that the electronic charge i 

cloud in helium is spherically symmetrical about the nucleus. It fol- 
lows easily, by Gauss' theorem, that there should be no electric field 
at all outside the atom. Atoms of helium ought, therefore, to exhibit 
comparatively little tendency to associate themselves into a liquid or I 

solid phase, in agreement with observation. The chemical inertness j 

of helium, on the other hand, results from other causes (see Sec. 125). | 

In helium the K shell is complete. The electronic formula of I 

helium is W. All hea^der atoms mil be expected to contain, next to ! 

the nucleus, a complete K shell of this sort. Any additional electrons 
must then go into outer shells; for there are no other electronic states 
with n = 1. 

(c) Z — S. Lithium . — The third electron in lithium, outside of 
the heliumlike core, must occupy a state with n == 2. An approxi- 
mate calculation shows that the electronic energy associated with a 
2s wave function is somewhat less than that associated with a 2p 
function for an electron in the atomic central field; hence, we should 
expect the third electron to be in a 2s state when the atom as a 'whole ] 

is in its normal state. Spectroscopic evidence confirming this con- 
clusion will be described later. The electronic constitution of normal 
lithium should be, therefore, i 

ls%, 

denoting 2 electrons in Is states. .(Since s means Z = 0, we have 
X = 0, but = ±}4} so again there is a twofold degeneracy, or a 
^^statistical weight" of 2, in the normal state of lithium.) 

The energy for a 2s wave function is found upon calculation to lie 
much higher than that for a Is function. If the field were a Coulomb 
field, as for a 1-electron atom, we could use Eq. (187) in Sec. 115, which 
shows that in such a field the 2s state (n = 2) lies only a quarter as far 
below the ionization level as does the Is state {n = 1). Hence, the 2s 
electron should be comparatively easy to remove, certainly much 
easier than either electron in helium. Lithium ought, therefore, to 
form positive ions easily, and it ought to conduct electricity when in 
the solid state, the 2s electrons of the atoms easily coming loose and 
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functioniiig as electrons. Both conclusions are in agreement 

with fact. Since the ion formed by removal of the 2s electron is 
univalentj lithium might be expected to combine chemically with a 
valence of 1. Such is the fact, as shown by such compounds as LiaO, 
LiOH, LiCl. 

To remove also] a Is electron should require much more energy 
than to remove the 2s or “valence'^ electron. In harmony ^Yith this 
conclusion, the first ionization potential of lithium is observed to be 
only 5.38 volts, as against 75.5 volts for the second. Furthermore, since 
there is little symmetry to be expected from a single electron in the sec- 
ond shell, the lithium atoms should be surrounded by stray electric fields 
and should readily group themselves into a condensed phase. The 
melting point of lithium is 186°C. 

The arc spectrum from lithium is predominantly that to be expected 
from a single electron, as described below (Secs. 131, 132 and 134). 
Evidently the emission of radiation is chiefly due to the outer or 
valence electron The so-called spark spectrum, on the other hand, 
which is ascribed to emission by singly ionized atoms of lithium, con- 
tains singlets and triplets of lines like the arc spectrum of neutral 
helium. This is what we should expect on the basis of the theory, for 
a singly ionized lithium atom contains the same number of electrons 
as neutral helium. The frequencies of corresponding lines are much 
higher than in helium, however, because the stronger nuclear charge 
causes all energy levels to lie much lower. 

(d) Z = 4:. Beryllium . — Two electrons outside of the K shell can 
both be in 2s states but with opposite spins (m = ±}4)^ The result- 
ing element should be a metal rather like lithium but bivalent, since 
both 2s electrons should come off relatively easily. Such is the case. 
The oxide, hydroxide, and chloride have the respective formulas 
BeO, Be(OH) 2 , Beds. 

The second electron is harder to remove than the first, however, 
since the second helps push the first off by repelling it; the first two 
ionization potentials of beryllium are 9.3 and 18.1 volts. To remove 
a third electron, out of the Is shell, requires 153 volts, and to remove 
the last one, 217 volts. 

Again the spectral evidence confirms the theory. The arc spectrum 
of beryllium is a 2-electron spectrum of singlets and triplets like that 
of neutral helium. In this case both valence electrons play a role 
in the emission. In the spark spectrum, on the other hand, doublet 
lines like those from neutral lithium are found; these are emitted by 
singly ionized beryllium atoms. A few singlet lines are also knowm in 
the spark spectrum; it is presumed that they are part of a 2-electron 
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spectrunij emitted by doubly ionized beryllium atoms. Two lines 
have even been found which are ascribed to triply ionized atoms. 

So far it is obvious that the theory succeeds admirably. But 
perhaps the student will have wondered wh}^ beryllium is not, like 
helium, a gas vith a low boiling point. For the 2s wave functions are 
just as symmetrical as the Is functions. As a matter of fact, even the 
single 2s function for the valence electron in iitliiiim is symmetrical 
about the nucleus! Only a detailed study of the mathematics of 
the perturbation theory can really throw light on this ciuestion. A 
satisfactory theoretical answer to such questions can be given, but 
it is hard to describe in concrete terms. 

(e) Z = 5. Boron . — With 5 electrons in the atom, one of them 
must go into a 2p state. Boron is a trivalent element, as witness 
B2O3, B(0H)3, BCI3. It is not metallic, however; crystals of boron 
are good insulators. Evidently, with 3 electrons present in the 
L shell, conditions are not favorable to the formation of free electrons 
in the solid state. No simple reason for this is apparent, however. 

To remove the 2p electron from a boron atom requires only 8.3 
volts; to remove the two 2s electrons in succession requires 25 and 
38 volts, whereas to remove one of the Is electrons as well requires an 
additional 258 volts. 

The next elements in order are most easily understood if we pass 
them by for the moment and consider neon next. 

(/) Z = 10. Neon . — It is possible to put into an atom two 2s 
electrons (with ja = ±}' 2 ) and six 2p electrons (Z = 1, .% X =1 or 0 
or —1, and with each value of X, ^ = ±K)? oi' S in all, but no more 
electrons with n = 2. The L shell is then filled. With every possible 
value of X and jjl represented, it can be shown that the electronic charge 
cloud is symmetrical about the nucleus, as it is in helium; and now 
the symmetry is sufficiently complete so that a gas having a low boiling 
point results. Neutral neon in its normal state has the electronic 
constitution 15^25^2^^ 

A possible origin thus seems to emerge for all of the octets or 
groups of eight elements, pointed out above. The first octet, from 
lithium to neon, results from the progressive filling of the 2s and 2p 
subshells which constitute the L shell. Any outer shell, if filled, will 
likewise contain an s and a p subsheil, vfith 8 electrons in the two 
combined. May it be that each octet of elements, ending in a noble 
gas, represents the filling up of a new pair of s and p subshells? 

Laying this question aside for a moment, let us proceed backward 
from neon to the remaining elements in the first octet. 

{g) Z = 9. Fluorine: ls'^2s^2p^. — If Z = 9, the neutral atom 
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contains only 7 electrons in the L shell, or 1 less than enough to fill it. 
If 1 more electron were added, we should have a negative ion the 
exterior of which would be a closed shell, as in neutral neon. It 
cannot be expected that the same loss of energy would occur when an 
electron is added to a neutral atom as when it is added to a positive 
ion; but, on the other hand, the electron is added in the shell for 
n = 2m an atom having a fairl}^ strong nuclear field (Z = 9) . We can 
thus understand the fact that fluorine forms univalent negative ion's 
which are stable, f.e., have lower energy than the neutral atom, and 
that it exhibits a negative valence of 1 in chemical combination. There 
should be little tendency for a second extra electron to be bound by 
the fluorine atom, for it would have to occupy a state with n — 3, 
the energy of which would lie considerably above that for n = 2. 

Similarly, oxygen (Z = 8) commonly exhibits a negative valence of 
2 in chemical combination, as in lithium oxide, Li 20 ,* and nitrogen 
{Z == 8) is commonly trivalent, as in lithium nitride, LisN. Nitrides 
are not actually common, however; more often nitrogen is united with 
oxygen into a compound negative radical, as in lithium nitrate, 
LiNOs. ^ , 

The examples of Li20 and LisN illustrate the tendency of elements 
immediately following a rare gas in the order of atomic number to 
combine with those just preceding some rare gas. This can be inter- 
preted as arising from a lowering of the energy when closed subshells 
are formed in both atoms. In forming the molecule Li20, for example, 
an electron passes over from each lithium atom to the oxygen atom, 
leaving the lithium atoms with closed shells like helium, while the 
oxygen acquires a closed 2s^2p^ shell, as in neon. The tendency, 
suggested above in general terms, toward the formation of the electron 
configuration that is characteristic of an inert gas, is thus interpreted 
in wave mechanics as a tendency to form closed subshells. 

(h) Z = 6. Carbon: ls^2s^2p^, — ^With 4 electrons in the L shell, 
carbon would seem to have an equal chance either to lose electrons 
or to add more in an effort to form the closed group of 8. Actually, 
it probably never does either! The four equal valences of carbon 
are famous, but its compounds are not formed by a transfer of elec- 
trons. Carbon is a typical transition element. In some forms 
(amorphous carbon, graphite), it exhibits fair metallic conductivity; 
but in diamond it is an excellent insulator. 

At this point, we may with advantage interrupt the discussion of 
the elements in order to describe the wave-mechanical theory of 
valence. This forms part of the general theory of the force-actions 
between neutral atoms. 
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125. Valence Bonds. — Chemists have long regarded the binding 
of atoms into molecules as being of two distinct types. In some com- 
pounds, called ^^homopolar/’ the various atoms seem to pla}^ similar 
roles; examples are the compounds in which carbon atoms are Joined 
to each other, and also the diatomic molecules of certain elements, 
such as I \2 or Ch. Other compounds, called ''heteropolar'’ or simply 
''polar/' are distinguished by the fact that the atoms easily fall apart 
into charged atoms; examples are salts like NaCl. It was suspected 
even before the advent of wave mechanics that the nonpolar bonds 
might arise from some sort of cooperative action between a superficial 
electron in 1 atom and a similar electron in the other, whereas in a 
polar compound it was assumed that an electron became transferred 
from 1 atom to the other. 

This interpretation of the two kinds of bonds was later derived, with 
characteristic modifications, from the wave-mechanical theory. In 
order to explain how the binding comes about, consider the interaction 
of 2 neutral atoms as they approach each other from a distance. To 
a first approximation, the electrons in each atom may be treated as 
being equivalent to a spherically symmetrical charge cloud surrounding 
the nucleus. In this approximation neither atom is found to be sur- 
rounded by an electric field, since both are electrically neutral ; hence 
there is no force-action between them. The picture of the electrons 
as revohdng in orbits, on the other hand, suggests that, although on the 
average the field due to the electrons might just cancel the nuclear 
field, there should also be a rapidly fluctuating residual field. This 
field would polarize the other atom, by repelling its electrons, and would 
consequently exert a fluctuating attractive effect upon it. 

The analog of this classical effect is encountered when the wave- 
mechanical perturbation theory is developed further. It is found 
that atoms should exert an attractive force upon each other. This 
attraction is responsible for the phenomenon of cohesion, but it has not 
a great deal to do with the binding of atoms into chemical compounds. 

Chemical forces come into play only when 2 atoms approach so 
closely that their electronic charge clouds begin to overlap. New effects 
then occur. The most important one is the electron-exchange effect. 
This effect has no analog in classical physics. In the mathematical 
theory it is connected with what happens to the wave function when 
the coordinates of 2 electrons are interchanged in it; no further descrip- 
tion can be given in this book. The physical consequences of the 
exchange effect are of opposite character according as the 2 electrons 
involved have the same or opposite spins. 

Where charge clouds due to 2 electrons of the same spin overlap, 
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the exchange effect results in a repulsion between the atoms. For 
this effect tends to thin out the charge density, piling it up outside the 
region of overlap. (The exclusion principle itself, described in Sec. 1 18, 
can be regarded as an extreme case of this effect, 1 electron crowding 
the other out of the atom completely.) The region in which the 
overlap of the charge clouds first occurs as the atoms approach each 
other will be the region lying between the approaching atoms and 
hence ^vill be relatively close to both nuclei; this region is, therefore, 
a region of especial!}^ low energy for an electron, ovdng to its attrac- 
tion by the nuclei. Hence, the exchange effect, by shifting some of 
the electronic charge cloud away from a region of low energy to a 
region of higher energy, tends to raise the mutual energy of the atoms. 
This change in their energy causes the atoms to tend to fly apart, 
since an isolated system tends to move so as to diminish its energy. 

If, however, the overlapping charge clouds belong to electrons of 
opposite spin, the exchange effect draws the charge density into the 
region of overlap at the expense of other regions. To explain how 
this occurs, we should have to go too far into the mathematical theory. 
Cloud charge is thereby drawn into a region of comparatively low 
energy, so that the mutual energy of the 2 atoms is lowered. The 
atoms tend, therefore, to come closer together, as if they attracted 
each other. 

When all the electrons in an atom are considered, the sign of the 
net exchange effect depends on the relative arrangement of the elec- 
trons in the 2 atoms. As between an electron and a closed subshell, 
which contains equal numbers of electrons of both spins, the net 
exchange effect turns out to be equivalent to repulsion. This is the 
cause of the observed general impenetrability of atoms and molecules; 
this impenetrability is due chiefly to repulsion between complete sub- 
shells as wholes. 

If, on the other hand, each atom has an electron sticking out on its 
surface, so to speak, beyond any closed subshells that may also be 
present, this pair of valence electrons, one in each atom, are able to 
adjust their spins so that they are opposite. The exchange effect 
between these two electrons can then draw the atoms together into a 
molecule. Atoms thus combined by means of a pair of electrons 
acting by virtue of exchange are said to be held together in the molecule 
by a covalent bond; and binding of this type is believed to account for 
the compounds called AowopoZar by the chemist. 

The amount of overlapping of the charge clouds varies greatly 
according to circumstances. During a collision caused by thermal 
agitation, a very slight overlapping suffices to develop sufficient repui- 
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sion to cause the molecules to rebound from each other. Hence in 
such collisions the centers of the molecules remain relatively far apart. 
In the case of argon, for example, the radius^'’ of the atom as calcu- 
lated by means of the kinetic theory of gases, which represents about 
half the distance between 2 atoms in an ordinary collision, is at the 
value 3.45 of the abscissa in Fig. 85, and is thus entirely off the plot. 
Only a minute part of the charge cloud lies as far as this from the 
nucleus. In chemical combination, on the other hand, the overlap- 
ping of the two atomic charge clouds may be considerable. 

Exactly as many covalent bonds can be formed for a given atom as 
there are extra electrons in it outside of closed subshells, so long as 
these electrons do not more than half fill the next possible subshell. 
The atom will thus exliibit chemical valence equal to the number of 
these extra electrons. 

If, however, the extra electrons more than half fill a new subshell, 
the number available to form covalent bonds tends not to exceed the 
number of electrons that stand alone in the subshell unmatched by 
other electrons having the same X but opposite spin. This number 
is also equal to the number of electrons that would be required to 
complete the subshell, or to the number of holes’^ in it. Thus, 
when a subshell is more than half full, we can imagine the covalent 
bonds to be formed by the holes in connection with superficial electrons, 
or perhaps with similar holes, in other atoms. Electrons in an incom- 
plete outer subshell are called valence electrons. Perhaps this term 
might also be extended to the holes in those subshells that are more 
than half full. 

The presence of holes leads also to the existence of a second dis- 
tinct type of chemical bonding. If the charge cloud of an extra elec- 
tron lying outside of a closed subshell on one atom comes opposite a 
hole in an incomplete subshell in another atom, the charge cloud may 
be drawn into the hole, so to speak, thereby getting closer to the 
nucleus of the second atom than it can to its own nucleus and there- 
fore moving into a location of lower energy. In this way 2 ions are 
formed, one charged positively and the other negatively. The 2 ions 
may then be drawn together into a molecule by electrostatic attraction. 
In this way are explained the heteropolar compounds of the chemist, 
and particularly the ionic compounds between strongly electropositive 
and strongly electronegative elements, examples of which have been 
mentioned above. 

Both modes of formation result in the same number of valence 
bonds per atom. Furthermore, in reality all grades of transition occur 
between the two types; or, rather, the mathematical treatment is 
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best described by saying that all actual chemical bonds are partly of 
one type and partly of the other. Bonds between strongl}^ electro- 
positive and strongly electronegative elements (i.e., between those 
closely following or closely preceding an inert gas) are predominantly 
ionic (except in the case of hydrogen!). In general, however, most 
chemical bonds are predominantly covalent. Molecules such as O2 
and N2 are also held together by predominantly covalent bonds, 

A special case is presented by those atoms whose electrons are all 
included within completed shells or subshells. Such atoms should 
exhibit no tendency whatever to enter into chemical combination, 
and when in the gaseous state they should have monatomic molecules. 
In this way is explained the occurrence of the noble gases such as 
helium and neon. 

The subject of molecular combination and the related topic of 
the formation of crystals are complicated subjects and the student is 
referred for further information in regard to them to other books. ^ 

126. The Third Period of the Periodic Table. — The second octet of 
elements, from Z = 11 to Z = 18, parallels so closel}^ the first octet 
that brief comments will suffice. (Corresponding elements are 
exhibited clearly in Fig. 86.) Sodium (Z = 11, ls226'^2p^^3s) contains 
a single valence electron outside the neon core, but this electron has a 
3s wave function,' as against the 2s function for the valence electron of 
lithium. Sodium is univalent, as in NaOH and the familiar NaCL 
Its arc spectrum is a typical 1-electron spectrum. In general, it 
resembles lithium closely. Magnesium (Z = 12) is a bivalent element 
similar to beryllium. It burns vdth a brilliant white flame to form 
the oxide MgO. It has an arc spectrum of singlets and triplets 
resembling that of helium. Aluminum (Z = 13) is trivalent, like 
boron, but it is metallic and an excellent conductor of electricity. 
The “sesquioxide,’^ AI2O3, occurs in crystalline form as corundum 
and sapphire and the ruby. Silicon (Z = 14) is a good deal like 
carbon. The dioxide, Si02, however, which occurs in quartz, is a 
substance of extremely high melting point, whereas the analogous 
compound, CO2, is a gas! Only an elaborately refined application of 
wave mechanics can explain contrasts such as these. Phosphorus 
(Z = 15), although chemically much more active, foims compounds 
analogous to those of nitrogen. In the poisonous and bad-smelling 
gas, phosphine or PH3, phosphorus is trivalent, just as nitrogen is in 
gaseous ammonia, NH3. Sulfur (Z = 16) corresponds to oxygen. 
In H2S, it is bivalent, just as oxygen is in H2G. Chlorine (Z = 17) 

^ Cf. Patjeixg, L.^ ^^The Nature of the Chemical Bond,^M940; Seater, J, G., 
^introduction to Chemical Physics, 1939, 
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is univalent and easily forms negative ions in solution; in general^, 
it resembles fluorine closely but is less active. Finally, in argon 
{Z = 18), we reach again an atom composed of completed subshells, 
mth electronic formula Is22s22p®35^3p®. Thus, argon has completed K 
and L shells and, outside of these, two more completed siibshells. The 
next or Jf shell is not yet full, since there are no 3d electrons. The 
symmetry of the 3p^ configuration, however, is evidently enough to 
make the external field around argon very weak, so that it behaves 
as an inert gas with a veiy low boiling point ( — ISG^C.). 

127. The Fourth and Fifth Periods. — At Z = 19, we should natu- 
rally expect the addition of an electron in a 3d state (i.e., n — 3, 
Z = 2). For, in the l-electron atom, we found the energy to increase 
regularly with increasing values of n; hence, we might expect that 
even in our modified field any wave function with 7i = A would cor- 
respond to a higher electronic energy than a 3d function. But the 
next element in order, potassium, closely resembles sodium and 
lithium, not only in chemical properties but also in its spectra even 
to the finest details. There is abundant reason to believe that atomic 
spectra in the visible and ultraviolet regions are emitted by electrons 
in the periphery of the atom. These spectra, therefore, furnish 
valuable information concerning the state of the outermost electrons. 
Can it be, then, that the valence electron of potassium is not a 3d but 
a As electron? 

The conclusion that it is a 4s electron was drawn from the empirical 
facts before wave mechanics came on the scene. Subsequently this 
conclusion was confirmed theoretically by several appi'oximate calcula- 
tions. Wave functions for Z = 0 and I == 2 are very dissimilar. The 
radial wave functions for electrons in the modified central field resemble 
qualitatively those for the 1-electron atom, a few of which are given 
in Sec. 115 and are plotted (partially) in Fig. 82. The 3d radial 
function, like any function for I = n — 1, shows a single maximum. 
The 3^ function, on the other hand, is much more drawn out, corre- 
sponding to the Bohr-Sommerf eld elliptical orbit of maximum eccen- 
tricity; it has 3 (ic,, n — 1) maxima and, like all the s functions, is 
not zero at the nucleus. The 45 function is similar to the 35 function 
but has 4 maxima. One can well believe that the energies associated 
vith such different functions may be quite different, although it is not 
eas 3 ^ to see which energy should be higher. Approximate calculations 
show that in potassium (Z = 19) the theoretical energy of a 45 electron 
actually is below that of a 3d electron; hence, in the normal state of the 
potassium atom, the last electron should be in a 4s state. The formula 
for potassium is thus l5^25^2p®35^3p®45, and the facts are fully accounted 
for, ' ■ 
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The next element, calcium {Z = 20), has two 4s electrons and cor- 
responds rather well to magnesium in the preceding octet. Thus, 
we appear here to be witnessing the building up of another octet. The 
next four elements, scandium (21), titanium (22), vanadium (23), and 
chromium (24) show some degree of resemblance to the corresponding 
elements in the preceding period (Al, Si, P, S). The next element 
after these, however, manganese (25), is not at all like chlorine [cf. 
Mn(OPI)2l]; and, in the group that follows manganese, consisting of 
iron (26), cobalt (27), and nickel (28), we encounter something defi- 
nitely new. 

The accepted theoretical explanation of this failure to finish out 
an octet at this point in the periodic table is the following. As far 
back as scandium {Z = 21), there is theoretical evidence for the 
belief that the electron added last goes into the M subsheli; otherwise, 
it would necessarily be in a 4p state, the 45 subshell being full, whereas 
calculation shows that the energy of a 4p electron should lie above that 
of a 3d. Spectroscopic evidence confirms this theoretical conclusion. 
The next step in atom-building after calcium (Z = 20) is, therefore, 
the addition of ten 3d electrons in succession. Only in chromium 
and copper are there irregularities; in these atoms one of the 45 elec- 
trons is replaced by an extra 3d. 

Copper (Z = 29, ls‘^2s^2p^Zs^3p^^d^Hs) is the first element that 
contains, in its normal state, a completed 3d subshell. It thus has the 
Kj L, and M shells all full, and 1 valence electron outside of these. 
The last 3d electron, however, added out of turn as if in haste to 
complete the 3d subshell, is rather lightly bound and comes off rather 
easily, so that copper frequently exhibits a valence of 2, arising from 
binding by both the 45 and one 3d electron, as an alternative to its 
expected valence of 1 due to the 45 electron (c/. cuprous oxide, Cu^O, 
and cupric oxide, CuO). 

In zinc (Z = 20, l5^25^2p®35^3p®3d^®45^), the 45 subshell is com- 
pleted. Thus zinc, like calcium and magnesium, has 2 valence 
electrons outside of closed subshells. These three elements are much 
alike both chemically and spectroscopically. In magnesium and zinc, 
however, the core of the atom consists of entire closed shells {K and L 
in magnesium, iT, L, and M in zinc) ; perhaps this is the reason why the 
chemical resemblance is, in general, closest between these twm of the 
three elements. However, whereas the oxides MgO and CaO react 
with water to form the hydroxide, Mg(OH) a or Ca(OH)2, respectively, 
ZnO occurs naturally in a zinc ore. In tins respect, magnesium 
resembles calcium more closely. The carbonates all occur naturally 
as minerals, MgGOs as magnesite, OaCOs as limestone, ZnCO 3 as 
smithsonite. '■ 
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Beyond zinc, the formation of an octet sequence is definitely 
resumed, the 4p subshell being progressively filled. Gallium^ ger- 
manium, arsenic, selenium, and 'bromine are good chemical analogs 
of aluminum, silicon, phosphorus, sulfur, and chlorine. Finally, at 
Z = 36, we have the next inert gas, krypton, with electronic formula 

Thus for the third time an inert gas 
occurs just when a new p subshell has been completed, in accord with 
the rule that we guessed in connection mth the study of neon. 

fifth period of 18 elements, from Z = 37 to Z == 54, corresponds 
so closely to the fourth period that detailed comment is unnecessary. 
Two 5s, .Ten Ad, and six bp electrons are added, the final element in the 
period being the inert gas xenon. The analogs in the fifth period of 
iron, cobalt, and nickel in the fourth period are the three elements 
ruthenium, rhodium, and palladium. Although the latter elements 
are not ferromagnetic, they exhibit many chemical similarities to the 
ferromagnetic elements Fe, Co, Ni. The explanation of ferromagnet- 
ism on the basis of wave mechanics is intricate; that it occurs at all 
is rather of the nature of an accident. Silver, the analog of copper 
in the preceding period, is univalent, not exhibiting the abnormal 
alternative bivalency; 

128. The Periodic Table Concluded. — Cesium (55) and barium (56) 
start the sixth period with one and two 6s electrons, respectively, 
outside of an argon core; they constitute the fifth pair, consisting of an 
alkali and an alkaline earth, to be formed by the addition of two s 
electrons in succession (the first four pairs being lithium and beryllium, 
sodium and magnesium, potassium and calcium, rubidium and 
strontium). 

Lanthanum (57) then follows the precedent set by scandium and 
yttrium in the preceding periods and adds a bd electron. But beyond 
this point something new occurs again. With n = 4, 4/ states with 
Z = 3 are possible. From cerium (58) to lutecium (71), the 4/ elec- 
tronic energy probably lies below the bd\ hence, over this range in Z, 
fourteen 4/ electrons are added in succession 

[14 = 2 X (2Z + 1) = 2 X (6 + 1)]. 

These electrons lie rather deep in the atom, however; their wave 
functions have a single maximum, 'whereas the 6s and bd functions are 
considerably drawn out and thus project more on the exterior. Hence 
the addition of the 4/ electrons causes very little change in chemical 
properties, and we have the group of the chemically similar, and in 
part almost indistinguishable, rare earths. 

Only when the 4/ subshell has been completed is the filling of the 
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M subshell resumed. From hafnium (72) to mercury (80), the remam- 
iii<^ nine hd electrons are added, with a few irregularities. In gold 
(2 = 79), the M subshell is completed out of turn, in analogy uuth 
copper and silver. Gold, however, manages to combine as a trivalent 
element as well as a univalent one {e.g., AuCU as well as AuCl). The 
next element, mercury (Z = 80), is analogous to beryllium, magnesium, 


II. — Completed Electron Shells and Subshells 
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zinc, and cadmium. Then the 6p electrons are added, completing an 

octet of elements(exceptforthe missing 85) whichcorrespondsweaklyto 

previous octets and ends ivith the last known rare 

Beyond radon, we find a fragment of a serf^period, mclutog 
radium (88), thorium (90), and uranium (92). M of the knovn 
elements in this period, however, are radioactive and therefore unst - 
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ble. It would seem that wave mechanics, as applied to the electrons, 
imposes no obstacle to the occurrence of elements beyond uranium; 
the electrons would ''know how’’ to group themselves about a nucleus 
with Z > 92, for example, and actually do it on occasion for Z = 93 
and Z = 94 (see Sec. 227). 

From this discussion it is evident that wave mechanics, as applied 
to the electrons in atoms of varying atomic number, leads without the 
addition of special assumptions to a sequence of chemical properties 
such as is actually observed. 

The probable electronic constitution of all the elements, when in 
their normal state, is shown for reference in Appendix III. An 
outline showing the completed shells and subshells is given in Table 
11. For convenience in future reference, the table includes also the 
designations of the subshells that are used in the discussion of X-rays. 

OPTICAL SPECTRA 

In previous chapters we have become acquainted with a few 
features of atomic spectra. We saw in Chap. VI that a general 
characteristic of such spectra is the occurrence of series of lines con- 
verging toward short-wave-length limits. In Chap. VII, we have 
seen how wave mechanics was able to supply a quantitative theory 
of the general features of spectra emitted by 1 electron in the field 
of a nucleus, yielding the same formulas as did the original quantum 
theory of Bohr. A brief but more systematic account will now be 
given of some representative phenomena of the spectra emitted by 
atoms or molecules containing more than 1 electron, and of their 
theoretical interpretation by means of wave mechanics. In connec- 
tion with this discussion, we shall also return briefly to the 1-electron 
atom in order to discuss the "fine structure of its lines, which is due 
to spin and other relativistic effects. In the present chapter, how- 
ever, the discussion will be limited to spectra whose emission is 
connected with the motion of the exterior electrons of atoms or 
molecules or with nuclear motions; these spectra occur in the infra- 
red, visible, or ultraviolet regions. The high-frequency radiation 
known as X-rays will be reserved for special treatment in a later 
chapter. 

129. Atomic and Molecular Spectra. — The variety of spectral lines 
that can be emitted by an atom containing several or many electrons 
is very large, but it is less than might be expected for several reasons. 

For one thing, in discussing atomic spectra, the various types can all 
be covered by discussing the spectra emitted by neutral atoms. For it 
is a universal rule that the same types of syectra that are emitted hy neutral 
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atoms of given atomic number Z are emitted also by singly ionized atoms of 
atomic number Z I, by doubly ionized atoms of number Z + 2, by triply 
ionized atoms of number Z + 3, and so on. The principal difference 
is that the frequencies of corresponding lines increase with each stage 
of ionization, owing to the stronger field in which the active electrons 
move. The physical basis for this rule lies in the fact that the atoms 
specified all have the same number of electrons, and these electrons 
arrange themselves in the same types of configurations. Such atoms 
are called isoelectronic. The similarity of their spectra greatly simpli- 
fies the theoretical discussion; but it also leads to great complications in 
the observed spectrum as emitted by a given element when excited in a 
high-potential discharge, since in such a case the different spectra 
emitted by atoms in various stages of ionization are all jumbled 
together. 

The theoretical basis for the treatment of many-electron atoms 
was sketched in Secs. 118 to 120. As is there explained, the first step 
is to construct a simplified approximate theory. In this theory, the 
electrical field due to the nucleus is replaced by another central field 
which includes the average effect of the fields of the remaining elec- 
trons, the latter being supposed for this purpose to he replaced by an 
equivalent charge cloud. In the first stage of the treatment, each 
electron is assumed to move in the central field as if the others were 
not there. When the atom is in a stationary state, therefore, each 
electron can be supposed to occupy a certain electronic quantum state, 
represented in wave mechanics by a certain 1-electron wave function. 
In order to explain the details of atomic spectra it is then necessary 
to introduce corrections for the finer details of the electrostatic inter- 
action of the electrons mth each other and for the interaction between 
their magnetic moments due to spin and to their orbital motions. 

In treating the radiation from atoms, however, it is not necessary 
to keep track of all of the electrons. The ^vave-mechanical theory 
of radiation leads to the follomng simplifying principle: in so far as it is 
possible to regard the electrons as occupying Melectron quantum states^ 
jumps usually occur only between those stationary states of the atom which 
differ in just one of the electronic quantum states. Or, stated more 
briefly, as a rule, only 1 electron jumps at a time. 

The complexity of atomic spectra is greatly reduced by this 
principle. If the atom has 1 or more valence electrons outside of 
closed subshells, the electrons in the subshells play no direct part in 
most of the radiation phenomena with which we shall be concerned; 
usually only the valence electrons are active. Furthermore, only 
1 of these valence electrons jumps at a time (as a rule) . The valence 
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electrons that do not jump, if there are such, cannot be ignored 
entirely, however; as we shall see, their presence has a great deal 
of influence upon the characteristics of the atomic energy levels 
between which the jumps occur. If no valence electrons are present, 
as in an inert gas, then for the emission of spectral lines it is necessary 
that an electron be first transferred by some process of excitation out 
of a subshell — from the outermost subshell, in the cases considered 
here— into a 1-electron quantum state of higher energy. 

The complexity of many-electron spectra is further reduced by 
the existence of various selection rules. Wave mechanics not only tells 
us what frequencies can occur in the spectrum but it also furnishes a 
certain amount of information concerning the relative intensities of 
the various spectral lines. For it gives us not only the energies of the 
various atomic states but also information concerning the relative 
probability of jumps between them. Sometimes the probability of a 
given jump is excessively small, or even zero; in that case, the cor- 
responding line is not seen in the spectrum. A rule stating that jumps 
between a certain pair of levels do not occur or are ^Torbidden” is 
called a selection rule. 

The principal selection rules are closely associated with the angular 
momentum of the electrons in the atom; and considerations of angular 
momenta, which may be treated vectorially, possess great pictorial 
value as an aid to the memory. For this reason the discussion of 
atomic spectra will be centered so far as possible about vector-momen- 
tum considerations. In doing this we are also following the historical 
line of approach. 

130. Total Angular Momentum and Its Selection Rules. — We 
should not expect that the angular momentum of any individual elec- 
tron would be constant, because of the repulsive forces exerted on this 
electron by the others. There is also an interaction between the spin 
magnetic moments and the orbital motion (see Sec. 133). Classical 
analogy does, however, lead us to expect that the resultant angular 
momentum of all the electrons about the nucleus, including their 
angular momentum of spin, will have a constant value; for, in classical 
mechanics, the vector angular momentum of any isolated system about 
its center of mass is constant both in magnitude and in di: mtion, and 
for nearly all purposes the center of mass of a many-electron atom can 
be supposed to lie in the nucleus itself. 

An analogous conclusion foil ovrs from wave mechanics, with modi- 
fications similar to those that were found to hold in the case of 1 elec- 
tron [Sec. 115 (b)]. Wave mechanics leads to the following rule for 
the quantization of the angular momentum of an atom about its 


Sec. 130] 


TOTAL ANGULAR MOMENTUM 


319 . 


center of mass: As long as no external forces act on an atom^ its quantum 
states can be so chosen that, when the atom is in one of them, its component 
of total angular momentum, including that due to spin, about any chosen 
axis through the nucleus is 



and the magnitude of its total angular momentum is at the same time 

\/j(J + 1)^^ 

where J and M are two quantum numbers characteristic of the quantum 
state. The number J is a positive integer or half-integer or zero, and M 
has one of the 2/ + 1 integrally spaced values between M = — J and 
M = J, inclusively. Thus, M is integral or half-integral according as 
J is. For example, if J" = 0, ilf = 0; if J = M = J/2 if 

J = 1, ikf == 1 or 0 or — 1; etc. Often Mj is written for M. 

The rule for determining whether J and M are integral or half- 
integral can be discovered by taking as a basis the electronic quantum 
states described in Secs. 118 and 120. In those states there is, for 
each electron, an integral value of the quantum number X, and also a 
value of y which is either or — s-nd the total angular momentum 
of the electrons about the chosen axis is [S(X + y)]h/27r, where the 
sum S is to be taken for all electrons in the atom. Thus, 

M = S(X -}- m)* (194) 

From this equality and the character of the values of X and y it is at 
once obvious that M and hence also J must he integral when the atom 
contains an even number of electrons, and half -integral when it contains 
an odd number. The same rule follows from the exact wave-mechanical 
theory. It can also be seen that the maximum possible value of M, 
and hence also of J, is (SZ) + N /2 where N is the total number of 
electrons in the atom; for the maximum value of any individual X 
is I, and y cannot exceed 

The relationship of the quantum numbers J and M can be visual- 
ized Avith the help of a vector diagram, in the same way in which the 
relation of 7 and X was visualized for a single electron [Sec. 115 (5)]. 
Let a vector of length J be draAvn at such an angle that its projection 
on the chosen angle is of length M. If M = +/, the vector AAdll lie 
along the axis. Two cases are illustrated in Fig. 87. If J == 2, five 
positions of the J-vector are possible, corresponding to M == — 2, — 1, 
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0, 15 2; if J = four positions can occur, corresponding to M = — 

The J- vector so drawn can be regarded as representing in a certain 
way the total vector angular momentum of the electrons, whose com- 
ponent in the direction of the axis is Mh/2Tr, The m agnitude of the 
total angular momentum, however, is not Jh/2Tr but 's/ J{J + 1) h/2'K^ 
according to wave mechanics. Furthermore, as in the case of 1 elec- 
tron, the vector momentum has no definite azimuth around the axis, 
as it necessarily has in classical theory. A particular quantum state 
corresponds to an average of classical motions for all possible azimuths, 
as was described for 1 electron in Sec. 115 (6). 

Selection Rules . — Wave mechanics leads to the following selection 

rules for J and If, which are of 
great importance in spectroscopy. 
In any atomic jump associated 
TOth the emission or absorption 
of a photon, / may remain 
unchanged or it may increase or 
decrease by unity j but not by any 
larger amount. That is, if Ji and 
J2 are the values of J for the two 
states between which the jump 
occurs, then either Ji — J 2 or 
Ji — J2 = 1 or Ji — J2 == — 1. 
The same rule holds also for M. 
No jump can occur, moreover, from 
a state with J = Q to another state with J ~ 0. In symbols : 

AJ == 0 or ± 1 (and not 0 — » 0) ; (195) 

AM = 0 or ±1. (196) 

These selection rules are not always strictly obeyed, however; some- 
times jumps occur for which A/ = ±2 or Aikf = ±2. Spectral lines 
due to such jumps are mostly very weak. 

Even these selection rules find an analogy in classical theory 
(and were first proposed on the basis of this analogy), at least if spin 
is omitted. Orbital angular momentum, in classical mechanics, is 
associated with rotation. Suppose that a body capable of rotation 
contains an electrical vibrator of some sort; and let this vibrator 
emit electromagnetic radiation of frequency p when the body is at 
rest. Then, if the body is set rotating with angular velocity w, the 
radiation emitted will contain just the three frequencies v, v + w, v — oj. 
The reason is similar to that for the analogous effect of a magnetic 


M 



M 

3 / 







Sec. 131 ] 


ALKALI-TYPE SPECTRA 


321 


field upon a classical vibrating electron,' which was described in Sec. 40 
in connection with the classical explanation of the Zeeman effect. 
The three classical frequencies — oj correspond (in emission) 

to the three possible changes in ilf. This is an example of Bohr's 
correspondence principle. 

Afigular Momenta of Closed Subshells . — When the approximate 
theory in terms of electronic quantum states is employed, every elec- 
tron in a subshell is matched b^^ another whose quantum state differs 
only in that the sign of X is reversed; and the values of ^ are similarly 
paired off. Hence, necessarily, M = S(X + m) =0. Tliis fact sug- 
gests that, also, / = 0. It can be shown, in fact, from the exact 
wave-mechanical theory that for any closed subsheil J = ilf = 0. 

In a similar way it can be shown that the total orbital momentum 
taken by itself, or the vector sum of the orbital angular momenta of 
all the electrons, likewise vanishes; and so does the vector sum of their 
spin momenta. In terms of electronic quantum states, this conclusion 
results from the fact that ZX = 0 and Zju == 0 in a closed subsheil. 

Thus, in considering the total angular momentum of an atom, all 
closed subshells can be ignored. An atom of a noble gas, in its normal 
state, in which the electrons are all grouped into closed subshells, is 
necessarily in a state with J = 0. An atom containing one or more 
peripheral electrons outside of the inner closed subshells will have 
angular momenta, orbital, spin, or total, that are determined entirely 
by the peripheral electrons, with no contributions from the closed 
siibshells. The consideration of atomic angular momenta is thereby 
greatly simplified. 

131. Aikali-type Spectra. — At this point we may to advantage 
describe the gross features of the simplest type of spectra, which is 
emitted by atoms containing a single valence electron outside of one 
or more closed subshells. Among neutral atoms of this sort may be 
mentioned those of the alkali metals, lithium, sodium, potassium, 
rubidium, and cesium. Other examples are singly ionized atoms of 
beryllium, magnesium, calcium, strontium, or barium; doubly ionized 
atoms of boron or aluminum; and so on. 

In an atom of this type only the valence electron should be optically 
active. The only electronic quantum numbers that vary are, there- 
fore, those of the valence electron as it changes from one to another 
of its various electronic quantum states, and the atomic energy will be 
a function of the electronic quantum numbers n and i associated with 
this electron. The quantum number Z, however, serves to .specify in a 
certain way the orbital angular momentum of the electron, and, as 
1.V6 have seen, this is the same as the orbital angular momentum of the 
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entire atom, since subshells make no contribution on the whole to the 
momentum. We shall accordingly emplo}^, in place of Z, the capital 
letter L, which is commonly used for the total orbital momentum. In 
any atom the possible values of L are 0 or any positive integer; and 
levels are commonly labeled with a capital letter according to the 
following scheme, analogous to that employed for 1 electron: 

L = 0, 1, 2, 3, 4, 5, 6, 7. 

S P D F G H I K, 

The letter indicating the value of L may then be preceded, in the case 
of^a single active electron, by a number giving the value of n. 

The array of possible levels, arising from changes in the electronic 
state of the valence electron, is thus as shown (in part) in Fig. 88. 
The S terms (L = Z = 0) begin with n = I, the P terms (L = Z = 1) 



(Sharp) (Pr/ncbaD (Diffuse) (Fund) 

Fig. 88. — Partial LS term system of a typical alkali metal (in actual cases some of the 
lowest terms sho^sm are missing). Lines indicate allowed transitions. 

with n — 2, and so on; for always n > 1. The allowed transitions 
between these levels are indicated in the figure by oblique lines. The 
quantum number L is usually subject to the selection rule that AL 
cannot exceed unity; hence, no jumps can occur, for example, between 
S and B levels. In the case of a single active electron, furthermore, 
the restriction is actually a little more stringent; for, in any case, it 
is a special rule that the Z of the jumping electron must change by 
unity. Hence, when L — I, we must have 

AL = +1, 

jumps for which AL = 0 being excluded. Thus, jumps cannot ordi- 
narily occur in such spectra between two S levels or between two P 
levels, and so on. 

The scheme just described should obviously be applicable also 
to the energy levels of the hydrogen atom, which likevdse contains a 
single valence electron. In our previous discussion of hydrogen, we 
ignored the very slight variation of the energy mth Z, orL, which is due 
to spin and relativistic effects. Hence all >S,P,I), ••• levels cor- 
responding to a given value of n fell on top of each other, and no 
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distinction between thena needed to be made. We shall return to this 
point later (Secs. 135 and 136). 

The theoretical array of energy levels just inferred from the theory 
is strongly reminiscent of the spectral terms employed by Rydberg to 
represent the chief series in the spectra of the alkalies. According to 
Eqs. (129a, 5, c) in Sec. 89, the wave numbers of the lines of these series 
are given by the following formulas: 
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Thus the wave numbers are the differences between e-xpressions or 
“terms” of just three different types: 

R R R 

(m + sy’ (m + P)^’ + W 

where R is the Rydberg constant (Sec. 88). By varying m in these 
expressions we obtain three sets of terms similar to the three sets of 
energy values as derived from wave mechanics. It is reasonable to 
assume that Rydberg’s terms correspond to these latter sets of energy 
values. The Rydberg terms converge to 0 as <» , just as the 

theoretical energy levels converge to zero as n — > “ , provided we agree 
to call the energy 0 at the ionization limit. The terms, however, are 
positive, whereas the energies are all negative. Hence, the terms 
must represent the numerical values of the energy without the nega- 
tive sign. As has been said before, positive numbers obtained in this 
way are commonly used by spectroscopists, under the name of “spc- 
tral” terms, to represent energy levels. In the formulas for v, then, 
the second Rydberg term refers to the initial atomic state for the transi- 
tion in question; the second term together .vith its minus sign equals 
the energy of the initial state. The first term in the formula refers 
to the final state; its (negative) energy is subtracted from the energy 
of the initial state to obtain hv for the transition. ■ 

The sequence of terms represented by the first of the three expres- 
sions written above, R/(m + S)^ represents, therefore, the sequence 
of initial states for the various lines of the sharp series, these terms 
are observed to combine only with terms in the second sequence, 
R/(m + py Hence, the first of these two sequences of terms must 

be those derived theoretically with L = 0, or the “S” terms; for the 
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latter is the only theoretical sequence of terms that combines with 
only one sequence. The second of the Rydberg sequences must 
be the P terms, with L == 1 ; for S terms combine only with P terms, by 
the selection rule for L, The sharp series of lines thus arises from 
transitions between an S level (exclusive of the lowest) and the lowest 
of the P levels. The principal series, on the other hand, arises from 
transitions between various P levels and the lowest S level. The 
lowest S level is the lowest possible value for the energy and represents 
the normal state of the atom. 

The third set of levels, represented by P/(m + PYy which com- 
bines with P but not with S levels, must, then, be the D levels (L = 2). 
The diffuse series of lines thus arises from transitions between the 
various D levels and the lowest P level. A fourth observed series of 
lines, named long ago the ^TundamentaP^ series, has a convergence 
limit equal to the difference between the convergence limit of the 
diffuse series and the frequency of the first line of this latter series, 
f.6., to the difference in energy between the state of ionization and the 
lowest D level. The final state for the transitions that give rise to 
this fourth series must, therefore, be the lowest D level. But the 
initial energies for the fundamental series are not those of the P terms. 
They must be, then, the F levels, with L == 3. The fundamental series 
is thus due to transitions from an F level to the lowest D level. 

In this way, we arrive at the following interpretation of the chief 
series of the alkali metals: 

Sharp, 

Principal, 

Diffuse, 

Fundamental, 

Here the lines of each series are obtained by assigning various values to 
n; no before any letter denotes the lowmst value of n that can occur with 
that letter in the kind of atom under consideration. 

The identification thus made of the terms in the alkali spectra 
constitutes the historical reason for the use by spectroscopists of the 
mysterious letters S,P,D,F (from the wmrds '^sharp, principal, diffuse, 
fundamentaPO to represent various values of L (or the corresponding 
small letters for 1 electron). For higher values of L it was agreed later 
to continue down the alphabet, skipping /. 

As an example, a diagram of the known energy levels for neutral 
sodium is shown in Fig. 89. Each level is represented in this diagram 
by a short horizontal line, the levels being grouped into sequences 
according to the value of i, in contrast to the arrangement in Fig 


nS — > noP, n > uq; 

nP — > UqS; 
nD 71 qP; 
nF “> UqD, 
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62(5). The diagram shows also the splitting of the P levels, which is 
discussed in Sec. 134 below; the subscripts on the letters, denoting J 
values, refer to this splitting. As usual, the energies are measured 
downward from zero at the state of bare ionization (with no kinetic 
energy in the removed electron) and are expressed in wave-nimiber 



Fig. 89. — Energy-level diagram for neutral sodium, showing also the origin of the 
principal spectral lines. Some of the levels of hydrogen are shown for comparison. 
(Wave lengths are in angstroms. The numbers opposite the levels are values of n— 
see Sec. 132.) 

units. The numbers wnitten opposite the levels are the accepted 
values of n, w’'hich differ somewhat, for reasons explained in the next 
section, from Rydberg^s original number m. At the right are shown 
for comparison some of the levels of hydrogen, the lotvest being far 

below the sodium levels and therefore not shown. 

The most important spectral lines are also indicated on the diagram 
by oblique lines drawn between the appropriate energy levels, with 
wave lengths attached; the widths of these lines in the diagram give a 
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very rough idea of the relative intensities of the spectral lines as 
commonl}?' observed. One line is shown that violates the ordinary 
selection rule for L (3D 35", AD = 2). 

The values of some of the terms, expressed in cm.^^, are also given 
in Table IV (page 337). 

132. The Term Energies of the Alkali Metals. — If the mathemati- 
cal difficulties could be overcome, it should be possible to calculate 
the energy levels from the wave equation. Unfortunately, however, 
(or fortunately), this cannot be done with any degree of precision, so 
that experiment is still necessary. Considerable interest attaches 
nevertheless to approximate theoretical values of the term energies. 
Such values can be obtained, for a neutral alkali atom, by disregarding 
the spin-orbit effect and solving the wave equation for the valence 
electron moving in a suitable central field. 

As described in Secs. 118 and 120, the field in which the valence 
electron is assumed to move is chosen so as to allow for the average 
effect of the remaining electrons in the atom. At points well outside 
the atom, this field must approximate closely to the field of a proton. 
For, by ordinary electrostatic reasoning, based upon Gauss’ law, it can 
be shown that a spherically symmetrical distribution of charge produces 
the same field at external points as if the charge were concentrated at 
its center; and the total negative charge on the remaining electrons in 
the atom is less by 1 electronic unit than the positive charge on the 
nucleus. If the field were everywhere of this simple Coulomb type, 
the energy levels for the valence electron would be exactly the same 
as those for hydrogen. Now, in the wave-mechanical theory, the 
wave functions for large n and not too small I will have their large 
values chiefly in regions outside the atom, as is illustrated by the 
graphs for hydrogen in Fig. 82 in Sec. 115. Hence, the alkali levels 
for large n and not too small L should approximate closely to the 
hydrogen levels for the same n. 

In Fig. 90 are shown the known energy levels below 2,000 cm.”^ for 
all of the alkali metals, represented by dots. The hydrogen levels in 
the same spectral region (except the lowest) are shown by the hori- 
zontal lines labeled with the appropriate value of n. We note that 
the D and F levels of the alkalies actually agree closely in all cases with 
the corresponding hydrogen levels. 

Such an approximate agreement with the hydrogen levels serves 
to fix the value of n unambiguously for the D and F levels of the alkalis. 
The quantum number n does not have any direct spectroscopic 
significance, hence the particular set of values that is used can only be 
chosen for some theoretical reason. The P and S levels, on the other 
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hand, depart widely from the corresponding hydrogen levels. The 
lowest values of n for ;S and P terms are taken' to be 2 for lithiiim, 3 
for sodium, and so on, partly on the basis of the way in which the 
periodic table is built up, as was described previously in this chapter, 
and partly on the basis of various theoretical calculations. When an 
approximate theory is developed with the electrons moving inde- 
pendently in a central field, the quantum number n is introduced in 
such a way as to number the 1-electron states in the order of increasing 
energy. With the values of n assigned as in the diagram, lei^els having 
the same n and L have the property that they sink as the atomic 



hydrogen (except that for n == 1). All doublet structure is ignored. 

number increases. Theoretical estimates indicate that they should do 
this if n has the theoretical significance just stated. In the -wave- 
mechanical theory, 1-electron functions having the same 7i and I pene- 
trate to about the same relative extent into the cores of ail atoms, 
and, as the strength of the nuclear field in the interior of the atom is 
increased with increasing Z, calculation shows that the coiTesponding 
electronic energy is lowered. The observed energies of the loAvest S 
and P levels of the alkalies, on the other hand, rise with increasing Z, 
This fact is brought into consistency with the rule just stated if we 
suppose that n increases by unity from one alkali to the next. 

Since the lowest S level is always below the lowest P , the normal 
state for all of the alkali metals is an S state. 
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The relation with the hydrogen levels just described suggests a cer- 
tain mode of writing the alkali energies that is of interest. Expressed 
in wave-number units, the energy of the nth level for a hydrogen atom 
is 

R 






where R is the Rydberg constant [cf, Eqs. (136), (140c) in Secs. 94 
and 95]. For any atomic level wdth energy W, an effective 'principal 
quantum number Ue can be defined by the similar equation 

W.-l, ( 197 ) 

The difference n — Ue for corresponding levels is sometimes called 
the quantum defect. In the alkalies, it can be regarded as a measure 
of the effect of the departure of the central field from a Coulomb field. 
The quantum defect is often denoted by n, so that 


n 


then 


W = 


R 


(198) 


(n - pr 

A similar formula is obtained from Rydberg’s expression for the 
spectral terms, given in Sec. 89: 

TfT ^ 

(m -h 

The values of p are not the same in the two formulas, nor did Rydberg’s 
choice of m for a given term agree with the modern value of n; but, 

Table III. — Some Values of the Quantum Defect for Neutral Sodium 


Term 

n = 3 

w ~ 4 

n = 5 

n = 6 

w == 7 

n —S 

S 

1.373 

1.357 

1.352 

1.349 

1.348 

1.351 

'P' 

.883 

.867 

.862 

.859 

.858 

.857 

■ ' D ■ 

.010 

.011 

.013 

.011 

.009 

.013 

F 


.000 

- .001 

- .008 

- .012 

.015 


after choosing the lowest values of the integers n and of m in any 
convenient manner, the two values of p can obviously be chosen so as 
to bring the two formulas into agreement. Since Rydberg’s formula 
is found to fit the observed terms fairly well, when his is treated as a 
constant for given L, it follows that the quantum defect must be almost 
a constant for the sequence of terms belonging to a given value of X. 
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The values of the quantum defect, n — 7ie, or ^ in Eq. ( 198 ), for 
some of the levels of sodium (disregarding the fine-structure splitting) 
are shown in Table IIL^ Their approximate independence of is 
evident. The corresponding value of the effective quantum number 
The may be obtained in each case by subtracting the number shown 
here from n; thus for a 4P term, = 4 — 0.867 = 3.133. A small 
value of the quantum defect means close approximation of the energy 
to the corresponding level for hydrogen. 

Formulas of the Rydberg type, as in Eq. (198), represent only a 
first approximation to the actual term values. For greater accuracy 
more complicated functions of n are sometimes employed in the 



Fio. 91. — Ionization potentials as a function of atomic number. (Reprmted from B. E, 
White, ^^Introduction to Atomic Spectra 


denominator. 2 Such formulas are indispensable in determining series 
limits, and a knowledge of these limits is essential in order to fix 
the zero level of the energy, which is the limit of that series of lines 
which arises from transitions into the normal state. Once the energies 
or term values have been determined for a single set of terms, the 
others can be calculated from the observed frequencies of lines due to 
transitions bet-ween the various terms. 

The term value, or negative of the eiiergjq for the lowest state 
represents the ionization energy of the neutral atom. In Fig. 91 are 
plotted values of the ionization energy calculated in this way and 
expressed in electron-volts for most of the elements. The electronic 
subshell that contains the most easily removed electron is shown below 
the curve. A systematic relation is evident between the quantum 
numbers of this electron and the ionization potentials. 

133, Spin -orbit Effect for an Electron in a Central Field.— Besides 
accounting for the number and location of the terms, an atomic theory, 
to be successful, must lead also to the correct fine structure for the 
^ They are calcxilated as n — We from values of rie or tie// given in H. E, White, 
^'Introduction to Atomic Spectra,^' 1934. 

^ 0/. White, "Introduction to Atomic Spectra,” 1934; Fowlee, A,, "Report on 
Series in Line Spectra,” Fleetway Press, London, 1922. 
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spectral lines. In order to account for the fine structure it is necessary 
to consider the effects that arise from the magnetic moment of the 
electron that is associated with its spin. 

The idea of an electron spinning on its axis can only be considered 
as a picture which suggests more or less correctly the effects of certain 
terms in the relativistic equations of Dirac^ which represent the nearest 
known approach to the correct wave equations (Sec. 117). The Dirac 
equations do not rest on a concrete picture of the electron. It seems 
as if theoretical physics were coming to be based upon certain mathe- 
matical assumptions rather than upon concrete pictures of reality. 
There is, however, a certain similarity between the wave-mechanical 
mathematics and the mathematical treatment of certain classical 
structures, and this analogy may help hy illustrating, and perhaps mak- 
ing plausible, the more abstract treatment by means of wave mechanics. 

Suppose the electron really were, as Lorentz thought it might be, 
a little hollow sphere of electricity, held together in some unknown 
manner but othervdse obeying the laws of classical theory, relativity 
included. Suppose the sphere were set into rotation. Then the 
moving charges on its surface would give rise to circular currents, 
and the sphere would be surrounded by a magnetic field resembling 
that due to a short bar magnet; it would, therefore, have a certain 
magnetic moment. Because of the coexistence of the electric and 
magnetic fields in the space surrounding the electron, electromagnetic 
momentum vmuld also exist there. The resulting vector angular 
momentum about the center of the sphere is found to be just half as 
great in proportion to the magnetic moment as in the analogous case 
of revolution of an electron in an orbit. Because of this fact, it was 
early surmised that the ciuantized value of the spin momentum would 
be half of the ordinary quantum unit and thus of magnitude h/Air- 

Suppose, now, that such a rotating sphere is set in motion across 
an electric field. Then ordinary electromagnetic theory would not 
lead us to expect any special forces to act on the sphere because of its 
magnetic moment. But suppose we view the situation from a moving 
frame of reference, in which the sphere is momentarily at rest and 
apply the theory of relativity. In terms of this moving frame, the 
electric field is accompanied by a magnetic field perpendicular both 
to the electric field and to the direction of motion, as is shown by the 
equations of transformation in Sec. 66.^ If the electric field is that 

1 In those equations, we put iJ® = = Ha = 0, so that in /S there is only an 

electric field. Then = 0, showing that the magnetic field in is perpendicular 
to the x-axis, which is the direction of the motion. Each of the components Ey 
and Ea tren gives rise to a component of H' equal to itself multiplied by 'u/c, but 
in a perpendicular direction. 
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Rc/rer 



clue to a bare niicieus, the nucleus itself will be moving relativel}^ to 
the new frame of reference and may be thought of as generating the 
magnetic field by the usual rule for moving charges. This magnetic 
field will cause the magnetic axis of the sphere to tend to line up with 
the field. 

Returning to the original frame, therefore, may conclude 
that any rotating charged sphere moving transversely across an 
electric field tends to turn so as to make its axis of rotation perpen- 
dicular both to its direction of motion and to the direction of the field. 
If the motion occurs in the direction of the field, or if there is no field 
at all, the axis of rotation retains its original direction. As viewed in 
this frame, the immediate cause of the change in the direction of the 
axis is to be found in a relativistic change in the forces that hold the 
charged sphere together against electrostatic repulsion. 

We do not need to investigate these forces further, but the source 
of the energy associated with them is of interest 
and is easily discovered. When the sphere is aligned 
in the manner just described (Fig. 92), one side of 
it is moving faster than the other side because of the 
combined rotational and translational motion. N ow 
in a frame in which the sphere is at rest, the rota- 
tional velocity of all parts of its surface must be the 
same, by symmetry; but then an application of the 
Lorentz transformation for velocity, Eqs. (56a, 6, c) in 
Sec. 62, shows that, in a frame in -which the sphere 
has translational motion, the surface wdll rotate more slowly on the 
side on -which the resultant velocity is increased by the translational 
motion than on the opposite side. This difference in velocities must 
result in a piling up of charge on the side of higher resultant velocity 
at the expense of charge on the opposite side.^ If the sphere is mov- 
ing across an electric field, the distortion shifts the charge into a region 
of slightly different potential and so alters the electrostatic energy. 
A simple consideration of signs shows that, in the case of orbital 
motion of the sphere under the influence of an attracting center, the 
energy is least wdien the direction of spin rotation is opposite to the 
direction of orbital revolution and is a maximum when these two 
directions of rotation are the same, regardless of the sign of the charge 
on the sphere. 

The magnitude of the change in energy for a Lorentz electron 

d The distortion of the distributed charge can be regarded as equivalent to the 
creation of an electric moment relative to the center of charge. Thus what is a 
pure magnetic moment in one frame of reference becomes in part an electric 
' moment in another. 


Denser 

Fig. 92.™ a 
classical (Lorentz) 
spinning electron 
viewed along its 
axis of rotation. 
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can readily be calculated, but we shall only cite the result.^ In 
dealing with an electron in a central field, it is convenient to introduce 
the angular momentum Gi of the electron about the center of the field. 
Let Gs be its angular momentum of spin, m its mass, c the speed of 
light, and F(r) its potential energy when at a distance r from the 
center of the field. Then the change in energy due to interaction of 
the spin and the field turns out to be 

5^.ifeAcos(e„A), (iffl) 

where Gi and Gs denote magnitudes of these vectors and (Gij Gs) stands 
for the angle between their directions. 

The change in energy as thus calculated from classical theory gives 
a good idea of the analogous wave-mechanical effect, although the 
physical picture of the rotating sphere finds no place in the new theory, 
and the mathematical formulation is naturally quite different. It 
would take us too far afield to describe the wave-mechanical mathe- 
matics in more detail. We shall merely cite the results and endeavor 
to make them plausible by means of semiclassical analogies. 

The quantum states for an electron moving in a central field under 
the influence of the spin-orbit forces are found to differ considerably 
from the nl \ states described in Sec. 118. The new states corre- 
spond in a way to the two simplest cases of the classical motion. 
These are the cases in which the vector angular momentum of spin 
either has the same direction as that of the vector angular momentum 
due to the orbital motion, or has exactly the opposite direction. The 
new states may be characterized as follows. The total orbital momen- 
tum has a fixed value, represented in the usual way the quantum 
number I, and the total spin momentum has likewise a fixed value, 
represented by the number s wher e a = 3^^ ; the magnitudes of these 
momenta are \/l{l + 1) h/2Tr and Vs(s + 1) ^/2 t, respectively. Fur- 
thermore, the resultant momentum, or the vector sum of orbital and 
spin momenta, is also quantized, and may be represented by a quantum 
number j. For some states, j = Z + s = Z + /'t? for others, 

j = Z - s = Z - 

except that, if Z = 0, i = Z + s = The magnitude of the resultant 
momentum is Vj(i + 1) Finally, the component of the result- 

ant momentum in the direction of some chosen axis of reference has a 
definite value, mZi/2T, where m may have any one of the integrally 

^ Feenkel, J., “Lehrhnch derElektrodynamik/’ voL II, Kap. 7, §8, 9, 1926. 
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spaced values from m = j to m = —j. (Sometimes ?»,■ is written for 
m.) 

Thus, if Z = 0, the only possible values forj and ni are j = and 
m = }i or li I = 1, either j = M and m = > 2 , -M> or 

- 34 , or else j = and m = or —}4. If ; = 2, j = Yi or Yt, 
and so on. 

Clearly, both j and m necessarily have half-integral values, in 
harmony with the general rule stated in Sec. 130. The relations 
between I, j, and m may be exhibited in a vector diagram of the same 
general type as that employed for 1 electron in Sec. 115(6). Two 


l-O 




m 


m 

1 

2 ^ 
( 0 )- 

"2 


Fig. 93. — Diagrams illustrating addition of I and s-vectors into a i-vector. 

cases are shown in Fig. 93. The s-vector is drawn in either the same 
or the opposite direction to the Z-vector, to form a resultant j-vector; 
and this vector is then drawn at such an angle to the chosen axis that 
its projection on the axis is of length m. 

The same selection rules are found to hold for j and m that were 
stated in Sec. 130 for the corresponding atomic numbers J and M, 
viz.j 

Aj = 0 or ± 1 (and not j = 0 to j = 0) ; 

Am == 0 or ± 1. 

For a single electron there also exists the special rule, already men- 
tioned in Sec. 131, that I must (in general), change by unity, or 

AZ = ±1. ■ 

The energy is found, as before, to depend chiefly upon the principal 
quantum number n but also to some extent upon I (Sec. 118) ; and 
because of the spin-orbit interaction it also varies a little wdth j. 



m 

I 

( 0 ) 

} 

“2 




1 =/ 
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Thus the single energy level characterized by values of n and I, which 
is found to occur when the spin effect is ignored, is split by the spin- 
orbit effect into two levels corresponding to j = I ± , except in the 

case Z = 0. Usually the energy is (algebraically) higher for the larger 
value of i, viz., j — I + s. Just as it is in the analogous classical motion 
when the two vector angular momenta have the same direction. 

A set of quantum states is thus obtained which is characterized 
by the quantum numbers nl j m instead oi n l \ /i. In most of these 
new states the orbital momentum taken by itself does not have a fixed 
component in the direction of the axis, nor does the spin momentum; 
hence the quantum numbers X and do not exist. The only excep- 
tions are the states, two in number for each I, which have 

j = Z + s = Z + 

and m = ±j; for these states either X = I and m = M or X = —I, 
fj^ respectively. 

The general absence of definite X and m values is understandable 
if it is recalled that a quantum state corresponds not to some par- 
ticular classical motion, which may possess special properties, but in a 
certain averaging fashion to a whole range of classical motions. The 
general case in classical mechanics would be that the spin angular 
momentum is inclined at some angle to the vector orbital momentum; 
then it is easily seen that many different orientations in space are 
possible, all of which allow the same value of the resultant angular 
momentum and of its component along the axis, but in which the 
components of the spin and orbital momentum taken separately vary. 

Even if the spin-orbit interaction itself is omitted entirely, the 
set of nlj m states may be employed in place of the n l \ jjl states; the 
two sets are equally valid alternatives. With the spin-orbit interac- 
tion omitted, the energy is the same for j = Z — 34 as for j = Z + 34 
and thus varies only with n and Z. 

The number of the jm states belonging to given values of n and Z 
is the same as the number of the X/z states. It is easily seen that there 
are 2(j + 34) 2Z + 2 of the jm states Avith different values of n, 
for i = Z + 34, and 2{j + }i) or 21 states for j — I -- 3^, or a total 
of 2(2Z + 1) states. This is the same number as that of the original 
X/z states, where 2Z + 1 different values of X Avere associated each 
Avith tAvo alternative values of ju. It is a general rule that, in cases of 
degeneracy, the number of the independent quantum states is always 
the same, however these states may be chosen. 

Wave Functions for the jm States. — few words may be added con- 
cerning the wave functions. For an electron in a central field, the 
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wave function representing one of theim states contains a radial factor 
analogous to that in Eq, (186) for the hydrogen atom, but this factor 
varies somewhat with j as well as wdth n and L The directional factor, 
on the other hand, is in general a linear combination of the directional 
factors for two of the Xju states. These two states are associated 
with opposite spins; for one X = m ~ and m = for the other 
X = 1.^ and 11 = “M- If? however, j = Z + hi and m = ±j, 

only one \ii factor is used, that with X = I and ji = }4 for m = j, and 
that with X == — Z and /x = -"34 f oi' = ““i- 

If the spin-orbit interaction is ignored, the radial factor is found 
not to differ at all for the two values of j which are associated with a 
given value of Z, and we merely have an alternative set of wave func- 
tions which are individually equal to certain linear combinations of 
the n l \ fi wsive functions. 

134. Fine Structure in Alkali -type Spectra. — The theory developed 
jn the last section is immediately applicable to the energy levels of a 
single valence electron outside of one or more closed subshells, as 
described in Sec. 131. Since the closed subshells do not contribute 
to the angular momenta, the quantum numbers I j in may be replaced 
by the numbers L J M, which are understood to have reference to the 
whole atom. 

The effect of spin-orbit interaction is then to split each of the 
energy levels or terms as previously described into two, one with 
J z= L + and the other with J ■= L — Only the S terms 
(L == 0) are single, with J = }' 2 . Almost always the level with the 
larger J is found experimentally to have the higher energy and, there- 
fore, the smaller term value, in agreement with the conclusion derived 
from wave mechanics. A J level is commonly indicated by adding 
the value of / as a subscript to the letter that is employed to denote 
the value of A; and a superscript 2 may be written in front of the letter 
to indicate that the level belongs to a doublet system. 

Transitions between two given terms will then give rise to several 
spectral lines, forming a spectral multiplet. The number of the lines 
is limited by the selection rule, AJ = 0 or ±1 (Sec. 130). Jumps 
are possible between the single level of any S term, and either 
of the two levels in a P term, and ^Pa^, for which A/ = 0 or 1, 
respectively. Between a P and a P, with levels ^Py^? three 
jumps are possible, viz,, 

AP^^-2p^^, Wy,-^PyT, 

the jump ^Pe/a — 2Pi4 is forbidden, since for it AJ = 2. A triplet of 
lines results in a similar way from the allowed transitions betw^een 


336 


ATOMIC STRUCTURE AND OPTICAL SPECTRA [Chap. VIII 


any other pair of terms. Thus the chief spectrum of the alkali metals 
should consist of spectral doublets and triplets. The origin of the lines 
Just mentioned is illustrated in Fig. 94. Numbers are also added 
in the figure shomng the relative intensities that the lines of each 
multiplet should have according to wave mechanics, under certain 
simple conditions. 

For comparison with the theory, the wave numbers and separations 
of the first four lines of each of the chief series in the spectrum of 
neutral sodium are listed in Table IV. ^ 

The theoretical conclusions as to wave length are seen to be con- 
firmed by the observations. The sharp series, 7iS — > 3P, consists of 






Fig. 94. — Transitions between doublet levels. 


^P'/2^ 



i 


9 

/ 
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spectral doublets, and, as shown in column 5 of Table IV, the frequency 
difference is constant within the experimental errors, representing 
the difference betw'een the and S^P^^ levels. This fact helps to 
confirm the identification of the S levels as made above. 

The principal series of lines, nP — ^ 3S, also consists of doublets 
but with frequency differences that represent the spacings between 
the two levels in various P terms and hence decrease rapidly with 
increasing n. This decrease is in accord with theoretical expectations. 
For. an electron in a Coulomb field, due to a nucleus of charge Ze, 
the separation of the two levels in a term with quantum numbers n 
and Z, due to the spin-orbit effect, is readily calculated to be 


Av - 


amz^ 

nH{l + 1) 


5.87 


Z^ 


nH{l + 1) 


cm.' 


-1 


( 200 ) 


where a is the ^^fine-structure constant,’^ or a = 2Tre^/ch — 1/136.7, 
and R is the Rydberg constant (in cm.“0. This expression is obtained 
by subtracting the value of Wj as given in Eq. (204) for j = J — 34 
from its value for j == Z + )4* Thus in a hydrogenlike atom the spin- 
orbit separation decreases as 1/n^, The observed decrease in the 
spectrum of sodium is even more rapid. 

^ Except for Xll,404 and Xll,382, the wave lengths of the lines were taken from 
the “Massachusetts Institute of Technology Wavelength Tables and converted 
into wave numbers with the help of Kayser^s “Tabelle der Schwingungszahlen ” ; 
the term values were then calculated from the wave numbers, the value of the 
term (41,499.0) being taken from Bacher and Goudsmit^s “Atomic Energy States.” 
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T.1BLE IV. — Some Lines in the Specteum of Neutral Sodium 


Initial term, cm.“^ 


X, angstroms 

Doublet Ap 

Principal series, n^P "^S, ZS ■ 

= 41,449.0 cm.~^ 


BPii 

24,492.8 

16,956.19 

5,895.92 

17.19 

3Pn 

24,475.6 

16,973.38 

5,889.95 


11,182.1 

30,266.91 

3,302.99 

6.15 


11,175.9 

30,273.06 

3,303.32 

sPa 

6,406.4 

35,042.64 

2.852.83 

2.46 

SPs^i 

6,408.8 

35,040.18 

2,853.03 

ePii 

4,151.4 

37,297.64 

2,680.34 

1.40 

6P% 

4*, 152.8 

1 37,296.24 

2,680.44 


Sharp series, n^S 


48 

15,709.4 

1 

8,766.5 

8,783.1 

11,404.2 

11,382.4 

16.6 

5S 

i 

8,248.3 

16,227.28 

16,244.50 

6,160.76 

6,154.23 

i 

17.22 


5,077.3 

19,398.38 

19,415.51 

5,153.64 

5,149.09 

17.13 

I 

7S 

3,437.2 

21,038.40 

21,055.54 

4,751.89 

4,748.02 

17.14 

Diffuse series, * n^D ~~^Z^P. 

3D 

12,276.12 

12,199.50 

12,216.70 

8,194.81 

8,183.27 

17.20 

4D 

6,900.29 

17,575.33 

17,592.52 

^ 1 

5,688.22 

5,682.66 

17.19 

6D 

4,412.3 

20,063.30 

20,080.46 

’ I 

4,982.84 

4,978.58 

17.16 

6D 

3,061.9 

21,413.72 

21,430.90 

4,668.60 

4,664.86 

17.18 


^ Only the mean value of the i)% and levels is shown and only the two strong lines, 


— > 3P5^, nD^/z — > 3P^, 

The lines of the diffuse series, nD — > 3P, should be triplets, according 
to the theory. One line should be very weak, however. The two 
brightest lines result from the jumps 

: ' ' n^Ds/j, 

If Eq. (200) holds roughly for sodium, then, because of the factor 
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Z(Z + 1) in the denominator, the separation 7iDy^ — nD^ should stand 
to the separation — nPi^ in the ratio 1/(2 X 3): 1/(1 X 2) or 
as only 1:3; and, as n increases, the D separation should rapidly 
diminish further. Thus with ordinary resolving power the lines of the 
diffuse series can easily be observed with a frequency difference that 
is nearly constant and equal to the difference SPs/^ — 3Pi^. Dou- 
blets of exactly this separation are formed of course by the faint line 
ZP% and the brighter line D^.2 3Pi,^. The faint line is not 

usually seen; when it was discovered, it was called a satellite^’ of 
the apparent doublet formed by the two brighter lines. 

Thus, the theory accounts very well for the principal features of 
the spectrum emitted by neutral sodium atoms. It is equally success- 


Table V. — Fiest Lines of the Pkincipal Seeies for the Alkali Metals ani> 
One Line of Hydrogen 
X is in angstroms, v in cni."^ 



H 

Li 

Na 

K 

1 

1 Rb 

Cs 

z 

1 

3 

11 

19 

37 

55 

n 

3 — > 2 

2 

3 

4 

5 

6 

Hi 1 

6,562.8 

6,707.8 

5,895.9 

5,890.0 

7,699.0 

7,664-9 

7,947.6 

7,800.2 

8,943.5 

8,521.1 


15,233 

14,904 

16,956 

16,973 

12,985 

13,043 

12,579 

12,817 

11,178 

11,732 

Av 

0.367 

1 

0.34 

17 

58 

238 

554 


ful with the other alkali metals, the spectra of which are qualitatively 
very similar to that of sodium. 

The separation of the doublet levels, however, increases rapidly 
with increasing Z. In Table V are shown the wave lengths and the 
wave numbers of the D lines or their analogs {i.e., the first lines of the 
principal series) for all of the alkali metals, and also the doublet differ- 
ences for these lines. The theoretical value of Kv for the first Balmer 
line of hydrogen, obtained by setting = 1, = 2, Z = 1 in Eq. (200), 

is also given for comparison. The data in the table show that the D 
lines, which are 6 angstroms apart in the sodium spectrum, are 422 
angstroms apart in the spectrum of cesium. 

The enormous departure of Av from the hydrogen value for all 
alkali metals except lithium, in spite of the progressive increase in n, 
is in strong contrast with the more moderate departure of the energy 
levels themselves, as shown by Fig. 90. This may be regarded as 
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resulting from great sensitiveness of the spin-orbit effect to the char- 
acter of the central field near the nucleus, which is clearly evident 
from the expression for the spin-orbit energy as given in Eq. (199). 
Near the nucleus the field of the nucleus itself must predominate; so 
that approximately V = —Ze^/r^ and 

r dr ^ 

Avhich increases much more rapidly than does the numerical value of 
V itself as the nucleus is approached. The variation of the spin- 
orbit effect among the alkalies furnishes an excellent illustration of 
the tendency of this effect to be small in atoms of low atomic number 
but to increase to an enormous magnitude as the atomic number 
becomes large. 

135. Multiplet Levels for One-electron Atoms. — In the last sec- 
tion; a theory of the fine structure of spectral lines due to spin was 
developed for atoms containing a valence electron outside of closed 
subshells. The same theoretical treatment should be applicable also 
to atoms containing no subshells at all, i.e.^ to atoms such as those of 
hydrogen which contain only a single electron. In this latter case, 
it is customary to use small letters, Ij m (or m,*) instead of L / M; then 
j = if = 0, otherwise, j = ^ + 34 or Z — 

In the 1-electron atom, however, a curious accident occurs. In 
the nonrelativistic theory, as we have seen in Sec. 115, all states for 
a given n have the same energy, regardless of the value of L In the 
relativistic theory this is not quite true. The wave equation contains 
certain other small terms of relativistic origin, besides those giving 
rise to the spin-orbit effect, and these other terms cause the energ}" to 
vary somewhat with 1. Now, in a 1-electron atom this relativistic 
variation happens to be of the same order of magnitude as the spin- 
orbit effect itself; in fact, the net result of both effects is that 
levels having different values of I but the same value of j fall exactly 
on top of each other. The energy diagram for such atoms is thus very 
peculiar. Somewhat similar relativistic effects occur also in atoms 
containing 2 electrons (and in them the interaction between the spins 
of the 2 electrons is important) ; but in such cases the relativistic dis- 
placement of the various L terms is much smaller than is their displace- 
ment due to the electrostatic repulsion between the electrons, so that the 
relativistic correction is unimportant. 

The situation in the l-electron atoms is illustrated in Fig. 95, 
which refers to the hydrogen levels with n = 2. The single line at the 
left represents the energy as given by BohEs theory, Eq. (136) in 
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Sec. 94. The two solid lines in the center of the diagram show this 
level as split into two, a P and an S term, in consequence of what is 
called the ordinary’’ relativistic correction. The addition of the 
spin-orbit effect then splits the 2P term into the usual doublet with 
i = ^ or but an additional special” spin correction raises the 2S 


level so that it coincides with the 
2 Pi 4 level. The net result, as 


n^2 



Fig. 95. — The fine structure for 
n = 2 for ordinary hydrogen: at left, 
nonrelathdstic theory; center, as modi- 
fied by the ordinary relativistic correc- 
tion; right, actual arrangement of levels. 


shown at the right in the figure, 
is just two separate levels ^ a single 
one with j — % and a composite 
level with j == In a similar 
way, the 3>S^ level comes to 
coincide with the 3P^^ level, and 
ZPz/ 2 , also coincides with 31)^/^, 
w^hereas 31)^ stands alone; and so 
on. Thus for each value of n 
there are only n different energy 
levels, with j == 3^, %, * * * 

n — ; but all levels except that 

for the largest j, j = n -- are 


double. The low^est level of all, wdth n = 1, is still single. 

Exact formulas for the energy levels can be obtained by solving 
the Dirac relativistic wave equation (Sec. 117). The result for the 
energy of a level specified by quantum numbers n and j is^ 


Wni = 


1 + 




- i -- M + V(i + rj 


Here a stands for the “fine-structure” constant: 

“ “ ^ ( 201 ) 

This happens to be exactly the formula obtained by Sommerfeld 
on the basis of the old quantum theory, assuming elliptical orbits 
but allowing for the variation of electronic mass with speed, except 
that he used a different set of quantum numbers. His theory has now 
been superseded by the wave-mechanical treatment; a short descrip- 
tion of it was given in Sec. 102.^ 

For most purposes, it is sufficient to expand the expression written 
above in powers of and to keep only the first two terms of the 

1 Cf. Daewix, C. G., Roy. Soc., Proc., vol. 118, p. 654 (1928). 

■ 2 Cf. SoMMBEFELD, A., Atomic Structuie and Spectral Lines/^ Methuen & Co. 
Ltd., London, 1929. 
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expansion. By patiently applying the binominal theorem to one 
radical or fraction after another, one finds eventually that 

_ mc^a^Z^ mc^a^Z^f 6 1 \ 

- 2n^ 2n* \4?i f+Ji/ 

ergs. Let us divide this by he to convert it into wave-number units 
and then introduce the Rydberg constant or [c/. Eq. (1466) in Sec. 97] 


2 jr%e^ _ mca- 

~ch^ W 


( 202 ) 


by (201). Then, in wave-number units, as far as terms in a.", 


RZ^ amZ* ( 3 _ 1 \ 

n® \4n j -f }i/ 


(203) 


The first term in this expression for W^j is the ordinary nonrelativistic 
value of the energy [Eq. (187) in Sec. 115], The second term repre- 
sents the combined relativity-spin correction; it cannot exceed in 
magnitude a fraction a® or 5.35 X 10"® of the first term. The part of 
the second term that varies with j can be written 


A, -IT = - 


n^U + H) 


-5.87 


Z^ 

n^(J + yi) 


cm."^ 


(204) 


We note that this term in the energy, which determines the fine struc- 
ture of the energy levels, decreases rapidly with increasing n. 

The approximate formula (203) is easily obtained by making in 
succession the two corrections mentioned above, with the help of the 
perturbation theory, to be described in Sec. 137. It may be of interest 
to write down the results of the successive steps. The ordinary rela- 
correction to the energy is found to be 


, 3amZ^ a-RZ^ 

- 4 -^ 71®(Z -t- H)' 


(205) 


This is the same as Sommerfeld’s correction for variable mass. It 
causes the splitting of each level for given n into n sublevels with 
; = 0 , 1 , • • ■ n — 1. The spin-orbit correction is then found to be, 
for I >0: 

i = I + K : - I ^ 1 n^(2i -f 1) ^ 

• , 1 / , ^ 1 c^RZ^ _ 


(206o) 

(2066) 
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For Z = 0, the spin-orbit effect vanishes. The special spin correction 
is likewise found to vanish for Z > 0, but for Z = 0 it is 

a^-RZ\ 

■: 

This latter expression happens to be exactly what we get for AJF if 
we put Z = 0 in Eq. (206a). Hence, w^e can forget the special spin 
correction entirely provided we drop the restriction that Z > 0 in using 
Eq. (206a). 

Upon adding AiW and AsW from (205) and (206a) for the n levels 
that have j — I and expressing the result in terms of j, we obtain 

the second term on the right in Eq. (203). 
The same result is obtained, in terms of j, 
for i = Z — 3^, if we use (205) and (2066). 
Hence, the n — 1 levels with j = Z — 
coincide Avith n — 1 of the levels that 
have j = Z + and the number of dis- 
tinct levels, as already stated, is only n. 

136. Fine Structure of Spectral Lines 
from One-electron Atoms, (a) The Theo- 
retical Patterns. — ^The formulas for the 
energies fix the frequencies of the spectral 
lines to be expected. If the pair of levels 
having given values of n and j is treated 
as a single multiple level, no attention 
need be paid to the selection rule for Z in 
determining the alloAved jumps betAveen 
such levels; it is sufficient to observe the 

Fig. os'-Theoreticai' fiile Selection rule f Or J (Sec. 133) : 

structure of the Hai line {n = Z \ * a i 

— > n = 2) for atomic hydrogen. Aj = U Or i l. 

For, if a jump is alloAved by this rule, component quantum states 
satisfying the condition that AZ = ±1 can always be selected. 

As an example, the levels and alloAA^ed jumps for n = 3 and n = 2 
are shoAvn in Fig. 96. (The spacings betAveen the j levels are shown 
to scale, but on the same scale the distance betAveen the tAA’-o groups 
Avould be some 24,000 times larger than as shoAvn.) The selection 
rule for J alloAvs five transitions, as shoAvn by the arrov^s. If changes 
in Z are considered as well, as a basis for the introduction of standard 
spectroscopic notation, we find seven transitions, tAvo pairs of them 
producing identical frequencies; denoting Z = 0, 1, 2 by S,P,D as 
usual, we have as transitions: —> 2P^^, 31)^^ 2Pi,^, 
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2S^i, Wy, •-> 2Sy, SSy, 2Py, and SSy 2Py,. Tiie rela- 
tive spacing of the five distinct lines is shown in the lower part of 
Fig. 96, the heights of the lines as drawn representing the theoretical 
relative intensities of the spectral lines on the assumption that all 
five quantum states for n = 3 are equally excited (f.c., that as many 
atoms are excited into one state as into another). 

(&) Comparison with Experiment for Hydrogen . — The of 

the Balmer series of hydrogen were early observed as close doublets. 
In 1887, Michelson and Morley measured the doublet separation 
for the line of longest wave length, Ha or n = 3 ?i = 2, and found 
for it 0.253 cm“h Subsequent measurements by other investigators 
gave values ranging from 0.293 to 0.357. The modern interpretation 
of the doublet appearance is that the five component lines are smeared 



cm’* cm' 


Fig. 97. — Typical intensity curves obtained for the Ha line froni hydrogen (Ha) 
and deuterium (Da) . Intensity is on an aribtrary scale, and the abscissa is numbered 
from an arbitrary point. {After Williams.) 

together because of the Doppler broadening of all lines due to the 
thermal motion of the molecules, but two of them are much more 
intense than the others. The only means of comparing the observa- 
tions with the theoretical predictions is, therefore, to calculate the 
contour of the total line from the theory, using the theoretical separa- 
tions of the fine structure and the theoretical estimates of the relative 
intensities of the component lines, and then making an approximate 
allowance for the Doppler effect. 

The line Ha has been studied very carefully in this manner. In 
Fig. 97 are shown typical curves obtained by R. C. Williams^ for 
the spectral distribution of intensity in the Ha line from ordinary 
hydrogen and from deuterium, or heavy hydrogen, the atoms of which 
are about twice as heavy as those of ordinary hydrogen and ought, 
therefore, to be influenced less by the Doppler effect [Sec. 152(a)]. 
The discharge tube was cooled by liquid air to minimize the broad- 

^ Williams, Phys. Rev., vol. 54, p. 558 (1938). 
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ening. The light from the tube was dispersed by a triple-prism spec- 
trograph containing a quartz Fabry-Perot etalon placed in the parallel 
beam of the collimator^ and photographs were taken of the spectral 
region containing the Ha line. The blackening on the film was 
measiu^ed with a Moll microphotometer using a thermocouple and 
galvanometer, and from these measurements the relative distribution 
of intensity in the line could be determined. 

At most three of the theoretical component lines are evident in Fig. 
97; one of the others is too close to the left-hand main line to be 
resolved, and the remaining one is evidently too weak to be seen. 
Theoretical line shapes, as influenced by the Doppler effect, are 
drawn in the figure for the three lines, the assumed strengths of the 
lines being so adjusted as best to reproduce the observed curve of 
resultant intensity. The strengths of the lines as thus inferred from 
the observations agree only roughly with the theoretical predictions. 
The left-hand line ought to be somewhat stronger and the middle one 
only about half as strong. Such deviations might be due, however, 
to unequal excitation of the initial levels Ps^i, A much 

more serious discrepancy is that the spacing of the lines does not quite 
agree with the theoretical predictions. The distance between the 
two main peaks was found by Williams to be consistently 0.319 to 
0.321 cm.""^ for Da, 0.315 to 0.319 cm.~^ for Ha, whereas wave- 
mechanical theory predicts, from the level separations as shown in 
Fig. 96, 0.367 — 0.036 = 0.331 cm."”^ The small central peak seems 
also to occur at about 0.134 cm.""^ from the right-hand one, whereas 
the theory gives for this separation 0.109 cm.“’^ The cause of these 
discrepancies between theory and observation — whether they are due 
to some unrecognized experimental complication or to some further 
slight correction required in the theory — is not yet known. ^ 

The remark may be added that, because of the fine structure and 
the relativity correction, the simple Balmer formula for the frequencies 
of the Balmer series is not quite adequate. The following empirical 
formula of the more general Rydberg type gives very closely the wave 
numbers of the centers of the lines of the Balmer series of hydrogen 
when seen unresolved:^ 


= 109,678.28 




1 

(2 - .00000383)2 
m = 3, 4, 5, * ' * 


1 

(m + .00000210)2 


^ C/. Dkinkwateb, Richardson, and W. E. Williams, Roy, Soc.^ Proc., vol, 
174, p. 164 (1940). 

2 Fowler, “Report on Series in Line Spectra,^’ Fleetway Press, London, 1922. 


Sec. 137] 


LS OB BUSSELL^SAUNDERS COUPLING 


345 


(c) Ionized Helium . — According to Eq. (204)/ tlie fiiie-striictiire 
separations should be 2^ or 16 times as great in lines emitted by an 
ionized helium atom as in the corresponding lines from hydrogen. 
A careful study y/as made by Paschen^ of the line X = 4^686 A from 
ionized helium. At the time, his observations were important because 
they confirmed the wave-mechanical theory as 
against Sommerfeld^s extension of Bohr^s 
theory. 

The line in question results from the jump 
= 4 to '?i = 3 and so corresponds to the long- 
est line of Paschen^s infrared series for hydrogen. 

From the energy-level diagram, shown in Fig. 

98, and the selection rules, it is evident that 
there should be eight fine-structure lines, here 
labeled abcdefgh. According to Sommerfeld’s 
theory the lines c and Qj arising from jumps in 
which Aj = 0, should not appear. In place 
of j + in the formulas, Sommerfeld wrote 
a quantum number referring to the orbital 
angular momentum and this quantum number 
was subject to the requirement that in a tran- 
sition it must change by unity. This rule rested 
on grounds equivalent to those that lead to the 
modern rule that A? = ±1, and it seemed to 
be very hard to eliminate it from the theory. 

Paschen’s observations are compared with 
the theoretical predictions in Fig. 99. Compo- 
nents a and 6, as predicted by both theories, 
are undoubtedly unresolved in Paschen^s ab. 

The weak components, c and c, were probably 
unresolved from d and /. But Paschen found a 
fairly strong component which is predicted 
by the newer theory but is absent in the older one. This fact is 
decisive in favor of wave mechanics. 

137. LS or Russell-Saunders Coupling. — In dealing with the 
spectra emitted by atoms containing a single valence electron it was 
possible largely to ignore all the other electrons because they were 
grouped into closed subshells. Effective allowance for the electro- 
static repulsive action of these electrons on the valence electron could 
be made by assuming a suitable modified central field in which the 
valence electron was assumed to move. This procedure is no longer 

^ Paschen, Ann. d. PAl/sife, vol. 82, p. 689 (1927). 


11^4 


n = J 




'h 






u b c di e f g h 

Fig, 98. — Diagram 

for the fine structure 
of the line X4,686 (n == 
n — 3) of ionized 
helium. The two heavy 
lines indicate the levels 
according to the original 
Bohr theory. 
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adequate when there are 2 or more electrons outside the last closed 
subshell. Then, in addition to spin-orbit effects, the mutual repulsion 
of these outer electrons must be dealt with more explicitly. 

The principal mathematical method that is available in extending 
the wave-mechanical theory to such atoms is what is called the 
perturbation^’ theory already mentioned in Sec. 120. The most 
important results that follow from the use of this method will be 
described here in terms of quantum states and the associated angular 
momenta. In the next section, a few remarks will be added concern- 
ing the mathematical method itself. 

In applying the perturbation method, both the residual effect of 
electrostatic repulsion, over and above the average part of this effect 
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Fig. 99. — Fine structure of the helium line X4,686 (cf. Fig. 98). The dotted line 
gives the position of the single line predicted by Bohr’s theory. Lengths of lines give 
relative intensities (qualitatively). 


that is included in the central field, and all spin-orbit interactions are 
at first ignored. Mathematical expressions representing the quantum 
states for the atom are then easil}^ found. Afterward, a correction 
is introduced for the omitted effects. If these effects are small, the 
correction for them possesses high accuracy. The method is named 
after the analogous method used by astronomers in calculating the 
motions of the solar system; in the astronomical calculation, each 
planet is assumed to move in an elliptical orbit around the sun, and 
then corrections are made for the perturbations due to the attractions 
of the other planets. 

When the outer electrons are assumed to move in a spherically 
symmetrical field, without mutual repulsion and without any spin- 
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orbit interactions, each electron can be assumed to occupy an elec- 
tronic quantum state labeled with quantum numbers ri I \ as 
described in Sec. 120. If N electrons are simultaneously present in 
the field, they will occupy n such quantum states, characterized by 
quantum numbers ni h Xi h X 2 ms, * * * In X.v fiy. Any such 
set of n electronic quantum states determines a quantum state of the 
atom, which is called in perturbation theory a state of ^^zero order.’" 
Alternatively, however, we can also start with electronic quantum 
states of the type employed in Sec. 133, where the states are labeled 
with the numbers n I j m. Which type of electronic state it is best 
to use depends upon circumstances. In the present section the 
nl \ IX states will be assumed. 

With either type of electronic state, so long as spin-orbit effects 
are ignored, the energies of the electronic states themselves, and also 
the energy of the whole atom, depend only upon the values of n and I, 
A set of values of n and Z, ni h, k, Z 3 , * * * ^n In, is said to 
define a configuration of the N electrons. A compact form of notation 
is in use among the spectroscopists for configurations. Thus, 2s3d 
denotes a configuration of 2 electrons in which, for 1 electron n = 2 and 
Z = 0, while for the other n = 3 and 1 = 2. Again, lp^2p means that 
there are 2 electrons with n = I and I = 1, and another with n = 2 and 
I = 1 . 

An important selection rule holds for the configurations. It was 
partly stated in Sec. 129. Radiative transitions occur only between 
levels belonging to two configurations which differ in just one electronic 
state; furthermore, the values of I in these two differing states must 
differ exactly by unity. Thus transitions may occur between a level 
belonging to a 2s3p configuration and one belonging to a 2s3d con- 
figuration, but not between 2^3^ and 2p3d, because here both elec- 
tronic states are different, and not between 2s3p and 2s4/, because 
here AZ = 2 for the second electronic state. The existence of this 
selection rule for configurations results in a great simplification, because 
it diminishes the number of possible transitions that have to be 
considered. 

Let it be assumed for the present that no 2 electrons have the 
same values of both n and Z; for example, the combination 2,1 might 
occur together with 1,2 or 2,2, but not with another 2,1. Then all 
values of the X’s and the us may be assumed freely in defining quan- 
tum states, without fear of conflict with the Pauli exclusion principle. 
The consequences of dropping this restriction will be described briefly 
in Sec. 141, ■■ ■ 

Now, taking a step forward in the perturbation argument, con- 
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sider the effect of introducing the residual electrostatic repulsion of the 
N electrons. If this effect is small, it will modify the atomic quantum 
states and energies only slightly, provided we start with the right set 
of initial zero-order states. The necessity for starting with the right 
initial states corresponds closely to the following classical analogy. 

A pendulum bob hung on a stout, symmetrical wire can swing with 
a certain definite frequency vq in any plane. It can swing east and 
west, for example, or north and south; and vibration in any other 
plane can be regarded as a combination of these two motions, each 
with a suitable amplitude and phase. As an alternative, any other 
pair of perpendicular planes might be chosen for the component 
vibrations. This is a case of degeneracy. But now squeeze the wire 
with pliers so as to flatten it in a NE - SW direction. Thereafter, 
steady oscillations in a fixed plane are possible in only two directions. 
The bob can swing either in a NE - SW plane with a frequency vi or 
in a NW - SE plane with a frequency ^2, and being slightly 
different from each other and from ro. If the bob is started swinging 
in any other direction, a combination of these two vibrations occurs 
and the bob executes a Lissajous figure. The two fundamental vibra- 
tions must now be chosen in two fixed directions; thus flattening the 
wire has removed the degeneracy. 

In the atomic case a clue to the correct choice of the initial quantum 
states is furnished by considerations of angular momentum. If the 
electrostatic repulsion is fully active, according to classical mechanics 
the individual orbital vector angular momenta of the electrons will 
be subject to large fluctuations; but the vector sum of these angular 
momenta, or the total orbital momentum of the atom about the nucleus, 
will remain fixed, since the forces representing the mutual repulsion 
of any two electrons, although equal in magnitude, act in opposite 
directions along the same line. This fact suggests, in agreement with 
conclusions drawn from wave mechanics, that, in order to accommodate 
the residual electrostatic repulsion as a perturbation, the zero-order 
atomic states should be chosen so as to quantize the total orbital 
momentum. At the same time it is possible and advantageous to 
quantize the total spin momentum. 

In zero order of the perturbation theory, with the electrostatic 
repulsion still missing, it is found possible to construct atomic states 
having the desired characteristics without disturbing the electronic 
quantum numbers h, h, * * • Inj or their significance in terms of 
electronic momenta. Thus it is possible to speak of each atomic 
state as belonging to a definite electronic configuration. The elec- 
tronic quantum numbers Xi /u, X2 ^2, * * • Xiv jwv, however, disappear 
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and are replaced by four atomic numbers. Two of these atomic 
numbers may be defined as follow^s: The total orbital momentum has a 
magnitude L{L + 1) h/27r, and the total spin momentum has a 
magnitude 'x/SiS + 1) h/27r, where L and S are positive iiunibers 
(or zero). The possible values of L that can occur for atomic states 
belonging to a given configuration always form a series difiering from 
each other by unity, and the same is true for the possible values of ,*S, 
The possible values of L that can occur in a given configuration 
be inferred from a vector diagram that represents in a limited sense the 
vector addition of the electronic orbital momenta into a resultant. 
This is illustrated for two different configurations of 2 electrons in 
Fig. 100; the diagram for any number of electrons is analogous. 
From the diagram it is obvious that the maximum possible value of L 
for a given configuration is SZ, the sum of the values of I for all the 
electrons ; and all values of L will be, like I for any electron, integral 



rij, U , ^2^ 


Fig. 100. — Diagrams illustrating addition of two ^-vectors into an L-vector» 

or 0. States occur with all values of L that differ from SZ by an integer 
and are allowed by the diagram. For example, if Zi == U == Zg = 1, 
then alternative values of L are iv = 3 or 2 or 1 or 0. If li = 4, 
U = 1, h = 1> then L = 6, 5, 4, 3, or 2. If any Z = 0, it may be 
disregarded. 

As was noted in Sec. 131, letters are very frequently written in 
place of numbers to denote values of L\ Sj P, D, F , (?, H, I, iT, etc., 
stand, respectively, for L = 0, 1, 2, 3, 4, 5, 6, 7 • • * . (The letter S 
representing a value of L must not be confused with the quantum 
number S. This feature of the established notation is unfortunate.) 

An exactly analogous method holds for S, as is illustrated for N — 3 
and N .= 4: in Fig. 101. Since all electronic spin vectors are of length 
§ =; the maximum value of S is obviously Ss = *V/2, and all 
values of iS derived from a given configuration must be integral (or 
zero) or half -integral according as the number N of electrons in the 
configuration is even , or odd.' b',''' 

Simple selection rules are found to hold for L and S. This is one 
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of tile most important properties of these numbers. For S the rule 
is thatj in any radiative transition from one atomic state to another, 

AS = 0. (207) 

This restriction corresponds in classical mechanics to the fact that the 
existence of spin and of its associated magnetic moment has no 
appreciable effect upon the emission of radiation. Because of this 
selection rule, in the absence of all spin-orbit interaction, the atomic 
energy levels may be divided into broad, noncombining classes, each 
distinguished by a different value of S; levels belonging to one class 
combine in the emission or absorption of spectral lines only with 
other levels belonging to the same class. 



3electrons 46lecfrons 

Fig. 101. — Diagrams illustrating addition of s-vectors into an ^S-vector. 


The analogous selection rule for L is 

AI/ = 0 or ± 1 (and not 0 0). (208) 

Thus S levels (L = 0) can combine only with P levels (L == 1) ; P 
levels can combine either with S or with D levels (L = 2); D levels 
can combine either with P or with F levels (L = 3) ; and so on. A 
special case of this selection rule has already been encountered in 
dealing with atoms that contain a single valence electron (Sec. 131). 
So long as the closed subshells in such an atom remain undisturbed, 
all momenta are determined by the momenta of the valence electron 
alone (Sec. 130); thus S = s = and only one class of atomic states 
occurs. The occurrence of atomic states characterized by quantum 
numbers L and S obeying the selection rules that have been stated 
is called L/S or Russell-Saunders coupling (of the electronic momenta).^ 
The individual atomic states are not completely determined, how- 
ever, by their values of L and >S. The specification of a state can be 
completed in many different ways, of which the most important yield, 
respectively, LSAl^ or LSJM states. 

^ Bussell and Saundees, P, voL 61, p. 38 (1925). 
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In one of the L S A S states, the total orbital momentum has a 
definite component of magnitude A/i/2ir, and the total spin momentum 
has a component S/i/2ir, in the direction of any chosen axis, where A 
is a number that may assume any one of the integrally spaced values 
from —L to L, and S may assume independently any one of the 
integrally spaced values from — S to <5. Thus A is always integral, 
whereas S is integral or half-integral according as S is.^ The selection 
rules for A and S, in the absence of spin-orbit interaction, are 

AA = 0 or +1, AS = 0. {209a, b) 

Alternatively, atomic states may be chosen in which the vector 
mm of the orbital and spin momentum has a fixed magnitude of 


S=t 


J--2 




LS 

' 11 ' 

J--0 



s 

% 

J-i 


L = l, S=1 

Fiq. 102.— Diagrams illustrating addition of an L- and an S-veotor into a J-vector. 

^j/j + 1 ) /i,/ 27 r, and its component in the direction of the chosen 

axis has simultaneously the fixed value MV2ir, where i¥ may be any 

one of the integrally spaced numbers from - / to J. f his is an example 
of the J M states described in Sec. 130, which are always possible 

states for an atom free from external force. ^ _ 

The values of J that can occur, in association with gwen valu^ of 
L and S, may easily be found from another vector diagram. T is 
one represents the vector addition of the L- and S-vectors, in coire- 
spondence with the vector addition of the classical orbital and spm 
momenta into a resultant momentum. Two cases are lifted m 
Fig. 102. The maximum possible value of J is always J L + b, 

then all integrally spaced values may occur doAvn to l(i A) I- i-Aus, 

a S = 0, / - L. ody; ii L - 0. J ~ 

two alternative values of J are possible. If o / 2 , /2 

L = 0, but J =L + y 2 0 vJ=L-H for 

as in the atoms with 1 valence electron ( ec. ' ). ^ M are 

L = 3, then J = 4 or 3 or 2. The selection rules for J and M are 

stated in Sec. 130. . ■n-nm'KAr 

The number of states in an 1 S A S set .s the same as 

in the eorresponding LSJM set; mi m mther 

possess no further degeneracy (so long as nuclear spm is neglected). 
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In some configurations, however, two or more independent sets of 
such states occur having the same values of L and S. 

As ' already stated, in the zero-order approximation the atomic 
energy is the same for all of the states belonging to a given configura- 
tion, Avhatever may be their values of L and S. This degeneracy 
of the atomic states becomes reduced, as we shall see in the next two 
sections, when allowance is made for the residual electrostatic repulsion 
of the electrons and for the spin-orbit effect. 

Furthermore, in Sec. 142 an alternative form of electronic coupling 
knovm asi/ coupling will be described. This type of coupling is espe- 
cially useful in dealing vdth heavy atoms. 

The LS Terms . — The electrostatic repulsion of the electrons, as 
already stated, has no effect upon the orbital and spin angular momenta 
of the atom as a whole. Hence, regardless of the strength of this 
repulsion, the atom can occupy a quantum state of either L S K h ox 
L S J M type, and the appropriate selection rules will hold. The 
repulsion has, however, the effect of separating the various groups of 
states, each characterized by a value of L and of with respect to 
the atomic energy. The separated energy levels thus produced may 
be called LS levels, or, when the negative of the atomic energy is used, 
LS terms. 

It seems obviously reasonable that the residual electrostatic repul- 
sion should separate terms that differ only in the value of L; but it 
may seem strange that electrostatic repulsion should separate even 
terms having the same L but different values of S, since the repulsion 
has nothing to do with the magnetic moments associated with elec- 
tronic spin. In the mathematical theory the repulsion is effective in 
such cases by means of the feature called the “electronic exchange 
effect, which has no analog in classical mechanics. This same feature 
was cited in Sec. 125 as the cause of covalent bonding in chemical 
compounds. A difference in the arrangement of the electronic spins 
requires that the atomic wave function shall be a different function 
of the coordinates of the electrons, and these differences in the wave 
function are associated with differences of energy. 

The electrostatic repulsion of the electrons also disturbs the sepa- 
rate angular momenta of the individual electrons. If the repulsion 
is weak, however, its effect in classical mechanics is chiefly to cause a 
precession of the normals to the orbital planes of the electrons, similar 
to the precession of a gyroscope under applied forces; there is little 
change in the actual magnitudes of the electronic momenta themselves. 
Analogously, in an atom in which the electrostatic repulsion is pretty 
effectively represented by the electronic contribution to the central 
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field so that only a small residual repulsion remains for further con- 
sideration, each atomic state can be assigned definitely to a certain 
electronic configuration, as defined by a certain set of the electronic 
Quantum numbers n and 1. The selection rale for configurations will 
then hold well for the emission of spectral lines. At the other extreme, 
however, there are cases in which the residual repulshm effect is so 
stron-- that it is difficult or impossible to assign certain Lb terms to 
any particular configuration. In such cases the quantum numbers n 
and I lose their significance, and the selection rule for configurations 
fails more or less completely. Many intermediate cases also occur. 

Note on the Wave-mechanical Theory.— The discussion of the mathe- 
matical theory that was given in Sec. 120 may be resumed here for a 
moment. The construction of wave functions representing the zero- 
order LSNX or LSJM states belonging to a given configuration 
of the electrons is effected by making suitable linear combinations 
of the atomic wave functions as these are first obtained out of the 
electronic n Z X ju wave functions. The requisite linear combina _ 
are analogous in mathematical form to those mentioned m Secs. 1 
and 120 The appropriate selection rules are then discovere y ca 
culatino’ matrix components of the electronic coordinates; tffis proce- 
SnTtutes an extension of the calculations menttoncd m Sec. 

“°Wh.n the tcave equation is then corrected by adding terms to 
represent the residual electrostatic repulsion and the spm-orbit intei 
alAr'frnTi the zero-order wave functions are no longer 
“iTsSti^^ ^S^qtluon H, hoover, the eSect of these added 
terms in the wave equation is small, the zero-order wave functions 
may constitute very good approximations to the exact solutions, pio- 
vided the zero-order functions are properly chosen from among the 
Sts that are possible because of the deg« A gen- 

of functions having the properties in terms of angular momen a 

Sr«cti«'to the atomic energy that is ass»iatod 
rdth anfa^rtiiZe tvave function* can then be found by evaluating 
the integral 

j4'*Hi^dq 

,here *• denotes^ -pta »o«u^^ of 

r o^rT’it'XTp— le vLs for .11 coordinates of .11 
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electrons in the atom. A first-order correction for itself can also 
be formed; and then a second-order correction to the energy, and so 
on; but the mathematical difficulties in the way of doing this are so 
great that the procedure has hardly ever been carried beyond the 
first order. 

Further details of the mathematical theory must be sought in 
other books or in the literature. 

138. LS Multiplets. — As has been stated, each LS level corresponds, 
in general, to a group of distinct quantum states for the atom, which 
can be so chosen that they are appropriately labeled by the quantum 
numbers J and iif. Degeneracy exists, so long as spin-orbit effects 
are ignored, in that in all the states forming a given LS set the atomic 
energy has the same value. 

l^Tien, finally, the spin-orbit interactions of the electrons are taken 
into account, this degeneracy is partly removed. The atomic states 
continue to form groups each characterized by a certain value of /, 
but the groups themselves are separated from each other in energy. 
Thus each of the original LS levels is, in general, split into two or more 
levels characterized by different energies and by different values of /. 

If the spin-orbit effect is relatively strong, the orbital and spin 
momenta of the atom are not separately quantized, and significant 
quantum numbers L and S do not exist. A case of this sort will be 
discussed later, under the heading of jj coupling (Sec. 142). If, on 
the other hand, the spin-orbit effect is much weaker than the residual 
repulsive effect, the orbital and spin momenta are little affected by the 
spin-orbit interaction; the quantum numbers L and S then retain 
approximate validity, and the associated selection rules hold well. 
In this case we have, out of each of the original LS levels, a close 
group of LSJ levels called an LS multipleL Only this case will be 
considered further at this point. 

As was stated in the last section, the values of J belonging to an 
LS term include all integrally spaced values that satisfy the inequality 

|L - ^1 g J g L + ^. (210) 

Thus, if i == 0, it follows that J — S, whereas li S = 0, J = L, and 
in either case the multiplet reduces to a singlet. Otherwise, it is 
easily seen that, whether S is integral or half-integral, if L ^ S, J 
takes on ail the 25+1 integrally spaced values from L + S down to 
L — 5, inclusive; whereas, if L < S, J takes on the 2L + 1 integrally 
spaced values from S + L to S — L, 

The number of J levels composing an LS term is called the multi- 
plicity of the term and is commonly written as a superscript at the 
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upper left-hand corner of the letter denoting the term. Thus 
denotes a doublet D term, withL = 2, aS = and with two possible / 
values:!/ + S — — S = To denote an individual level, the 

J value is added as a subscript. Thus a W term contains the levels 
If L = 2, but S — Ij ^Ye have a triplet D term, with com- 
ponent levels ^Ds, ^D 2 , ^Di. 

For convenience, even whenL < S, the same multiplicity, 2S + 1, 
is indicated in the notation, although the number of levels now equals 
2L + 1 and therefore is less than 2>S + 1. The reason for this practice 
is that, because of the selection rule for 5, A/S = 0 (Sec. 137), the value 
of 2S + 1 tends to remain the same in a radiative transition. The 
terms can thus be classified into more or less noncombining groups 
according to the values of 2/S + 1, and the superscript serves to indi- 
cate at once to which class a particular term belongs. 

Because of these relations, the observed number of levels composing 
a given multiplet obviously furnishes important information in regard 
to the values of L or of S that should be assigned to the term. If the 
observed number of levels is r, this number must equal either 2L + 1 or 
(more commonly) 2S + 1, hence, either L = (r — l)/2 or, more likely, 
S = {r — l)/2. A further test may then be made by noting whether 
or not the value of A or /S so inferred is consistent with the selection 
rules as applied to transitions between the given multiplet of levels and 
other multiplets for whiah L or S may be assumed to be known. 

All allowed transitions between twm multiplets of levels, taken 
together, give rise to a group of spectral lines which may be called a 
spectral multiplet of lines. The student should distinguish carefully 
bet^veen multiplets of levels and multiplets of lines. Often one can 
tell only from the context whether the "word “triplet,’^ for example, 
refers to three energ}?- levels or to three spectral lines. 

In Table VI are showm the levels composing some of the types of LS 
terms that are commonly met with. Only singlet, doublet, triplet, and 


Table VI. — J Levels Composing Some LS Terms 


L = 

0 

1 

2 

3 

o 

II 


"Pi 


W, 






1 


^P.^PI^P^ 1 





^P^i^Ps/PPs^ 




quartet terms are shown, but quintet, sextet, septet, and octet terms 
also occur (for example, in the arc spectrum of manganese).^ 

1 Cf . White, op . cit , Chap, XIV, 1934. 
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139- Spacing of the LS Multiplet Levels* — For the spacing of the 
levels in an LS multiplet, wave mechanics furnishes a simple and 
useful formula, which holds quite accurately so long as the entire 
width of the multiplet is small relative to its difference in energy 
from all other energy levels. The increase in the atomic energy due 
to the spin-orbit effect, for any one of the J levels of a given multiplet, 
is AW where 

AW = MB[J(J + 1) - LiL + 1) + 1)]. (211) 

Here 5 is a constant that varies from one multiplet to another. 

The relative spacing of the levels in a given multiplet is determined 
by the term + 1). The difference between the energies of a 

level for J and that for J + 1 is the difference in the corresponding 
values of AW or 


Wj^t - IF/ = yiBliJ + 1)(J + 2) ~ J{J + 1)] = B(J + 1). (212) 

This equation expresses Landd's interval rule: The energy differences 
between two successive J levels are proportional^ in a given LS term^ to 
the larger of the two values of J. The rule is of great help in detei^mining 
the value of J that is to be assigned to the various levels. 

According to Eq. (211), ATF is positive for some values of J and 
negative for others. The weighted average of ATF, or AW for a 
weighted-average level, vanishes, provided each level is weighted in 
proportion to the number, equal to 2/ + 1, of the M states composing 
it. The energy of the weighted-average level is then given by the 
formula 


Wls = 


( 2 / + l)Wj 


y (2J + 1) 


( 213 ) 




It is to such a weighted-average level that a Rydberg formula 
really refers when it is written without regard to the fine structure of 
the terms. As an alternative, a separate Rydberg formula is some- 
times written for each component of the multiplets forming a series. 

Equation (211) can also be arrived at by the following argument 
based upon angular momenta, which is suggestive although not con- 
clusive. According to expression (199) in Sec. 133, the spin-orbit 
energy for a classical electi^on is proportional to the cosine of the angle 
between its orbital momentum vector and its spin vector. Now, in a 
diagram illustrating i/S coupling, such as that shown in Figs. lOQ or 
101, there exists an indefiniteness of azimuth similar to that described 
for 1 electron in Sec. 115(6); the angle between the 2-vector for any 
particular electron and its s-vector is not fixed, since the composite I 
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line can be revolved around the X-vector without upsetting the cou- 
pling, and the composite s line can also be revolved independently 
around the /S-vector. But the cosine of the angle between h and sj., for 
example, is proportional to the projection of h on si; and this projection 
is the sum of the projections on Si of the separate components 
taken, respectively, parallel and perpendicular to L (see Fig. 103). 
Noav, taken for all azimuths of the ^-vectors 
around L, the average of Ij" is zero. Hence, 
for a given position of Si, the average projection 
of h on Si is equal to the average projection of 
l\ alone. Then, allowing the ai-vector to 
revolve similarly around /S, we may show that 
the average projection of on Si is equal to 
its projection on S. Thus the average projec- 
tion of h on Si is proportional to cos iL,S), 
where (L,/S) denotes the angle between the i- 
and /S- vectors; and, hence, cos {L,S) is also pro- 
portional to the average value of the cosine of 
the angle between h and Si] and so finally to the spin-orbit energy 
itself. 

Now, by geometry, 

cos (L,S) J2). ( 214 ) 

But in wave mechanics the magnitudes of t he moment a are pr oportional , 
not to L, S, and J, but to \/L{L + 1), s/SiS + 1), and \/J{J + !)• 
Making corresponding changes in (214), we find that the spin-orbit 
energy is proportional, for given L and to the expression given on 
the right in (211). 

Many examples of L8 coupling could be described. We have space 
in this book for only one or two. 

140* The Arc Spectrum of Mercury. — ^The familiar arc spectrum 
of mercury presents spectroscopic features of great interest. The 
principal levels and many of the lines are shown in the usual way in 
Fig. 104, wave lengths being given in angstroms. The levels that are 
considered to form a sequence are placed under each other, with an 
appropriate spectroscopic designation at the top. 

The levels fall into two classes, singlets and levels that naturally 
group themselves into triplets, although the separation is mostly too 
small to be shown in the diagram. Thus the spectrum evidently pre- 
sents a fair example of LS coupling for 2 electrons. For the singlet 
terms = 0; for the triplet terms /S “ 1. A number of intercombina- 
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tion lineSj between singlet a.nd triplet terms, are found, however, so 
that the LS coupling is not perfect in mercury. 

Evidence from the .theory of the periodic table indicates that 
mercury should have 2 electrons outside five completed shells. It is 


Single fs 


Triplets 




<^\ cS?7 


Fig. 104. — The most important energy levels and spectral lines for the neutral mercury 

atom. 


assumed that these electrons normally form the closed subshell 
but that in those excited atomic states which are represented in the 
diagram one of these electrons is displaced into an electronic state of 
higher energy. Since one electronic I is thus always 0, the value of L 
is always equal to that of the other L Thus each electronic configura- 







Sec. 140 ] 


THE ARC 8PECTRUM OF MERCURY 


359 


tion furnishes at most two L8 terms, with /S = 0 or L The configura- 
tion in the normal state of the atom, 6s6s, gives only one term, and, 
in, fact, only one level, with L — S = J == 0; thus the normal state 
of the mercury atom is a state. In four of the most important 
terms, viz,, QsQp ^P, Qs6p ^P, QsM ,and 6s6d ^D, the mere change of 
an electronic I with no change in n results in a comparatively large 
increment of atomic energy. 

The intercombination line, Qs6p Qs^ '^So, X = 2,536.52, is one 

of the principal ultraviolet lines in the mercury spectrum. Its 
strength, however, is not necessarily an indication of a high transition 
probability between these levels, arising from a high value of Einstein's 
A (Sec. 116). It is more likely that the strength of this line is due to a 
piling up of atoms in the 6s6p ^Pi level. As the atoms are thrown into 
this state following collisions with electrons in the arc, or drop into it 
from higher levels, they have nowhere else to go, therefore they 
accumulate until through sheer numbers they are able to leave as fast 
as they enter. It is somewhat like water piling up in a pool until its 
depth becomes great enough to force a sufiSciently rapid discharge from 
the pool through a small drain. 

Atoms must accumulate also, of course, in the ^P^ and ®Po levels 
of the 6s6p configuration. From these levels they cannot pass by a 
radiative jump to the normal state, for ^Pa Avould mean A/ = 2, 

and ^Po ^So would mean a jump from / = 0 to / = 0, both of which 
are forbidden by the selection rules for J. Levels lying above the 
normal state out of which radiative transitions are impossible are 
called “ metastable levels. An atom can stay in such a level for a 
long time if it is not disturbed by outside influences. It ina}^ even- 
tually be brought back into the normal state, however, by a '^ collision 
of the second kind’' [cf. Sec. 100(a), (c)], and it is presumably in this 
manner that the atoms in the ^P^ and ^Po levels are eventually returned 
to their normal state. 

Contrary to the selection rule for S, that for L is pretty well 
obeyed. With values of L assigned as in the diagram, S terms com- 
bine only with P terms, P with S and D, and so on. However, a few 
weak lines, not shown on the diagram, have been observed corre- 
sponding to AL = 2. 

All of the transitions shown in Fig. 104 are in harmony with the 
selection rule for configurations. Only 1 electron changes its n and I, 
and. always Ar= , ±1. 

The spectral lines can be grouped into senes, if desired. Thus, 
within the singlet system, all lines ending on the lowest level form 
the singlet principal series. Only these and the line X == 2,536 A 
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can be observed in absorption in mercury vapor. Of the lines ending 
on the lowest W level, those originating from terms form a sharp 
series, those originating from terms, a diffuse series, just as in 
sodium; and so on. Similar series can be picked out within the triplet 
system. It is really not very interesting to group the lines of such a 
complex spectrum into series, however, especially when the “fine 
structure is as coarse as it is in the mercury spectrum. Thus the 
great spectral sextet of ultraviolet lines, X = 2,967 to X = 3,663, from ^ 

the loAvest to the lowest term, would constitute together the first ^ 

“line'^ of the triplet diffuse series. < 

The student will recognize the lines ^P 2 ^Pi (X 5,791), ®>Si — > ®P 2 j 
(X 5,461), and ^Si ^Pi (X 4,358) as the familiar yellow, green, and 
blue lines emitted from the mercury arc. 

It may also happen that, when the atom is excited, both valence I 

electrons are displaced into higher electronic states. A few levels | 

ascribed to the 6p^ configuration have been discovered. ! 

Among other neutral atoms which have spectra similar to that of | 
mercury may be mentioned helium; then the alkaline earths, beryllium, j 
magnesium, calcium, strontium, and barium; and the close relatives | 

of mercury, zinc and cadmium. Ions with similar electronic exteriors j 

are A1+, Si++, Pb"^"^ (the number of plus signs indicating the 
number of positive charges on the ion). 

A second subclass of atoms with two optically active electrons 
is formed by those which, in their normal states, contain two s and 
two p valence electrons. In such cases the two s electrons usually 
(but not always) stay put, only the two p electrons being active. 
Examples of such atoms are neutral carbon, silicon, germanium, 
tin, and lead. Furthermore, certain observed spectra of the same type 
have been ascribed to singly (positively) ionized atoms of nitrogen, 
phosphorus, and bismuth. 

141, Equivalent Electrons. — Hitherto, it has been assumed that 
all the electrons in a configuration have either different n^s or different 
Vb. When 2 electrons have the same n and also the same Z, they are 
called by spectroscopists equivalent electrons. In configurations con- 
taining equivalent electrons, such as 5s^ or 5s7p®, certain L/S terms that 
might otherwise occur are excluded through the operation of the 
exclusion principle. 

Consider, for example, the simple configuration in helium, or 
in mercury. Four different combinations of the n I X p electronic 
states can be made for the 2 electrons; these may be indicated, in an 
obvious notation, as follows: 

in00]4, n00y2), (nOOM, ^00 - M), (^00 - y, nOQ}4), 
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where n == 1 for helium or n = 6 for mercury. (Ail these states 
have I = 0.) Since the total angular momentum is the sum of the 
orbital and spin momenta, the first and last of the four combinations 
suggest atomic states with M = 1 or —1, and hence, with J = 1. 
Bu^ these particular combinations, in which both electrons are in the 
same electronic state, are ruled out by the exclusion principle. Fur- 
thermore, the other two combinations differ only in that the 2 electrons 
exchange’ quantum states, and according to another aspect of the 
exclusion principle, as stated in Secs. 118 and 120(5), it makeo no diffei- 
ence which electron is in which state; thus each combination of n I X s, 
regardless of the order of these numbers, furnishes just one quantum 
state for the atom as a whole. Hence we obtain out of the configura- 
tion under discussion a single atomic state, represented m wave 
mechanics by a single wave function This must be a ‘So state, 
withL = >S = M = J=0. The set of three states, with i¥ = 1, 

0, or -1, is missing. , , , „ -wn 

The same kind of reduction occurs for any closed subshell. V\ hen 
so many electrons are present with given values of n and of I that, m 
assigning them to different electronic states, every allowed value ot \ 
and M must be used, only a single combination of electrons states is 
possible, and it can lead to only a single atomic state. This is neces- 
Lily a state with J = 0, since any other value of / requires the 
existence of several atomic states ivith different values ot ¥. thus 
atoms whose electronic exterior is formed of closed subshells are neces- 
sarily in a i,So state. This conclusion is confirmed by the spectroscopic 
evidence, as a check of the table in Appendix III wfil show 

In the simple example just discussed, the reduction m the number 
of states happens to be in accord with the predictions of the vector 
diagram for L8 coupling. In more complicated cases, some ot the 
LS terms that are predicted by the diagram are themselves missing 
General rules can be given for determining which states are showed 
for any given configuration containing identical electrons. Alt ttie 
J levels belonging to a given LS term, always appear or drop out 

^142' Coupling.— The validity of LS coupling is limited to 

atoms ‘that are not too heavy. As the atomic number increases 
the spin-orbit effects become rapidly larpr; as a 
levels tend usually less and less to group themselves into LS ^ 

and the selection rules for L and ^ faff more and more. My,^in 
very heavy atoms the spin-orbit effects tend to Pf dominate overjie 
residual electrostatic effect (f.e., over the part of the electrostatic effect 


1 White, Introduction to Atomic Spectra/' 1934. 
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that is not included in the central field). Then an approximation to 
another type of “coupling,” known as “jj coupling,” occurs. 

This term has reference to an alternative path of approach m 
applying the perturbation theory. Let us ignore at first, not the 
spin-orbit effects, but the electrostatic repulsion of the electrons, except 
in so far as this repulsion is allowed for in the modified form of the 
central field. Let full account be taken of the spin-orbit effects. Since 
the spin magnetic moment of each electron reacts with its own orbital 
motion, independently of the other electrons, each electron can be 
assumed to occupy one of the n I j m electronic states that were 
described in Sec. 133. In each of these states there is a definite value 
of ;i/2ir for the total angular momentum of the electron, 

and a value mh/2'n- for its component in the direction of a chosen axis. 

A quantum state for the whole atom is then specified by assuming 
a set of the nl j m quantum numbers for each of the N electrons in 

the atom: 

ni U ji wii, n2 k ji W2, • • • nif h Jn mu. (215) 

Electrons occupying closed shells may, however, be ignored provided 
these shells remain closed in all of the radiative transitions that are 
under consideration. In developing the wave-mechanical theory, a 
wave function for the atom is then constructed out of the N correspond- 
ing electronic wave functions, in such a manner that it makes no differ- 
ence which electron is assigned to each of the electronic states. ^ 

The energy of the atom, however, is independent of the m’s and 
depends, like the individual electronic energies, only upon the elec- 
tronic quantum numbers 

nihji, n^kii, ■ • • nu In jN. (216) 

Let us choose for consideration only atomic states belonging to a 
particular configuration as specified by the still more limited array of 
electronic quantum numbers 

rii k, ^2 k, ‘ ' '^N In- 

Only the j’s will vary among these states; hence, in discussing a single 
configuration, only the j’s need be written down. The order iri which 
the j’s are written is important, however, except when two j’s refer 
to equivalent electrons; for each /is associated in general with different 
values of n or l. The atomic energy will then depend upon the values 
of the/’s. Thus the atomic states composing the chosen configuration 
fall into groups, each characterized by a certain sequence of the j s 
and by a certain value of the energy. The energy level or term associ- 
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ated with each set of i’s may be called a jj level, or term. The number 
of jj levels belonging to a given configuration cannot exceed 2-^'; for 
each j can assume at most 2 values, I + and I - }4. This foriii 
of electronic coupling is known as ''jj coupling’' ; theji terms correspond 
to the LS terms in LS coupling. 

In addition to the selection rule for configurations, there is now a 
selection rule iov j: Aj = 0 or ±1. The rules for jj coupling can thus 
be summarized in the following form: 

1. Only one n I j set of quantum numbers can change in a radiative 
transition — ^^only 1 electron jumps at a time,” 

2. For the jumping electron, 

AZ = ±1, Aj = 0 or ±1. 

Each jj level contains numerous atomic states corresponding to 
different possible choices for the electronic m's. These degenerate 



Fig. 105. — Diagrams illustrating jj coupling for two nonequivalent electrons. 


states can now be reconstructed so as to quantize, not the individual 
electronic momentum components, but the total angular momentum 
of the atom, in harmony with the general scheme described in Sec. 
130. In wave mechanics this is done by starting with atomic wave 
functions based on the nl j m electronic functions and making suit^ 
able linear combinations of these. The new atomic states are char- 
acterized by quantum numbers J and M referring to the total angular 
momentum; but the energy, as usual, is independent of M, 

For a given jj level the possible values of /, which must be integrally 
spaced, may be ascertained by constructing in the usual way a vector 
diagram representing the addition of the various electronic j-vectors 
into a resultant /-vector, in analogy with the classical vector addition 
of the resultant angular momenta of the electrons to form the total 
vector angular momentum of the atom. Two cases, for a group of 
2 electrons, are illustrated in Fig. 105. 
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In addition to the selection rules just stated, the usual selection 
rules then hold for J and M, 

In this way we obtain atomic energy levels that are characterized 
by (1) a set of pairs of values of n and Z, specifying a configuration, 
(2) a sequence of values of the /s specifying a jj level or term within 
the configuration, and (3) a value of J. 

So long as the residual electrostatic repulsion is omitted, all J 
levels belonging to the same jj term correspond to the same atomic 
energy. When the full effects of electrostatic interaction are taken 
into account, the J levels composing a jj term become separated in 
energy, forming a jj multiplet. If the residual electrostatic repulsion 
is actually strong, it tends also to destroy the significance of the 
electronic quantum numbers n I j, and the associated selection rules 
tend to fail. The quantum numbers J and M, however, and their 
selection rules, persist under all conditions, so long as the atom is free 
from external force. 

A notation for the final energy levels in jj coupling is easily invented. 
Thus, analogous designations of a / level with J == 3 might be, in two 
alternative forms of coupling, 

jj LS 

(fll h • • ^ riN lN)ijl * • • jN)z] Zl • * • Un In ®i>8. 

An interesting example exhibiting the transition from LS to jj 
coupling is shown in Fig. 106. The relative positions of certain levels 
are showm for carbon (^ = 6), germanium (32), and lead (82), cor- 
responding levels being connected by dotted lines; and all transitions 
that are observed to occur between these levels in carbon and in lead 
are indicated by arrows. In silicon (14), the corresponding set of 
levels is observed to be arranged much as in carbon, whereas tin (50) 
resembles lead in this respect. The number of closed subshells under- 
lying the active electrons is different in each case, but this difference 
is immaterial to the relative arrangement of the levels. 

In Fig. 106, we note that the J value of any level remains the same 
in all three spectra; but in carbon the levels group themselves by their 
energy values into good LS multiplets, whereas in lead they form jj 
groups, for which the j values are given in parentheses. The observed 
radiative transitions as indicated in the figure for carbon and for lead 
include all that are allowed by the selection rules. The student will 
find it instructive to verify this statement in detail and to note which 
lines occur with one form of coupling and not with the other. 

Many other examples of the same sort could be given. 
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For further information concerning complex spectra, the student is 
referred to special treatises on the subjectd 



0 (ii) 

LS coupling Jj coupling 

infi_A transition from L& to ji coupling. Within each multiplet of levels 

^5eth^“®^ht"^nges “otu'^by tte'S? are'^Tarbot^^p', 6^230°^ 

wave length is given in angstroms; the other lines he in the ultraviolet. 

143, The Effect of a Magnetic Field on an Atom. \\Tien an atom 
is subjected to the action of external forces, its quantum states are 
modified. States which were formerly degenerate, corresponding to 
the same energy, may be separated, so that the 

The spectral lines emitted by the atom may consequently be split 

into several components. . rr Tn 

The most interesting case of this sort is the Zeeman effect. In 
Sec 40 Chap III, we discussed it in terms of classical theory, and 
we remarked that in some cases the predictions of classical theory are 
in agreement with experiment. Such cases are f 
as the normal Zeeman effect. More commonly, however the obsen ed 
pattern of lines is quite different from that prediced by classical 
theory this is called the anomalous Zeeman effect. Some anomalous 
patterns are illustrated in Fig. 107. Such patterns are fascinating in 

their variety . 


1937. 


‘ White, op. «-f.; Hbbzbehg, G., “Atomic Spectra and Atomic Structure, = 
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No explanation of the anomalous effect was found until electron 
spin was introduced. Furthermore, in the modern wave-mechanical 
treatment of the Zeeman effect, there is, naturally, nothing closely 
resembling the electronic motion as described in the classical theory. 
Nevertheless, certain features of the classical picture still retain an 
interest, either because they are actually preserved in the new theory, 
or because they furnish a useful picture in terms of which the phenome- 
non can readily be visualized. 


Zinc Singlet 




L.JL^ 

Normal Triplet 



Sodium Principal Doublet 


No fteld 


Weak field 


L-UJ L-Ui» 

Anomalous Patterns 



Anomalous Patterns 

Fig. 107, — Photographs of some Zeeman patterns in a weak magnetic field, viewed 
perpendicularly to the field. The brackets show in each case the position of a normal 
triplet in the same field. (From H. E. White, ^^Introduction to Atomic SpectraP) 


In the new theory, as in the old, the changes produced in the 
energy levels by a magnetic field can be regarded as resulting from the 
possession by the atom of a magnetic moment Classical theory 
indicates that there should be a close relation between the magnetic 
moment due to motion of an electron in an orbit and the angular 
momentum resulting from the same motion. It will be instructive 
to work out this relation. 

Suppose a particle carrying algebraic charge q revolves in a fixed 
circular orbit of radius a at a velocity r (Fig. 108). Then it makes 
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j;/(2ira) revolutions per second and so is equivalent to a current I 
flowing around tlie same circle of magnitude 


I = 


qv 

27ra 


It is well known that a current I, flowing in any plane loop enclosing 
area A, is equivalent to a magnet placed with its axis perpendicular 
to the loop and having a magnetic moment 

lA 

M = — • 

(Here q and I are in electrostatic units, hence the factor 1/c). In the 
present case A = xU', therefore, 

Jxa'^ _ qua 
^ ^ c 2c 



I^IG. 108. — Diagram il- 
lustrating the angular mo- 
mentum Gi and magnetic 
moment due to a charge 
revolving in a circle. 


The moment m can be treated as a vector 
perpendicular to the plane of the orbit; let us 
write for it y;. 

The particle will also have angular 
momentum about the center of the circle of 
magnitude 

Gi = mva, 

m being its mass. As a vector, the angular momentum, G„ is likewise 

^^"cTmprinVthSe two equations, we see that the magnetic moment 
and angular momentum are related by the vector equation 

= ( 217 ) 

2toc 

This result, which is independent of a, can be shown to hold for motion 
in an orbit of any shape. If the particle is an electron with numerical 

charge e, we have g = e and 

= _ ^9l. ( 218 ) 

2mc 

rhus for an electron, the vectors y? and G; are oppositely directed. 

a ZZ Session must then be added for the eSecl of electron 
svin According to classical electromagnetic theory, a sphere, uni- 
formly charged with electricity on its surface and set spinning, behaves 
as Hi! were covered with electric currents and possessed a correspond- 
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ing magnetic moment; and, because of the momentum in the electro- 
magnetic field around it, it also possesses angular momentum (Sec. 30). 
For the relation between its vector magnetic moment and its vector 
angular momentum Gg classical theory gives 


mc^ 


(219) 


where q/c is the algebraic charge on the sphere in electromagnetic 
units and m is its electromagnetic rest mass, due to the inertia of its 
electric field (cf. Sec. 36). For an electron this becomes 


= _ -Jl Gg* 
^ me 


(220) 


Comparing Eqs. (218) and (220), we note that relatively twice as 
great a magnetic moment is associated with angular momentum of spin 
as with orbital angular momentum. 

Now, there is no reason to suppose that the vectors and would 
necessarily have fixed directions for an electron in an atom. If a 
magnetic field is present, however, the components of the orbital and 
spin momenta in the direction of the field will have certain average 
values, which we may denote by Gis and Gsh, respectively. According 
to Eqs. (218) and (220), this average momentum will be accom- 
panied by an average magnetic moment in the direction of the field 
of magnitude 


fx = — + 2(?aH) (221) 

(in which e stands for the numerical electronic charge). Or, if the 
atom contains more than 1 electron, its magnetic moment in the 
direction of the field will be 

^ ^ ^Gsh), ( 222 ) 

the U indicating a summation over all of the electrons in the atom. 

These same expressions for fl are giveyi by wave mechanics: The 
occurrence of a magnetic moment associated with spin follows from 
the Dirac relativistic equation in much the same way as does the 
angular momentum of spin (Sec. 117). The quantum-mechanical 
definitions of the averages are 

Gih = f'^'^Ginypdq, Gsh == Jip'^Gsir^dq: 

Gih and Gsh in the integrals standing for certain operators and for 
the complex conjugate of the wave function the integrations are to 
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be extended over all A^alues of the coordinates of all electrons in the 
atom. 

In passing, it may be remarked that in Eq. (222) we have the wave- 
mechanical basis for the treatment of paramagnetism and diamagne- 
tism. Paramagnetism is ascribed to a tendency of an atom to occur 
more frequently in those quantum states in which it has a magnetic 
moment in the direction of the magnetic field than in states in which 
the moment is opposed to the field. Diamagnetism results from a 
slight modification of the properties of the quantum states themselves, 
by which a slight additional magnetic moment is produced, always in a 
direction opposed to the field, in accordance with Lenz^s law. Ferro- 
magnetism is a more complicated phenomenon, believed to be due to a 
lining up of electronic spins in different atoms under special conditions. 

Here, however, we are interested chiefly in effects upon the atomic 
i energy levels. In classical theory, a magnet of moment M in a uniform 

magnetic field H behaves as if it possessed a potential energy of 
magnitude 

j ~Mi7cos(lf,jff), 

) the symbol {M,FI) standing for the angle between the directions of 

M and H. The product M cos (MjH) can also be regarded as repre- 
senting the component of the moment in the direction of the field. 
Similarly, wave mechanics indicates that the effect of the magnetic 
field upon an atomic energy level is to change the energy by the amount 

I = -HH + (223) 

j by Eq. (222). If the field H is not too strong, a sufficiently accurate 

f value of Wh can be obtained by using the values of Gm and Gsn that 

; belong to the various quantum states in the absence of a field. 

The ideas and equations thus developed are adequate for an 
i understanding and visualization of the theory of the Zeeman effect. 

It may be instructive, however, to investigate a little further the 
nature of the magnetic energy Wn due to the classical motion of an 
i electron in an orbit. The student who prefers to do so can omit the 

; next section entirely without embarrassment in reading the rest of the 

: book. 

; ' „ ' 144 Classical Theory of the Magnetic Energy.— The change in 

I the energy of a revolving electron due to the presence of a magnetic 

field cannot be of the nature of an ordinary 'potential energy, for the 
force exerted by the magnetic field upon the electron acts always 
perpendicularly to its velocity and so never does any work upon it. 
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If, therefore, owing to some change in conditions, the energy decreases, 
this decrease must occur in the kinetic energy of the electron. (Actu- 
ally there is also a reaction on the magnetizing system itself, but 
further study shows that this can be left out of consideration.) 

To take a definite case, suppose an electron is revolving in a 
circular orbit of fixed radius a, under the action of a force directed 
toward a fixed center (c/. Fig. 108). Let a magnetic field of H oersteds, 
perpendicular to the plane of the orbit, be created very slowly. If 
there were a conducting wire lying along the orbit, there would be an 
induced electromotive force in this wire of magnitude 


= — 7ra^ 


m 

dt * 


According to the elementary definition of e.m.f., this means that work 
of amount --ee/c will be done on the electron every time it goes round 
the orbit, —e/c being its charge in electromagnetic units. This work 
must be done by a force acting on the electron. Hence, if F is the 
average component of this force in the direction of the motion, we have 
for the work done in a revolution 

F X 27ra 

c c dt 

^ eadH 

- SBIF' 

The average moment of force about the center, on the other hand, is 
oF] and this must be equal to the rate of change of the angular momen- 
tum Gih about an axis parallel to the field. Thus 

dGiH _ 
dt 2c dt ’ 

and, integrating, we have for the wLole angular momentum imparted 
to the electron during the creation of the field 


AGi 


IH 


ea^ 


H. 


(224) 


Two cases may now be distinguished. 

If in the beginning the electron had no angular momentum, and 
hence also no orbital magnetic moment, it acquires angular momentum 
of magnitude Aftn as given by Eq. (224), and also, by Eq. (218), a 
magnetic moment 
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A similar expression is obtained from wave mechanics for the magnetic 
moment developed in an atom, when it is in a given quantum state, 
by the application of a magnetic field: 


where is the average of the square of the distance of any electron 
from an axis drawn through the nucleus parallel to the field, calculated 
as are the quantities Gui and Gsh that occur in Eq. (221), and Z indi- 
cates summation for all electrons in the atom. This added magnetic 
moment, necessarily opposite in direction to the field, gives rise to the 
phenomenon of diamagnetism. 

The electron is also given a certain amount of kinetic energy, but 
this is proportional to and hence is easily shown to be negligible, 
in the classical analog of actual atomic cases. 

If, on the other hand, the electron is already revolving, then, 
although the same changes in momentum and moment occur, they 
are in actual cases small as compared wdth the initial values. A 
change in the kinetic energy now occurs, however, that is of the first 
order in H, Let us denote the angular momentum about the direction 
of H by Gi, taking it to be positive, as is A(?z, when the associated rota- 
tion is clockwise to an observer looking in the direction of the magnetic 
field. Then, since \Gi\ = mva, the total kinetic energy of the electron 
is 



Gh _ 

2ma^ 


Thus, when the angular momentum is changed from Gm to Gm + AGih^ 
Gib now standing for the initial momentum, the kinetic energy is 
increased by 

GiiiAGih + 2 {AGib')‘^ • 

Here the last term is of the second order in H and is negligible. Hence, 
using (224), to the first order in H 

AK == — GihH, 

2mc 

AK may be positive or negative according to the sign of Gm, 

Comparing the value just found for AK with the first term on the 
right in Eq. (223) with the Z omitted (for one electron), which repre- 
sents the change in energy due to the field and may be denoted by 


AK - 


2ma^ 


[(Gib + AGmy — Gf^j;] 


1 

ma' 
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WiH, we see that = AZ. Thus Wm is accounted for in classical 
theory by the change that occurs in the kinetic energy of the revolving 
electron during the introduction of the magnetic field. 

In obtaining this result, we supposed the plane of the orbit to 
remain fixed in position while the field varied. The same results are 
obtained, however, if, instead of creating the field, we rotate the plane 
of the orbit from a position parallel to the field into a position per- 
pendicular to it. Furthermore, the results are readily shown to hold 
for an orbit of any shape. 

In developing the older quantum theory . of the Zeeman effect, 
the method just described for finding Wm was especially advantageous 
because it obviated all doubt as to the proper conditions for deter- 
mining the allowed quantum states in the presence of a magnetic 
field. For it was accepted as a general principle that, if a system is in 
a certain quantum state to begin with and if the external conditions 
are changed very slowly, the system must remain in an allowed 
quantum state; whatever state it passes into must, therefore, be an 
allowed state under the new conditions. This principle, known as 
Ehrenfest^s adiabatic princi'ple, holds in wave mechanics as well. 

The Bohr quantum states for a 1-electron atom subject to a 
magnetic field are more simply described, however, from a distinctly 
different point of view, which lies much closer to the classical picture 
of the Zeeman effect. For this purpose we make use of a celebrated 
theorem due to Larmor, which for our purposes may be stated in 
the following form: Given a system of electrons describing orbits, 
however complicated, around a nucleus located at the origin of a 
set of coordinate axes to which the motion is referred. The behavior 
of the sj^stem when subjected to a magnetic field H may be described 
by saying that, neglecting small quantities of second order and higher, 
the electrons retain their original motions with respect to the coordi- 
nates, but by the action of the field the whole system, electrons 
and coordinate axes, is given a rotation about an axis parallel to the 
field and passing through the nucleus, the angular velocity of the 
rotation being^ 




eH 

2mc 


(226) 
speed of 


(c = numerical charge and m = mass of an electron, c 
light). This rotation is called the Larmor 'precession. 

^ Labmob, “iEther and Matter, ’^p. 341, Cambridge University Press, London, 
1900. See also Rxjakk and Urey, Atoms, Molecules and Quanta, p. 759; 
Jeans, “Electricity and Magnetism,^' p. 565. 
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In view of this theorem we should expect to find the electron 
executing the same Bohr orbits relative to a frame of reference under- 
going the Larmor precession as it does relative to a fixed frame in the 
absence of the field. It is easily shown that this assumption leads to 
the correct value for the energy. 

The Larmor precession has no effect upon the potential energy of 
the electron. To find the resulting change in the kinetic energy^ let 
us resolve the velocity of the electron at any instant into three rec- 
tangular components, of which one, Vi, is perpendicular both to the 
magnetic field and to the radius drawn from the nucleus to the electron. 
Only this component of the velocity is affected by the precession; and it 
is also only this component that contributes ioGiHj the angular momen- 
tum about the direction of the field. The precession adds to Vi a 
component of velocity Ro)lj R being the perpendicular distance of the 
electron from a line drawn through the nucleus parallel to FL The 
change in kinetic energy is, therefore, 


AK = }im[(vi + Ro)Ly ~ yf] = miviRo^i + yiR'^ouF)* 
But 

Gih = mviRj A AGih = mR Avi = 

Hence, 

+ '^{AGu,y ■ 


AK = 


mR^ 


This is obviously a generalized form of the first expression obtained 
above for AK, which was shown to represent the effect of a magnetic 


field upon the energy. 

We are now fully prepared for a discussion of the Zeeman effect 
on the basis of quantum theory. 

146. Zeeman Effect in a Huge Field. — The simplest type of Zeeman 
effect should be produced in a field so strong that complications due to 
all other sources can be ignored. Such a field we shall call “huge.^^ 

Consider first 1 electron in a central field, of Coulomb type or 
otherwise, upon which is superposed a uniform magnetic field If. 
Let us take an axis parallel to the magnetic field in constructing elec- 
tronic quantum states characterized by the quantum numbers n I X 
(Sec. 118). When the electron is in one of these quantum states, its 
component of orbital angular momentum about the axis, Gie, and its 
component of spin momentum, have respective magnitudes 


OlE == 




OsH 


ixh 

2^* 


Substitution of these values for Gie and Gbh in Eq. (223), in which we 
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omit the summation sign because we are dealing here with a 1-electron 
atom, gives the change in the energy of the electron due to the presence 
of the magnetic field. Adding IFo, the energy when the field is absent, 
we thus obtain for the total energy 

TF = TFo + ^(X + 2M)if (227) 

(e being here the numerical electronic charge). 

The coefficient occurring in this formula, 

eh 


Airmc 


— 0.925 X 10“^° electromagnetic c.g.s. unit, 


i=l 


i: 


<— 

\ 


/ '/2 
0 '/2 

41 

Q -^2 
-/ -'/2 


/UL X+2ju 
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represents a natural unit of magnetic moment and is called the Bohr 
magneton. It is equal to the classical magnetic moment due to an 
electron revolving in the smallest Bohr orbit for hydrogen, with angular 

momentum h/2x. The magnetic 
moment of an electron due to spin 
is also a whole Bohr magneton; 
for, although the angular momen- 
tum of spin is only half a unit or 
/i/47r, the magnetic moment, as we 
have seen in Sec. 143, is relatively 
twice as large. An electron in the 
quantum state number nl\ g. has 
thus a magnetic moment about 
the axis of (X -f- 2iT) Bohr mag- 
netons. Here X 2/^ is always 
integral since ju = and X is 
an integer or zero. 

From Eq. (227) we see that 
the magnetic field splits the single 
original level with energy into 
several magnetic levels, each char- 
acterized by a value of X + 2/x. An example is illustrated in Fig. 109. 
Since X -|- 2;a will obviously take on all integral values from I + I, 
when X == Z and ju = down to — (I + 1), when X == —Zand n = 
there are in general 2Z -f- 3 magnetic levels in all; if, however, Z = 0, 
there are only two levels, with X + 2^ = ±1. All of the levels 
except the upper two and the lower two are double. The levels are 
equally spaced, the difference in energy between successive ones being 


1=0 I I i i I I 0 / 

(0) 

, 0 -'■i -I 

<r TT (T 

Fig. 109. — Energy levels for 1 ele^t|-on 
in a huge magnetic field. (The "levels 
for Z — 0 are atypical in that the middle 
one is missing.) Transitions giving rise 
to the same v are bracketed. 
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The cause of the separation of the levels can be visualized, if 
desired, with the help of a vector diagram similar to that used for the 
angular momentum. Let a vector of length I be dravm from a fixed 
point in such a direction that its component along a line parallel to 
the field is X; from another fixed point let 
another vector of unit length be drawn 
either parallel to the field or opposed to 
it (Fig. 110). Each pair of positions of 
these vectors then represents one of the 
quantum states characterized by X and 
;x. The vectors can be regarded as rep- 
resenting magnetic moments due to 
orbital motion and to spin, of respec- 
tive magnitudes I and 1 Bohr magnetons, 
the directions of these moments being 
opposite to those of the vectors because of the negative charge on the 

electron. 

Consider now transitions between two such sets of energy levels. 
We may write Eq. (227) for the two sets thus: 

W' = W'o + :i^„CK' + 2).') H, 



2/1 

I 


-I 


Fig. 110. 
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As selection rules we have, besides AZ = +1, 

AX = 0 or ± 1 , Afi = 0. 

For comparison with other cases we may note that these rules require 
also that 

Am = 0 or + 1, (229) 

where m = X + ju and represents, in units of /i/27r, the total component 
of angular momentum in the direction of the field. 

Calculating frequencies as (IF' — TF")//i and writing 

(W, - W'i) _ 


for the frequency of the line emitted in zero field, we find just three 

1* -i-'Urt TO 
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Each of these lines results, in general, from several different jumps, 
so that it might be described as consisting of several lines superposed. 
An example is illustrated in Fig. 109, already mentioned. The student 
will find it instructive to construct a similar diagram for transitions 
between levels with I = 2 and Z === 1. 

Comparing these results with those obtained from classical theory in 
Sec. 40, we see that we have here exactly the classical triplet. Accord- 
ing to further conclusions from wave mechanics, even the polarization 
features should be the same as those deduced from classical theory. 
The undisplaced line, corresponding to Am = 0, should be polarized 
with the electric vector in a plane parallel to the magnetic field, and 
it should be invisible when the radiation is viewed longitudinally 
(t.6., in a direction parallel to the field); such lines are called tt lines 
(i.e., “paralleP^ as to polarization) or, sometimes, p lines. The 
other two lines, when the radiation is viewed transversely, should 
be plane polarized with the electric vector perpendicular to the 
magnetic field, whereas, when viewed longitudinally, they should be 
circularly polarized with opposite directions of rotation, as in the 
classical case; such lines are called cr lines (from the German *^senk- 
recht’^ = perpendicular) or, sometimes, s lines. A Zeeman triplet 
agreeing thus in all respects, even in spacing, with the classical theory 
is called a normal triplet. An example is shown in Fig. 107. 

Concerning the relative intensity of the lines, wave mechanics makes 
the following predictions. Suppose ail of the initial quantum states 
are excited equally, Z.e., equal numbers of atoms are thrown into each 
of these states per second by the process of excitation. Under these 
conditions, the two <r lines will each be half as bright as the central 
TT line, as seen transversely to the magnetic field; whereas, the <t lines 
will be twice as bright when viewed along the field as they are when 
viewed transversely. This latter result is easily seen to be in agree- 
ment with the classical theory of the Zeeman effect; each circular 
motion is equivalent to two linear vibrations at right angles to each 
other, but, in the transverse direction, radiation is received from only 
one of these, the one that lies in the line of sight being invisible. Fur- 
thermore, as much light is polarized in one way as in the opposite 
way, so that on the whole the emitted radiation is unpolarized; and 
the total intensity is equal in all directions. 

The quantity eH/ (47rmc), representing the separation in frequency 
of each outer line from the central line in a normal triplet, is often 
called Lor entz unity sjjxibol L. Measured in waves per cm., its 
value is 

L = ( 230 ) 
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Thus, the normal separation is 4.67 X 10~® cm.“i per oersted. 4^ 6 
note that L does not contain Planck’s constant h. It is because of 
this circumstance that classical theory gave correct results for certain 
cases of the Zeeman effect. 

Up to this point, we have completely neglected the spin-orbit 
interaction. The effect of this interaction, when the magnetic field 
is very intense, is to shift the levels somewhat, in such a way as to 
separate slightly in energy those quantum states which have the same 
irolne of X + 2u but different values of m = X Tor example, 

states with X = 1 and m and with X = M H 

^ -i- 2ft = 0 and so fall together if the spin-orbit effect is omitted 
entirely; but m = H foJ" ^^e first and m = —>2 for the second, so 
that the energy levels for these two states are in reality slightly sepa- 

™ted of tto “ *» 

Zeeman pattern is thereby increased, but, so long as the field is suih- 
ciently intense, the lines faU into three groups in the appro.ximate 

positions of the normal triplet. . . xi xi. 

Experimental confirmation of these conclusions from the theory is 
not extensive for 1-electron atoms, because very intense fields are 
reauired. However, the first three Balmer lines of hydrogen were 
observed as approximate normal triplets by Paschen and Back in a 
field of 26,900 oersteds.^ The fine structure due to the spin-orbit 
effect was not resolved, but it was presumably responsible for the 

broaid.n6SS of tlio observed lines. i 

On an atom containing more than 1 electron, the effect of a huge 
magnetic field is to split each energy level TTo for zero field according 
to the more general equation 

fr - V, + ^[^(X + 2MH. (231) 

which constitutes an obvious generalisation of E«^5ie''no™^ 
summation extends over all electrons in the atom. The noirnld 
Splet occurs aa ivith 1 electron, since only 1 electron can jump at a 
time. The selection rules now include the rule that 

am — 0 or +1, (232) 

where M = S(X -h m) and denotes the total component of angular 

nioiii6iituni in tbc diiBction of th.G fiold. 

To obtain a good approximation to this type of Zeeman patten 
with an Im cLaining more than 1 electron the Wtm “ 
must be so strong that it swamps all “‘'“f 
for which ahowance is made in the 

1 Paschen and Back, Amw. d. ’voh 39, P- 897 (1912). 
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strengtli runs to millions or even hundreds of millions of oersteds, 
so that Zeeman patterns of this type cannot be observed at present, 
146. Zeeman Effect in a Weak Field. — The Zeeman effect is com- 
paratively simple when the magnetic field is either tremendously large 
or extremely small. It will be convenient to take up next the case of a 
field, i,e,j a field weak enough so that the Zeeman splitting 
is small as compared even with the separations in the ordinary fine 
structure. In such a field, J is a good quantum number and the 
effect of the field is merely to separate the states of different M that 
compose each J level. 

According to Eq. (223), the effect of a magnetic field upon the 
energy is determined by the average values of the electronic orbital 
and spin momenta in the direction of the field. The most important 





Fig. 111. — Diagram illustrating (a) vector addition in a magnetic field and (6) the 
separation of the magnetic levels in a weak field. 

results obtained from wave mechanics in regard to these average 
values can be inferred readily from an appropriate vector diagram 
interpreted semiclassically, in analogy with the treatment of the 
spin-orbit effect in Sec. 133. We may think of the various electronic 
angular momenta as added together vectorially into a resultant vector 
angular momentum; and this may be represented in a certain sense 
by the addition of the electronic Z- and s-vectors into a resultant 
J-vector, in analogy with similar operations in Sec. 137 [see Fig. 
111(a)]. The components of the I- and s-vectors perpendicular to J 
may be thought of as averaging zero, as in Sec. 138, since the diagram 
could be revolved around / without affecting the /-vector. Thus, in 
the average, only components parallel to / will remain effective; and 
the projection of these components on the direction of the magnetic 
field if will then represent the average values of the components of 
the electronic momenta in the direction of the field. 


ZEEMAN EFFECT IN A WEAK FIELD 


379 


Sec. 146 ] 


Now the projection of any vector that is parallel to J upon the 
direction of H is proportional to cos 6, where 8 is the angle between J 
and H since J is of fixed length. Furthermore, in a comparison of the 
various quantum states, cos 8 is proportional to the component of J 
along H, and hence to the quantum number M. Thus the average 
components of the orbital and the spin momenta of any electron in the 
direction of H, which have been denoted by Gm and Gss, respectively, 
should both be proportional to M; and we may write, in terms of 
constants of proportionality and g^, 


Gin — gi 


Mh 

2t’ 


a 


gi- 


Mh 

2t’ 


and 


2 


Qm + 2 / Gi 


I 



(233) 


where gi and gi are constants of proportionality (independent of M), 
g _ 4- 2Sfif5, S indicating summation over all electrons in the 

atom. 

Substituting the value given by (233) for the quantity in paren- 
theses in Eq. (222), we have for the magnetic moment of the atom in 
the direction of the field, when it is in one of the M states, 


H = — 


eh 

Airvic 


gM. 


(234) 


Making the same substitution in the expression given in Eq. (223) 
for the energy, and adding Woj, representing the energy for the J level 
in the absence of a magnetic field, we have for the energy 


Wjm = Woj + (235) 


(Here, as usual, e stands for the numerical electrohic charge.) _ 

The last equation shows that the “magnetic” states co-mposing a 
given J level and corresponding to different values of M become separated 
and equally spaced in a weak magnetic field, but the 
that corresponding to classical theory, as represented by Eq. (23ij. ine 
value of the factor g may vary from one / level to another. It is 
often called the LandS splitting factor or factor. The splitting 
can be visualized by means of an obvious modification of the vector 
diagram, as in Eig. 111(b), where vectors are drawn of length gJ 


instead of J. 

A more convenient equation for spectroscopic 
if we divide all energies by he so as to express 


purposes is obtained 
them in equivalent 
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wave numbers. At the same time, let us introduce the Lorentz unit 
defined above, 

L = -j -^2 = 4.67 X 10-5 H cm.-i, (236) 

^:Tr7ThO^ 

representing the normal separation of either cr line from the w line. 
Then (235) becomes 

Wju - TfV + gML, (237) 

For the values of 'Wjm corresponding to two different J levels, we 
may then write 

Foj' + g'M'L, # 0 /'^ + g"M"L. 

Subtracting these two expressions, we have for the frequencies of 
the Zeeman lines between the two J levels, all of which would coalesce 
into one line if the magnetic field were absent: 

h + ig^M' - (238) 

where Po = and represents the frequency when H = 0. 

If J', J" are the corresponding values of J for the tw’o levels, in 
Eq. (238) M' takes on integrally spaced values from to */', and 
ilf" from — J" to J", subject only to the selection rule 

Ailf == ilf'' - ir == 0 or ±1. 

As in Sec. 145, transitions in which AM = 0 give rise to tt lines f those 
in which AM == ± 1, to a* lines. The arrangement of the components 
into which a spectral line is split by a magnetic field is called the 
“Zeeman pattern of the line. 

All observed Zeeman patterns in weak fields are found to agree 
with Eq. (238) if suitable values of and are inserted in it. If 
g' 7 ^ g^\ the observed Zeeman pattern leads to a knowledge not only 
of and of but also of the values of J for both levels, since the 
number of magnetic states for given J is 2/ + 1. (The student 
may be interested to invent a method for inferring values of J and g 
from such observations.) Thus, the Zeeman effect is of great utility 
in the analysis of spectra. A mathematical description of the anom- 
alous Zeeman effect, in terms of an equation equivalent to (238), 
was worked out empirically by Lande before the discovery of wave 
mechanics. 

To calculate a theoretical value of g requires, in general, a knowledge 
of the wave functions for the atom. If LS coupling occurs^ however, 
wave mechanics furnishes a simple general formula for g] and it 
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happens that this formula can be inferred by resorting again to the 
vector diagram. 

For this purpose we draw the diagram in fuller detail than in Sec. 
137j so as to represent the addition, (1) of the electronic ^-vectors into 
a resultant L-vector and of the electronic s-vectors into a resultant 
5-vector; (2) the addition of L and S into a resultant J; and (3) the 
projection of J on an axis in the direction of the magnetic field H, 
See Fig. 112, which is drawn for 3 electrons, with U == 0. This 
procedure represents in a certain sense the vector addition of the 
electronic orbital and spin angular momenta into separate resultants 
and then the addition of these orbital and spin resultants into the 
total vector angular momentum. The 
magnetic effect is then determined by 
the average values of the projections of 
the electronic Z- and s-vectors on the 
direction of il, which we shall calculate 
indirectly. 

An argument similar to that used in 
deducing the LS multiplet spacing in 
Sec. 138 indicates that the components 
of the Z-vectors perpendicular to L will 
average to zero, when all possible azi- 
muths about theL-vector are considered. 

The sum of the projections of the Z-vec- 
tors on H is given, therefore, by the pro- 
jection of the sum of their components 
along L, which is just L itself. The 
component of L perpendicular to J then similarly averages to zero, 
so that only the component of L along J is to be used; and this is then 
to be projected in turn on H, Thus it comes about that the sum of 
the average projections of all Z-vectors on iJ, which may be denoted 
by SZ//, has the magnitude 

SZjf = 1/ cos cos (9 

where is the angle between L and J and d is the angle between J and 
H. Similarly, the sum of the average projections of all s-vectors on 
,j?is:', 

= 5cos^sCos^ 

where is the angle between 5 and J . But, by geometry, J. mS' 6 ~ I£ 

and'.':" 



Fig. 112. — Diagram illustrat- 
ing LS coupling in a magnetic 
field //. 
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Hence 




2/2 


(/2 + L 2 _ ^ 2 )^ 




Sh 


M 

2/2 


(/2 + L 2 ). 


Now the vector diagram represents angular momenta in a certain 
special way. The average components of electronic orbital and spin 
momentum in the direction of H will be, respectively, 


X 


Gi. 


= Ay 

27rZy 


Ih, 




h 

2r 




(239a, 6) 


but the squares of the momenta, in units of h^/4:7r^, are given, not by 
/2, L2, but by /(/ + 1), L(L + 1), SiS + 1) (see Sec. 137). 
Making corresponding changes in the expressions just found for SZh 
and 'Els and then substituting in (239a, 5), we obtain 




Mh , . /(/ -|- 1) -f- (§(*8 -f- 1) — L(L + 1) 
2/(/+l) 


Comparing this with Eq. (233), we see that, in case L3 coupling is 
valid, 


, ,/(/ + !)+ S{S + 1) - L{L + 1) 
^ 2/(/ + 1) 


(240) 


Theoretical formulas for g in case jj coupling holds can also be 
worked out.^ To calculate g from theory in other cases is more 
difficult. 

The values of g inferred from observation agree, in general, fairly 
well with the theoretical formulas whenever the coupling is shown by 
other considerations to approximate to the type assumed. 

147. Zeeman Patterns of LS Multiplets in a Weak Field. — Equa- 
tion (238) shows that the splitting of a spectral line in a weak field 
will depend upon the values of g for both of the levels involved. A 
wide variety of patterns is possible. Since the various component 
lines of an LS spectral multiplet arise from levels varying in the value 
of J, these levels will also have different g values, in general, and the 
lines of the multiplet will, therefore, exhibit different Zeeman patterns. 
Corresponding lines in the spectral terms of the same however, 

should exhibit the same type of pattern; for such lines have a common 
final level, and their initial levels have the same /, S, and L, and hence 
the same value of g. This conclusion from the theory is in agree- 

^ C/. White, op. eft 
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ment with observation; it is known as ^Treston's rule” having been 
discovered empirically by Preston in 1898. Preston^s rule is some- 
times of use in deciding what lines belong together in a series. 

The following particular cases deserve comment. 

(a) g' — g'^ ~ 0, If g = 0 both for the initial and for the final 

state; we see from Eq. (238) that the line is 7iot split at all in a weak 
field. Such cases can arise in several ways. Every level with J = 0 
can be supposed to have g = Q, Actually, in Eq. (240) the fraction is 
indeterminate; but if J = 0, there is only one magnetic level, hence no 
splitting of the J level; and the single level with M ~ 0, by Eq. (235) 
is not even displaced in a weak field. It is customary to write g — % 
when/ = 0, but it seems simpler just to writer == 0. A jump between 
two levels both having / == 0 is excluded, to be sure, by the usual selec- 
tion rule; but it can also happen that ^ = 0 when J 9^ 0, e.g.^ for a 
^Di4level(/ = y2,S = = 2)ora^Ei(/ = 1,^' = 2,i = 3). A 

line of the type Wi -9 ^Dq should, therefore, show no Zeeman effect at 
all. This is confirmed by experiment {e,g., the line X = 5,713 A in the 
arc spectrum of titanium). 

(b) If g' == g" = g 9^ 0, or if J = 0 for one level only and g 9^ 0 
for the other, the Zeeman pattern is a triplet. For, if / = 0 for the 
second level, in Eq. (238), M" = 0 and 

V ^ + g'M'L, 

Since M' — If" = 0 or ± 1, ilf ' = 0 or ± 1 here, and three lines are 
obtained. Again, if both levels have the same g 7^ 0, 

h + g{M' - Jf")I; 

the selection rule for M gives again three lines, although in this case 
some of the lines arise each from several different atomic transitions, 
as in the huge-field effect. The outer or cr lines are displaced a dis- 
tance gL from the central tt line. 

If also p = 1, the triplet is a normal one (Sec. 145), spaced as in 
classical theory. The value g = 1 always occurs when S = 0, so that 
/ = L. Thus all lines in a singlet spectrum exhibit the normal Zeeman 
effect in a weak field. An example is the singlet spectrum of mercury 
(Sec. 140), or the singlet zinc line shown in Fig. 107. In singlet levels 
the electron spins are opposed and so produce no magnetic effect, 
whereas the orbital effect by itself produces the classical pattern, as 
we found to be the case in a huge field (Sec. 145). Zeeman had the 
good fortune to succeed first in resolving the components in singlet 
lines, c.g., in the spectra of zinc, cadmium, or tin. 
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A few of the theoretical values of g for LS levels are shown in 
Table YU. Some typical spectral patterns, as predicted by the 
theory, are shown in Fig, 113. All but one are examples of the 
anomalous Zeeman effect. The lengths of the vertical lines as drawn 
indicate the relative theoretical intensities of the spectral lines as 


Table VII. — The Lands Splitting Factoe g foe LS Coupling 
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seen in a direction perpendicular to the field, which are usually in 
agreement with experiment; tt lines are drawn above, <7 lines below 
the horizontal axis. Three dots indicate the normal triplet in the 
same field. In each case the two J levels involved in the transition 
are indicated. 






^DiPo 
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TT 






1 1 ri 


111 1 1 


Fig. 113. — Some Zeeman patterns for LS coupling in a weak field. Heights of 
lines indicate roughly the relative intensities of the lines, tt lines are drawn above, 
<r lines below. The three dots indicate the position of the normal triplet in the same 
field. 


The student will find it instructive to check the spacing from the 
formulas in a number of cases. Other diagrams of the same sort are 
shown in H. E. Whitens book.^ 

To illustrate the use of the theoretical equations, consider the 
familiar D lines of sodium, which arise from transitions of the type 


Op. a^., pp. 161, 222. 
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^ and ^ For the ^P^ state, we insert in Eq. (240) 

j S = M, L = 1, obtaining 

1 , + 1) + + 1) - 1(1 + 1) 4 

^ 2 X ?i(M +1) ”3' 


Since M may take on any one of the four values y%, M, — K? “Mj 
in Eq. (235) or (237) may have any one of the four values 

M, -M, -M. 

The level is thus split into four magnetic levels removed from the 


M gM 



(T rr TT O' 


-4 -2 2 4 -S -3 'I ! 3 S 

j 3 

Di I>2 

Fig. 114 .— Weak-field Zeeman effect for the B lines of sodium. The same scale is 
used for all of the Zeeman separations, also for the theoretical relative intensities of the 
component lines as shown by the relative heights of the lines as drawn. The position 
of the normal triplet in the same field is shown by three dots. 


position of the level in zero field by Lorentz units or gWh cm. ^ 
Similarly, the state is split into two levels for which 

p _ 1 1 + 1) + + 1) - 1(1 + 1) ^ 2 ^ 1 

1?-1+ 2 X + 1) 3 ^ -3’ 

and the level is split into two with 

„ - -1 4 - + 1) + H(M + 1) _ 2 „7i^ _ +1 

9 = 2XM(Hn) ’ ^ 

Figure 114 shows these levels, and also the transitions between them 
that are allowed by the selection rule AM = 0 or +1. The resulting 
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line patterns are shoTO at the bottom of the figure. The expected 
displacement of each component line from the position for zero field is 
calculated, in Lorentz units, by subtracting the two gM values; e.g., 
for the left-hand a component of D 2 , we have — — 1 = — 

Lorentz units, which is shown below the line in an obvious notation. 
Further explanation is added below the figure. 

We note that D\ or — «■ should be resolved into four com- 

ponents, two T lines {AM = 0) polarized parallel to the field and two 
0 - lines (Ailf = ± 1) polarized perpendicularly. D 2 or 
should be resolved into six components of which the outer four are 
<r lines. A glance at the photograph in Fig. 107 shows that the theo- 
retical predictions are confirmed by experiment, as to the patterns 
themselves, and at least roughly also as to intensities. Examination 
of the lines through a Nicol prism shows that the polarizations also are 
correctly predicted. 

148. The Paschen-Back Effect. — In the discussion in the last two 
sections the emitting atom has been assumed to be in a “weak” 



H.83-0.93 0.93 1.88 -235-141-0.47 0.47 L4I 235 

Fig. 115. — Relative separations of the D lines of Na(ll) and their Zeeman components 
in a field of 30,000 oersteds. 


magnetic field. The term “weak’’ is, of course, relative, since fields 
in excess of 10,000 oersteds are usually necessary to produce observable 
Zeeman patterns. A magnetic field is said to be “weak” (or strong) 
according as the separations of the Zeeman components of each of the 
several lines of a multiplet group are small (or large), compared with 
the separation of the lines of the multiplet from one another. Figure 
115, for example, shows diagrammatically to scale the D lines of sodium 
with their respective Zeeman patterns in a field of 30,000 oersteds. 
The Zeeman separations are seen to be small compared with the separa- 
tion between Di and D 2 . For the D lines of sodium, therefore, a field 
of 30,000 oersteds is a “weak” field. 

Consider, however, the Zeeman effect in lithium. The separation 
of the two components of the first line of the principal series^ is of the 
order of 0.3 cm.”^ A field of 30,000 oersteds would be expected to 
produce Zeeman separations several times larger than this doublet 

^ See Table V, p. 338. 
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separation [according to (230), if JEf = 30,000, L = 1.4 For 

lithium, therefore, a field of 30,000 oersteds is a ^hstrong’’ field. 

It was found by Paschen and Back^ that, whatever the Zeeman 
patterns of a given LS multiplet of lines may be in a weak field, the 
Zeeman pattern of the group as a whole in a strong field always approxi- 
mated a normal triplet. The transition from weak to strong field is an 
interesting phenomenon, exhibiting the following stages. As the field 
is increased to such a point that the magnetic levels into which one J 
level is split begin to approach those belonging to another J level, 
departures from the weak-field arrangement of the lines begin to occur. 
As the field increases further, magnetic sublevels that differ both in 
J and in M may cross one other. Eventually, -when the field has 
become strong enough, the magnetic levels are observed to group 
themselves more or less closely into a set of equally spaced composite 
levels, and the spectral pattern then approximates a normal triplet; 
f.e., we have then the case of a huge field as described in Sec. 145. 

The transition from one type of Zeeman effect to the other is 
accompanied by changes in the angular momenta. As long as the 
field is weak, the resultant orbital momentum and the resultant 
spin momentum remain added approximately into a resultant momen- 
tum of fixed magnitude, characterized by a certain value of the 
quantum number J. As the field grows stronger, however, this 
coupling is progressively broken down, and eventually, in a strong 
field, it disappears. Then A and S become good quantum numbers, 
along with L and S; the resultant orbital momentum by itself has a 
fixed component in the direction of the field of magnitude A/i/2t, and 
the resultant spin momentum has similarly a component Z/i/27r. The 
total angular momentum in the direction of the field is thus i¥/t/27r, 
where ¥ = A + S. Under these conditions the quantum number J 
ceases to have any significance at all. The theoretical treatment of 
the energy then parallels closely the theory for 1 electron in a huge 
field, as described in Sec. 145. The energy can be written, approxi- 
mately, in analogy with Eq. (227), 

Fo being a constant for a given LS term. The selection rules are, 
besides those for L and S, 

'AA = 0 or ±1, A¥ — 0 or±l, , AS ■= 0. 

^ Ann, d, Physik, voL 39, p. 897 (1912); voi. 40, p. 960 (1913). 
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The normal spectral triplet is produced in essentially the same way as 
for 1 electron. 

In this discussion, however, we have ignored the spin-orbit and 
additional electrostatic effects. These effects actually separate 
slightly those levels which have the same value of A + 2S but different 
values of M and thereby introduce a sort of fine structure into the 
Zeeman pattern. 

A corresponding theory is easily developed for the case of jj 
coupling. In this case, however, or in any case other than that of 
LS coupling, there is an intermediate stage in the progressive change 
of the Zeeman pattern. 

All of these changes of pattern as the strength of the magnetic field 
increases are known collectively as the Paschen-Back effect. The 
effect is said to be incomplete when the magnetic field is strong enough 
to make the Zeeman splitting for the energy levels larger than the 
mutual separation of the J levels comprised in a given LS or jj term, 
or comprised in a similar group in other cases, but yet small as com- 
pared with the separations between the terms or groups as wholes. 
Such a field is called merely '^strong.^^ If the field could be increased 
still further, until the magnetic levels of two different terms, such as a 

and a W, approached each other, the pattern should change again, 
approaching the normal triplet as the field becomes so large that its 
effect predominates over everything else except the central field. 
This stage, described in Sec. 145 as the effect in a ^^huge field,” is 
known as the complete Paschen-Back effect. Unfortunately, it can 
scarcely be realized experimentally except in l-electron atoms, in which 
the first two stages of the Zeeman effect are practically unobservable. 

149. The Stark Effect. — ^An effect of an electric field on spectral lines, 
somewhat analogous to the Zeeman effect, was discovered by Stark in 
1913 and is known as the Stark effect,” It is observed in the well- 
known ^^canal rays,” when these are moving in an electric field of several 
thousand volts per centimeter. An arrangement for producing the 
Stark effect is shown diagrammatically in Fig. 116. The anode and 
cathode in a glass tube are A and C, respectively, in which the gas is 
maintained at such a pressure that the Crookes dark space in front of C 
is several centimeters long. The cathode C is perforated with small 
holes through which pass, in cylindrical bundles, luminous streams of 
atoms of the gas that have acquired a positive charge immediately in 
front of C. These streams of atoms are the canal rays. A third 
terminal S is placed behind C, at a distance of a few millimeters, and 
an electric field of several thousand (20,000 and up) volts per centi- 
meter is maintained between 8 and C. For the ^ transverse” Stark 
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effect, light from the canal rays enters the spectrometer in the direc- 
tion of the arrow. 

Stark observed that the spectral lines which are em:itted by the 
canal rays when no field exists between S and C are split up, when the 
field is applied, into numerous components; these components are 
polarized, some of them parallel to the field (p- or 7r-components), 
others perpendicularly (s- or cr-components). The splitting is usually 
proportional, at first, to the square of the electric field strength; in 
an intense field, howeAmr, the pattern becomes quite different, in 
analogy with the Paschen-Back effect in a magnetic field. 

Classical theory could not account for the Stai'k effect, but a good 
account of it was developed by Epstein, using an extension of Bohr’s 


To Specframeier 

\ 



To Pump 

Pig. 116. — Arrangement for producing the Stark effect. 


theory; and it is completely explained by wave mechanics. The 
treatment of the Stark effect constituted, in fact, one of the most 
striking successes of quantum theory. In spectroscopy, however, this 
effect is of minor interest because it does not, like the Zeeman effect, 
serve to illuminate other parts of the subject. Examples of Stark 
patterns are given in Whitens book.^ 

150, The Stern-Gerlach Experiment, — The space quantization of 
atomic angular momenta, upon ivhich we have based the discussion of 
the Zeeman effect, constitutes a characteristic feature both of the older 
quantum theory and of wave mechanics, in contrast with classical 
theory. Its occurrence is not definitely confirmed by the existence 
of the Zeeman effect, however, in view of the partial success of classical 
theory in accounting for these phenomena. An experiment which 
directly reveals the space quantization itself was proposed by 0. Stern 
in 1921 and was carried out by him in collaboration with Gerlach.^ 

In elementary magnetic theory, it is shown that a magnet tends to 
move so as to increase the magnetic flux through it in the direction of 

^ Op. ciL; cf. also cit 

' ' ^ Steen, Zeits. f. Physik, vol. 7,'p.'249 (1921); Geblach and Steen, Zeffe. /. 
Pkysik, vol 8, p. 110; vol 9, p, 349 (1922) ; Ann. d. Physik, vol 74, p. 673 (1924). 
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its magnetic axis. In a uniform field, the only result is that the 
magnet experiences a torque tending to line it up with the field. In a 
nonuniform field, however, the magnet experiences a translatory force 
as well. 

Suppose now that a slender beam of atoms having magnetic 
moments travels in the direction of the x~axis across a magnetic field 
whose lines are approximated parallel to the y-axis but whose magni- 
tude increases rapidly in the direction of the z-Sixis. After passing 
through the field, let these atoms be collected on a suitable target. 
Then atoms which have a component of their magnetic moment in 
the direction of the field will be deflected sideways; if the component 
of the moment has the same direction as the field, they will be deflected 
toward -\-z; if it has the opposite direction, toward —z. 

So far, the predictions of classical and quantum theory coincide. 
According to classical theory, however, each atom will enter the field 



(a) (b) (c) 

Fig. 117. — Illustrative of the Stern-Gerlach experiment, (a) and (c) represent 
views seen in the direction of the beam ; (c) shows the trace on the target (exaggerated) 
with and without the magnetic field. 

with its magnetic axis inclined at some angle i9 to the field, and the axis 
will then execute a Larmor precession about the field at the fixed 
angle d. Since all values of 0 will occur among the atoms, their 
deflections will be distributed in continuous fashion, and the atoms, 
instead of forming a small spot on the target, will be drawn out into a 
continuous band. 

According to quantum theory, on the other hand, each atom will 
enter the field in a certain quantum state, defined with the direction 
of the field as an axis. Its magnetic moment in the direction of the 
field will be gAI Bohr magnetons (if the field is not too strong), where g 
is the Lande splitting factor and Jf has one of several integral values 
[cf. Eq. (234)]. The beam will be broken up, therefore, into separate 
beams and will form on the target a series of distinct spots, one for each 
possible value of M, 

The arrangement used in the experiment of Stern and Gerlach is 
shown diagrammatically in Fig. 117. The nonhomogeneous field was 
produced between pole pieces of which one had a sharp edge, so that 
near it the field was much stronger than elsewhere [c/. Fig. 117(a)]. A 
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strap-shaped beam of silver atoms was formed by evaporating silver 
in a heated oven 0 and allowing atoms from the vapor to stream out 
through collimating slits; the beam [shown by the small rectangle in 
Fig. 117(a)] traveled closely past the sharp edge of pole piece P 2 and 
was condensed on a plate at T, With no field, the beam formed a 
narrow line on the plate [Fig. 117(6*), lower line]. When the mag- 
netizing current wms turned on, the line was not widened continuously 
but was divided into two lines, as shown in the upper part of Fig. 
117(c), except at the ends, which were produced by atoms passing at 
some distance from the sharp edge. 

Space quantization of the silver atoms was thus clearly revealed. 
From careful measurements of the separation of the two lines and 
of the gradient of the magnetic field strength, it was calculated that 
each silver atom had a magnetic moment in the direction of the field of 

1 Bohr magneton, with an error of 10 percent at most. 

These results, and others obtained subsequently, are in complete 
agreement with the predictions of wave mechanics. The silver atom 
is normally in a state, for w^hich g — 2; thus, half of the atoms 
should have if = 3^ and a moment in the direction of the field of 

2 X }'2 = 1 Bohr magneton; whereas, for the other half, M = —34 
and the moment is —1. Similar results were obtained subsequently, 
with greater precision, by Taylor^ and by Leu^ for sodium and potas- 
sium, which are likewise in states. Atoms of zinc and cadmium, 
in Leu^s experiments, were unaffected by the magnetic field. Atoms 
of thallium gave a double line corresponding to a moment of 34 mag- 
neton. Zinc and cadmium are normally in ^>So states, which have 
M = 0 and no magnetic moment. For thallium the normal state is 
inferred from spectroscopic evidence to be -Pi/,; thus M = 34 
again, but g ^ H instead of 1 [by Eq. (240), in which J = J4, S = 34, 
L = 1]. 

The method of magnetic deflections has been extended very 
ingeniously by Rabi for the measurement of the magnetic moments 
of nuclei. The student will find it worth while to look up his papers 
on this subject in the Physical Review, vol. 49 onward. 

151. Isotope Structure and Hyperfine Structure— The ordinary 
fine structure due to spin-orbit interaction does not exhaust the possi- 
bilities of fine details in spectral lines. Even before 1900, Michelson 
and others had shown, by means of the interferometer, that many 
spectral lines possess a further structure much finer still. This came 
to be known as hyperfine structure. 

^ Taylor, P%s. Eey., vol. 28, p. 276 (1926). ^ 

Zeits. f, Physik, Yol. 4:1, p, (1927). 
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After the discovery that many chemical elements consist of several 
isotopes (Sec. 195), it was believed for a time that each component of a 
hyperfine pattern of lines was emitted by a different isotope. But 
later, hyperfine structure was discovered in the spectra of some 
elements which, as shown by the mass spectrograph, consist of only 
1 isotope. An example is bismuth; the line X = 3,596 A contains six 
hyperfine components spread over a range of 0.3 A or 2.3 cm.“^ It 
was suggested by Pauli in 1924 that this effect might be due to an 
occurrence in the nucleus of angular momentum and an associated 
magnetic moment. It appears that both causes are operative. To 
distinguish between them, a tendency has arisen to restrict the term 
hyperfine structure to that which is associated wfith the angular momen- 
tum of the nucleus, the other type being called isotope structure. 

A photograph illustrating isotope structure in the spectrum of 


Hyperfine-^ Structure Tantalum A 5997 



Isotope -Structure ( 5 ) Tungsten A522.5 


Fig. 118. — Photographs illustrating {a) hyperfine structure in a spectral line of 
tantalum and (6) isotope structure in a line of tungsten, (*4./^er Grace, More, Mac- 
Millan, and White; from E. E. White, Introduction to Atomic Spectra.'^) 

tungsten is shown in Fig. 118, The spectrum was formed with a 
Fabry-Perot etalon, hence the same pattern appears repeated many 
times in different orders. Tungsten consists of 4 isotopes, with mass 
numbers 182, 183, 184, 186, the first two being somewhat less abundant 
than the last two. The three lines observed were ascribed to the 3 
isotopes of even number, the line due to 183 being assumed to be 
masked by the others. 

Isotope shifts of spectral lines are found, in general, to be propor- 
tional, for a given element, to the differences in atomic mass. As a 
rule, however, they do not seem to be purely the result of nuclear 
motion, as is the difference in the positions of those lines in the spectra 
of hydrogen and of ionized helium which would otherwise fall together 
(Sec. 97). The shift associated with an increase in mass from one 
isotope to another is even sometimes in opposite directions in different 
elements. The cause of most isotope shifts is thought to lie, perhaps, 
in some departure from the Coulomb type of field very close to the 
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nucleus, the departure being different for different elements a,nd even 
for different isotopes of the same element. 

An interesting example in which the isotope shift probably is a 
simple mass effect is afforded by the spectrum of hydrogen, in which 
the isotope shift was used as a guide by Urey and his collaborators in 
the discovery of heavy hydrogen or deuterium.^ The Rydberg con- 
stants for the two kinds of hydrogen atoms can be found b}^ substitut- 
ing M = Ml and M = 2ilfi successively in Eq. (146a) in Sec. 97, 
which gives 


Ri 


KMi 

~Mi + m 


2R^Mi 
2 AT 1 -|- '/w 


ill 1 being the mass of an ordinary hydrogen atom and m the mass of an 
electron. The difference in wave length for a given line of wave length 
X will then be, nearly enough, 


AX = - 


X(R2 - fil) 

K 


\m 

mi 


Since Mijm = 1,837, this means that, for example, the Up line for 
deuterium should lie 4,861/3,674 = 1.32 A on the violet side of that 
for ordinary hydrogen atoms. This line was observed to be very 
faintly visible, in the expected position, in the spectrum from a sample 
of common hydrogen, and it increased in strength as the hydrogen was 
subjected to operations which should increase the relative concentra- 
tion of deuterium. 

The theoretical treatment of tnie hyperfine structure, on the other 
hand, resembles closely the treatment of LS fine structure due to the 
spin-orbit effect, as described in Sec. 138. The total angular momen- 
tum of the nucleus is assumed to be fixed, so that it can be repre- 
sented by a quantum number I. The value of I may be 0 or integral 
or half-integral, and it may be different for different isotopes of the 
same chemical element. The angular momentum in question is 
presumably the resultant of spin momenta of the protons and neutrons 
of which the nucleus is composed; hence, it is- commonly said to be 
due to nuclear ^^spin.” I remains constant for a given atom because 
in ordinary physical processes the nucleus remains always in its lowest 
energy level. This level is degenerate, however, if J > 0; there is a 
second quantum number Mi, restricted to integrally spaced values 
such that |i¥j| ^ Thus, I and ¥/ in nuclear theory correspond to 
/ and. ¥ in atomic theory. ' . 

If the action of the nucleus on the electrons were purely that of a 


^ Ubet, Beickwbdde, and Mijephy, Phys, Reo., 'vol. 40, p. 1 (1932). 
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central field, the only effect of the nuclear angular momentum would be 
a (2J + l)-fold degeneracy of all quantum states, with the selection rule 
AM/ = 0. But there may exist also an associated nuclear magnetic 
moment, as in atoms. Equation (227) in Sec. 145 and its physical 
interpretation suggest that a single particle with a mass M equal to 
that of a proton, if, like an electron, it has spin 3 ^- 2 , might have an 
effective magnetic moment of magnitude 

Bohr magneton. 

4?rMc 1,837 "" 

This is called a nuclear magneton. Observation indicates, however, 
that the magnetic moment of the proton or hydrogen nucleus is 
actually nearer to 3 nuclear magnetons,^ 

If such a nuclear moment exists, wave mechanics indicates that the 
angular momentum of the nucleus is to be added to the resultant 
angular momentum of the electrons by a process of IJ coupling exactly 

Table VIII. — Hyperfine Structure of the Components of the Doublet of 


Thallium: 6.5^ 75^8/2 


X 

Ap, cm.""^ 

Intensity 

X 

Avj cm.’”^ 

Intensity 

3,776.888 A 

0.40 

3 

5,352. 184 A 

0.60 

8 

3,776.830 

0.71 

10 

5,352.014 

0.14 

' 3 

3,776.729 


8 

5,351.974 


10 


analogous to the LS coupling of resultant electronic orbital and spin 
momenta (Sec. 138). The result is then, in general, that each of the 
quantum states of the atom as dealt with hitherto is broken up into 
a group of quantum states characterized by two additional quantum 
numbers F and Mfj which have reference to the total angular momen- 
tum of the atom, that of the nucleus included. 

The interaction between the nuclear magnetic moment and the 
electronic motions and spins then slightly separates those states which 
have different values of F. The number of hyperfine energy levels 
thus produced may be different for electronic states of different J. 
If J ^ /, their number is 2/ + 1; but, if / < /, it is 2/ + 1. For the 
spacing of the hyperfine levels the analog of Eq. (211) for ES multiplets 
is obtained; the separation of successive levels is proportional to the 
larger of the values of F for the two levels [cf. Eq. (212) in Sec. 138]. 
As selection rules, in addition to all others, we have 

AF == 0 or ±1, AMf = 0 or ±1. 

^ Kellogg, Rabi, and 2 acharias, P%s. Eer., vol. 50, p- 472 (1936). 


Sec. 151 ] ISOTOPE STRUCTURE AND HYPERFINE STRUCTURE 395 


A hyperfine spectral multiplet results from transitions between the 
hyperfine levels composing two ordinary J levels. Usually it happens 
that the spacing of the hyperfine sublevels in one of the two J levels is 
much larger than that in the other, so that the former spacing stands 


/crri^ 


Sca/e 






5 35“^ 

Fig. 119. — Hyperfine structure of the thallium doublet X = angstroms. 

out in the spectral multiplet as observed, the finer structure due to the 
other / level being frequently not resolved at all. The result is then 
an easily recognizable type of pattern, a good example of which 

is shown in Fig. 118. 

As an illustration of the theory, consider the following doublet 
in the spectrum of thallium (T1 81): 

6s^7s^Sia (X = 3,777 A; p = 26,478 cm.-^) (a) 

652 6p2p3/, -> (X = 5,352 A; P = 18,684 cm.-') (h) 




-0 


■dv~0.40uri^ 


-0 


Av=0.7/cnP 


Under high resolution' each line 
of this doublet is seen to be made 
up of three components. Their 
wave lengths and estimated inten- 
sities are given in Table VIII; 
their relative positions on a fre- 
quency scale are shown in Fig. 119. 

To produce three component 
lines, as observed, there must be 
two hyperfine sublevels in each J 
level, just as in the production of 
the D triplets in the alkali 
spectra there are two J levels in 
each ZtS term (Sec. 138). Hence, 
here 2 = 2/+ 1, and so / = 3^^ 
for the thallium nucleus. Then 
for J' = V 2 ,F ^ I ±y 2 0 TF =^1 
or 0; for J = F = 2 or 1. The spacing of the hyperfine levels is 
easily determined from the observed separations in the spectrum. The 
level diagram is shown for one line of the doublet in Fig. 120. 

1 Back, Ann. d. Physik, vol. 70, p. 367 (1923). 


Fig. 120. — Enei'gj'' levels and transi- 
tions for the hyperfine structure of the 
thallium line X = 3,777 angstroms. 
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It may be remarked that the same pattern would result if the 
doublet separations in Fig. 120 were to be interchanged. According 
to Back and Wulff, the Zeeman pattern for the hyperfine components 
unambiguously assigns the energydevel differences. ^ 

In Table IX are shown a few values of I and of the nuclear magnetic 
moment pl expressed in terms of nuclear magnetons. If is the mass 
number of the isotope in question (Sec. 195). Where no references 


Table IX. — Nuclear Spin Numbers I and Magnetic ]\Ioments ju 



Z 

ilf 

I 



Z 

M 

I 


H 

1 

1 


2.790* 

K 

19 

41 


0.215t 

H 

1 

2 

1 

0.856* 

Rb 

37 

85 

H 

1.3401 

Li 

3 

6 

1 1 

0.821§ 

Rb 

37 

87 

Vz 

2.733t 

Li 

3 

7 


3.253§ 

Cd 

48 

111, 1131 

yi 

-0.6 

N 

7 

14 ! 

1 

0.403** 

Cs 

45 

133 

K 

2.558** 

Na 

11 

23 1 


2.215** 

Hg 

80 

199 

H 

^ 0.5 

A1 

13 

27 


3.630tt 

Hg 

80 

201 


i-0.6 

K 

19 

39 


0.391** 

TI 

81 

203, 205 

M 

1.6± 

K 

19 

40 1 

4 

-1.290tt 

Bi 

83 

209 ! 


3.8± 


^ MilxiMan and Kitsch, Phys. Rev.^ vol. 60, p. 91 (1941). 

t Kusch, Millman, and Rabi, Phys. Rev., vol. 57, p. 765 (1940). 

t Kusch and Millman, Phys. Ret., vol. 56, p. 527 (1939). 

§ Rabi, Millman, Kusch, and Zacharias, Phys. Rev., vol. 55, p. 526 (1939). 

Kusch, Millman, and Rabi, Phys. Rev., vol. 55, p. 1176 (1939). 

ft Millman and Kusch, Phys. Rev., voi. 56, p. 303 (1939). 

Zacharias, Phys. Rev., vol. 61, p. 270 (1942). 

are given, the data are taken from Condon and Shortley’s book^ and 
were originally calculated from the observed spectroscopic separations 
by means of perturbation theory. 

It was remarked in 1940 by Mattauch® that hyperfine structure 
had not been found in the spectrum from any atom whose nucleus 
was composed of an even number of protons and an even number of 
neutrons, so that both its atomic number and its mass number are 
even (Secs. 195 and 206). Presumably all such nuclei have 1 = 0 
and ju = 0. Examples are He, C, 0, Ne, Mg. 

152. The Breadth of Spectral Lines. — No spectral line as observed 
is perfectly sharp, no matter how great the resolving power of the 
spectrometer. A line devoid of structure appears densest in the center 
and fades out symmetrically on the edges. It is of interest to inquire 
as to the causes of this distribution of the energy within a line. 

1 Back and Wulef, Zeits. f. Physikj vol. 66, p. 31 (1930). 

2 Condon and Shortlby, ^‘Theory of Atomic Spectra, p. 424, 1935. 

2 Mattauch, /. voi. 117, p. 246 (1940). 
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For convenience in comparing lines, the width A of a line is defined 
to be the distance between two points, one on each side of the center, 
at which the intensity is half as great as it is in the center of the line 
(Fig. 121). (This is sometimes called the half-intensity width.) The 
principal causes of line broadening are the following: 

(a) Doppler Effect. — The observed frequency of a spectral line may 
be slightly changed by the motion of the radiating atom in the line of 
sight, owing to Doppler ^s principle, the apparent frequency increasing 
if the motion is toward the observer and deci'easing if the motion is avmy 
from the observer. Only for those atoms 
which have no component of velocity in the 
direction of the observer will the observed 
frequency of the emitted light be equal 
to the actual frequency. As is well known, 
the measurement of the velocity of stars in 
the line of sight is based on this principle. 

In a luminous gas, such as the mercury vapor in the mercury arc 
lamp, the atoms are moving with a maxwellian distribution of velocity, 
the average velocity increasing with temperature. It is obvious, 
therefore, that a spectral line emitted by a gas must comprise, as 
observed, a range of frequencies symmetrically distributed about the 
frequency emitted by the atom when at rest and, further, that this 
range should increase with increasing temperature. The distribution 
of intensity throughout the line is determined by MaxwelFs distribution 
of velocities. According to Rayleigh,^ the brightness of the line at a 
distance ±Av wave numbers from the center is proportional to 

where is a constant which depends on the temperature and on the 
mass of the atom, and e is the Napierian base of logarithms. From 
this formula it follows that the width A defined as above, if it is due 
entirely to the Doppler effect, should be 

A = 0.72 X 

wave-length units, where T is the absolute temperature and M is the 
atomic or molecular weight of the radiating atom or molecule. - 

Careful studies of the breadth of lines in the spectra of the rare 
gases were made by Fabry and Buisson,® using an interferometer 

1 Rayleigh, PM. vol. 27, p. 298 (1889). 

2 Cf. White, H. E., “Introduetion to Atomic Spectra,” p. 419, 1935. 

* Fabry and Buisson, J. de PXj/sigtte, vol. 2, p. 442 (1912). 



Fig. 121. — Illustrating 
definition of the width of 
a line. 
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method. They confirmed the formula for A as written above. At 
liquid-air temperatures the breadth of the krypton line X = 5,570 A 
Avas found to be only 0.006 A, practically all of which could be ascribed to 
the Doppler effect resulting from thermal agitation at that temperature. 

(6) Pressure. — Using the light from a single unresolved spectral 
line, it is possible, under favorable conditions, to produce interference 
fringes Avhen the difference in the path of the two beams is as much as 
several hundred thousand Avave lengths. In terms of classical theory, 
this fact Avas interpreted to mean that the Avave train sent out by any 
particular atom is continuous, Ae., is Avithout change of phase, for at 
least that number of vibrations. In order that the atom may emit 
Avave trains of this length, it must be ''free from interruptions’" for a 
corresponding period of time. In the terminology of the kinetic 
theory of gases, this means that the mean free time betAveen collisions 
with other atoms must, on the average, exceed the time required to 
emit a complete Avave train, since it may be assumed that a collision 
with another atom wmuld cause either a change of phase or excessive 
damping or other disturbance. Analogous conclusions are deduced, 
although as a result of rather different reasoning, from AA^ave mechanics. 

Noav, collisions betAA’^een atoms become more frequent the higher 
the pressure of the gas for a given temperature. The higher the pres- 
sure, the shorter, therefore, should be the Avave trains and the more 
frequent the abrupt changes of phase. An increase of temperature, 
at given density, also increases both the collision rate and the pressure. 
Thus in general, at higher gas pressure, not only should there be a 
broadening of the line due to the Doppler effect but also an additional 
broadening due to the increasing frequency of phase changes resulting 
from collisions. Michelson confirmed this by shoAving, from measure- 
ments Avith the interferometer, that beloAv a pressure of the order of a 
millimeter, the breadth of the hydrogen line X = 6563 A is almost 
entirely due to the Doppler effect; but that at higher pressures the line 
becomes considerably broader. 

The observed broadening is enhanced by direct disturbances of the 
energy levels, or of the radiation process itself, Avhen another molecule 
comes close to the radiating atom. 

(c) Natural Line Breadif/i.— According to Avave-mechanical theory, 
a line ought also to exhibit a small "natural” Avidth even Avhen emitted 
by an atom at rest. As an analogy, a classical oscillator, radiating 
energy, avouM decrease continually in amplitude; it Avould emit, there- 
fore, a damped Avave train of finite effective length. It can be shoAvn 
that a damped train of sine waves is equivalent to the superposition 
of a large number of perfectly regular trains of great length, with 
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slightly differing frequencies. Such radiation, observed as a spectral 
line, would, therefore, be broadened slightly. In the visible region, the 
natural line breadth is mostly much less than 0.001 A and so is not 
detectable. It is easily observable, on the other hand, in the case of 
X-rays. 

(d) Incipient Stark Effect . — In the spectra emitted by discharge 
tubes, a common cause of broadening is the production of a small 
Stark effect by strong electric fields, which are not great enough to 
produce an observable splitting of the line but are sufficient to make it 
appear perceptibly broader than it otherwise would. 

Thus there are many very different factors that may be responsible 
for the broadening of spectral lines. 

153. Molecular Spectra. — In preceding sections of this chapter 
we have considered only spectra emitted by atoms. There are other 
spectra in vast variety which are believed on good evidence to be 
emitted by molecules containing 2 or more atoms. 

Thus, in the visible part of the spectrum emitted by a discharge 
tube containing hydrogen, only three or four lines belonging to the 
Balmer series are emitted by free atoms, which have been produced 
by the dissociation of molecules. Many other lines are observed, 
however, mostly fainter, which are ascribed to emission by the undis- 
sociated molecules themselves. Again, if one looks at the spectrum 
of the carbon arc with a spectroscope of moderate resolving power, one 
will observe, at the extreme (violet) edge of the visible part of the 
spectrum, bands,’’ or very broad lines, which are sharply defined and 
brightest on the long-wave-length edge and wffiich fade out gradually 
toward shorter wave lengths. With higher resolving power, these 
/‘bands^’ are seen to be composed of a large number of lines which 
are crowded together at the long-wave-length edge, called the ^^head” 
of the band, and are separated farther and farther toward the short- 
wave-length side, the lines, however, being so close together as to 
appear, under low resolving power, like a continuous spectrum. These 
bands are ascribed to molecules of cyanogen, CN. There are also 
many groups or bands of lines in the infrared which have been found 
to have a molecular origin. 

In the space available here we can discuss only a few of the features 
of molecular spectra, referring the student to other books or to the 
literature for further information.^ 

In general, the spectrum emitted by any given kind of molecule 

^ Heezbeeg, G., ^^ Molecular Spectra and Molecular Structure, 1939; liirARic 
and Ueey, “Atoms, Molecules and Quanta”; Weizel, W., “Bandenspektren,” 
Akademische Verslagsgeseilschaft m.b.H., Leipzig, 1931. 
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can be divided into three spectral ranges which correspond to different 
types of transition between molecular quantum states. The principal 
exception is that the spectrum of some molecules is confined to only 
one of these ranges. Simple reasoning in terms of familiar classical 
assumptions concerning molecular structure leads us to expect such a 
feature in molecular spectra, and the reasoning needs only to be 
translated into wave-mechanical terms in order to constitute a correct 
theoretical approach to the subject. 

(a) Rotation Spectra , — Suppose a molecule were a rigid structure 
but contained electrical charges so disposed that the molecule possessed 
an electric moment. If such a molecule were to rotate, according to 
classical theory, it would emit radiation for essentially the same reason 
that an electron revolving in a circle would radiate. It is readily seen 
that the radiation would consist of sine waves having a single fre- 
quency, viz,j the frequency of rotation. Conversely, radiation falling 
upon such a molecule would tend to set it into rotation, energy of the 
radiation being at the same time absorbed. 

A few spectral lines corresponding to this simple picture have been 
observed in the far infrared and are said to constitute rotation 
spectra.^’ 

(b) Vibration-rotation Spectra . — If the molecule were not rigid 
but contained atoms capable of vibration under elastic forces about 
equilibrium positions, and if the chemical binding were of the ionic 
type (Sec. 125), so that some atoms contained an excess of positive 
charge and others an excess of negative, then according to classical 
theory radiation would be emitted by the vibrating atoms as they 
move back and forth. Unless the molecule were at the same time 
rotating, the frequency emitted would be that of the atomic vibration. 
If the molecule were rotating, however, the emitted line would be 
divided into two lines having frequencies respectively greater or less 
than the frequency of the atomic vibration, in essentially the same 
way as, in the classical theory of the Zeeman effect (Sec. 40), the 
precession caused by a magnetic field modifies the frequencies emitted 
by a vibrating electron. 

Furthermore, it would be anticipated that, if the amplitude of 
vibration became large, the atomic vibrations, although still periodic, 
would no longer be simple harmonic. This is true even in the familiar 
example of the vibrations of a pendulum. The radiation emitted 
could then be resolved by Fourier analysis into wave trains with 
frequencies representing the fundamental and the harmonic overtones 
of the atomic vibrations. Each of these separate frequencies would 
then be split up further by rotation of the molecule. 
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Many spectra corresponding roughly to this classical picture are 
known in the infrared and are called ^^vibration-rotation spectra.” 

(c) Electronic S'pectra. — Finally, according to classical ideas, an 
electron in the molecule might vibrate by itself and so radiate. The 
emitted radiation would be affected, however, both by the vibrations 
of the atoms in the molecule and by the rotation of the molecule as a 
whole. It would probably be one of the outer electrons that radiated 
in the optical region of the spectrum, and its frequenc}?- would be much 
affected by the instantaneous position and motion of the nuclei. The 
rotation of the molecule would tend to split up the emitted lines 
as in the emission of the vibration-rotation spectrum. Molecular 
bands in the visible and ultraviolet, such as the cyanogen bands 
described above, are believed to correspond roughly to this third 
classical picture. 

The three types of molecular spectra thus characterized will be 
taken up in succession for a brief discussion. 

164. Rotation Spectra. — As a simple model to illustrate certain 
features of the behavior of actual molecules, w^e may imagine a mole- 
cule to consist of several mass points held rigidly at fixed distances 
from each other. The quantum states for such a molecule, according 
to wave mechanics, would be characterized by fixed values for the 
angular momentum, in the same way as are the states of an atom 
(Sec. 130). The corresponding quantum number /, however, is 
confined here to integral values (zero included) . The discussion will be 
restricted hereafter almost entirely to diatomic molecules. If there are 
only two mass points in the molecule, the line joining them is an axis of 
symmetry, and only rotation about an axis perpendicular to this line 
has significance; furthermore, the moment of inertia about all such 
perpendicular axes will have the same value. 

The relation between angular momentum and energy is found to 
be the same according to wave mechanics as in classical theory. For 
the angular momentum G and energy IF, we shall have, therefore, in 
terms of the angular velocity a? and moment of inertia J, 

G = J«, W = llcc% :.W 

Inserting here the wave-mechanical value of (Sec. 130), we have 


402 


ATOMIC STRUCTURE AND OPTICAL SPECTRA [Chap. VIII 


Such a molecule can radiate only if it possesses an electrical 
moment, which will be the case, for example, if one mass point has 
associated with it a positive charge and the other an equal negative 
charge. The selection rule for J is then found to be the same as that 
for the quantum number Z of a single electron in a central field: 

A J = ±1. (242) 

Since in the present case W and J increase or decrease together, 
AJ = — -1 will correspond to emission of energy and AJ = +1 to 
absorption. Thus, in a transition from state J to state / 1, the 

emitted frequency will be, since 

J{J +!)-(/- 1)(J - 1 + 1) = 2/, 


ATF 

h 


- 2BJ, 


B = 


h 

’^1 


(243a, 6) 


Thus a molecule of the type under consideration will emit a spectrum 
consisting of equally spaced lines, with frequencies equal to a multiple 
of a fixed number, B. For an emission line, J refers to 
the initial state for the molecular transition; for an 
absorption line, to the final state. The corresponding 
type of energy-level diagram is illustrated in Fig. 122. 
The arrows pointing downward refer to transitions for 
emission, those pointing upward to transitions for 
absorption. 

We may form some idea of the spectral region in 
which such lines may be expected to occur by estimat- 
ing the probable magnitude of I from other considera- 
tions. The molecule HCl, for example, might be 
expected to have an electric moment, since it is 
strongly ionized in solution. In the formula I = 
in which r denotes distance from the center of mass of 
the molecule, the Cl atom will contribute little because 
it is so close to the center of mass. The mass of a 
hydrogen atom will be approximately the reciprocal 
of the Avogadro number (Sec. 79) or the number of 
atoms in a gram-atom. Hence, if we assume r = cm. for the H 
atom, we have 

I = lO-iV(d X 1023) = 17 X 10-^0 c.g.s. unit. 

Thus, for the constant B in Eq. (243a), if we also divide by c to obtain 
it in wave-number units, we find 

6.6 X 10-27 



Fig. 122.™ 
Energy4evel di- 
agram for a rota- 
tion spectrum. 
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roughly. For J = 10, we find v = 2BJ = 340 cm or 
X = 0.029 mm. = 29/x. 

Now all of the hydrogen halides in the gaseous state show broad 
absorption lines in the far infrared which are very nearly equally 
spaced and w^hose wave numbers are very nearly multiples of a constant 
quantity. These lines are believed to result from transitions in which 
the rotational state of the molecule alone changes, very nearly accord- 
ing to the simple theory just described. Thus for HCl, Czerny^ found 
a series of absorption maxima at wave lengths ranging from 120ju to 
44/x. The corresponding wave numbers are listed as hhs in Table X, 


Table X. — Absorption Spectrum of HCl in the Far Infrared 


J 


Voha 


Ap 


J'calc 


4 

5 

6 

7 

8 
9 

10 

11 


83.03 


124.30 

145.03 

165.51 

185.86 

206.38 

226.50 


(41.27) 

20.73 

20.48 

20.35 

20.52 

20.12 




83.06 

103.75 

124.39 

144.98 

165.50 

185.94 

206.30 

226.55 


Under the heading J is given the larger of the two values of J assigned 
to each transition. We note that the spacing of the maxima is almost 
uniform but shows a slight trend. In the last column of the table are 
shown values of r calculated from the empirical formula, v = // — 
with / = 20.79, g == 0.0016; according to this formula 

Ap = / - g[J^ - (J - m = / - (3J^ - 3/ + l)g cm.~^ 

If we have sufficient confidence in the theoretical interpretation, 
such data can be used as a basis for the calculation of molecular 
moments of inertia. Substituting B = cf/2 = 20.79 c/2 in Eq. (2435), 
we find for the moment of inertia of the HCl molecule, in a state of 
minimum rotation, I = 2.45 X gram cm.^. This value agrees 
satisfactorily with our rough estimate, 1.7 X 10"^°. ihe slight 
decrease in A? as / increases, and hence also in the apparent value of 
B, implying an increase in J, is what would be expected if the atoms 
were not tightly bound together but became slightly pulled apart by 
centrifugal action as the speed of rotation increases. 

Thus, wave mechanics accounts satisfactorily for the rotation type 
of molecular spectrum. 

^ Czerny, Zeits. f. Physik, vol. 34, p. 227 (1925). 
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155. Vibration-rotation Spectra, (a) Approximate Theory of a 
Vibrating Diatomic Molecule . — To obtain a simple model of a diatomic 
molecule in which atomic vibrations can occur^ suppose the atoms are 
themselves point masses but that, instead of being rigidly bound 
together, they are held by a force that varies with the distance between 
them. Let this force correspond to a potential energy 7, which, 
plotted as a function of the distance r betw^een atomic centers, is 
represented by a curve of the tj'pe of that marked 7 in Fig. 123. The 
potential has been arbitrarily taken to be zero at r = oo . The force 
exerted by either atom on the other will be proportional to the slope 
of this curve; it is represented by the curve marked F in Fig. 123. 
From the point ro at which 7 has its minimum value outward, the 

force is attractive; for r < ro, it is 
repulsive, rising rapidly to high values. 
Under the influence of such a force, 
according to classical theory, the 
atoms could be at rest and in equilib- 
rium at the distance ro. If disturbed 
moderately, they would vibrate about 
this point; if given kinetic energy 
exceeding “7o, however, where 7ois 
the value of 7 at r = ro, they would 
fly apart entirely, i.e., dissociation of 
the molecule would ensue. Such a 
picture corresponds to the observed 
properties of molecules, and it is also suggested by wave-mechanical 
theory. 

According to wave mechanics, however, there would be a set of 
discrete quantum states for the positions of the atoms relative to each 
other, with energies as suggested by the horizontal lines in Fig. 123. 
The lowest of these quantum states would correspond to an energy a 
little greater than 7o, — it might be said, therefore, that even in their 
lowest state the atoms have a certain amount of kinetic energy, which 
is analogous to the zero-point energy hv/2 of a harmonic oscillator. 
Thus the interatomic distance is not quite fixed even when the molecule 
is in this state, although the most probable value of the interatomic 
distance will be close to ro. Let us number the quantum states in the 
order of increasing energy, denoting the number of a state by v ^0. 
Let the corresponding energy be denoted by Wv. The values of 17^, 
are all negative, zero energy belonging to a state in which the atoms 
are at rest at infinity. Thus, — Wv represents the energy of dissocia- 
tion of the molecule when it is in state number v and not rotating. 



Fig. 123. — The mutual potential 
energy V and force F, measured 
positively as a repulsion, between 2 
atoms in a diatomic molecule. 
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Sec. 155] , 

Th.e total number of tbe discrete states may be finite oi infinite, 
depending upon the form of the potential curve. 

The wave functions and energies for the first few states should 
resemble those for a harmonic oscillator. For, if we expand V in a 
Taylor series about r = ro and note that iY j dr = 0 at r = ro, ue 
obtain 


1 (dW^ 


df- 


(r 




(r — ro)® 


7 = yo + 2(' 

and the first two terms of this series represent a potential function 
of the same type as that for a harmonic oscillator (Sec. 114). ^ The 
wave functions and energies for the higher states, however, must 
depart considerably from those for an oscillator, owing to the influence 
of the remaining terms of the series. Thus the selection rule for the 
harmonic oscillator, A. = +1, cannot be expected to 
for a diatomic molecule, even Ay = 0 being possible. The piobabilitj 
of a jump may be expected, however, to fall off rather rapidly ab Ar, 

mcr^ase^^^^_^ quantum states for the whole molecule, allowance must 
then be made for rotation of the line joining the atoms. If we suppose 
that, to a suflflcient approximation, the energies of “ 241 V 

vibration are additive, we may write for the total energy, by Eq. (241) 

above, ^ 


If = + /(J + l)Bh, 


B = 




(244a, 6) 


The various values of IF. are called vibrational levels f 
cule The energies represented by both terms on the “8^ 

(244a) are called vibration-rotation levels or 

T Eh is usually very small relative to tiie aintrence 

between successive values of F.; hence the rotational 
to each vibrational level form a close y 

arrangement of the rotation-vibration levels is illustiated m g. , 

rXh however, the relative spacing of the rotational levels .s 

““2 oTSatte of B, all lines arising fro„ tr^- 

tiorS two given vibrational levels will lie close together ; they 

rs^rrconetiti a -iYn'rsSr; T rs 

appear as a continuous streak in ttie specrrum. 

series "beyond ' tlie''first 'two. 
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C onf/nuum 


transitions in which only the vibrational and perhaps rotational 
energies of the molecule change are called vibration-rotation bands. 

For a molecule composed of two point masses, the selection rule 
for J is found to be, as for the pure rotation lines, 

A/ = ±1. 

For many molecules of more complicated struc- 
ture, AJ = 0 is also allowed. A few tran- 
sitions allowed by the rule A/ =4; 1 are 
indicated in Fig. 124. 

From the approximate expression for the 
energy in Eq. (244a), we find, since 

J{J + 1) - {J - 1)(J - 1 + 1) = 2/, 

for the frequencies emitted in a transition 
between levels J — 1 and v" ^ /, or between 
y', J and v", J — 1, respectively, 


0 


-3 

-2 

-/ 

~0 


v\J - 


1 : 


-4 

-J 

-2 

-/ 

''0 


V == — 2BJ^ 

/ = 1, 2, 3, • • • ; 

V = “f" 2BJj 

J = 1, 2, 3, • • • ; 




h 


(245a) 

(245!)) 

(245c) 


11 


It is assumed here that v' > v" and TF,,' > FA"d 
According to Eqs. (245a,!)), the lines in a 
given vibration-rotation band emitted by a 
diatomic molecule should be equally spaced 
in frequency, with a separation 2B. It is 
clear, however, that the value v = cannot 
occur, so that there is no line corresponding 
to pure vibration. The nearest frequencies 
to this are v = v^'v” + 2B and — 2B. 
The central line of the band should thus 
appear to be missing, as is illustrated in Fig. 124. 

(6) Observed Absorption Bands of Yibration-rotation Type . — - 
Absorption bands answering the foregoing description were observed 
long ago in the near infrared regions of the spectra of the hydrogen 
1 In absorption, therefore, v' refers to the jinaZ state into which the molecule is 
raised by the absorption of a quantum. In considering the spectrum, however, 
it is simplest to think only of numerical energy differences, without bothering to 
remember which state is the initial or final one in the radiative process. 


Fig. 124. — The energy 
levels for a rigid diatomic 
molecule (the relative 
magnitude of the rota- 
tional separations being 
enormously exaggerated), 
and a few of the transitions 
for the first band. 
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halides. The band of HCl at 3.5 m is shown, as observed by Imes,^ in 
Fig. 125, percent of absorption being plotted against wave length. 
In order to obtain this curve, Imes passed the radiation from a Nernst 
glower through 15 cm. of HCl gas at atmospheric pressure and then 
through a spectrometer containing a prism of rock salt, and measured 
the transmitted radiation with a thermopile and a galvanometer. The 
band in question had been observed by Burmeister in 1913 as a con- 
tinuous band with a double top and was thought to be capable of 
explanation in terms of classical theory. The molecules were assumed 
to possess a maxwellian distribution of rotational velocities, so that 
according to classical theory the splitting described in Sec. 152(a) 
would be expected to spread the vibrational line out into a broad, 



Fig. 125. — The principal absorption band of HCl in the near infrared (after E. S» 
Imes^). The numbers on the lines give the larger J for the transition, those for which 
AJ is opposite in sign to Av being primed. (Reprinted by courtesy of Prentice-Hall Inc.^ 
New York; from (?. Herzherg, '‘^Molecular Spectra and Molecidar Structure^ 1939.) 

continuous band. When later workers observed a succession of 
maxima in the band, it was realized that an explanation could only be 
found in terms of a discrete set of rotational quantum states. 

The anticipated absence of the central line in Fig. 125 is very 
evident. The lines show some approach to equal spacing, but a con- 
siderable systematic variation occurs; this is well brought out by the 
following table of frequency differences, in which those values of J are 
primed that refer to transitions in which INv = y" — and A/ have 
opposite signs, so that the change in rotational energy is opposite in sign 
to the change in vibrational energy and the frequency is less than 

v', J — 1] v", J 

“j Y' Q' ^ 5^ 4^ ^ ? 5 P 

Ap 26.62 26.15 25.91 25,03 25.30 23.67 23.85 23.04 22.49 22.48 21.75 

v',J;v",J - 1 

___ ■■■■"”: J-. ' g. ' 3 ~ 6 7 ~S iq li ; ■ 12 

A? 41.60 20.24 18.35 18.62 17.38 17.62 16.30 14.92 15.89 14.47 13.27 12,85^ 

^ Imes, Astrophys. voL 50, p. 251 (1919). 

^ Loc. cit. 
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(c) The More Accurate Empirical Theory of Vihration-rotation 
Bands. — The variation in Av as observed indicates that the theory- 
developed above is too simple and requires modification. Even on 
classical assumptions, complications are to be expected in an actual 
case. When the molecule is in rotation, the position of relative equi- 
librium for the 2 atoms should shift outward from tq in Fig. 123, because 
of centrifugal action; the result would be an increase in the moment 
of inertia I. An effect of the spreading upon the vibrational motion of 
the molecules is also to be anticipated. 

The true formula for the energy levels must, therefore, be more 
complicated than that expressed in Eq. (244a), although the quantum 
numbers v and J can undoubtedly be retained as labels. Various 
empirical equations have been proposed from time to time, alongside 
efforts to improve the treatment based on quantum theory. A form 
of equation equivalent to the following has become accepted as 
standard, all terms being expressed in cm."*^: 

# = #■, + BJ(J + 1) - DJ^(J + 1)2 • • • . (246) 

The coefficients St? and Dv vary somewhat with v and are often written 
as power series in this variable: 

St, = So — av A" Dv = Do -h * * * . 

In these series, wave-mechanical considerations indicate that So and So 
should be positive, and that Dv as a Avhole should be comparatively 
small. If we omit the Dv term entirely, we obtain, in place of (245a) 
and (2456), changing to wave numbers instead of frequencies: 

J — 1 ; y'', J: p = Pt?v' (St,' + Bv'i)J 

+ (S.' - St,")/' * • • (247a) 

v' J J ; J — 1 : p = Pv'v" “h (St,' -h Bi,")J 

+ (Bv' - • • • . (2476) 

These equations yield the lines in order of increasing frequency if we 
take decreasing values of J in the first equation and increasing values 
in the second. For Av between successive lines, we find, denoting by 
/t,, the larger of the tv^o values of J for each transition: 

v\J -1] /: Av = St,' + St," - (Bv' - St,") {2J^ - 1) • - • , 

N, J ; N', / “ 1: A? = St,' + St," + (St,' ~ St,") {21^ - 1) • • • . 

In view of,the direction in which / changes throughout the band, these 
equations imply that, if Sy < Bv"j Av will decrease from one line 
to the next, as it actually does. The observed rate of decrease, 
however, is greater at higher than at lower frequencies. This is 
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easily seen to be accounted for by the term in in Eq. (246), pro- 
vided Dv' and Dv'' are both positive. The term in represents 
essentially the stretching effect due to centrifugal action, which was 
referred to above; this stretching, by increasing the moment of inertia 
J, should decrease the energy, as is evident from the approximate 
equations (244a, 6); hence, in Eq. (246), D^. should be positive. 

(d) Relation between Rotation and Vibration-rotation Bands, — It is 

obvious that there should exist a close relation betw^een the vibration- 
rotation bands and the pure rotation spectrum of a given substance; 
indeed, the rotation spectrum is simply a band arising from transi- 
tions in which Ay = 0. If we put = 0 in Eq. (2455), we obtain 
V = 2BJ, in agreement with (243a) in the last section. Thus, accord- 
ing to the simplest type of theory, the separations of the lines should 
be the same in the rotation and in the vibration-rotation parts of the 
spectrum, being equal to 2B in both cases. This conclusion is easily 
tested. According to (245a) and (2455), the separation of the inner- 
most two lines (J = 1) in a vibration-rotation band is 4B. In the 
HCl band just described, this separation is 41.60 Half of this, or 

20.8, happens to agree exactly with the value obtained for the spacing of 
the lines at J = 0 from the empirical formula that was cited in the 
last section for the rotation spectrum of HCl, m., Ar = / == 20.79," 
The comparison will not be pressed more closely here, because of 
insufficient accuracy in the data for the vibration-rotation band. 

(e) Bands of Higher Order ^ and the Heat of Dissociation. — Besides 
the relation between the two kinds of bands, another theoretical point 
that can be tested is the prediction that, although transitions for 
Ay > 1 are to be expected, the resulting bands should be relatively 
weak. If the vibrational levels were equally spaced, as for the har- 
monic oscillator [Eq. (184a, 5) in Sec. 114)], the vibrational frequencies 
of the bands for Ay ^ 1 would be proportional to 1, 2, 3, • • * , just 
as they are for the harmonic overtones of a classical vibrating system. 
Thus, if we assume that the HCl band at ZAQp arises from a transition 
between the lowest two vibrational levels (y" = 0, y' — 1), we should 
expect to find bands diminishing progressively in intensity at about 
1.73 m, 1.15, 0.865, etc. Actually, by observing the absorption through 
very thick layers of HCl gas, bands have been observed at 1.76, 1.20, 
and 0.916/x, the last mentioned being 10,000 times w^eaker than the 
3.46 band. ^ 

The occurrence of these ‘^harmonic’’ bands with the expected 
variation in strength, and the agreement of the spacing in all bands, 

1 Heezbeeg and Spinks, Zeits. f. Physik, vol. 89, p. 474 (1934); Ceeaves and 
Edwaeds, P/iys. i2ey., vol. 48, p. 850 (1935). 
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including the rotation spectrum, with theoretical expectations, consti- 
tute strong evidence that our interpretation of these infrared absorp- 
tion spectra is essentially correct. A further check is furnished by a 
connection with the heat of dissociation of the molecule. The heat of 
dissociation represents the energy that must be added to a molecule 
in its lowest quantum state in order to separate the atoms and leave 
them at rest an infinite distance apart. Obviously, the energy of the 
molecule in any possible quantum state must be less than the energy of 
the separated atoms, else the molecule would dissociate spontane- 
ously. Hence, the quantity hv for any molecular line, representing the 
difference in energy between two molecular states, must be less than 
the heat of dissociation. For the HCl band at X = 0.916/1, 


hv = 6.6 X 10”27 X 


3 X 1010 
0.906 X 10-^ 


= 2.2 X 10-12 erg. 


In the “International Critical Tables,^’i the heat of dissociation of a 
gram-molecule of HCl, for dissociation into H 2 and CI 2 , is given as 
92 kilojoules, whereas the heats of combination of a gram-atom of H 
or Cl into H 2 or CI 2 are, respectively, 211 and 120.3 kilojoules. Hence 
to dissociate 1 molecule of HCl into H and Cl requires 

1010 


(92 + 211 -b 120.3) X 


6.02 X 1023 


= 7.0 X 10-12 erg. 


This is more than three times the value of hv as just calculated for the 
highest-frequency vibration band of HCl that has been observed, so 
that the theoretical expectation is confirmed. 

(/) Efect of Thermal Agitation upon Infrared Bands , — No absorp- 
tion bands are observed for which v'^ > 0 in the spectrum of HCL 
This is explained as a consequence of the wide spacing of the vibra- 
tional levels relative to the quantity kT, Molecules are seldom thrown 
by thermal agitation into a vibrational level which can serve as the 
initial level for an absorption band with > 0. Even for X = 3.5/i, 
hv = 5.7 X 10-1® erg; whereas at T = 288°K. (15''C.), 

kT = 288 X 1.38 X IQ-i® = 4 X IQ-i^ erg. 

If Wq^Wi are the energies of the two states involved in the production 
of X = 3.5/i, the ratio of the number of atoms in the upper of these 
two states to that in the lower will be the ratio of their Boltzmann 
factors or, according to Eq. (148a) in Sec. 101 


; (TTi— Wo)/ifer — Q—hv/hT -- g— ~ 
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This is so small that practicallj’ all molecules of HCl will be in their 
lowest vibrational states {v = 0) at ordinary temperatures. Hence 
only the absorption band for which v" = 0 can be observed; and the 
observed rotation spectrum is the 0 — 0 vibration-rotation band 
(v = 0 to V = 0). 

Among the various rotational levels, on the other hand, a wide 
disti’ibution of the molecules occurs even at room temperature. For 
the experimental value of B, 20.6/2 cm.-^, makes Bh equal to 

6.6 X 10-2^ X 3 X 10“ X ^ = 2.0 X 10““ erg. 

Thus, for these states, if the energy of the lowest is taken as zero, 
W = J(J + 1) X 2 X 10“^^ erg, which is much smaller than kT. 
For J = 10, we find = e-5.5 0^0041. Furthermore, there 

are 2J + 1 fundamental states for each J (with df =—/,** • J), 
so that even states with J as large as 10 will occur 

(2 X 10 + 1) X 0.0041 = 0.08 

times as often as states with / = 0. This result agrees nicely with 
the number of lines that are actually observed in the HCl band at 
3.5/i. 

In some other substances, such as I2, an appreciable fraction 
of the molecules are normally in higher vibrational states, and other 
bands can occur in absorption or in the rotation spectrum. 

(g) Infrared Bands of Other Types of Molecules. — Vibration- 
rotation spectra are known for many other molecules than those 
which have been mentioned. Their structure is often more complex 
than that described above; in many cases transitions for AJ = 0 are 
permitted, so that an additional sequence of lines occurs and there is 
no gap in the center of the band. Thus the absorption spectrum of 
CO 2 shows many vibration-rotation bands in the region from 1.46iu to 
15.50ju, and that of Avater vapor shoAvs many from 0.69^ to 6.26ja^'; 
these bands, together AAuth the rotation lines of Avater vapor, are respon- 
sible for the marked infrared absorption of the earth^s atmosphere. 

In order to exhibit vibration-rotation and rotation spectra of 
appreciable intensity, a molecule must possess an electrical moment. 
Homonuclear diatomic molecules, such as O2, Ns, H2, CI2, possess no 
moments and, hence, have no spectra of these two types. Gases 
composed of such molecules are entirely transparent in the infrared. 

156. .General Theory of Molecular Quantum States.— Up; to this' 
point, the electrons in the molecule have been ignored. Actually, the 

* Weizel, loc. cit. 
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wave function for a molecule must contain the coordinates and spins 
of all of the electrons as well as the coordinates of the nuclei. When 
atoms unite into a molecule, the inner electrons in each atom can be 
regarded as remaining associated, more or less, with the nucleus of 
that atom; but the outer electrons come to belong to the molecule 
as a whole rather than to any individual nucleus. 

(a) Approximate Separation of Electronic and Nuclear Motions . — 
In many cases, especially for the diatomic molecules, the wave func- 
tion can be separated approximately into two factors, of which one 
has reference to the electrons, whereas the second factor represents 
vibrations of the nuclei and rotation of the molecule as a whole. 
The first factor then represents the electrons as being in a certain 
electronic quantum state. This electronic factor is analogous to the wave 
function for the electrons in an atom. Both the energy and the 
wave function of the electronic state, however, will depend upon the 
relative positions of the nuclei. In this respect the situation in a 
molecule is quite different from that in the atom. The mutual electro- 
static energy of the nuclei is commonly included in the energy of the 
electronic state. The electronic energy as so defined possesses a 
minimum value for certain relative positions of the nuclei; if they move 
closer together, or move farther apart, the electronic energy rises and, 
hence, so does the energy of the molecule. Thus the energy of the 
electronic state is equivalent to a potential energy tending to hold 
the atoms together in definite relative positions of equilibrium. It is 
in this way that an interatomic potential energy arises in a diatomic 
molecule such as was sketched in Fig. 123. 

In this same approximation, the energy W of the molecule can be 
written as the sum of two parts, a negative part We, representing 
roughly the average of the electronic energy, including also the elec- 
trostatic energy due to the mutual repulsion of the nuclei, and a 
much smaller positive part Wwr which is associated with vibration of 
the atoms relative to each other and with rotation of the molecule as 
a whole. Thus 

W ^ We + Wr.. (248) 

For a diatomic molecule, the energy Wrv Is what was denoted by W in 
Sec. 155, as in Eq. (244a) or (246). 

For a detailed discussion of electronic states we must refer the 
student to other books, V but something may be said here by way of 
explanation of the notation that the student will meet. Only diatomic 
molecules will be discussed. 

^ Cf. Herzb ERG, “Molecular Spectra and Molecular Structure,’’ Chaps. IV, V. 
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(6) A»S Coupling . — As in the theory of atomic states, electronic 
spin may be treated in different ways according to circumstances. 
If the electronic s-pin-orUt effects are small, it is possible, as a first 
approximation, to assign a fixed value to the component of the orbital 
an°-ular momentum of the electrons about the nuclear line, or line 
ioining the two nuclei, which is an axis of symmetry. ^ The magnitude 
of this momentum is denoted by Nhl%r, where A is some positive 
integer or zero. The quantum number A corresponds to A or Ml m 
atomic theory, which refers to the component of the angular momen- 
tum of the atom in the direction of the axis of coordinates. In a 
diatomic molecule a unique choice of axis is supplied by the nuclear 
line The total orbital momentum of the electrons cannot have a fixed 
value in a molecule; hence there can be no quantum number L. 
Spectroscopically, however, A plays a role somewhat analogous to L, 
since states corresponding to different values of A have different 
energies. Hence, in imitation of the atomic notation for LS coupling, 
states with A = 0, 1, 2, 3, • • • are indicated by the letters S, H, A, 
$ , respectively. 

The electronic spins are then combined, with the introduction 
of a quantum number S. The value of 2S fi- 1 is often written as a 
superscript. Thus, we obtain a set of AS electronic states represented 
by such symbols as 


IS, ®s, in, 


2s, IS, m, in, • • 


As with atoms, an important significance of the quantum numbers 
lies in the associated selection rules. There is a strong tendency for 
transitions to be limited to those for which 

AA = 0 or ± 1, AS = 0. 

Instead of introducing next the electronic spin-orbit effects, 
however, as is done in atomic theory, we now turn to the consideration 
of the nucUar motions, the effect of which upon the energy w are 
assuming to be much larger than the electronic spm-orbit effects. 
Each electronic state of the molecule may be combined mth any one 
of the vibrational states for the nuclei, which may be 

as before with a quantum number v = 0, 1, 2 • • • ^in^TAthe 
angular momentum of the electrons is then added vectoiially to the 
angular momentum of rotation of the nuclei about axes perpendiculai 
to the nuclear line. This results in the introduction of a ro^tional 
quantum number K, which may have any integral value such that 

X S A. 
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The quantum number K has the significance that the square of the 
resultant orbital angular momentum of electrons and nuclei together 
has the value K{K + The general selection rule for Z is 

that 

AZ = 0or±L 

We obtain in this way a set of electronic-vibration-rotation states 
for the molecule, numbered with quantum numbers A S v K. But 
the electronic spin-orbit effect has not yet been considered. In prepara- 
tion for its introduction, we must now add the total orbital angular 
momentum of electrons and nuclei, represented by K, to the total 
angular momentum due to electronic spin, represented by S, thus 
obtaining a grand resultant angular momentum, for which we will 
introduce the usual quantum numbers J and M. The possible values 
of J are integrally spaced from K + S down to |X — /S|. The effect 
of the electronic spin-orbit interaction is then, as in atomic L/S coupling, 
to separate states having different values of /. Thus a fine structure^ 
analogous to the LS multiplet structure, is introduced into the elec- 
tronic-vibration-rotation levels. The superscript in such a symbol as 

refers to the (normal) number of J levels in this fine structure. 

In singlet levels, with = 0, there is no fine structure, just as in 
atoms. For such levels, J = i?, and the quantum number K need 
not be used. The HCl molecule, for example, is normally in a 
electronic state; hence, the discussion of the vibrational and rotational 
states of this molecule as given above was adequate. 

(c) 0 Coupling . — ^When the electronic spin-orbit effects are not 
smaller than the effects of molecular rotation, other modes of approach 
by means of perturbation theory become appropriate. We shall men- 
tion only one of them, briefly. If the spin-orbit effect is actually large, 
we have the analog of jj coupling in atoms. In this case, the electronic 
orbital and spin momenta about the nuclear line are first added 
together, their magnitude being represented by a quantum number 0. 
The values of 0 are integral or half-integral according as the number 
of electrons in the molecule is even or odd. Each electronic state, 
characterized by a value of 0, is then combined with a vibrational 
state represented by quantum numbers v and /. Thus in this form 
of coupling, as when 5" = 0, the rotational levels correspond to the 
value of /. 

(d) The energy of a molecular state thus depends, in the case of AS 
coupling upon five quantum numbers, A S v K J, or in the case of 2 
coupling upon three, 0 v J. Its variation with the various numbers 
presents, however, several different orders of magnitude. The varia- 
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tion with K or J is comparatively small. Spectral lines that differ 
only in the K values for the initial and final states lie close together 
and form a band, similar to the vibration-rotation bands that have 
been described. In such cases, if J 9 ^ the energy varies still less 
with J, the effect of this variation being only to introduce a fine struc- 
ture into the lines of the band. In the case of 0 coupling, on the 
other hand, the lines of a band arise from differences 
in the values of J. The energy varies much more 
rapidly with v than it does with K or J. Each pair 
of values of z>, one for the initial and one for the final 
state, gives rise to a possible band. The electronic 
states, finally, characterised by various values of A and 
S, or of 1^, are separated in energy by differences of the 
order of those between atomic LS terms. These 
general features of the array of molecular levels are 
illustrated for a simple case in Fig. 126. 

157. Electronic Bands. — The most general type of 
transition between molecular states is one in which 
changes occur in the electronic state of the molecule as 
well as in its nuclear vibration-rotation state. The 
spectra hitherto discussed, of rotational or vibra- 
tional type, represent special cases in which the elec- 
tronic state does not change. Such spectra constitute, 
however, only a small fraction of all knovm band 
spectra. When the electronic state does change in a 
transition, the resulting change in energy is usually 
so large that the band lies in the visible or ultraviolet 
region of the spectrum. Such bands may be called 
electronic bands. 

In transitions characterized by a given pair of 
electronic states and by given values y' and v" of 
representing a fixed pair of vibrational states, various 
changes of J (and of K, if K 9 ^ J) may occur. The 
resulting lines form a single hand. All of the bands 
due to transitions between a given pair of electronic states, for all 
possible values of v' and are said to form a hand system. Because 
various electronic jumps are possible, the band spectrum of any 
molecule consists of many band systems. 

The lines in a given electronic band are limited by the selection rules 

AK = 0 or ±1, A/ == 0 or ±1. 

Even aside from the fine structure that exists when the rotational levels 


Fig. 126 .— 
Diagram illus- 
trating general 
arrangenient .of 
molecular levels. 
To make the 
scale correct, the 
rotational levels 
(numbered by 
K = J) should 
be drawn much 
closer together, 
and the and 
IS groups should 
lie much farther 
apart. 
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are numbered by a quantum number K which is different from J, elec- 
tronic bands are commonly more complicated than the simple type of 
vibration-rotation band described above because transitions for 
LK = 0 (or AJ == 0) are allowed. Lines for which Ai? (or AJ if 
there is no fine structure) has the opposite sign to Av are said to con- 
stitute the P branch of the band; those for AK = 0 (or AJ = 0) 
constitute the Q branch; those for which AK (or AJ) is in the same direc- 
tion as Av form the R branch. The Q branch is frequently missing, 
however, for special reasons, e.g , in all bands arising from a 2 — > s 
electronic transition. When K 9 ^ J, what is regarded as a single 
band sometimes contains more than one branch of each type. 

A good approximate expression for the energies of the molecular 
levels is often obtained if we employ an expression like that in Eq. 
(246) for the vibration-rotation part. Omitting the small term, 
we have then for the molecular energy, in cm.^^, 

ir = #. + iT. + B^KiK + !)••• (249) 

where is positive. Thus, for the levels belonging to two different 
electronic states, we may write 

= iT' + Wi’ + + 1), 

= W'i + WZ" + BZ'dCiK + 1 ); 

and we then find for the three branches of the band, as a generalization 
of (247a) and (2476) : 

P; v',K - 1; v",K: P = Pe + P.v - (B[> + 

+ (PC- - P"-0A2 (250a) 

Q: v',K; v",K: ? = ?. + + (P^ - P"")^ 

(X + 1) (2506) 

P; d',K; v",K - 1: P = P. + P.v- + (P^ + P'^A 

+ (P^ — B'l,")K^. (250c) 

Here K refers in each case to the larger of the two values of K concerned 
in the transition. If the quantum number K does not exist for the 
levels in question, K is to be replaced by J in all equations from (249) 
to (250c). The symbol P. = and represents the fre- 

quency that would arise from the electronic transition alone; whereas 
and it is assumed that v' ^ v". 

Since the quantities P'' and P"" in Eqs. (250o) to (250c) refer to 
different electronic states, they may be expected to differ considerably. 
We may suppose the forces between the atoms to be quite different 
in the two cases; hence, their positions of equilibrium and the values 
of the moment of inertia of the molecule are also different. This is 
in contrast to the case of the vibration-rotation bands, where P» 
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varies only a little from one level to another. The quadratic^ terms 
in (250a, 5, c) , therefore, will soon make themselves felt. As K increases, 
the trend of P in one branch will soon be reversed, in the P branch 
if 50 > 5'0', in the R branch if 50 < 5''-. It is thus a general 
characteristic of electronic bands that one branch is folded back on 
itself and on top of the others. At the point in the spectrum where a 
branch turns back, the lines are crowded together, forming a band 
head. The band appears to shade away from the head; some bands 
are shaded in this way toward the red, some toward the violet. When 
a Q branch is present, it may form a second head, although such 
behavior is not obviously predicted by Eq. (2506). 



Fig. 127. — Fortrat diagram for the CuH band X4,280 A. The lines are represented by 
circles, the ordinate representing the larger J value for the transition. == 

A band of this type is often represented graphically by means of a 
Fortrat diagram, on which each line is represented by a point or circle, 
the ordinate representing K (or J) and the abscissa, P. 

Such a diagram is shown in Fig. 127 for the CuH band X4,280 A, 
which has no Q branch; a spectrogram of this band due to Professor R. 
Mecke is shown in Fig. 128. The band is shaded toward the red from 
a head which is plainly shown in the spectrogram. The electronic 
transition isAS -*> 

The number of different hands in a hand systeniy all arising from 
the same electronic transition but with various values of v' and 
may be very large. The change in P — P* ^ however, although not 
confined to ±1 as for a harmonic oscillator, tends to be restricted to 
moderate values. A spectrogram showing parts of three such band 
systems is reproduced in Fig. 129. Extremely low dispersion was 
used in order to include a wide spectral range, hence each hand appears 
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in'ia 


CN (Red) 4606^ 4216 A 3883 4 3590 4 

CN (Violet) 

Fig. 129. — Bands of CN and C 2 (carbon arc in air). Three band systems are shown. 
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as a single line in the figure; the groups that seem to the eye to stand 
out are groups of bands having in each case the same value of the 
difference The values of 6 — 3) are shown for a 

few bands. The Swan bands of C 2 result from a •—> TI electronic 
transition; the violet CN bands, from a the red CN bands, 

from a transition. 

The rotation spectrum of a molecule like HCl (Sec. 154) can be 
regarded as the 0 — 0 (f.e., y = 0 to ?; = 0) band, and the vihration- 
Totation band (Sec. 155) as the 0 — 1 band, of a band system in which 
the molecule remains in its normal state. In the halogen hydrides, 
like HCl, this latter is a state; therefore, J" = iv and, as already 
remarked, there is no fine structure. There is also no Q branch, 
and it is partly for this reason that the band exhibits a gap in the 
center. Furthermore, there is no band head because the P and R 
branches do not fold back but form a single straight sequence of lines. 
Thus, bands of this sort are exceptionally simple in form. 

Many other interesting features of band spectra could be discussed 
if space permitted. We shall mention only one more fact. The 
vibrational and rotational frequencies are affected by the masses of 
the atoms, so that the band spectra of molecules containing different 
isotopes of the same element are slightly different. Extra lines in 
band spectra have sometimes led to the discovery of rare isotopes, 
such as the oxygen isotope of atomic weight 18, present in only about 
l/500th as great concentration as 0^®.^ 

For further information about band spectra the student is referred 
to the treatises mentioned in a footnote to Sec. 153 above or to the 
literature. 

158. The Raman Effect. — As a final topic in spectroscopy brief 
mention will be made of the Raman effect. 

When light passes through a 'transparent’^ substance, solid, 
liquid, or gaseous, a certain part of the light is scattered in all direc- 
tions (the Tyndall effect). The most familiar example is the light 
from a clear sky. Rayleigh ascribed such effects to scattering by the 
individual molecules, or by groups of molecules much smaller in linear 
dimension than the wave length of the light. If the incident light is 
monochromatic, the scattered light is ordinarily observed to be 
unchanged in frequency, in accordance with Euyleigh’s theory. 

It was shown in 1925 by Kramers and Heisenberg,^ ho^vever, that, 
according to classical electromagnetic theory, if the scattering electrons 

^ Giauqxje and Johnston, Nature, yoI, 123, p. 318 (1929) ; Mecne and Childs, 
Zeits.f.Physik,YoLm,p.ZQ2imi), 

2 Keamees and Heisenbebg, Zeiis. /. P/i2/s^7c, vol. 31, p. 681 (1925). 
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in an atom or molecule are in motion, the scattered light should con- 
tain other frequencies in addition to that of the incident light. Failure 
to notice this implication of classical theory had been due to the 
common assumption that the radiating particles were at rest except as 
disturbed by radiation. In 1928, independently of the theoretical 
prediction, Raman and Krishnan discovered the phenomenon experi- 
mentally,^ in the course of an extensive study of scattering by liquids 
and solids. The scattering of light with a change in its frequency has 
been studied extensively since then and is commonly called the Raman 
effect. 

To observe the Raman effect, the incident light should be mono- 
chromatic and very intense. The scattered light is then seen to con- 
tain, besides a line of the same frequency as the incident light, several 
weak lines of other frequencies. If the frequency v of the incident 
light is varied, these other lines move along the frequency axis at the 
same rate, maintaining constant frequency differences from v and not 
changing greatly in intensity. In these respects the Raman lines 
differ sharply in behavior from fluorescent lines, the frequencies of 
which are fixed by the scattering substance and which flash out only 
when the incident frequency falls upon an absorption line of the 
substance. Thus, in the Raman effect, it is frequency shifts in the 
scattered spectrum that are determined by the nature of the scatterer 
rather than the frequencies themselves. 

The explanation of the Raman effect in terms of quantum theory 
is very simple. When a photon of frequency v is “ scattered by an 
atom or molecule whose quantum state is not altered in the process, the 
scattered photon has the same frequency as had the incident photon. 
But it may happen that the atom or molecule is changed in the process 
from a state in which its energy is Wi to a state of different energy 
IF 2 . If this happens, conservation of energy requires that the fre- 
quency of the scattered photon be modified so that 


hence, 


hv^ + W^=-hv + Wi; 
Wi - W 2 


v' v + 


h 


In terms of such ideas the Raman effect had been predicted, tenta- 
tively, at a much earlier date by Smekal. 

In the expression just written for v[, the term ~ 11 ^ 2 ) A can 
be interpreted as a frequency vu that the atom might conceivably emit 

^ Raman and Keishnan, Nature, vol. 121, p. 501 (1928); Raman, Jndmn Journ. 
yoL 2, p. 387 (1928). 
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or absorb in the usual way, in jumping from the first state to the 
second. Thus for the Raman line we may write 

v' = V + Vli. 

The difference between the frequency of each Raman line and the frequency 
of the incident light is thus equal to the frequency of some conceivable 
mission or absorption line of the scattering atom or molecule. 

The intensity of a Raman line has nothing to do, however, with 
the intensity of the emission or absorption line that is thus correlated 
with it. The selection rules for the two are quite different ; transitions 
that are forbidden in ordinary spectra may occur freely in the Raman 
effect. This is one reason for its great theoretical interest. According 
to wave mechanics, a Raman jump is possible between two^ atomic or 
molecular levels A and B only when there exists at least one third level, C, 
such that ordinary radiative transitions are allowed between A and C 
and between B and.C. It is almost as if the atom or molecule actually 
jumped first from A to C and then from C to B. The relative probabil- 
ities of the various processes do not correspond to this simple picture, 
however, nor can it be said that the atom or molecule remains any 
definite length of time in C, as it does in the production of fluorescence. 

By means of these principles the array of lines to be expected in any 
given case is easily worked out. In the case of the scattering of light 
by molecules, for example, there may be Raman lines associated with 
the rotational or vibration-rotation spectra of the molecule, in case it 
possesses such spectra. In the common type of rotation spectrum, 
the selection rule is AJ = ±1 (Sec. 164). For the Raman lines 
associated with this spectrum, therefore, the selection ™le w^ill be 
either A/ = 0 (i.e., J / ± 1 for a jump from A to C and J ± 

from B to C) or AJ = +2 (e.g., J-^J + 1 and { 

The case, AJ = 0, however, involves no change in the moleculai 
energy and hence merely contributes to the ordinary or Rayleigh 
scattering. Thus, effectively, for Raman lines of purely rotational 
origin, we must have 

AJ = ±2. 

The incident line, as seen in the spectrum of the scattered^ hght 
should thus be accompanied on each side by several 
as far apart on the frequency scale as the lines of the rotationa 
spectrum. From Eq. (241), it is easfiy seen that the ^ 

4l be distant from the unmodified Une 1.5 times as 

between the Raman lines themseW^^ 

various lines being proportional to 2(2/ b 

to the upper level]. 
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Besides these rotational Raman lines, there should also appear, 
at a much greater distance and only on the long-wave side, a band 
corresponding to the ordinary vibration-rotation spectrum. This can 
arise from the following Raman transitions, connected to third 
levels by allowed transitions as shown, the value of v being indicated 
numerically: 



/ /IV + 2 

/ ( 1, J 2 


[iv + ii 

0, / + li 

0, 

1 IV 

0, J- ^ 1 1,J 


IV - u 

\o,J - 1 ( 


^ ilV-2 



Thus, for this band, the Raman selection rule is 
Ay = 1, AJ = 0 or +2. 

Lines for which A/ = 0, involving almost no change in rotational 
energy, will coalesce into an intense line in the approximate position 
of the missing central line of frequency v^'v" or vio in the vibration- 
rotation band. On each side of this intense line, there should then 
appear other much fainter lines for A/ = ± 2 spaced twice as widely 
as in the rotational spectrum. In case the vibrational level for y = 1 
lies so low that a considerable fraction of the molecules are maintained 
in this state by thermal agitation, a similar but weaker Raman band 
should be observed on the short-wave side of the exciting line as well, 
associated with the transition y = 1 — > y = 0. 

The Raman spectrum as observed in light scattered by gaseous 
hydrogen halides such as HCl fulfills these predictions. The spectrum 
of the light scattered by HCl gas when strongly illuminated by light 
from a mercury arc in glass was studied by Wood and Dieke.^ They 
found a line at 4,581.8 A which they interpreted as the single intense 
line in a vibration-rotation Raman spectrum excited by the Hg 
line at 4,047 A. The frequency difference between these two lines is 
2,886.0 cm.“^, which is in excellent agreement with the frequency of 
the missing central line in the 3.5/^ band from HCl, viz.^ 2,885.4 cm.”^ 
[Sec. 155(5)]. Much closer to the exciting line and on both sides of it 
there were also a number of lines which they interpreted as a rotational 
Raman spectrum. 

The data obtained by Wood and Dieke for the rotational Raman 
lines excited by another mercury line, X 4,358 A, are reproduced in 
Table XI, the wave lengths X of the lines being given in angstroms. 
Under p-pq” is given the separation in wave numbers of each Raman 
line from the exciting line; under are given the initial and 

^ Wood and Dieke, Phys. Rev., vol. 35, p. 1355 (1930). 
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fiEal values of J; as (?i + h)i.i is given the sum of the frequencies of 
the two rotational lines that connect the two states {e.g., for 1 — > 3, 
the frequencies of the rotational lines for 1 -» 2 and 2 -> 3 are added 
together). The rotational frequencies are taken from Table X in 
Sec 154; where observed values are missing, calculated values taken 
from the last column of Table X are used or others calculated from 
the same formula there employed. The agreement between v - po 

Table XI.— Rot.ational Raman Spbcteum foe HCl. Excited by \ 4,368 A 


X 

jJ — jJq 


(pi + ^ 2 ) 111 ! 

X 

p VQ 

J-^J' 

(iJi -{■ *' 2 ) inf 

4,314.7 

143.8 

4->2 

145.4 



0 ->2 

62.4 

4,377.6 

101.1 

1 — 3 

103.9 

23.8 

183.3 

I 

1 5 — ^ 3 

, 186.8 

85.6 

142.7 

2 — > 4 

145.4 

31 . 2 ' 

232.2 

0 — > 4 ! 

228.0 

1 

94 . 2 ' 

i 

187.5 

3 -->5 

186.8 





4,402.4 

229.4 

4 — > 6 

228.0 





10.4 

271.0 

5-^7 

269.3 





18.6 

312.9 

6-^8 

310.5 





26. E 

353.0 

{• 1 ^ 

7-~>9 

351.4 


and (?i + Pi)mt IS sumcieini^ . 

infrared data, to constitute strong confirmation of the theory as to the 

oriffin of till© H/S/inSiD. lines. ^ t 

Many Raman spectra have been “n 

more complicated than the very simple type exhibrted by HCl. L^en 
homonuclear molecules, such as 0, and R., give Raman spectia 
corresponding to vibration-rotation and 

the latter spectra cannot be observed diiectly [Sec. / 

thus constitutes a valuable tool in the study of molecular 

quantum states. -o. i i - 

X For a more extensive discussion see Glockler. Modem Phys., vol. lo, 

p. Ill (1943). 


CHAPTER IX 

THE QUANTUM THEORY OF SPECIFIC HEATS 


In the last few chapters, we have discussed the application of 
quantum theory to the processes of the emission and absorption of 
radiation. The next important application of quantum theory after 
the publication of Bohr's first paper was made in a different field, 
in relation to the theory of specific heat. The success of the theory 
in this field demonstrated beyond doubt the wide range of applicability 
of the new ideas. In this chapter we shall discuss very briefly the 
applications of quantum ideas to the theory of specific heats, mainly 
with the purpose of pointing out how the newer theory succeeded 
whei’e the old one had largely failed. 

For the benefit of students who are not at the moment interested 
in specific heats, it may be remarked that none of the material in this 
chapter is necessary for the understanding of later chapters. 

159. ' Variation of Specific Heats of Solids with Temperature. — 
Over 100 years ago, Dulong and Petit, as a result of the determination 
of the specific heats of a number of elements, such as iron, lead, silver, 
gold, concluded that IHhe product of the atomic weight and the 
specific heat is the same for all elementary (solid) substances.'' This 
law is known as the ^Taw of Dulong and Petit," The product, 
atomic weight by specific heat, is known as the atomic heat 

The law of Dulong and Petit represents at best only a rough 
approximation, and there are some notable exceptions. The atomic 
heats in terms of joules are given for 63 elements in crystalline form 
in the ^^International Critical Tables." Converted into calories, the 
atomic heats of 58 of these elements average 6.15 cal. per gram-atom; 
but they exhibit considerable variation, ranging from 5.38 to 6.93. 
The atomic heats of the remaining 5 of the 63 elements are in complete 
disagreement with the law: boron, 3.34; beryllium, 3.85; carbon 
(diamond), 1.46; hydrogen (solid), 0.57; silicon, 4.95. These 5, with 
the exception of hydrogen, are light elements having high melting 
points: boron, 2300; beryllium, 1350; silicon, 1420°C. The specific 
heats are taken at ordinary temperatures wherever possible. 

The exceptions to the law of Dulong and Petit were the subject 
of extended research, and it was early discovered that at least one 
reason for the failure of the law in these cases was the fact that the 
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specific heat varies, with temperature. Thus, in 1872, Weber observed 
that the specific heat of diamond carbon) increases threefold 
between 0 and 200°C. The study of specific heats of substances as 
a function of temperature has been greatly facilitated in recent years 
by the availability of liquefied gases for making measurements at 
low temperatures. It has been found that below a certain temperature 
characteristic of each substance the specific heat of any solid decreases 
rapidly with decreasing temperature, ultimately reaching a value 
almost zero. Figure 130 shows the variation with temperature of the 



Fig. 130. — Variation of atomic heat at constant volume with temperature, 

atomic heats at constant volume of four characteristic substances: 
diamond, silicon, aluminum, and lead. The atomic heat of lead at 
ordinary temperatures is observed to approximate the value reciuired 
b}^ the law of Dulong and Petit, but below a temperature of about 
lOO^K. it drops very rapidly toward zero. The curves for the other 
three substances have the same general form as that for lead. They 
differ mainly (1) in the temperature above which the}^ seem to obe}^ 
the law of Dulong and Petit and (2) in the rate at which the atomic 
heat decreases below that temperature. In the case of diamond, the 
curve suggests that a value of about 6 cal. per gram-atom per degree 
would not be reached until the temperature exceeded 2000®K. 

The curves for nearly all substances are similar to those shown in 
Fig. 130; they lie between the curves for lead on the one side and for 
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diamond on the other, very commonly even between those for alumi- 
num and for lead. Since most of the measurements on which the 
law of Dulong and Petit was based were made at room temperature, 
it is obvious why the law was so nearly obeyed. 

The curves for different substances are not only similar in appear- 
ance but can be brought (almost) into coincidence by suitable change 
in the temperature scale for each curve. Thus, if the abscissas of the 
curve for aluminum be multiplied by a factor of 4.6, this curve will 
nearly coincide with that for diamond. The crosses (X) on the curve 
for diamond represent the points from the aluminum curve shifted 
in the way described. This fact indicates that the curves are closely 
related to each other by some fundamental underlying law. What is 
this fundamental law which governs the variation of specific heat 
with temperature and which, at sufficiently high temperatures gives 
the law of Dulong and Petit? Classical physics failed to find the law. 
The quantum theory was more successful. 

160. Classical Theory of the Specific Heats of Solids. — According 
to classical conceptions, the atoms of a solid element at the absolute 
zero of temperature would be at rest in positions of equilibrium under 
the action of their mutual attractions and repulsions. Let us con- 
sider the energy of the solids in this state to be zero. When the 
temperature is raised, the atoms vdll be set into vibration about their 
positions of equilibrium; but as long as the amplitude of vibration 
is not too large, the restoring force will be proportional to the dis- 
placement and the vibrations will be of the simple harmonic type. 

Each atom of the solid, like a monatomic gas molecule, has obvi- 
ously 3 degrees of freedom. According to the principle of the equi- 
partition of energy, discussed in Secs. 78 and 79 of Chap. V, when the 
solid is at an absolute temperature T, each degree of freedom will 
have an average amount of energy given by 

E = kT, 

k being Boltzmann’s constant. That is, for each degree of freedom 
there is average kinetic energy equal to and, because the motion 

is simple harmonic, there is also potential energy averaging ^ikT as 
well. The total average energy per atom is thus 3 A- T. The total 
thermal energy of agitation of a gram-atom of the solid, containing No 
atoms, is, therefore, 

Wa = SWoA^T = 3i2T, ' ' (251) ' 

since Nok = i?, the gas constant for a gram-atom. 
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Now the specific heat of a substance is equal to the energy required 
to raise the temperature of 1 gram 1 degree ; hence, the atomic heat is 
equal to the energy required to raise the temperature of 1 gram-atom 1 
degree. If, during this rise in temperature, the substance is not 
allowed to expand, all of the added energy goes to increase the energy 
of vibration of the atoms. Calling the value of the atomic heat at 
constant volume, measured in mechanical units, C^, it follows that 

a = ^ = ZR. (252) 

According to classical theory, then, the atomic heat at constant 
volume of a monatomic solid should be (1) constant and independent 
of temperature and (2) equal to three times the gas constant R. Since 
the numerical value of R is 1.9856 cal. per gram-atom per degree, it 
follows that the numerical value of on the classical theory of the 
equipartition of energy, should be 

Cv = 5.96 calories per gram-atom per degree. 

The values ordinarily given for the specific heat of a solid refer, 
to be sure, to the specific heat under constant pressure. The differ- 
ence, however, is at most a few percent.^ Hence, to a first approxima- 
tion, the value just found for is the numerical value of the atomic 
heat as required by the law of Dulong and Petit. 

The value of given in Eq. (252) is obviously very close to the 
value which the curves in Fig. 130 approach asymptotically as the 
temperature increases. But Eq. (252) predicts no variation in atomic 
heat with temperature, as is exhibited by these experimental curves. 

161. Einstein^s Theory of the Atomic Heats of Solids. — An impor- 
tant advance in the theory of the specific heats of solids was made by 
Einstein, 2 who applied the quantum theory to the vibrations which 
atoms were assumed to execute about their positions of equilibrium. 
Let it be assumed (1) that the atoms of a monatomic solid vibrate 
with a frequency r, the same for all atoms, which depends on the mass 
of the atom and on the restoring forces brought into play when the 
atom is displaced, and (2) that the average energy associated with 
each degree of freedom is that given by the quantum theory for a 
harmonic oscillator, or, by Eq. (116) in Sec. 83, 

fjf :=z ^ 

^ Qkv/kT ^ I 

^ See any book on Heat, J. M. Cork, *^Heat,” p. 233, 1933j J. K. Roberts, 
Heat and Thermodynamies,” p. 157, 1933. 

2 Physik, vol. 22, p. 180 (1907). 
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Since each atom has 3 degrees of freedom, the average energy per 
atom Ea is, then, 

p = Sfer 

Qhv/kT __ 

and the total energy W a of the Nq atoms in a gram-atom is 

ZN qJiv 


Wa = NoEa 


^hv/hT __ I 


(253) 


As before, the atomic heat at constant volume is obtained by differen- 
tiating Wa with respect to T, Therefore, 

p — — ^Afnhv ^ 

— OiVo/ii' __ 

or, after rearranging and remembering that Nok ^ R, 


C, = 3R 


ehwkT 

(^eMT __ iy\kT) 


(254) 


This is Einstein’s equation, based upon the older quantum theory, 
for the atomic heat of a solid at constant volume. It differs from 
Eq. (252) in that the term 32? is multiplied by the quantity within the 
square bracket, which is a function of temperature. Thus according 
to the quantum theory is a function of temperature. 

Now the experimental curves in Fig. 130 show three main charac- 
teristics: (1) they have essentially the same form, as we have seen, for 
all substances; (2) at low temperatures, the atomic heat approaches 
zero; (3) at high temperatures, i.c., sufficiently high for each substance, 
the atomic heat approaches the constant value 3i?. 

Einstein’s equation, (254), agrees with experiment as regards these 
three characteristics. (1) According to Eq, (254), the atomic heats 
of different substances will differ only because of differences in the 
characteristic frequency v. At corresponding temperatures, such 
that the values of the ratio vjT are the same, the value of Cv will 
be the same for all substances. (2) If T— >0, the quantity hvjkT 
becomes infinite, and it may readily be shown that the square bracket 
in Eq. (254) becomes zero. Einstein’s equation, therefore, pre- 
dicts correctly that the atomic heat should become zero at absolute 
zero. (3) If kT becomes very large with respect to the product /iv, 
hv/kT approaches zero, and the square bracket approaches unity. 
At high temperatures, therefore, the atomic heat should approach 
3i?, in agreement with experiment and with the law of Dulong and 
Petit. 
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For intermediate temperatures, Eq. (254) predicts qualiiaiwelythe 
correct variation of atomic heat with temperature, but it yields too 
low values at low temperatures. This is shown in Fig. 133 below, 
in which the lower curve is for the atomic heat of aluminum as gi%’'en 
by Einstein's formula, whereas the circles are the observed values of 
Cv used in plotting the curve for aluminum in Fig. 130. The frequency 
V in Einstein's formula was chosen so as best to fit the data. In spite 
of the disagreement, really comparatively small, between theory and 
experiment, it is remarkable that Einstein’s simple theory should 
predict values of Cv so nearly correct. 

1G2. Characteristic Frequencies. — Einstein’s formula for the 
atomic heat of a solid, given in Eq. (254), contains, in the frequency r, 
a single constant characteristic of a given substance. Experimental 
values of this constant can be obtained from the atomic-heat data by 
choosing v so as to obtain the best fit between Einstein's formula 
and the data. But several independent methods of estimating v have 
also been proposed. They lead to values in substantial agreement 
with those computed from the specific-heat curves. 

(a) From the ReststrahlerT^ or Residual RaysF — One of the most 
convincing of these methods is that due to Rubens^ and collaborators, 
in which they used the phenomenon of selective reflection for isolating 
long waves. The reflectivity^ J2 of a substance for radiation of wave 
length X depends on both the coeflEicient of absorption of the substance 
and its refractive index n at that wave length, the value of R being 
given for normal incidence by^ 

(1 + 

^ (1 + ny + 

here k = \u/A 7 rj being the coeflS.cient of absorption for radiation of 
wave length X in the material.^ Any substance w^hich exhibits selective 
absorption in any spectral region presumably has resonating mecha- 
nisms the natural periods of which coincide with the central part of the 
absorption band. In those regions, the value of /c and, therefore, of 
fiK may become large enough compared with {n 1) to raise the value 
of the reflectivity R considerably above its value for neighboring 

^ Rttbens and Nichols, Ann, d. Physik, vol. 60, p. 418 (1897); Rubens and 
Ktjrlbaum, Ann. d. Physihj vol. 4, p. 649 (1901); Rubens and Hollnagel, Phil. 
Mag,, vol. 19, p. 761 (1910); Rubens and von Waeteneebg, Konigl Preiiss. 
Afead, Ber., p. 169 (1914). 

2 For definition, see See, 70(e). 

3 See Wood, R. W., ^^Physical Optics.^' 

^ Thus ju is not the '‘absorptivity'' as defined in Sec. 70(d). The fraction of the 
radiant energy that is absorbed in a short distance Aa; is hx. 
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spectral regions. The substance then exhibits selective reflection. 
Confirmation of this relation between selective absorption and selec- 
tive reflection is found in the work of Nichols and of Rubens on quartz. 
Quartz is transparent, or nearly so, up to about 7.5m but has two very 
strong absorption bands near together at about 8.5m. At 8.5m, it 
is found to reflect 80 percent, w^hile at 4m, where it is quite transparent, 
it reflects only a few percent. 

If a continuous spectrum is reflected from a substance which shows 
selective reflection at a wave length Xo, the reflected beam will be 
relatively much richer in radiation of that wave length than was the 
incident beam. After several such reflections, the radiation may be 
comprised almost entirely of the wave lengths which are selectively 
reflected, the remainder having been almost completely absorbed. 
The radiation remaining after several such reflections is called “resid- 
ual rays^^ or “reststrahlen.” 

By this method, Rubens and his collaborators succeeded in isolating 
the residual rays from a number of substances. A few of their results 
are shown in Table I, in comparison with values of v calculated by 
means of Einstein’s formula from the curves for the specific heats 
of the same substances. The two sets of frequencies are in fair 
agreement with each other. 

(fe) From Compressibilities . — The frequency of vibration of the 
atoms, in Einstein’s theory, will depend upon the rate at which a 
restoring force comes into existence as the atoms are displaced from 
their equilibrium positions. Now the atoms can also be displaced 
relatively to one other by compressing the substance; and, when this 
is done, the ratio of the stress thereby called into existence to the dis- 
placement determines the compressibility of the substance. A 
relation might be expected to exist, therefore, between the charac- 
teristic frequency of Einstein’s theory and the compressibility. 
Einstein developed a tentative theory of this relation^ and used it to 
calculate values of v from compressibilities. Tw^ values of p thus 
calculated are given in Table I. 

(c) From Melting Points . — This method of computing frequencies 
is due to Lindemann.2 It is based on the assumption that the melting 
point Tm of a solid is the temperature at which the amplitude of 
vibration of the atoms is equal to (“of the same order of magnitude as” 
would be preferable) the average distance apart d of the atoms. 
When an atom is executing a simple harmonic motion with amplitude 
d and frequency r, we can write for its displacement 

1 voL 34, pp. 170, 590 (1911). 

^ Phys. Zeits., Yol. 11, p. 609 (1910). 
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s = dmi2TrvL 

Its energy is entirely kinetic at the end of a swing, when its velocity is 


~ \dt)u 


2'irpd(cos27rvt)n 


2Tvd: 


hence, its energy of vibration is 


= 2T^mvM^^ 

m being its mass. But b}^ the principle of the equipartition of energ}”, 
cited in Sec. 160, combined with Lindemann^s assumptions, the energy 
of the atom also equals 3^^^, where is the melting point. Hence, 

27r^mvW = 

Multiply this equation through hy No, the number of atoms in a gram- 
atom, and then substitute Nom == ..4, the atomic weight, and N ok = R, 
the gas constant for a gram-atom, and we obtain 

2t^vH^A == ZRTm. 

•We can estimate d as follow\s. If Va is the volume occupied by a 
gram-atom of the substance at temperature T,nj V a/ Nq is the average 
volume per atom; supposing this volume to be cubical in form and 
hence equal, according to Lindemann^s assumption, to we have 


d 


= (IN' 

VAV ■ 


Substituting this value of d in the last equation and solving for p, we 
find 

iM 

2 


= C 


C - 


1 


Table I.- 


IAVa^^ tt 

-COMPAEISOX OF ChAKACTERISTIC FREQUENCIES 


Substance 

From resid- 
ual rays 

From 

compressi- 

bilities 

From 

melting 

points 

From. 

Einstein’s 

formula 


X 


p'"" 

NaCl... 

62. 

63.4 

5.77 



4.6 

KCL....... 

4.73 



3.7 

ICBr .....' 

82.6 

3.64 



3.2' 

Aliiminnm . ............ 


6.6 

7.6 

6.42 ■: 

Silicon 




9.6 

11. S',' 

Lead. . , .. . ■. 



2.2 

1.8 '■ 


Diamond (extrapolated) . . ^ 




32. 5(?) 

,30.8 


* All frequencies are to be multiplied by sec.'" 
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Some values of v computed from observed melting points by means 
of this formula are shown in Table I. 

The fact that values of v computed by these diverse methods 
agree roughly with one another and with those calculated by means of 
an application of Einstein’s formula to the specific heats indicates 
that there must be a substantial measure of truth in the assumptions 
underlying all of these theories. Yet it can scarcely be said that any 
one of these methods of determining the value of v to be substituted 
in Einstein’s equation leads to a very satisfactory theory of the 
specific heat. 

‘ 163. Debye’s Theory of Atomic Heats. — An empirical improve- 

ment was effected in Einstein’s formula by Nernst and Lindemann, 
who represented the specific heat as the sum of two terms of the 
Einstein type, each containing a different frequency. This was a 
step in the right direction. A much more successful theory was 
developed, however, by Debye, who attacked the problem from a 
different angle. ^ 

Let us postulate, for the moment, a solid composed of atoms that 
have no thermal vibrations but are at rest in their respective positions 
of equilibrium. Let a system of standing waves, say longitudinal, 
be set up in the solid. Each atom is then vibrating with an amplitude 
that depends on the position of the atom with respect to the nodes 
and loops of the wave system. If we superpose more and more 
standing-wave systems of both the same frequency as the original 
and of different frequencies, the vibrations of any particular atom 
become more and more complex, until, finally, we may approach a 
condition of atomic agitation similar to the temperature vibrations. 
Conversely, we may think of the temperature vibrations of the atoms 
of a solid as being equivalent to a vast complex of standing waves of a 
great range of frequencies. 

The set of standing waves thus imagined is similar to the standing 
waves which we used in Sec. 80 to represent the radiation field inside 
an enclosure, but it differs in two respects. In the first place, the 
range of frequencies here certainly does not extend to infinity. For 
each set of standing waves constitutes a degree of freedom of the 
solid, and the total number of degrees of freedom is only 3Y, where A 
is the number of atoms in the solid. There exists, therefore, an upper 
limit to the frequency of the standing waves. The wave length cor- 
responding to the highest frequency should be of the order of mag- 
nitude of the distance between atoms. 

4 d. vol. 39, p. 789 (1912). 
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In the second place, two different types of waves are possible in a 
solid- (1) longitudinal waves, velocity Vl, and (2) transverse waves, 
velocity vt. These velocities are determined by the elastic constants 

of the material and its density. . , it 

For the number of degrees of freedom per unit volume dWi ol 
longitudinal waves in the wave-length range d\ we obtained m Sec. 
80, Eq. (107); 

4.T d\ 


dfiL == 




The corresponding number dur for the transverse waves in the solid 
will be the same as for transverse electromagnetic waves as given by 
Eq. (108) in Sec. 80; 

, SirdK 
driT = 

Changing wave length X to frequency r by the relations \ = v/p 
and IdXl = (v/v^)dv, these equations become 


dfiL = 47r 


v^dv 


driT = Stt 


v'^dv 




dn 


The total number of degrees of freedom dn in unit volume of the 
solid in the frequency range vtov+dvis the sum, dn. dn,, since 
both systems of waves are simultaneously present. Therefore, 

+ = (255) 

Now let us assume that with each of these degrees of freedom of 
frequency v there is associated an average amount of eneigy e equa o 

hv 

as stated in Eq. (116) in Sec. 83. The total energy dW^ in this fre- 
quency ranp v to v + dv in & volume Va equal to the volume of a 

gram-atom is then 

/I ,2\ hv 

4/‘ 


dWA = VA'edn = AtVaI 


^hv^kT 




and the total energy of the gram-atom, taking into account all 
frequencies, is 




/ 


dWA = 4^E. 




hv 


0 - 1 


v^dv, (256) 
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where Vm, is the maximum frequency of the standing waves. We 
may take the lower limit to be 0 because the fundamental frequency 
of any solid body of experimental dimensions is very small relative 
to the frequencies of most of the standing waAms. 

An approximate A^-alue of v,n Avas obtained by Debjm from the 
condition that the total number of degrees per gram-atom must be 
3iVo, AAdiere No is the number of atoms in a gram-atom. The number 
of the degrees of freedom can also be computed by integrating the 
expression for dn in Eq. (255) from 0 to Hence, 


3iV„ = 47rF^(4 + 4) / 
\4’i t'T/Jo 


iTrV, 


i+ 2 

.,3 > ..3 

- r. F rn 


(257.) 


Since the velocities are computable from the elastic constants, can 
be computed from this equation. By means of Eq. (257), Ave can 
also write for TFa, from Eq. (256), 


F. = ^ r 

Jo 


hv 


^hv/kt j 


dv. 


(258) 


This equation may be compared Avith Eq. (253) in Einstein^s theory. 

To bring out the qualitative features of the result, and for purposes 
of computation, it is conAmnient to change the variable of integration 
in Eq. (258) from v to 


hv 

kf’ 


hT 

T' 


dv 


h 


dx. 


The upper limit for x is then hvm/kT. Since hv and kT both haAm the 
dimensions of energ}^, x is dimensionless; hence, hv^/k must haAm 
the dimensions of a temperature. It is convenient to call a tempera- 
ture Tc equal to hvm/k the characteristic temperature for the substance 
under discussion, so that 

•i c h * (259u,5) 

Let us also introduce R = Nok, the gas constant for a gram-atom. 
With these substitutions, Eq. (258) takes the form 


Wa 




Tc/T 


TlJo 


-dx. 


(260) 


To obtain we differentiate IFa with respect to T, according to 
the rules for the derivative of a product, remembering that in the 
second factor, the integral, T appears only in the limit of the Integra- 
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or 


= ^ = 9R 


ys 

fl, 


'Tc/T 


-dx 


T- (T.jT^) /2’A1 


c, = m 


TV 


T, 


i. 


1 


dx 


T. 1 

f ^Tc/T _ I 


(261) 


This is Debye's equation for the specific heat of a solid at constant 
volume. Like Einstein’s equation, (254), it contains^ beside>s the 
universal constant R, just one additional constant^ here To, referring 
to the particular substance under consideration. 

164. Experimental Test of Debye’s Equation. — 1. At high tefn- 
perahireSj Debye’s equation should yield the clasteical value of 
viz., 3E. For large values of 1\ Tc/T becomes small, and we can write, 
since e® = 1 + + • • • , dropping all higher terms in the series, 

T 

e'^c/T _ 1 :Lq 


Similarly, in the integral in (261), x remains small throiigiioiit the 
range of integration and we can write, replacing c-" — 1 by x, 



Hence, by (261), approximately, 

a = 9i?(^^ - 1) = 3fi, 

as we had expected. 

2. At low temperatures Tc/T is large. Hence, the second term 
in the square bracket in Eq. (261) becomes negligible and we may 
replace To/T in the upper limit of the integral by infinity. As stated 
in Sec. 85, 



Hence Eq. (261) becomes, approximately, 

a = = = ( 262 ) 

At temperatures much below its characteristic temperature, therefore, 
the atomic heat of a solid should be proportional to the cwhe of the 
absolute temperature. This is confirmed by experiment over a 
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considerable range of temperatures. Schrodinger^ quotes extensive 
data bearing on this point; curves for several of the substances given 



Fig. -1 31. — At low temperatures, the molecular heat at constant volume is proportional 
to the cube of the absolute temperature. 



Fig. 132. — Variation of Cv of lead with temperature from S°K. to 20°K. from measure- 
ments of Keesom and Van den Ende. 

in his table are shown graphically in Fig. 131, where denoting the 
specific heat of a gram-molecule, is plotted against the cube of the 
absolute temperature for CaFz (17 to 40°K.), FeS 2 (22 to 57°K.), 
and Si (20 to 53°K.). A plot of 0® against log T for lead, at much 

iP%s, Zeiis., vol. 20, p. 497 (1919). 
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lower temperatures, is shown in Fig. 132. ^ The predicted propor- 
tionality is seen to hold from almost vanishingly small values of 
well up toward = 1. Beyond this point, as theory requires, the 
curves become increasingly concave toward the axis for T® or log T. 

3. For intermediate temperatures, it is necessary to evaluate Debye’s 
formula by the summation of series. The results of such computation 



Absolule Temperalure 

Fig. 133. — Comparison of specific-heat formulas with experiment. 


are now available in the form of tables^ giving Cv as a function of 
the quantity Tc/T, 

At a temperature T = Tc, it is found that 

Cv = 2.856 E = 5.670 cal mole-^ deg.-^ 

instead of the classical value, Cv = 3i?. Thus the critical temperature 
of a solid, in Debye’s theory, might be defined as that temperature 
at which the atomic heat equals 2.856 R, 

The upper curve of Fig. 133 is the graph of Debye’s formula for 
aluminum, Tc being taken equal to 398® in order to secure the best 
fit with the data. The agreement between the graph and the observa- 

^ Keesom and Van den Ende, K, Ahad, Amsterdam^ Proc,, vol. 33, p. 243 
(1930). 

2 Neenst, *‘The New Heat Theorem,^' pp. 246-254, 1924; Beattie, /. Math, 
Phys. (Mass. Inst. Tech.), vol. 6, p. 1 (1926), 
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tions is seen to be excellent. Similar agreement is found for many 
other substances.^ 

Strictly speaking, however, the critical temperature is not an 
adjustable constant in the Debye theory but is supposed to be given 
hy Eqs. (259a) and (257) in terms of universal constants and the 
elastic constants of the material. Values of the limiting frequency 
vm for several metals, calculated from the equivalent of Eq. (257) by 
Allen, ^ are given in Table II together with values of Tc, labeled 
^k^alculated,” calculated from these values of Vm by means of Eq. 
(259a). For comparison, the values of Tc that give the best fit 
between Debye’s theory and the data^ are added as observed.” 
The agreement between the two sets of values of Tc is very good, in 
view of the approximations made in the theory. 


Table II. — ^Limiting Frequencies Pni -A-Nd Characteristic Temperatures Tc 


Element 

Vm 

Tc, calculated, °K. 

Tc, observed, °K. 

A1 

8.26 X 10i2sec.-i 

395 

398 

Fe 

9.67 

463 

453 

Cu 

6.81 

326 

315 

Ag 

4.39 

210 

215 

Pb 

1.49 

71 

88 


It is an interesting fact that values of calculated in this manner 
from the elastic constants are also of the same order of magnitude 
as the ^^characteristic frequencies” obtained in other ways (Sec. 162). 

165. Molecular Heats of Mixed Solids. — Excellent as it often is in 
so far as agreement with experiment is concerned, Debye’s theory 
does not give a complete account of the specific heat of solids. A more 
complete theory for crystalline solids was developed by Born.^ 

A crystal can be regarded as composed of many similar groups or 
cells of atoms, the groups being spaced uniformly in any given direc- 
tion. As a result of the mathematical analysis it ma}^ be stated that 
the theory of Debye can be used as a good representation of the motion 
of the groups as wholes. In addition to this motion, however, there 
are a finite number of other modes of vibration which can be regarded 
as modes of vibration of the atoms within each group. For each of 

^ C/. Fowler, R, H., “Statistical Mechanics,” 2d ed,, p. 125, 1936; Lewis, 
W. M. C., ^‘ Quantum Theory.” 

2 Eoy. /Soc., Proc., vol. 94, p. 100 (1918). 

2 Schrodinger, P%s. Zeits.j Yol. 20, p. 450 (1919). 

^ “'Atomtheorie des festen Zustandes,” Encyclopadie der mathematischen 
Wissenschafteri, vol. V, part 3, no. 25, 1923; c/. Fowler, op. cit, p. 119, 1936. 
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these modes a term in the energy of the Einstein form, as in Eq. 
above, can be used. The result is a formula combining the expre.«.«ions 
given for by the theories of Einstein and Debye, as repre.sented by 
Eq. (254) and by the equations from which Eq. (261) was obtained: 


= 9R 


_d (T^- x^dx 

df\Tljo e--\ 


4- 3E 


vA-A' 


e 


Jivj/kT 


{e 


:hv)/kT 


(263) 


n being tbe number of internal modes of vibration of tiie atoms within 
a cell. A iormula of this t^^pe had been suggested empirically by 
Nernst. At low temperatures the Einstein terms disappear and (263) 
becomes equivalent to Eq. (261). 

By a judicious choice of Tc and of the r/s, this last formula can 
be made to fit the experimental curve very closely in many cases where 
the simple Debye theory hy itself does not succeed well. It might be 
expected that the frequencies of the residual rays would occur among 
the r/s. Data confirming tliis conclusion are shown below; X, denotes 
the wave length corresponding to Vj as determined by fitting formula 
(263) to the observed values of Cv, and \r is the v ave length of the 
residual rays for the same substance, as found by Rubens d 



NaCI 

KCI 

CaF, 

Xc 

50^ 

61 . OfjL 

34m 


52 

63.4 

31.6 


For NaCl and KCI, only one i/j was used in Eq. (263); for CaF 2 , two 
were used, of which one appears to be inactive in optical phenomena 
and is not considered here. 

That characteristic frequencies calculated from compressibilities or 
melting points should be of the same order of magnitude as residual 
frequencies, as we have seen them to be (Sec. 162), is understandable 
if the forces between the atoms of a given cell, which determine the 
residual frequencies, are of about the same order of magnitude as 
those betAveen atoms in different cells, Avhich also play a role in the 
determination of compressibilities and melting points. It is not so 
easy, however, to see just why all of these frequencies should agree 
roughty, as they actually do, with the limiting frequency Pm of the 
Debye theory. 

■ ' 166. The ■ Molecular ' Heat of' Gases : Classical Theory.— The 
specific heat of a gas of low density presents quite a different problem 
from that of a solid. The molecules are relatively far apart during 
^ Forstebling, /. voL. p. 9 (1920). 
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most of the time, so that whatever mutual potential energy the^^ may 
possess, associated with the forces that they exert on one other, forms 
only a small part of the total energy. The energ}^ of the gas can thus 
be regarded as the sum of the energies of the individual molecules. 

Each molecule will have, in general, at least three types of motion — 
translation, rotation, and, for polyatomic gases, vibration of the 
atoms of the molecule with respect to each other. In addition, we 
have, of course, electronic vibrations, which, for the present, we 
shall not consider. Associated with each one of these types of motion 
we should expect to find a quantity of energy depending on the number 
of degrees of freedom of each type. The total energy of a gram- 
molecule at temperature T should, therefore, be 

Wm = Wt + Wr + Wv, ( 264 ) 

where Wt^ Wr, and Wv stand, respectivel}^ for the energy per gram- 
molecule associated with translation, rotation, and vibration. 

Regarding translation, there should be 3 degrees of freedom per 
molecule, whether the molecule is monatomic or polyatomic. Assum- 
ing y^kT of kinetic energy per degree of freedom, we should have 

NoX^Xy2kT ^ HRT, (265) 

We should also expect to find 3 degrees of freedom of rotation, for the 
molecule should be capable of rotation about each of three mutually 
perpendicular axes. Hence, there should be rotational energy per 
gram-molecule of magnitude Wr == %RT, Thus, a gas composed 
of monatomic molecules should have, since obviously TTf = 0, total 
energy per gram-molecule of magnitude 

Wm = Wt + Wr = HRT + ^RT = SRT, 
and its specific heat should be 

Cv = SR = 6.96 calories per mole per degree. 

Now the values of Cv for the monatomic gases helium and argon at 
— 180°C. are observed to be 3.01 cal. per mole;^ for all of the inert 
gases at all temperatures, is close to 3. This value is almost 
exactly half the value just predicted from classical theory. To explain 
this fact, since we know that the molecules of a gas have translation, it 
must be assumed that the rotation of such atoms, if rotation exists, 
does not contribute to the molecular energy. Before the advent of 
quantum theory, it was supposed that such atoms were spherically 
symmetrical, so that the forces exerted on them during collisions 
^ /Mnternational Critical Tables,” vol. V, p. 80. 
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would act along lines through their centers and hence would never set 
them into rotation, or would not alter any rotatory motion they might 
already possess. For a gas composed of such molecules, therefore, we 
should have 

Wm = Wt = HRT - 2.98 r, 

Cv = 2.98 calories per mole per degree, 

in good agreement with the experimental values. 

A diatomic molecule might then be supposed to consist of 2 atoms 
bound rigidly together, forming a ‘‘'dumbbell’^ molecule. If the line 
through the atomic centers is assumed to constitute an axis of sym- 
metry, any rotational motion about this axis that might exist would 
never change as a result of collisions and therefore would coiitribute 
nothing to the specific heat. As w^as stated in Sec. 78, however, there 
would be 2 degrees of freedom corresponding to rotation about each 
of two mutually perpendicular axes passing through the center of 
gravity of the molecule at right angles to its axis. These 2 degrees 
of freedom should contribute kinetic energy of rotation of amount 
IFr = 2 X }''ikT = kT, Thus, for a gram-atom of a gas composed of 
rigid symmetrical dumbbell molecules, we should have 

Wm = Wt + Wr ^ HRT + RT = HRT 

and 

Cv = HR — 4.96 calories per mole per degree. 

The measured molecular heats for six diatomic gases are given 
below d 



Ns 

0^ 

CO 

HCl 

Ch 

4.84 

4.94 

4.98 

4.94 

5.02 

6.02 


Five of these values of agree w^ell with the value just deduced 
theoretically for rigid dumbbell molecules. The experimental value 
for chlorine, however, is much too high. Some explanation for this 
discrepancy must be found. 

An obvious way in which higher values of might arise is by the 
occurrence of energy of vibration of the atoms relative to each other. 
As we have seen in Secs. 78 and 79, the average energy for a vibrational 
degree of freedom is 2Ei = 2 X HkT = kT. Thus, for a gram-atom 
of vibrating diatomic molecules, we have Wv = RT.; and, for its total 
thermal energy and specific heat, we have 

^ is calculated as Cv — Cp/j from data in the “International Critical Tables,” 
loc. cit. 
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Wm - Wt + Wr + Wy = (H + l + l)RT = RT, 

= J/^R — 6.95 calories per mole per degree. 

This, however, is too large to agree with the experimental value for 
chlorine! The specific heat of chlorine thus presents an outstanding 
difficulty for the classical theory. 

A rigid triatomic molecule should certainly have 3 degrees of 
freedom in respect of rotation, if we assume that all 3 atoms do not 
lie in a straight line. Hence, for a gram-atom of such molecules, 

F,, = Wt + TF. = (M + H)RT = SET, 

Cv = 3R = 5.96 calories per mole per degree. 

Actually, the molecular heat of water vapor is 5.96; that for CO 2 at 
20°C. is about 6.2. The specific heat of gases the molecules of which 
contain more than 2 atoms, however, is usually well above 3E. The 
excess could easily be accounted for by supposing that in such mole- 
cules the atoms are capable of vibration. But then it is hard to 
understand why atomic vibration should not occur in H 2 O and CO 2 
as well, the energy of which is fully accounted for by translation and 
rotation alone. 

Thus classical theory, by means of special assumptions as to 
molecular structure, could account for the specific heats of many 
gases but not for all. Another respect in which the theory failed 
was in regard to the variation of specific heat with temperature. There 
is no reason, according to classical theory, to expect any variation 
at all. Yet experiment showed that the specific heats of apparently 
all polyatomic gases exhibit marked variation wdth temperature wdien 
observations are extended over a sufficiently wide range of temperature. 

167. Quantum Theory of the Specific Heat of Gases. — The key to 
the solution of the difficulties just discussed, as to so many others, dvas 
eventually furnished by the quantum theory. It turned out that the 
translational energy of the molecules can be treated adequately by 
classical methods, but this is not true of their internal energy, in which 
is included the energies of rotation and of atomic vibration. 

The quantum theory of the specific heat of gases can be developed 
in either of two slightly different forms. In the first form, the internal 
energy belonging to each quantum state of the molecule is treated as a 
whole, and no approximations are made. In the second form, the 
molecular energj?- is divided approximately into parts corresponding to 
the classical subdivision, as it is in the theory of band spectra. 

{a) {Relatively) Exact Theory of Molecular Specific Heats —Jjet us 
assume, as in the explanation of atomic and molecular spectra, that 
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each molecule j in addition to its motion of translation, is capable of 
existing in sluj one of a large number of internal quaiitiim states. 
Let its energy when in state number j be e/. Then^ when a gram-mole- 
cuie of gas is in thermal equilibrium at temperature T, the No mole- 
cules composing it will be distributed among their interiiai quantum 
states according to Boltzmann’s formula. According to Eq. (148a) in 
Sec. 101, the number of molecules in state number j will be 


C being a constant. Or, if states having the same energy are grouped 
together, the number in composite state number r will be, as in Eq. 
(148c), 


Nr = (266) 

Wt being the statistical weight of that state and €r the energy of a 
molecule when in that state. In the last equation, the value of the 
constant C is fixed by the condition that the total number of the 
molecules is Nq. Hence, 2^ denoting a sum over all quantum states, 

r 

^ Nr = Wr = Nq. 


Thus, we can also write, in place of (266), 




NqIVt 
2] Wk 


(267) 


the index of summation being changed here from r to k in the sum in 
order to avoid confusion with r elsewhere. 

An expression for the internal energy of the molecules can now be 
written down. The energy of Nr molecules in state number r is 
Ar€r; hence, the internal energy Wi of the molecules in a gram-molecule 
of gas is 


Wi 




iVoX 

T 


by (267). In order to find the total energy of the gas, we have to 
add to IF; the classical value of the translational energy, which, as 
given in Eq. (265), is Wt = MRT. The specific heat is then 

C, = d{Wt+Wi)/dT 
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or 


y6rWrer‘^''’‘'^ 


( 268 ) 


Now the molecular energies €r or e/ that occur here are the energies 
of the same molecular states that are involved in the production of 
molecular spectra. It should be possible, therefore, to take values of 
derived from a study of band spectra and to calculate Cv from them, 
by means of Eq. (268). Thus a specific heat would be calculated from 
spectroscopic data. This has actually been done in a number of cases, 
and with complete success. Such calculations constitute a striking con- 
firmation of the correctness of the general basis underlying the quantum 
theory of molecular structure. 

(6) Approximate Theory of the Molecular Heats of Gases. — In order 
to arrive at a general explanation of the observed features of gaseous 
specific heats, it is necessarj^ now to introduce the fact, that, as 
explained in Secs. 155 and 156, the internal energy of a molecule can 
commonly be divided approximately into separate parts, in analogy 
with the classical picture of molecular energy as described above. 
We can write, approximately, 


€r = 6/ + 


(269) 


where ej denotes energy of rotation; energ^T- of atomic vibration; and 
electronic energy associated with the electrons in the molecule. 

Of these three parts, the electronic energy remains constant as 
long as the molecules are in thermal equilibrium at any temperature 
that can be realized in the laboratory; molecular collisions due to 
thermal agitation are not sufficiently violent to excite in appreciable 
number electronic states above the one of lowest energy. Hence, 
the existence of has no effect upon the specific heat. The other 
two parts of the energy, summed for all molecules, constitute, respec- 
tively, rotational energy of magnitude Wr = Se/ and vibrational 
energy of magnitude Wy = Thus, that portion of the energy 
of a gram-molecule of gas which varies with temperature can be 
written as the sum of only three parts, as in Eq. (264) above, or as 


Wm = Wt + Wr + Wy, 

lEr being as befo^ the kinetic energy of the translatory motion. It 
is convenient to divide the molecular heat as well into three correspond- 
■ ing parts: , . 
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Cv == Cvt + Cvr + C, 


vV j 


dWt 

dT' 


C.r = 


dWr 

dT' 


C.r 


dWv 
dT ' 


These three parts of W m and of Cv may then be discussed separately. 

The translational energy and heat are, as in classical theory, 

Wt = HRT, (270a, 6) 

A monatomic gas has no other kind of energy; hence for it Cr = %Ri 
in agreement with experiment. No gas at low density can have (or 
has) a smaller specific heat than this. 

The rotational energy, also, can be handled independently. To 
do this we need first to stiid}^ the distribution law of the molecules 
from the standpoint of the rotational motion considered separately. 

The three parts into which the energy is divided in Eq. (269) 
correspond, so to speak, to three sets of “partiaF’ molecular quantum 
states; there are rotational, vibrational, and electronic quantum 
states, and a true quantum state for the molecule is a combination of 
one of each of these three. We may ignore the electronic state, 
however, since that never changes. Let the statistical weights (or 
number of degenerate fundamental quantum states) for the (com- 
posite) rotational and vibrational states be wj and respectively. 
Then Wr = WjWv. Thus, the number of molecules in molecular 
quantum state number r is, from (266) and (269), 

Nr == WjWvC^ 

the factor being included here in the constant C\ The total 

number of molecules in rotational state number J, symbol Nj, can 
then be found by adding up molecules in all possible vibrational states, 
which gives 


Here the quantity in parentheses represents a ncAv constant of pro- 
portionality. Its value can be found from the condition that 


Avhich gives 


Wo = 


= No, 

J 


Wj e' 


~ij/kT 


Solving this last equation for the quantity in parentheses and substi- 
tuting in the preceding equation, we obtain 


WjNa 

j 


( 271 ) 
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for the number of molecules in rotational state number J . This 
is exactl}^ the same distribution law that would hold if the molecules 
differed in no other respect than in their rotational states. 

The , rotational energy of a gram-molecule is then Hy — 

and the rotational part of the molecular heat is 

V 

_ dWf __ Y f979\ 


This formula for C^,r predicts an interesting variation of Cw with 
temperature. At ver}^ low temperatures Cw should become vanish- 
ingty small. For, if T is small enough, the Boltzmann factor 
for the state of lowest ej will be immensely larger than it is for any 
higher state, even for the next higher. Both sums then reduce 

effectively to their respective first 
terms, in which / = 0. Thus, the last 
/ . fraction in (272) becomes 

and is independent of T, so that = 0. 
^ ul ^ enough temperatures, on the 

other hand, it can be shown that Cw 
approximates to the classical value. For a molecule of the rigid 
diatomic or dumbbell type, the proof is so simple that we may give it 
here. For such a molecule, as was stated in Eq. (241) in Sec. 154, 


€/ = J {J 1)B, 


(273a, 5) 


I being the moment of inertia of the molecule about an axis perpen- 
dicular to its axis of symmetry. In this case wj - 2J + 1 (i.e,, the 
number of different values of the quantum number M). If T is 
large enough, many terms will contribute appreciably to the sum, 
the variation from one term to the next being quite gradual except 
for the first few terms; hence, the sums can be replaced -with sufficient 
approximation by integrals. Thus 
00 

T = y ( 2 / + 1) = f ”{2x + 1) 

J j = o 

approximately. The equivalence of the integral to the sum is evident 
from Fig. 134, in which the shaded area composed of rectangles 
represents the sum, whereas the area under the curve represents the 
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integral. (The figure is merely qualitative, and is drawn for such a 
low temperature that the approximation w^ould actually be poor.) In 
a similar w’ay we find, integrating once by parts, that 

y ejWj = B y J(/ + 1) (2/ + l) g-s/iv+D/iT 

“j J = 0 

B f“ + x) i2x + 1 ) = -kTix- + 2 -) “ 

JO rl’ = 0 

+ kT {2x + = hT jj {2x + 1) ■■'h/x. 

Upon substituting these values of the sums in (272) we find that the 
integral cancels out and 

C,r = No-^XkT) = Nok = R. 

Tliisistheclassical value as found above (total Cy = Cvt + Cvr = 

C^t = /"2^; CvT - R)- 

At intermediate temperatures Cvr lias a value between 0 and R 
which can be calculated hy evaluating the sums in Eq. (272). 

The vibrational energy can be treated in a similar w^ay, provided an 
expression can be found, or is assumed, for Wv, At low temperatures, 
all molecules will remain in their lowest vibrational states, and Cvv = 0. 
Since the spacing of the vibrational levels is commonly many times 
that of the rotational levels, Cvv will begin to increase from 0 only at 
a much higher temperature than Cvr- Eventually, however, Cvv 
likewise approaches the classical value, which, for a vibrating diatomic 
molecule, we have found to be equal to R. 

Thus the quantum theoiy predicts the following qualitative mode 
of variation of Cv with temperature for a pol^mtomic gas of low density. 
At very low temperatures, Cv = MR for all gases. As T increases, 
Cv rises (as molecular rotation develops) toward the value of Cv as 
deduced from classical theory with the inclusion of rotational motion. 
Thereafter, Cv will remain practically constant again, iiiitil molecular 
vibrations begin to set in, whereupon a further rise in C« will occur. 
At very much higher temperatures, a third rise may be expected for 
any gas, even the monatomic ones, as electronic excitation begins to 
occur; but temperatures of this order are not at present available 

in the laboratoiy . 

, 168. Comparison of the Theory with Observed Specific Heats.— So 
far as is' known, .the. specific heats of gases vary . with , tempera.tiire in 
the manner just deduced, from theory. The most exte-iisive .data 
exist for hydrogen^; .the observed curve for this gas is shoAvii in Fig. 135, 

^ Cf, ^'International Critical Tables/^ vol. V, pp. 79, 84. 
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the absolute temperature being shown on a logarithmic scale. The 
shape of the curve agrees with the theoretical prediction. 

From b to c (30 to 60°K.), only the translational motion of the 
molecules varies as the temperature rises; if there is rotational energy 
present, it is constant. Presumably this part of the curve continues in 
a horizontal direction, as indicated by & * a, to 0°K. In this 

region, hydrogen behaves like a monatomic gas. 

At c (about 60°), a rise begins, owing to an increasing amount of 
rotational energy. At d (270°K.), the rotational energy has attained 



Fig. 135. — Specific heat at constant volume of ordinary hydrogen plotted against 
temperature on a logarithmic scale. 

its full classical value equal to R; and, from here to e (500°K.), Cv 
remains constant again, at very nearly the classical dumbbell value, 

= %R, Beyond c, vibration begins, an appreciable fraction of the 
molecules beginning to exist in their next higher vibrational state. 

The approximate constancy of Cv for hydrogen at ^'ordinary'' 
temperatures is thus seen to be of the nature of an accident, resulting 
from the fact that the earth’s atmosphere has a temperature of some 
290°K. 

The complete theory of the hydrogen molecule is, however, more 
complicated than as just described. There are two forms of the mole- 
cule; these represent alternative quantum states for the pair of protons 
in it, in analogy with the singlet and triplet states for 2 electrons in an 
atom (Sec. 138, 140). Hydrogen composed entirely of molecules of 
one of these two kinds is called parahydrogen, that composed of the 
other, orthohydrogen. Only 25 percent of ordinary hydrogen is 
parahydrogen; but, if ordinary hydrogen is adsorbed on charcoal 
cooled to 20°E. (by means of liquid hydrogen), it becomes converted 
in the course of a few hours into practically pure parahydrogen. 
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In most respects, the two forms of hydrogen possess similar physical 
and chemical properties, but they differ markedly in their band spectra 
and in the mode of variation of their specific heats with temperature. 
These differences arise from the fact that the rotational states of 
parahydrogen are restricted to even values of J, those of ortho- 
hydrogen to odd values. As a consequence, below 50°K. the molecules 
of orthohydrogen possess rotational energy which does not vary with 
temperature, J being effectively limited to the fixed value J — 1, 
whereas the molecules of parah 3 ^^drogen are not rotating (J == 0, 
effectively). We have not space here, however, to pursue this inter- 
esting subject further.^ 

As a concluding illustration of the application of quantum theory 
to the specific heats of gases, we may return to the problem of chlorine, 
which was left unsolved in Sec. 166. Whereas the second vibrational 
state {v = 1) for gases such as N 2 , H 2 lies far above the first (r = 0), 
for chlorine it lies only 560 cm."^ above the first, as may be inferred 
from a study of the electronic band system that extends in the absorp- 
tion spectrum of chlorine from 4,800 to 5,800 A.^ The difference in 
energy between these two states is thus 

gj ^ €0 == hv = 6.61 X 10“27 X 560 X 3 X lO'® = 1.11 X 10“^^ erg. 

Since k = 1.38 X 10“^^ at T = 288°K. the ratio of the Boltzmann 
factors for the two states is = 0.061. Thus, 

0.061 times as many molecules will be in the second vibrational state 
as in the first. For a rough estimate of the effect upon the specific 
heat, we may suppose that the fraction of all of the molecules 

are in the second state. Then the excess vibrational energy due to 
this cause, in a gram-molecule of gas containing Ao molecules, will be 

Ao(€i - eo)e“<^~^oVVcT. 

and the derivative of this expression with respect to T gives for the 
contribution of the excess energy to the molecular heat 

No = R = 0.47 R, 

where R, = Nok. Adding the usual for a diatomic molecule, 
we have then C. = 2.97A = 2.97 X 1.98 = 5.88 calories per mole per 
degree. This agrees fairly well with the observed value of 6.02 as 
given in Sec. 166. A more exact theoretical calculation, by the 

^Cf. Kennard, E. H., ''Kinetic Theory of Gases," p. 262, 1938; FarkaSj 
"Orthohydrogen, Parahydrogen and Heavy Hydrogen," 1935. 

^ KvhNj Zeits, f- Physik, vol. 39, p. 77 (1926). 
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m,etliod described in Sec. 167(a) aboved gives = 6.06.^ Thus quan- 
tum theory succeeds where classical theoiy failed. 

When a similar calculation is made for HCl^ whose vibration- 
rotation band at SAp. or 2,886 cni."^ [Sec. 155(&)] indicates that 
— €o = 2,886 cm == 5.72 X 10“’^^ erg, the ratio of the Boltzmann 
factors is found to be onW = 5 X Thus, molecular 

vibration can contribute 'nothing appreciable to the specific heat of 
HCl, ill agreement with the observed fact that for it Cv = /4R very 
nearly. For O 2 , ei — €0 = 1,556 cm."b and vibration may con- 
tribute about 0.0261t to Cv, 

1 Teautz and Ader, Zeits,f, Physik, voL 89, p. 15 (1934). 


CHAPTER X 
X-RAYS 


There is probably no subject in all science which illustrates better 
than X-rays the importance to the entire world of research in pure 
science. Within 3 months after Roentgen’s fortuitous discovery. 
X-rays were being put to practical use in a hospital in Vienna in con- 
nection with surgical operations. The use of this new aid to surgery 
soon spread rapidly. Since Roentgen’s time, X-rays have completel}^ 
revolutionized certain phases of medical practice. Had Roentgen 
deliberately set about to discover some means of assisting surgeons 
in reducing fractures, it is almost certain that he would never have been 
working with the evacuated tubeSj induction coils, and the like, which 
led to his famous discovery. 

In other fields of applied science, both biological and physical, 
uses have been found for X-rays, which approximate in importance 
their use in surgery. One may mention, for example, the study of 
the cr 3 ^stal structure of materials; '^industrial diagnosis,” such as the 
search for defects in the materials of engineering; the detection of 
artificial gems or of overripe fruit; the study of old paintings; the 
study of genetics by the biologist; the use of X-rays by the doctor in 
radiography and in radiotherapy ;- and many other uses. 

But transcending these uses in applied science ai-e the applica- 
tions of X-rays made to such problems as the atomic and the molecular 
structure of matter and the mechanism of the interaction of radiation 
mth matter. X-rays provide us with a kind of supermicroscope, by 
means of which we can "see” not only atoms and tlieir arrangement 
in crystals but also even the interior of the atom itself. Roentgen’s 
discovery must be ranked with the most important scientific dis- 
coveries of all time. 

In this chapter, we shall give a brief account of the development 
and the present status of X-rays, with particular reference to their 
application to some of the fundamental problems of physics. 

EARLY, MOSTLY QUALITATIVE DEVELOPMENTS IN X-RAYS ■(1895-1912) 

1S9. Roentgen’s Discovery.- — In the autumn of 1895, Wilhelm 
Konrad Roentgen, professor of physics at Wurzburg, was studying 
that fascinating phenomenon, the discharge of electricity through 
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rarefied gases. A large induction coil was connected to a rather 
highly evacuated tube (Fig. 136), the cathode C being at one end and 
the anode A at the side. The tube was covered ^^ with a somewhat 
closely fitting mantle of thin black cardboard.’^ ^ With the apparatus 
in a completely darkened room, he made the accidental observation 
that paper screen washed with barium-platino-cjmnide lights up 
brilliantly and fluoresces equally well whether the treated side or the 
other be turned toward the discharge tube.’^^ The fluorescence was 
observable 2 meters away from the apparatus. Roentgen soon con- 
vinced himself that the agency which caused the fluorescence originated 


To MucHon Coi! 



Fig. 136. — Diagram of the tube with which Roentgen discovered X-rays. 

at that point in the discharge tube "where the glass walls were struck 
by the cathode stream in the tube. 

E,ealizing the importance of his discovery, Roentgen at once 
proceeded to study the properties of these new rays — the unknown 
nature of which he indicated by calling them “X-rays.^’ In his 
first communications he recorded, among others, the following 
observations: 

1. All substances are more or less transparent to X-rays. For 
example, wood 2 to 3 cm. thick is very transparent. Aluminum 
15 mm. thick weakens the effect considerably, though it does not 
entirely destroy the fluorescence. Lead glass is quite opaque, but 
other glass of the same thickness is much more transparent. ^^If 
the hand is held between the discharge tube and the screen the dark 
shadow of the bones is visible within the slightly dark shadow of the 
hand.’’ 

2. Many other substances besides barium-platino-cyanide fluoresce 
—calcium compounds, uranium glass, rock salt, etc. 

3. Photographic plates and films ^^show themselves susceptible 
to X-rays.” Hence, photography provides a valuable method of 
studying the effects of X-rays. 

^ Quotations from papers by Roentgen, Electrician, voL 36, pp. 415, 850 (1896). 
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4. X-rays are neither reflected nor refracted. Hence, ''X-rays 
cannot be concentrated by lenses.” (Subsequent research, however, 
has demonstrated that both reflection and refraction can be observed 
under special conditions). 

5. Unlike cathode rays, X-rays are not deflected by a magnetic 
field. They travel in straight lines, as Roentgen show^ed by means of 
' ' pinhole ’ ’ photographs. 

6. X-rays discharge electrified bodies,^ whether the electrification 
is positive or negative. 

7. X-rays are generated when the cathode rays of the discharge 
tube strike any solid body. A heavier element, such as platinum, 
however, is much more efficient as a generator of X-rays than is a 
lighter element, such as aluminum. 

It is a stirring tribute to Roentgen^s masterly’ thoroughness that 
most of the basic properties of X-ra 3 ^s w^ere described in the paper in 
which the discovery was first announced. 

Roentgen’s discoveiy excited intense interest throughout the 
entire scientific world. His experiments were repeated and extended 
in very many laboratories in both America and Europe.^ This early 
work is beautifully illustrative of the qualitative phase of development 
of a typical field of physics; it is with special interest, therefore, that 
we review in the next four sections a few of the outstanding experi- 
ments and theories of the period from 1895 to about 1912. 

170. Production and Measurement of X-Rays, (a) Tubes , — 
Early tubes for the production of X-rays very soon became more or 
less standardized along the lines suggested by Roentgen in his second 
paper. Figure 137(a) shows such a tube. A residual gas pressure 
of the order of 10~® mm. Hg provides, when voltage is applied, a few 
electrons and positive ions. These positive ions, bombarding the 
cathode C, release electrons — or “cathode rays,” as thej^ were called 
then — and the electrons, hurled against the anode A, give rise to 
X-rays. A curved cathode converges the electrons into a focal spot on 
A of desired shape and size. In this type of tube, knowm as the “gas” 
tube, the anode current, applied voltage, and gas pressure are more 
or less interdependent, and it is essential that the gas pressure be 
maintained at the desired value. Various ingenious devices were 

A- This property of X-rays was independently discovered by Sir J. J. Thomson 
[see letter to Electrician (Feb. 4, 1896)]. Thomson pointed out that this phenom- 
enon provides a method of studying X-rays much more delicate and expeditious 
than the photographic plate or the fluorescent screen and, further, that it yields 
quantitativemeasurements. 

2 xhe Beihlatter zu den Ann. d. Physik for 1896 contain 400 titles on X-rays. 
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introduced for accomplishing this. These gas tubes were p^^acticall3r 
the only source of X-rays until the introduction of the Coolidge tube^ 
in 1913 and are still extensively used. 

The Coolidge type of X-ray tube, illustrated in Figure 137(5), is 
evacuated to the highest attainable vacuum and, incorporates as the 
essential part of the cathode a hot spiral filament F of tungsten of 
which the temperature, or electron emission, can be separately con- 
trolled. This distinguishing feature of the Coolidge tube, rfz., control 
of the tube current independently of the applied voltage, has greatl}^ 
facilitated certain t\"pes of X-ra}" research. 



(h) 

Fig. 137. — (ct) An early form of X-ray tube; (6) the Coolidge X-ray tube. 

(5) Measurement of X-ray Intensity . — Methods for detecting 
X-raj'S and for studying qualitative!}’" their relative intensities were 
based upon the fluorescent and photographic effect of X-rays as 
reported by Roentgen. The photographic method was especially 
convenient in medical radiographic work. The application of intensi- 
fying screens to increase the effective speed of photographic emulsions 
was an improA^'ement made independently by numerous investigators. ^ 
But for quantitative measurements of intensity the photographic 
method is rather complicated, and it soon gave way to the ioiiization 
method, which is still used today. 

The discharging effect of X-rays upon charged bodies, noted above, 
was soon traced to ionization of the air molecules. Villari^ showed 
that the discharging action in a gas at a^wen pressure depends on the 

1 Coolidge, ATol. 2, p. 409 (1913). 

2 Comptes Rendus, voL 122, pp. 312, 702, 720 (1896) ; vol. 36, p, 702 

(1896). 

3 ViLLARi, CompiSes voL 123, pp. 418, 446 (1896). 
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iiaMre of the gas. The following were found increasingly active 
in the order given: H, CO, air, CO 2 , ether vapor, CS 2 . Benoist and 
Hiirimizescu^ shov/ed that, for a given gas, the discharging action 
increases rapidly with density. 

At first, the rate of discharge of a charged electroscope was used 
in measuring the intensity of an X-ray beam, the motion of the leaves 
being observed under a low-power microscope. Later, an auxiliary 
device known as an “ionization chamber was introduced. This is 
shown schematically in Fig. 138. C is a metal tube several centi- 
meters in diameter, from about 20 to 100 cm. long, and closed at both 
ends except for an opening or iCvindow'-’ W, over which may be 
placed a thin sheet of cellophane or aluminum for admitting the 



Fig. 138. — An ionization chamber used for measuring electrically the intensity of a 

beam of X-rays. 

X-rays. A rod rr suitably supported by good insulating material, 
such as amber or quartz, is connected to an electrometer. An electric 
field is maintained between the rod rr and the C 3 dinder C a battery 
of about 100 volts, one end of which is connected to the ground wire 
G. All earthed guard ring g prevents leakage from the cjdiiider to 
the rod rr. The cylinder ma\^ be filled with a hea\w gas to make the 
arrangement more sensitive; argon or method bromide is often used. 
When X-ra^bS enter the window W, the gas within the cjdinder is. 
made conducting, and, on account of the electric field between the 
cylinder and the rod, the latter acquires a charge at a rate which can 
be measured b}^ the electrometer. This rate is a measure, of the 
intensity of the X-ray beam. 

Nowadays the electrometer is often replaced by a vacuum-tube 
amplifier and a galvanometer. For.ver}^ low X-ray intensities, a 
Geiger ■ counter with' appropriate vacuum-tube circuit [Sec. 198(5)] 
ma^u supplant the ionization chamber. 

' V171. Classical Pulse Theory of X-rays.— We have seen that X-rays 
are produced whenever electrons are suddenly brought to rest by 
coliiding'with '.a- solid obstacle.' This fact early -suggested a, simple 
theory,, of .the .mode of their production.'. ■■ ''While' being Brought' :to: 
rest, .the,',. electrons must' experience, .-for a„ brief' interval, a very large 
r'Co'mpifes voi. 122, p. ,926 (1896'k : 
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negative acceleration. According to classical electromagnetic theory, 
such an accelerated body must radiate energy. The sudden stopping 
of each electron as it collides with the target, therefore, must result in 
the emission of an electromagnetic disturbance or pulse. On this 
theory, X-rays consist of a very rapid succession of such pulses, com- 
ing at random intervals. It was showm by Stone}^ that, if such a 
stream of pulses is analyzed into wave trains, the components of 
shorter wave length are the more intense the greater the velocity of the 
electrons which are brought to rest by the target. Stoney showed 
also that matter should, in general, be more transparent to the shorter 
waves than to the longer waves. The hard, or penetrating. X-rays 
should, therefore, be produced by high voltages applied to the X-ray 
tube. Qualitatively, this picture of the mechanism of the production 
of X-rays seemed to be in agreement with the experimental facts. 

(a) The Production of X-rays . — According to Eq. (31) in Sec. 35, 
based on classical electromagnetic theory, if an electron moving at a 
velocity va, small relative to the velocity of light, is brought to rest 
with a uniform acceleration a, the total energy radiated is 

pfT 2 e^o\a\ ^ 


e being the electronic charge. The time taken in stopping is t = Vo/|a| ; 
during this time the electron travels a distance s = \a\t'^/2 = vl/{2\a\). 
In terms of Sj we can also write 

W = 


ehl 


This formula predicts that the energy radiated will increase very 
rapidly with the velocity of the electron and will be inversely pro- 
portional to the distance within which the electron is stopped. Quali- 
tatively, these same features might be expected to hold for stoppage 
of an electron by an atom, although in that ease the acceleration 
would not, of course, be uniform. Experiment shows that the inten- 
sity of the radiation from a given X-ray target increases roughly as 
i,e.f as the square of the energy of the cathode ray, which is at 
least not grossly inconsistent with our theoretical expectation. Fur- 
thermore, it is reasonable to assume that an electron moving with a 
given velocity will be stopped more suddenly w^hen colliding with a 
heavy atom than \vith a lighter one. A target made of a heavy metal 
like platinum should, therefore, give out more X-ray energy, other 
things being equal, than one made of a lighter metal such as aluminum. 
This is in agreementwvith Roentgen’s observations. 

Qualitatively, therefore, the classical theory of X-ray production 
seemed 'to be well confirmed. Quantitatively, however, this theory 
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was destined to meet with serious difficulties. It still retains an 
interest, although we now know that it has reference only to one part 
of the X-ray spectrum (known as the “continuous'’ spectrum) and, 
for accurac}^, must be replaced even in dealing with that part by a 
more abstract theoiy, wave-mechanical in nature. 

The remark may be added here that other charged particles than 
electrons were later found to be effective for the production of X-rays, 
such as a-TB^ys,^ protons, and deuterons.^ 

(5) Refraction and Diffraction of X-rays. — ^Tests of the classical 
pulse theory were by no means confined to predictions concerning 
the production of X-rays. Convincing demonstrations of such 
classical phenomena as reflection, I'efraction, and diffraction were 
eagerly sought. Roentgen’s original experiments to this end had 
been negative. 

Gouy,’^ using a narrow line source of X-rays, obtained a shadow 
of a fine platinum wire on a photographic plate. Then he placed a 
prism in the lower half of the beam in such a way that if the rays were 
refracted by the prism the shadow of the we would be “broken.” 
The shadow was sharp and continuous, showing no measurable 
refraction. Gouy estimated that the index of refraction could not be 
greater than 1.000005. It was pointed out by Maltezos^ that the 
Helmholtz dispersion formula 

== 1 + CX2 -f * * • , 

where n is the refractive index and C is a constant, predicts that 
n — > 1 as X — > 0. Thus the absence of measurable refraction of X-rays 
would be accounted for if they had extremely short wave lengths. 

Gouy*^ also searched for e\ddences of diffraction, with negative 
results. A little later, however, Haga and Wind,® using w^edge-shaped 
slits only a few thousandths of a ndillimeter mde, observed evidences 
of a slight widening of the image on the photographic plate, from 
which they deduced that the wave length of the rays must be of the 
order of 10~® cm. Walter and Pohl,^ in a similar diffraction experi- 
ment, confirmed this order of magnitude of the wave length. 

172. The Scattering of X-rays. — In an attempt to discover the 
reflection of X-rays, Imbert and Bertin-Sans® arranged apparatus 
^ Chadwick, Phil. Alag.^ vol. 25, p. 193 (1913). 

2 Cork, Phys. Rev., vol. 59, p. 957 (1941). 
yCoHY, Comptes Rendus, vol. 122, p. 1197 (1896). 

^ Comptes Rendus, vol. 122, pp. 1115, 1474, 1533 (1896). 

® Comptes Rendus, vol. 123, p. 43 (1896). 

® ^nti. d. Physik, Yol, 68, p. 884 (1899). 

^ Ann. d. Physik, vol. 29, p. 331 (1909). See also Sommerfeld, Ann. d. Physik,: 
vcL 38, p. 473 (1912)., . , * '■ 

® Comptes vol. 122, p. 524 (1896). 
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as shown . diagrammatically in Fig. 139. Between the source S of 
the rays and the photographic plate P was placed a thick copper 
screen A/i<. A plane mirror M was so placed that a beam of rays, if 
reflected^ would pass to the photographic plate P, on which would 
appear an image or shadow of an obstacle P. Such a shadow was 
obtained irrespective of the angular position of the mirror M. Iiideedj 
a plate of paraffin was just as effective as the mirror. From these 
facts Inibert and Bertin-Sans concluded that, instead of being reflected, 
the rays wem diffused or scattered by M, somewhat as light is scattered 
b\^ fog particles. 

This phenomenon of the scattering of X-rays has played a very 
important part in the theories of modern physics and has been the 

object of man 3 r researches both 
theoretical and experimental. 

(a) Thomson's Theory. — The first 
theoiy of X-ray scattering, an appli- 
cation of the classical pulse theory 
described in the last section, was pro- 
posed by Sir J. J. Thomson.^ Let a 
beam of X-radiation be incident 
upon an electron of charge — c and 
of mass m. The radiation, being 
supposed electromagnetic, contains 
an electric vector at right angles to 
the direction of propagation. As the 
wave passes over the electron, the latter Avill experience a force F == —Ee 
and will, therefore, have an acceleration in the direction opposite to F 
of magnitude 



Fig. 139. — The arrangement of 
Imbert and Bertin-Sans showing 
pseudo-reflection (scattering) of X- 
rays from the mirror M. 


eE 

m 


(274) 


Consequently, the electron will radiate energy at the instantaneous 
rate given by Eq. (28) in Sec. 35, or 


3 


2e^2 


ergs sec.~^ 


if e and F are in electrostatic units. 

This energy is abstracted from the grirnar}^ beam and is reradiated 
or scattered a secondary beam. Its magnitude is most iisefully 
expressed in teiuns of the intensity J of the primary beam. This 
intensity, defined, as the amount of energy crossing unit area per 

^ Thomson, J Conduction of Electricity through Gases/’ 2d ed., p. 321, 
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second, is 

j cE^- 

iTT 

(275) 

[c/. Eq. (12) 

in Sec. 32], Hence, 



-J. 

00 

II 

C3 

(276) 


The ratio 0/J, which we shall denote by cTf, is called the classical 
scattering coefficient for a free electron. Of the incident radiation that 
falls on unit area of a surface drawn perpendicular to the beam,, a frac- 
tion (Te is scattered. In other words, the electron scatters as much 
radiation as falls on an area equal to 0 -^. For this reason, ae is also 
called the classical cross section for scattering by a free electron. For its 
value, inserting e = 4.80 X 10""^®, m = 0.911 X 10~"' gram, c = 3 X 10“^ 
we find 

Q Sir e^ 

(6) The Number of Electrons in a Carbon Atom. — The result just 
obtained provides a basis for an estimate of the number of electrons in 
an atom. The energy radiated by an electron must represent energy 
abstracted from the incident beam. If there are n electrons per unit 
volume in the scattering material, and if we assume that all electrons 
scatter independently (f.c., that no interference takes place between 
wavelets scattered from neighboring electrons), we may write for the 
fractional diminution — A/ of the incident beam in going a distance Aa* 

A/ 

j- = JKXeAx. 

Since (Xe is independent of rr, we may integrate both members of this 
equation, obtaining for the intensity I of the beam after tra^mrsing a 
thickness x of the material, 

I = 

Iq being the incident intensity. It is assumed here that the only loss 
of intensity is that due to scattering. 

Actually, processes other than scattering are present and contribute 
to the diminution of the incident beam. Barkla and his collaborators, ^ 
however, were able to correct for the excess absorption, for absorbers 
of low atomic weight, and so were able to deduce, from measurements 
of J, Jo, andu;, a value of the product norg. Using carbon of density p 
as the absorber,' Barkla found 

u Babkla and Sadlee, PM, vol. 17, p. 739 (1909); Barkla, Phil. Mag., 
voL 21, p..::648 (1911):' ■ 
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nae/p = 0 . 2 , 

from which and Eq, (277) 

n = 3.00 X lO^V 

The number of atoms in a gram of carbon is Nq/A where Nq is Avoga- 
dro^s number or 6.02 X 10-^ (Sec. 79)^ and A is the atomic weight 
(12); hence the number of atoms in 1 cm.^ is Nop/ A. Dividing this 
number into the value just found for n, we find for the number of 
electrons per atom of carbon 


nA 3.00 X 1023 X 12 _ 

Nop 6.02 X 1023 

(approximately). This was the first reasonably accurate determina- 
tion of the number of electrons in an atom and was of great historical 
importance. However, it is only fair to say that, had Barkla per- 
formed his experiment under considerably different conditions of 
wave length and atomic number, the result of the computation would 
not have been so satisfactory. 

(c) Angular Distribution of Scattered X-rays . — The distribution in 
direction of the radiation scattered by an electron is easily obtained 
from a formula deduced in Sec. 35. Consider the radiation that is 
scattered in a direction making an angle 0 with the direction of the 
electric vector E in the primary beam. Let Iq denote the intensity 
of the scattered radiation at a point P distant r cm. from the scattering 
electron in this direction. Then Iq is the same as dWi/dt as given 
by Eq. (26) in Sec. 35, except that here g == ~e; hence 


Ib 


1 e2a2 

47r 


sin2<9. 


or, after substituting again for the acceleration a in terms of the 
intensity I of the primary pulse by means of (274) and (275), 


le 


I 

~“-wisin2^ ergs cm .~2 sec."^ 
r- 


(278) 


From this expression we see that if the primary X-ray beam is 
plane-polarized, with the electric vector in a fixed direction, then the 
radiation scattered by an electron in a direction making an angle 6 
with the direction of the primary electric vector JJ is proportional to 
sin2^.,,,'',, . . . 

Let us consider now the more general case of a primary beam in 
which the direction of the electric vector varies at random. Such a 
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beam is. impolarized. Let us draw axes so that the xy plane coBtains 
the direction OP in which the scattered radiation is observed (Fig. 
140), and let OP, which is perpendicular to the z-axis, make an angle 4> 
with the a;-axis or direction of propagation of the primary beam. 
Resolve the electric vector E in the primary beam into its y- and 
2 -components, Ey and E^. Then these components, acting upon the 
electron, will produce accelerations of magnitude % = eEy/m and 
as = eEsjm, respectively. Each component of the acceleration, in 
turn, will produce a corresponding scattered electric vector at P. 
For these two scattered vectors we find, from 
Eq. (22) in Sec. 34, in which we insert g = — e 
and, first a = Uy, 6 = t/2 — then a = as, 

B = 7r/2: 




E[ 


c^mr 


cos 4), Eg 


e^s 

c-mr 



y 

9^^ 

X 




Fig. 140. 


Since E[ and E^ are clearly perpendicular to 
each other at P, we have = E[^ + E'^^, 
where E' is the resultant electric vector in the scattered beam, 
insert the value of E'- thus found for E- in Eq. (12) in Sec. 32, we obtain 
for the intensity of the scattered beam atP: 


If w-e 


= f-E'2 
^ At 




The average value of can then be found by replacing E| and Ef 
in this expression by their average values E| and Ef , the bar over a 
symbol denoting its time average. 

The average intensity of the primary beam is, similarl}^ 


-E2 


:(EI + El). 


At*" At 

Because of the random variation of the direction of E, however, 
E^ = El. Hence, 

or 

Ef, = JJl = — . 


Thus, we can write for the average intensity of the scattered beam, 

I e* 1 + cos^^ 






(279) 


Assuming independent scattering by the individual electrons, we 
may multiply Eq. (279) by the number of electrons per unit volume, 
and thus we obtain an expression suitable for experimental test. 
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According to this result, the intensity of the scattered X-ray 
beam sliould be (1) symmetrical about the direction of propagation 
of the primary beam and (2) symmetrical forward and backward, 
I'elative to a plane (the yz plane in Fig. 140) passing through the 
scatterer and perpendicular to the direction of propagation. Early 
experiments seemed to confirm these predictions. More exact 
measurements, however, as will be pointed out in a later section 
[185(6)], reveal radical departures from the second condition of 
symmetry. 

(d) Polarization of X-rays . — Among the early significant experi- 
ments on scattering is Barkla^s classic work^ on polarization. These 



experiments test one of the conclusions drawn from the classical 
theory of the production of X-rays, and also the factor (1 + cos^^) 
in Thomson’s scattering equation, (279) above. 

Let a stream of cathode rays, proceeding in the direction zO (Fig. 
141) impinge on a target at 0. Consider the beam of X-rays proceed- 
ing from this target in the direction Oxi, perpendicular to Oz. We shall 
call this the primary beam.^^ If we assume that the electrons of the 
cathode stream are all brought to rest by accelerations in the direction 
Oz^ this primary beam should be plane-polarized with the electric 
vector in the z direction, as indicated by the vector Z, Let a scattering 
material— a small piece of carbon, say — ^be located at Pi. As explained 
in the preceding section, according to classical theory the electrons of 
this scatterer should experience accelerations in the direction Pi^i as a 
result of the passage of the primary beam, and the scatterer should 
emit a secondary or scattered beam. The intensity of this scattered 

^ Baekla, Roy. Soc.^ Proc., vol. 77, p. 247 (1906). 
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beam should be a maximum in the plane yOxi and should be zero in 
the direction Ziz[. If this anal3'sis is correct, the intensity of the 
X-rays scattered by a substance at Pi should var^^ from zero in . a 
direction PiZi to a maximum in the direction PiP^^ 

In his experiments Barkla found that the intensity of the scattered 
radiation in the direction of PiZij although not zero, was considerabl.y 
less than the intensity in the direction P1P2. This indicates that the 
primary beam is at least partially polarized, though not compIeteI,y 
so. A little further consideration indicates that this is just what we 
should expect. We assumed, at the beginning of the discussion, 
that the electrons of the cathode stream are brought to rest by accelera- 
tions in the direction Oz, If we attempt to picture the sequence of 
events hy means of 'which a swiftty moving electron is brought to 
rest b}’' collision with the atoms of the target at 0 , we should conclude 
that rarety will an electron be stopped by a single ^Tieacl on"' collision 
with an atom. In the general case, it will pursue a zigzag course and 
will collide with many atoms before being brought to rest. Aithougii 
the preponderance of accelerations ma}^ be in the geneuai direction 
Os, accelerations in quite different directions are to be expected. 
In the primary beam, therefore, although the ^-components of the 
electric vector should predominate, ^-components are also to be 
expected. This means that the intensit}^ of the X-rays scattered 
from Pi in the direction of P1P2 should merely be greater than in the 
direction Pi;Si — which is 'what Barkla observed. 

With the secondary beam of X-ra^^s proceeding in the direction 
P1P2, however, the situation is different. This secondary beam 
is produced the acceleration of electrons at Pi due to the passage 
of the primary beam. On account of the transverse nature of electro- 
magnetic radiation, this primaiy beam, regardless of its state of 
polarization, can accelerate electrons at Pi only in directions lying in 
the plane p2PiZh directions at right angles to PiXi, Conse- 

quently, the electric vector of the secondary beam proceeding in the 
direction P1P2 must lie entirely in the plane P^PiZi; this secondary 
beam must be completely plane-polarized. If, then, this secondary 
beam be allow’ed to pass over a second scatterer placed at P2, the 
intensity of the tertiary radiation sent out from P2 should YBxy from 
zero in the direction P^z^. to a maximum in the direction P^x^*. 

Barkla’s experiments testing this conclusion indicated that the 
secondaiy rays were 70 percent polarized, instead of the predicted 
100 percent. A similar experiment w'as performed much later hy 
Compton and Hagenow’’^ in \vhich a more intense primary beam wms 

1 Compton and Hagenow, J.OE.A,, Rev, Set. Instruments^ vol. 8,.p, 487 (1624:).' 
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employed, thereby allowing (1) better collimation, i.e,, greater defini- 
tion of the scattering angle, and (2) the use of smaller scatterers so 
as to decrease multiple scattering, i,e., successive scatterings at angles 
other than 90°. It was found that within the limit of error of the 
measurements the intensity of the tertiaiy radiation scattered in 
the direction P 2^2 is zero. We may conclude, therefore, that, as 
classical theory predicts, the secondary beam itself is completely 
polarized. 

The results of these early experiments on the scattering of X-rays 
confirmed without exception the classical theory in its simple form 
as described above. But we must bear in mind, that, as viewed today, 
this theory of scattering is imperfect, principally for the following 
reasons : 

1. We have dealt here with free electrons only, whereas most of the 
electrons involved in scattering are bound in atoms. 

2. We have neglected possible interference effects between wave- 
lets scattered from different electrons. 

3. Another type of scattering process, the Compton scattering, 
also occurs. In a later section we shall return to the subject of 
scattering. 

173. Absorption and Fluorescence. — Although the clasvsical elec- 
tromagnetic theory was remarkably successful in explaining most 
of the early observed phenomena of X-rays, there gradually accumu- 
lated a mass of data which this theory could not explain. One such 
group of data developed on the subject of scattering, already men- 
tioned (Compton scattering), one in absorption (photoelectric absorp- 
tion), and a third in regard to spectral distribution of energy of 
X-rays. The first work on the latter two groups of phenomena will 
be discussed in this last section dealing with early developments in 
X-rays. 

(a) Absorption. — Roentgen’s initial observation that the relative 
opacity of materials to X-rays depends not alone upon the densit}^ 
was early confirmed. Many investigators^ independently concluded 
in 1896 that opacity of a material varied in a regular manner with its 
atomic weight. Not for some 15 years did the atomic number enter 
the picture. 

In 1897, Buguet^ made the significant observation that the opacity 
of a given material to X-rays varied with the thickness of the material 
previously traversed by the beam. This effect is explained by assum- 
ing that his X-ray beams were composed of several component beams 

^ See, for example, Comptes Rendus, vol. 122, pp. 146, 723 (1896). 

^ Comptes BenduSj vol. 125, p. 398 (1897). 
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having different absorbabilities. The general terms quality and hard- 
ness refer to the relative absorbability of a beam, a hard beam liaviiig 
low absorbability. Any beam whose quality is altered by transmission 
through an absorber is called a heterogeneous beam. In 1909, Barkla 
and Sadler,^ stud^dng these absorption questions, developed the first 
method of producing a homogeneous beam. This method is discussed 
in part (6) of this section. 

The general formula for the absorption of radiation was found to 
apply to X-rays. That is, if an IK-my beam of intensity i is incident 
on a thin slab dx of absorbing material (Fig. 142), 
the change in intensity di, actually a diminution, 
is given by the relation 

di , 

-r == —jidx, 

where a is called the linear coefficient of absorpiio7i. 

For a homogeneous beam of X-rays, i.e., a beam for 
which a is independent of x, the last equation can at 
once be integrated; we can write for the transmitted 
intensity I at any distance x 

I = 




In 


Ind 

kx 
Fig. 142. 


(280) 


Jo being the intensit}^ at x = 0. By measuring J, Jo, and z, one may 
compute jLt. In a later section, we shall discuss what is known con- 
cerning the dependence of y upon atomic number and upon the quality 
of the rays. 

In deriving Eq. (280), we are not concerned with what ultimatel.y 
becomes of the radiation which is removed from the incident beam. 
From our discussion of scattered X-rays, however, we know that 
scattering constitutes one process by ivhich an incident beam is 
weakened. Usuall^q however, the amount of radiant energy that is 
scattered from an X-ray beam is much smaller than the total amount 
of energy that is removed from the beam, as represented by the 
coefficient ju. This fact was not easy to explain on the classical theory. 

(6) Characteristic Secondary X-rays . — A new type of phenomenon 
was revealed in 1896 by an important observation made by T^dnkel- 
mann and Straubel.^ A beam of X-rays was passed through a 
photographic plate P (Fig. 143), the emulsion being on the rear side. 
Behind a part of the plate was placed a piece of fluor spar F. On 
developing the plate, it was found that the fiilm was much denser in 

iPM. vol. 17, p. 739 (1909). 

^ Jenaisch. Zeits. f. Naturwiss. j Yol. SO 
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the neighborhood of Fj as if F had reflected the rays. An observa- 
tion of this kind had been made by Roentgen. But Winkelmann and 
Straiibel showed that the phenomenon was not one of true reflection^ 
for they repeated the experiment with a thin sheet of paper A A 
between F and P and found that the intensifying 
action of F was almost but not entirely destroyed, 
although the paper was very transparent to the incident 
beam. From this, they concluded that the quality 
of the rays had been altered b}" the spar in such a way 
as to make the beam of rays returned by F more 
absorbable in paper than was the original beam. In 
other words, the primary rays, incident on the spar, 
had been transformed into characteristic “spar” rays. 
Barkla and his collaborators made a thorough and 
systematic study of this phenomenon.^ Let a primary beam of hard 
X-rays from a target T (Fig. 144), after passing through holes in lead 
screens fall upon the secondary emitter E. Let the secondary 
beam, taken off at right angles to the primary beam, after passing 
screens enter the ionization chamber C, by means of which the 
intensity of the secondary beam can be measured either with or without 
slabs of absorbing material placed at A or at B. 


A 

! 






A 

Fig. 143. 



Fig. 144. — Schematic arrangement for studying secondary radiation. 

When the secondary emitter E is of some light material, such as 
carbon, an aluminum absorbing screen placed at B absorbs nearly 
the same fraction of the secondary beam as it does of the primary 
beam when placed at A. This shows that the quality of the secondary 
beam as measured by its absorption in aluminum is nearly the same 

^ C/. PhiL Mag., vol. 16, p. 550; vol. 22, p. 396; vol, 23, p. 9S7; Nature, vol. 80, 
p. Z7; Cambridge Phil. Soc.j Proc., Yol. lojp, 257 (190^1912). 
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as that of the primary beam. We may conclude that the primary 
beam has merely been scattered by the secondary emitter. 

If, however, a heavier material, such as silver, is substituted for 
the carbon at E, the absorption coefficient of the secondary beam in 
aluminum is found to be greater than that of the primary beam — which 
indicates that the quality of the secondary beam is no longer the same 
as that of the primary. Barkla found that the quality or hardness 
of the secondaiy beam, as measured by its coefficient of absorption in 
aluminum, is characteristic of the material used as secondary eiiiitter. 
Almost without exception, the hardness of the secondary beam, as 
measured b}^ its absorbability in aluminum, increases with increasing 
atomic weight of the secondary emitter. 

When absorption coefficients in 
different absorbing materials were 
compared, a striking feature ap- 
peared. If the absorption coeffi- 
cients in, say, iron, for a series of 
secondary radiations obtained from 
a series of emitters of different 
atomic weights, are plotted against 
the absorption coefficients for the 
same radiations in aluminum, a 
curve is obtained of the type shown in Fig. 145. Point a corresponds to 
a soft radiation easil}^ absorbed in aliiminum. As the penetrating 
power of the radiation is increased, the coefficients of absorption in both 
aluminum and iron decrease along the line ah. At 5, however, the 
absorption coefficient of the radiation in the iron absorber suddenty 
increases to point c. This increase occurs for radiation of which the 
absorbability in aluminum is about the same as that for the radiation 
from an iron secondary emitter. Thereafter, for more penetrating 
radiations, the absorption in iron decreases again toward point d. 

Similar results were obtained with other absorbing materials in 
place of iron. The position of the discontinuity was found to depend 
on the atomic weight of the absorber: the higher its atomic weight, 
the greater the penetration in aluminum of the radiation for which the 
discontiniiit}?' occurred. 

These facts point unambiguously to the conclusion that a second- 
ary emitter besides scattering the primary beam also emits a fluores- 
cent radiation characteristic of the emitter, whenever the prim ary 
beam is of greater hardness than this fluorescent radiation. Barkla 
called the latter the fluorescent radiatioffil of the emitter. For the 
heavier absorbers, a second discontinuity was observed beyond point a 



Absorpiion Coefficlenf in Alum'inum 
Fig. 145. 
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of Fig. 145. This indicated that along with the K fluorescent radia- 
tion another and softer fluorescent radiation was emitted, which 
Barkla designated by L, Barkla recognized that these K and L 
radiations constitute lines (or groups of lines) in the fluorescent X-ra}^ 
spectra of the several secondary emitters. 

A further conclusion from these observations is that there exists, 
for each of many absorbers, a K absorption discontinuity which 
is not like the resonance absorption line to be expected from the 
classical electromagnetic theory. In some cases, a similar L dis- 
continuity was found. 

The graph of Fig. 145, with the abscissas corresponding, as we 
shall see, to an X-ray wave-length scale, foreshadows a new era in 
X-ray developments, an era distinguished by studies of spectral 
properties of X-rays and by experimentation with homogeneous 
beams. 


X-RAY SPECTRA 

174. The Crystal Diffraction Grating. — The researches of Barkla 
in isolating the K and L fluorescent radiations pointed unmistakably 
toward the existence of definite^ discrete Avave lengths in X-rays. An 
experiment Tras greatly needed by Avhich a heterogeneous beam could 
actually be separated into its spectral components. The only method 
then available for such spectral analysis involved diffraction of X-rays 
from a slit, and the dispersion obtainable by this method Avas insuffi- 
cient for the purpose at hand. 

(a) A Crystal as a Diffraction Grating . — A new and practical 
method for resoMng X-ray beams developed out of a brilliant sug- 
gestion by Laue. The order of magnitude of X-ray Avave lengths, 
as revealed by the diffraction experiments described above, is the 
same as the order of magnitude of the spacing of the atoms in crystals. 
Laue suggested, therefore, that a crystal, with its regular three-dimen- 
sional array of atoms, might behave toward a beam of X-rays in 
somewhat the same way as does a ruled diffraction grating toward a 
beam of ordinary light. 

Let it be assumed that plane electromagnetic AA^aves traveling in a 
given direction fall upon a crystal. Then each atom will scatter some 
of the incident radiation. If the crystal is perfectly regular, the 
Avavelets scattered by different atoms will combine, in general, in 
all sorts of phases and so will destroy each other by interference. 
Laue argued, hoAAwer, that for certain wave lengths and in certain 
directions the wavelets should combine in phase and so produce a 
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strong diffracted beam.^ It would be expected, therefore, that such 
diffracted beams might be observed upon passing a heterogeneous 
X-ray beam through a crystal Such an experiment was performed 
by Friedrich and Knipping in 1913. 

(6) The Experiment of Friedrich, Knippmg, and Laue.--—By means 
of suitable screens, SiS^ (Fig. 146), a narrow pencil of X-rays from 
the target T was allowed to pass through a crystal C beyond which 
was a photographic plate PP. After an exposure of many hours, it 
was found on developing the plate that, in addition to the interior 
central image at 0, where the direct beam struck the plate, there were 
present on the plate many fainter but regularly 
indicating that the incident X-ray 
beam had been diffracted by^' the 
crystal in certain special direc- 
tions, just as Laue had predicted. 

Figure 147 shows such a photo- 
graph, taken by Dr. George L. 

Clark,® of an iron crystal In 
their original paper, Friedrich, 

Knipping, and Laue, from an 
analysis of a series of photographs 
of a crystal of zinc blende oriented at various angles with respect to the 
incident pencil, concluded that there were present in the X-ray beam 
wave lengths varying between 1.27 X 10"^ cm. and 4.83 X lO""® cm. 
This positive result seemed to prove the correctness of the two postu- 
lates underlying the experiment: (1) that X-rays are electromagnetic 
waves of definite w^ave lengths and (2) that the atoms of a crystal are 
arranged in regular three-dimensional order, as suggested by the 
external symmetry of crystals. 

This experiment marked the beginning of a new era in the tech- 
nique of X-ray measurement and in X-ray theory. Two new and 
very important fields of investigation were at once opened up: (1) 
in X-rays, the study of spectra and the use of homogeneous beams in 
experiments on scattering, absorption, etc. ; (2) the study of the 
arrangements of atoms or molecules in crystals. In the following 
sections, we shall confine our discussion to some of the more important 
aspects of the former field. For presentations of the allied field of 


Fig. 146. — The arrangement by which 
Friedrich and Knipping discove?red the 
action of a crystal on a beam of X-rays. 


^See, for example, Compton and Allison, “X-rays in Theory and Experi- 
ment, ^Vpp. 331-340, 1935. _ ^ y 

2 , K;i^jpping^ and Laijb, Bayer, Akad, d. 1^12; Le' Eadiurn, 

,voll0,,p. 4741913). 

® This photograph is used by permission of Dr. Clark. 
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molecular and crystal structure, .the student is referred to standard 
treatises on the subject.^ 

(c) Bragg^s Analysis of the Three-Dimensional Grating. — A very 
simple and convenient way of looking at the process of diffraction by 
a crystal . grating was proposed by Bragg. ^ He pointed out that 
through any crystal a set of eciuidistant parallel planes can be drawn 
which, among them, pass through all the atoms (or similar groups of 



Fig. 147. — ^Laue photograph of an iron crystal, {Photograph hy Dr. George L. Clark.) 

atoms) which compose the crystal. Indeed, a great msnij such families 
of planes may be drawn, the planes of each family being separated 
from each other by a characteristic distance. Such planes are called 
Bragg planes, and their separations, Bragg spacings. Traces of five 
families of Bragg planes are shown in Fig. 148. 

If plane monochromatic waves fall upon the atoms in a Bragg plane, 
a wavelet of scattered radiation spreads out from each atom in all 
directions. There is just one direction in which, irrespective of the 
atomic distribution in the plane, the scattered wavelets will meet 

W. 'H.,. and W. L. Bragg, /-‘The Crystalline, State,’f vol.' I,. 1933; 
Clark, G. L., “Applied X-Eays,” 3d ed., 1940. 

2 Bragg, W. L., Cambridge Phil. Soc., Proc., vol. 17, p. 43 (1912). 
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in the same phase and will constructively interfere with each other, 
viz., the direction of specular refiection from the plane. This follows 
from the ordinary Huygens construction as used for the refiection from 
a mirror. The beam scattered in this direction may be thought of as 
reflected from the Bragg plane. But, now, w'e note that each Bragg 
plane is one of many regularly spaced parallel planes. The beams 
reflected from these various parallel planes will combine, in general, 


/ 



Fig. 148. — Scliematic representation of the reflection of monochromatic beams of X-rays 
by a of NaCl when a heterochromatic beam is incident upon it. 

in different phases and so will destroy each other by interference. 
Only if certain conditions as to wave length and angle of incidence 
of the beam on the planes are satisfied will the waves from different 
planes combine in the same phase and reinforce each other. The 
necessary conditions are easily found. 

In Fig. 149 j let the horizontal lines represent the traces of two suc- 
cessive. Bragg, planes spaced d apart. . 'Denote by ^ the a,ngle between 
the direction' .of. pro.pagation of. the incident beam and the planes; this 
angle is called the glancing angle ot the beam on these planes. Let a 
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ray meet the two planes at Oi and O2, respectively, and let a line drawn 
from O2 perpendicular to the planes cut the other plane at 0. Draw 
Oil and O22 representing rays specularly reflected from the tw^o planes, 
and draw aOh perpendicular to Oil and O22 to represent a w^ave front 
of the reflected beam. Then constructive interference will occur if 
the path OiO^fcj taken by waves scattered at O2, exceeds the path Oia 
for waves scattered at 0i by an integral number of wave lengths. 
Draw Oc perpendicular to O1O2. Then Oia = Oic; hence the differ- 



ence in path is CO26 = 2d sin 6. The conditions that there should be a 
reflected beam are, therefore, 

d = e' (281) 

and 

nX = 2d sin (282) 

where n is an integer, called the ^^order of the reflection,’’ and 6^ is the 
angle between the Bragg planes and the direction of the diffracted rays. 
These two conditions are known as Bragg^s law for X-ray reflection. 
The first condition is often omitted in the statement of Bragg’s law 
with the understanding that it is implied by the term ^'reflection.” 

Suppose, now, that a parallel wave train, containing a continuous 
spectrum of wave lengths, is incident upon a crystal, as ^’epresented by 
the parallel arrows a, 6, c, d in Fig. 148. In the figiii?', traces of five 
families of Bragg planes are shown, numbered 1, 2, 3, 4, 5, with their 
characteristic spacings di, ^2, * • • . Many other families of planes 
might be imagined, some perpendicular and some not perpendicular 
to the plane of the paper. Suppose that in the incident beam there 
is a wave length X2 such that 

71X2 == 2(^2 sin 02j 

where n is an integer, is the distance between the set of planes 
numbered “2,” and 62 is the glancing angle between the direction of 
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the, incident radiation and these planes. Then there will be reflected 
from this group of planes a beam A, of wave length X2, which will 
proceed in the direction of the arrow *4. Similarly^ we may have 
reflected beams C, D, • • • in different directions in the plane of t.lie 
paper, and also many other beams reflected from other fa.mi!,ies of 
planes in directions not in the plane of the paper. Each ^‘'Laiie spot'' 
in the experiment of Friedrich and Knipping may be interpreted as 
produced by such a reflected beam. In general, the most intense 
spots correspond to reflections from Bragg planes containing the 
greatest number of atoms on each plane. 

The crystal represented in Fig. 148 is one of a very simple type, but 
the conception of Bragg planes is applicable to all types of ciystals. It 
should be pointed out, however, that it is not necessary to draw the 
Bragg planes actually through the atoms; instead of a given family 
of these planes, any other set of planes parallel to them and spaced 
the same distance apart could be employed and would lead to the 
same conditions for strong reflection. 

It should be pointed out also that the Bragg equation (282) does 
not give a complete solution to the interference problems of X-rays 
scattered from a crystal. The equation predicts only the position 
of the center of the expected diffraction pattern for a given wave 
length and family of Bragg planes; nothing is said about the intensity 
distribution in this diffraction pattern. 

175. The X-ray Spectrometer. — Immediately following the 
announcement by Friedrich, Knipping, and Lane of their successful 
experiment, many investigators took up the study of the new phe- 
nomenon. Among these were W. H. and W. L. Bragg, ^ to whom we are 
chiefly indebted for the early development of the X-ra}^ spectrometer. 

A spectrometer of the Bragg type is shown diagrammatically in 
Fig. 150(a), X-rays from the target T of an X-ray tube pass through 
two narrow slits Si and S^, a few hundredths or tenths of a millimeter 
wide, the edges of which are made of some material, such as lead or 
gold, which is very opaque to X-rays. This ribbon-shaped incident 
beam of X-rays 1 falls at a glancing angle d on the cleavage face of a 
crystal K — rock salt, calcite, mica, gypsum, quartz, etc, — which is 
mounted on a table D, the angular position of which can be accurately 
read by verniers or micrometer microscopes. The reflected beam of 
X-rays, which makes an angle 2Q with the incident beam, enters, 
through the ^Svindow” tr, an ionization chamber G by means of which 
the intensity,, of, the reflected .beam may be measured. , By suitably 

, * Beagg, W. la.y Nature^ vol. 90, p. 410 ( 1912 ); Beag-g, .W. ,H., and W. L. ,B,KAGGy 
Roy.'Soc,,Proc.\ vol. 88, p, 428 (1913) ; Beagg, W. H., Nature, yoI. 91, p. 477 (1913). 
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turning the table D about the axis A, the incident beam may be made 
to strike the face of the crystal at glancing angle 0. The ioniza- 
tion chamber C is mounted on an arm (not shown) by means of which 
the chamber can be rotated about the axis A so as to admit the 
reflected beam through the window w. For protection against stray 
scattered radiation, a third slit Ss is attached to the chamber. 

. For photographic registration, the ionization chamber may be 
replaced by a photographic plate PP [Fig. 150(5)]. With the crystal 

set at a glancing angle i9, the 
reflected beam will strike the plate 
at L (or at L\ if the crystal is 
^T-eversed^O* From the position 
0 at which the direct beam strikes 
the plate, the distances OL and OA 
and hence the angles 26 and 6 may 
be determined. The wave length 
X is then obtained from the Bragg 
formula, n\ = 2d sin 6. 

The distance d between the 
reflecting planes of a ciystal such 
as NaCl is determined as follows. 
From his investigations, Bragg 
showecT that, in the rock-salt 
crystal, the Na and the Cl atoms 
or ions occupy alternate positions 
at the corners of elementary cubes 
in the cubic lattice characteristic 
of the crystal, the arrangement 
being similar to that shown in Fig. 148, which represents one plane of 
atoms. Taking the atomic weight of chlorine as 35.46 and of sodium 
as 23.00, we find the molecular weight of NaCl to be 58.46. There- 
fore, 58.46 grams of the NaCl contain 2^0 atoms, viz,^ No atoms of Na 
and JVo atoms of Cl, where No is Avogadro^s number. Thus, if we 
use the older value, No = 6.064 X lO^^, ^ve find for the number of 
atoms n in 1 cm.-cube of rock salt 

w = 2 X 6.064 X 102® X 

where p == 2.163, the density of crystalline NaCL If d is the distance 
between the center of one atom and the next along the edge of the 
cube, 1/d is the number of atoms in a row of atoms 1 cm. long, and the 

^ See Beagg, W. H., and W. L. Beagg, “The Crystallme State, ’t vol. 1, 1933. 



Fig. 150. — The X-ray spectrometer, 
using (a) the ionization method, (6) the 
photographic method. 
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number of atoms in the centimeter-cube is 



Solving these two equations simultaneously for wliicli is the desired 
distance between the (cleavage) planes in NaCi, we find 

d = 2.814 X 10“® cm, (Old value.) 

The value of d is seen to be dependent on M, the molecular weight 
of rock salt; on p, the density of rock salt; and on Avogadro^s number^, 
No. The values of No and p are not known to much better than 0.1 
percent. There is, hence, a corresponding uncertainty in the value 
of d. At present, measurements of X-ray wave lengths can be made 
with a precision manjdold greater than the best measurements of M, 
No, or p. 

It was, therefore, supposed to be expedient to adopt a new unit of 
length, called the unit’’ or ‘^X.U.,” which was very nearly 1 X 10~^^ 
cm. but which was accurately defined by taking the grating space of 
NaCl at 18°C. sis exactly 2,814.00 X.U. The grating space of any 
other crystal could then be determined from this arbitrarily chosen 
standard as follows. Let ^Naci be the angle at wliicli a line of given 
waim length is reflected from a rock-salt ciystai, and 0c the angle at 
which the same line is reflected from some other crystal of grating 
space dc. Then, from Bragg’s law [Eq. (282)], we have 

nh = 2dNacisin fcaci = 2f4sin^c, 

from which dc may be determined. In later work, caicite was adopted 
as the best crystal for practical use, but the standard imit for wave 
lengths was not changed. 

Recently, however, it has been found that there was an error 
In the old value of 6 (Sec. 42) and in the value of No deduced from it. 
If the present value, No = 6.023 X 10“^ is used in the preceding 
calculation, we find 

d = 2.820 X lO"”^ cm. {New value.) 

.Furtherniore, it has been found possible to measure X-ray wave lengths 
by means of ruled gratings, the grating space of which can be measured 
.directly, so that , no' assumptions as to structure of a crystal or as to 
the value of Xo are involved. It seems certain that, in' the future the 
absolute values "of, „ X-ray wave lengths will be .based upon measure- 
ine,nts with ruled. 'gratings, crystals- being used only :td coinpare'„Gne 
wave length, with 'another. 
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For this reason it has been proposed to redefine the X unit as 
being 10“^^ cm. Objection to this procedure has been raised 

recently by Siegbahn^ on the ground that the accuracy attainable in 
the comparison of X-ray wave lengths by means of crystals will 
undoubtedly greatly exceed the accuracy attainable Avith a grating 
for a considerable time to come. Hence, if all Avave lengths are noAv 
converted into absolute A^alues on the basis of existing grating measure- 
ments, they AA'ill probably require further correction in the future, and 
the corrections are likely to exceed considerably the errors of the 
crystal measurements. It is considered preferable by Siegbahn and 
others to retain an artificial X unit based on the old assumed value of 
the grating space of calcite, and to express all Avave lengths that are 
measured AAuth crystals in terms of this unit. The true wsive length 
in terms of 10"'^^ cm. as the unit can then alAA’'ays be found by increasing 
all the crystal Avave lengths by a certain percentage, by 0.20 percent 
according to present data. Confusion can be avoided by expressing 
all true Avave lengths in units of the metric system or in angstroms. 
This procedure aaiII be folloAved in the present edition of this book. 
For many purposes the difference betAA^een the tAvo units is immaterial. 

There are tAvo important corrections Avhich must be made Avhen, by 
use of a crystal grating, X-ray Avave lengths are compared Avith a 
precision of the order of a few parts in 100,000. First, because of the 
thermal expansion of crystals, the grating space d varies Avith tempera- 
ture, and correction must be made if the temperature differs from 
IS'^C., Avhich is the temperature to Avhich grating spaces are usually 
referred. Second, it has been found that a beam of X-rays is slightly 
deviated by refraction as it enters or leaves a crystal (see Sec. 187 
beloAA^). Accordingly the observed value of the glancing angle 6 of the 
Bragg formula is not quite the same as the angle, within the crystal, 
at Avhich the beam of rays strikes the Bragg planes. 

In Table I are listed some of the crystals commonly used in X-ra}^ 
spectroscopy together Avith their respective grating spaces. In the 
second column, the spaces are listed as given by Siegbahn,^ on the 
basis of d = 2,814 X.U. for rock salt; in the third column, headed 
'^corrected,^^ the spaces are given as found by multiplying Siegbahn^s 
A^alues by 3.03560/3.02945 so as to bring them into harmony Avith the 
grating spacing of calcite (d = 3,035.60 X.U.) as calculated by Bearden 
from observations of the diffraction by a calcite crystal of X-rays 
whose Avave length had been measured Avith a ruled grating.® 

^ Siegbahn, Xa toe, voL 151, p. 502 (1943). 

2 Siegbahn, ‘‘Spektroskopie der Eontgenstrahlen,^^ 2d ed., 1931. 

3 Beaeden, P%s. vol. 48, p. 385 (1935). 
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It is quite beyond the scope of this book to discuss the various 
(ionization) spectrometers or (photographic) spectrographs which 
have been developed for the measurement of X-rays. Some, e.g., 
the Bragg spectrometer, use a single plane ciystal and *'^externar' 
reflection, some use transmission and ^^internar^ reflection, some use 
two plane crystals in succession, and. some use a bent crystal in order 
to focus the reflected rays. For details of the various designs and 
of their operation, the reader is referred to other books. ^ 


Table I. — Grating Spaces of Some Crystals Used in X-ray Spectroscopy 


Crystal 

Grating space d at 18®C. 

Change in d 
per degree 
centigrade, 
X.U. or 10“-^'^ 

cm. 

Siegbahn, 

XU. 

Corrected, 

X cm. 

Rock salt (NaCl) 

2,814,00 

2,819.71 

0.11 

Calcite (CaCOs) j 

3,029.45 

3,035.60 

.03 

Quartz (Si02) I 

4,246.02 

4,254.65 

.04 

Gypsum (CaS02’2H20) 

7,584.70 

7,600.1 

.29 

Mica ! 

! 

9,942.72 

9,962.9 

..15 

i 


It is obvious from Bragg^s law, 

n\ = 2d sin 

that the maximum wave length measurable by use of a given crystal 
is 2d. Actually, X,,, is somewhat less than this, since the glancing angle 
6 cannot usefully exceed about 70°. By use of a quartz crystal, for 
example, wave lengths up to about 7,500 X.U. can be measured. For 
measurement of extremely long wave lengths, certain organic crystals 
of large grating space -were originally used (e.g., sugar, d — 10.57 A; 
lead melissate, d = 87.5 A). In recent years, however, it has been 
found more expedient to use a ruled grating for this purpose. There 
is no such upper limit to the wave lengths which may be measured by 
means of a ruled grating. In general, crystals are now used from very 
short w^ave lengths up to about 50 A, and gratings from very long 
W’ave lengths to somewhat below 50 A. 

176. Bragg’s Discovery of Monochromatic Characteristic Radia- 
tions.— With a beam of X-rays from a platinum target incident on the 
cleavage face of a rock-salt crystal, as showm in Fig. 150(a), W. H. 

^ SiEGBAHN, op. cit. See particularly the two-crystal spectrometer, pp. 128- 
134, an instrument of very high resolving power. Cf. also, Compton and Allison, 
op. cff., pp. 750-766, for focusing spectrographs. 
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Bragg^ rotated the crystal in steps of XB and the ionization chamber 
in steps of 2A^. He plotted the curve of ionization current against 
glancing angle B and found that the current or X-ray intensity did 
not vaiy, uniformly with angle but rose at certain angles to a sharp 
maximum. A curve similar to that shown in Fig. 151 was obtained. 
A group of three maxima, ai, 6i, and Ci, w“as observed at the respective 
angles 0 of 9.9, 11.6, and 13.6"^. A second group of three maxima, 
Us, and ca, was observed at approximately double these angles. 


Wavelength (Angstroms) 

0 0.4- 0.S IZ 1.6 



Fig. 151.' — Bragg’s curve for the energy distribution in an X~ray spectrum, showing the 

characteristic lines a, h, c. 

This second group is similar, as to relative intensities of the maxima, 
to the first group. Bragg interpreted the maxima ai, 6i, and Ci as 
three monochromatic lines; and the second group of maxima a2, 62? 
and C2 as second-order reflections of the lines ai, bi, and ci. He com- 
puted their wave lengths by the formula nX = 2d sin B, taking ii = 1 
for the ^Tines^^ ai, 61, and Ci and n = 2 for the second-order lines 
52, and C2. A third-order peak 63 was observed at 36.6°. Assuming 
d = 2.814 angstroms for rock salt, he found the following wave lengths: 


Table II. — First Measurements of X-ray Wave Lengths by Bragg. 
(Platinum Target) 


, Line 

0, degrees 

Sin 0 

1 

n 

X, angstroms 

at 

9.9 

6.172 

1 

0.97 

hi 

11.6 

.200 

1 

1.13 . 

h 

23.6 

.400 

2 

1.13, 

ha 

36.6 

.597 

3. .'a:,;' 

■ 1.12 A:""'', 


13.6 

.235 

■■ 1' 

1.32:'. 


1 Nature, Jan. 23, 1918. 
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Curves similar to Fig. 151 were obtained mth other crystals, the 
only difference being that the maxima occurred at different giaiiciiig 
angles, indicating that each crystal had a characteristic grating space 
d. Bragg convinced himself, however, that these respective maxima 
for different crystals always represented the same monochromatic 
radiation, since, for example, the absorption in aluminum of peak bi 
was always the same, whatever the crystal used. In short, the peaks 
of the curve in Fig. 151 represent speciral lines the wave lengths of 
which are characteristic of the target emitting the rays. These iiioiio-- 
cliromatic lines are superimposed on a contimious spectrum represented 
by the partially dotted line in the figure. Curves of the type shown in 
Fig. 151, therefore, represent (subject to certain corrections to be 
mentioned later) the distribution of energy in the X-ray spectriiiii, 
continuous and characteristic combined, of an element. 

177, Moseley’s Law. — In two classic papers,^ Moseley presented a 
systematic study of the characteristic radiations emitted by various 



Fig. 152. — Moseley’s curve showing the relation between the frequencies of X-ray lines 

and atomic number. 

targets, using a photographic method similar in principle to that 
shown in Fig. 150(5). He found a larger number of characteristic 
lines than Bragg and, also, that these lines could, in general, be 
classified into two groups: (1) a group of shorter wave lengths, wliicli, 
by means of the value of absorption coefficients in aluminum, he 
identified, with Barlda’s X characteristic'' secondary radiations and,,, (2) 

' ^. Moseley, Phil. .Mag,, vol. 26, p. 1024 - ( 1913 )-; vol. 27, p. 703 (1914). 
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a group of lines of longer wave length, similarly identified with Barkla’s 
L radiation. 

Unlike the optical spectra, however, the X-ray characteristic 
spectra of the elements were found to be similar from element to 
element, homologous lines occurring, in general, at shorter wave 
lengths the greater the atomic weight of the element in which the lines 
originate. In searching for a relation between the frequency of a 
given line, say the Ka line, and some property of the atom in which 
the line originated, Moseley first observed that the frequency did not 
vary uniformly with the atomic weight, as is shown b}^ curve A (Fig. 
152) in which the square root of the frequency is plotted against the 
atomic weight. In Bohr^s theory of the origin of spectra, however, 
which at that time had recently been proposed, the charge on the 
nucleus played a fundamental role. According to Bohr^s theory, the 
frequency r of a spectral line is given by 


V 


- J,) 

ynl n\/ 


[Sec. 95, Eq. (140a)], from which 

\^v oc Z, 


Z being the atomic number. Rutherford had shown, from his experi- 
ments on the scattering of a particles, that the value of the nuclear 
charge, for a given atom, is very approximately one-half the atomic 
weight; and Barkla had shown, from experiments on the scattering 
of X-rays, that the number of electrons surrounding the nucleus is 
also approximately one-half the atomic -weight. Guided by these 
considerations, Moseley assigned atomic numbers Z to the elements 
he had investigated and then plotted a curve between \/ v and Z. 
Such a plot of Moseley’s data for the Ka line is shown in Fig. 152, 
curve jB. The graph is seen to be a straight line, with a small intercept 
fe = 1 on the Z-axis. It is obvious from a comparison of the two 
curves A and B of Fig. 152 that, as far as the determination of the 
frequency of characteristic lines is concerned, atomic number is a much 
more fundamental quantity than atomic weight. 

Empirically, the relation between the frequency v of the Ka line 
and Z, as determined by Moseley from Fig. 152, curve J5, is 

p OMS X - ly. (283) 

In Bohr’s equation for the frequency v of a spectral line, as just 
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written, if we set = 1 and ui = 2, we obtain for v 

V = 0.328 X 101® X 
= 0.246 X IQi® X Z- 



(284a) 

(2846) 


by inserting the numerical values of e, and h. Except for the slight 
correction to Z, Eqs. (283) and (2846) are seen to he almost identical. 

This agreement suggests rather naturally the hypothesis described 
in the next section as to origin of the Ka line. 

178. The Origin of X-ray Lines, (a) Emission Spectra. — In Sec. 
119, Ave have seen that in an atom there are 2, and only 2, electrons 
corresponding to the electronic quantum number, n = 1. These 
electrons, Avhich constitute the K shell and may be called the K 
electrons, have (in the zero-order stage of perturbation theory) 
1-election Avave functions Avhose A^alues are very small except close 
to the nucleus. The electrons in question are, therefore, very unlikely 
to be found at any considerable distance from the nucleus and may 
be regarded as the innermost electrons in the atom. In any neutral 
atom of atomic number Z > 2, there exist also 1 or more, up to a 
maximum of 8, electrons in quantum states Avith n = 2, called 
electrons.^’ Their Avave functions extend effectively to much greater 
distances from the nucleus than those of the K electrons, so that, 
although any one of the L electrons might be found closer to the 
nucleus than the K electrons, they are most likely to be found at 
much greater distances. Then, if Z is large enough, there may 
occur, also, M electrons, AAith n = 3, characterized by AAmve functions 
extending still farther out, and so on, until all of the circumniiclear 
electrons are accounted for. 

Noaa^ suppose an atom in the target of an X-ray tube is bombarded 
by an energetic cathode ray and that 1 of the tAVo K electrons is 
“knocked out’^ of the atom. The atom is thereby converted into an 
ion, and the ion is left in a quantum state characterized by the absence 
of one K electron. This state of the ion may be called a K quantum 
state of the ion. Subsequently an L electron may “drop^^ into the K 
vacancy, i.e,, change from an electronic state AAuth n = 2 to one vdth 
\n = 1. The ion thereby undergoes a transition from a K state to an 
L state, its excess energy being emitted as a quantum of radiant energy. 
Atomic processes of this sort are assumed to give rise to the Ka line. 
According to this assumption, the quantum of Ka radiant energy 
is equal to the difference in energy between the K and the L quantum 
states or levels of the ionized atom, . 

In a similar Avay, the Kp line is assumed to originate Avben an M 
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electron, with quantum number.?! = 3, drops fro.ni the M shell into the 
K vacancy; i.e.^ when there occurs an atomic (ionic) transition from a 
K state to an M state. The picture may be extended to' account for, 
or to predict, any one of a large number of characteristic emission 
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Fig. 153. — Plot of the principal K and L lines of tungsten against wave lengtii. 
The relative intensity of the lines, when observed under certain conditions, is indicated 
roughly by the heights of the lines on the plot, the heights for the Ly and I lines being 
increased in the ratio 1 : 5, 

lines. A line may be expected corresponding to any atomic (ionic) 
transition from an initial state characterized by the absence of an 
electron of quantum number ?i to a final state corresponding to the 
absence of electron of quantum number greater than n. Of course, 
in an actual target in an X-ra}^ tube many atoms are simultaneously 
involved and many lines are emitted simultaneously. 



Fig. 164. — Distribution of intensity on an arbitrary scale, as measured with an 
ionization chamber from a target of silver, in the LjS region. The thi'ee groups of lines, 
to 0^2 to 0^^2, and 7^1 to are satellite lines [Sec. 190 (a)]. [From L. G, 

Parratt, Phys, Rev,, vol. 54, p. 99 (1938).] 

This picture suggests, also, an explanation, at least qualitative, of 
the appearance of the factor — 1) instead of 2" in Moseley’s equa- 
tion, (283). When, as a result of bombardment by the cathode 
stream, 1 of the X electrons is removed from an atom, there is one K 
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electron left near the iiiicieus. This electron ^^screeiis” the nueleiLS 
and makes its effectdve nuclear charge about 1 unit less; hence, the 
factor (Z 1). Further work has shown, . however, that iMoseley's 
law holds only as a first approximation. 

After the work of Bragg and jMosele^y the techniques of X-ray 
spectrometry developed rapidly. Many nevr characteristic lines were 
discovered, and at the present time it is believed that practically 
the entire spectrum of most elements has been mapped out. 'Following 
and extending the notation of Barkla, the lines are classified into series 
known as the Ii, L, i!/, N, etc. series, respectively; the letter desig- 
nating a series refers to the initial atomic (ionic) state in the transitions 
giving rise to the lines in question. The principal lines in liie K 
series and L series from tungsten are plotted in Fig. 153, as explained 
under the figure. Each series of lines contains several strong lines 
and numerous faint ones. To illustrate, further the appearance of 
X-ray spectra, there is shown in Fig. 154 a section of the L series of 
silver, as recorded with a tw'o-crystal ionization spectrometer of high 
resolving power and dispersion. 

Manj^ faint X-ray lines, called “satellite lines/ ^ originate in atomic 
transitions between states of double ionization and will be discussed in 
more detail in a later section [i90(a)]. Except in that section, the 
discussion will be confined to “first-order lines/ ^ arising in the manner 
Just described from transitions between states of single ionization. 

In Table III (a) are listed the wave lengths of the four principal lines 
of the K series, the ai, ^ 2 , .d, and y lines, for a number of elements. 

It is more convenient from the theoretical standpoint, how^ever, to 
w^ork with quantities proportional to the frequencies of the lines instead 
of with their wave lengths; for this purpose values of v/R are com- 
monly emplo 3 ^ed, v being the frequency and R denoting the Rydberg 
constant for an atom of infinite mass (in the same units as r) . Values 
of r/i? for the same K lines are showm in Table III (5). They may be 
obtained movSt quickty by taking the reciprocal of the wmve length 
expressed in X.U,, dividing this by the value of B in terms of , 
and multiplying by 10^ h 

It is to be noted that the phrase “series of lines'’^ as used in X-ray 
spectroscopy refers to a group of lines arising from a common initial 
atomic state, wiiereas in the part of spectroscopy that deals, with the 
outermost electrons of the atom the term “series'" is applied to a.groiip 
of lines having a common /maZ atomic state. 

(6) Absorption Spectra — The theoretical picture that we hai’-e 
described ibrnishe.s,, .furthermore, a. simple explanation, of the dis- 
continuities, that Barkla.' had observed iu' the absesrption coefficient of 
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various materials for X-rays. Absorption, as we saw in studying 
atomic spectra, is the reverse of emission. If a photon of Ka radiation 
is emitted when an electron drops from an L shell into a K shell, then 


Table III (a). — Wave Lengths in X Units op the Moee Prominent K Lines op 
Some Representative Elements 


Element 

z 

vt 


ai 

0:2 

" Xiic 

S 

16 


5,021.1 

5,361.3 

5,363.7 

0 , 008 . 8 

Ca 

20 


3,083.4 

3,351.69 

3 , 354.95 

3,064.3 

Fe 

26 


1,753.01 

1,932,08 

1,936.01 

1,739.4 

Zn 

30 

1,281.07 

1,292.55 

1,432.17 j 

1,436.03 

1,280.5 

Br 

35 

918.53 

930.87 

1,037.59 

1,041.66 

918.09 

Mo 

42 

619.70 

630.98 

707.83 

712.11 

618.48 

Ag 

47 

486.30 

496.01 

558.28 

562.67 

484.48 

I 

53 

374.71 

383.15 

432.49 

437.03 

373.44 

W 

74 

178.98 

184.22 

208.62 

213.45 

178.22 

Pb 

82 

141.25 

146.06 

165.16 

170.04 

140.49 

U 

92 

108.42 

111.87 

1 , 

126.40 

130.95 

106.58 


* See Note 1 below, 
t See Note 2 below. 


Table lll{h).—v/R Values op the More Prominent K Lines of Some 
Representative Elements * 

V ~ frequency; R = Rydberg constant for an atom of infinite weight 


Element 

Z 

rf 


ai 

<^2 


S 

16 


181.49 

169.97 

169.90 

181.93 

Ca 

20 


295.54 

271.88 

271.62 

297.38 

Fe 

26 


519.83 

471.65 

470.69 

523.90 

Zn 

30 

711.34 

705.02 

636.29 

634.58 

711.67 

Br 

35 

992.10 

978.95 

878.25 

874.82 

992.57 

Mo 

42- 

1,470.52 

1,444.23 

1,287.42 

1,279.69 

1,473.4 

Ag 

47 

1,874.96 

1,837.20 

1,632.29 

1,619.55 

1,880.9 

I 

53 

2,431.9 

i 2,378.4 

2,107.0 

2,085.2 

2,440.2 

W 

74 

5,091.4 

4,94€.6 

4,368.2 

4,269.3 

5,113 

Pb 

■ 82 

6,452 

6,239 

5,518 

5,359 

6, *486 

. U 

92 

1 8,405 

; 8,146 

7,309 

6,959 

1 

8,550 


* See Note 1 below, 
t See Voile 2 below. 


it should be possible for a photon of this frequency to be absorbed 
by an atom while one of the K electrons is raised into an L shell- 
provided there is a vacancy in the L shell into which it can go. As 
we have seen, however, in any atom with Z > 10, the L shell normally 
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TiiBLE III(c). — p/R Values of the L Absorption Limits of Certain 

Elements'^' 


Element 

Z 

Li 

Lir 

Liii 

Mo 

42 

212,43 

193.39 

185.81 

Ag 

47 

280.85 

259.91 

246.76 

I 

53 

382.26 

357.71 

335.78 

W 

74 1 

890.37 

850.28 

71.5.30 

Pb 

82 1 

1,166.47 

1,119.05 

1 960.03 

U 

92 : 

1,604.3 

1,541.0 

1 

1,264.2 


* See Note 1 below. 


Table 111(d). — p/R Values of the M Absorption Limits of Certain 

Elements^ 


Element 

z 

Ml 

Mil 

1 

Mm 

3/ IV ; 

1 

My 

W 

74 ! 

208.77 

189.95 

167.9 

1 140.5 

136.0 

Pb 1 

82 : 

283,7 

262.1 

225.9 

192.0 

184.3 

u 1 

92 

408,9 

382.1 

316,7 

1 273,9 

261,0 


*See Note 1. 

Note 1. — The wave lengths and v/R %'-alues in these tables are taken from Siegbahn,i and are 
expressed in conventional X units. To obtain values in terms of as a unit, the wave lengths 

must all be increased, or the p/R values decreased, by 0.20 per cent. 

Note 2. — The line is really a close doublet, experimentally resolved for Rb 37 and elements 
of higher atomic number. The two components are called (Siegbahn) and 0i being of shorter 
wave length. For Ag 47, for example, the wave lengths are ~ 496.01 X.U.; XjSa = 496.65 X.IJ, 
In the table, the wavelength of 0i is given, for elements for which the line is resolved. The y line 
is also a close doublet.^ 

contains as many L electrons as can get into it. Hence for such atoms 
the Ka lines cannot actually be observed as absorption lines. The 
same happens to be true, for analogous reasons, of all of the X-ray 
emission lines that are commonly observed. A photon can be absorbed, 
however, if it has enough energy to remove an inner electron from the 
atom entirely. Let Wk denote the energy required to remove a K 
electron and to leave it at rest outside the atom. Then a photon of 
frequency v can eject a K electron provided v vk where 

hvK = Wk. 

The explanation of Barkla’s absorption curves is now clear. As p 
is progressively increased, at the frequency v = vk the absorption 
suddenly increases, since absorption in the K shell then begins; and 
thereafter this absorption continues for all larger values of r. The 
curve representing the absorption coefficient plotted against frequency 

1 Loc. cit: ■' 

® See Hudson and Vogt, Nat. Acad. Sd., Proc., vol. 19, p. 447 (April, 1933). 
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or wave length will, therefore, show a sudden rise toward the side of 
shorter wave length at r = vk- This is what Barkla observed, as is 
illustrated in Fig. 145, where the abscissa can also be regarded as 
representing wave lengths plotted on a certain scale, with shorter wave 
lengths toward the left. The critical wave length Xjc, or frequency vk, 
at 'which absorption in the K shell begins is called the K B^bsorptiori 
limit Values of 'Xk and of vk/R are listed in the last columns of 
Tables III (a), (6), Since, in the theoretical picture, the energy 
required to remove a K electron is somew^hat greater than the energy 
change when the ionized atom undergoes a transition betw'een its K 
state and another of its discrete quantum states, it is to be expected 
that hvK wdll be greater than the corresponding quantity for any of the 
K lines. Hence vk should exceed y for any of these lines, but all of 
these frequencies should be of the same order of magnitude. These 
conclusions are in agreement wdth the observations of Barkla. 

The intimate, connection between the emission lines of the K series 
and the K absorption limit is further showm by the critical voltage 
which must be applied to the X-ray tube in order to generate these 
lines. The critical voltage V k is found to be determined by the 
relation 


cVk = Jivk, 

where vk is the frequency of the K absorption limit for the material of 
which the target is composed, h is Planck’s constant, and e is the 
(numerical) electronic charge. Furthermore, all of the lines of the 
K series are excited at the same critical voltage V kj and, as the voltage 
is increased above V k, these lines all increase in intensity at exactly 
the same rate. In the case of tungsten, for example, for which 
\k = 178.22 X.U., we find from the last equation, or from Eq. (1476) 
in Sec. 99, that Yk = 69,300 volts. IVhen voltages higher than this 
are applied to a tungsten-target X-ray tube, all of the X-series lines 
of tungsten appear. The explanation of these facts, in terms of the 
picture described above, is obvious. 

Similar facts and interpretations hold for each of the other series 
of characteristic X-ray lines, the L, If, JV, • • • series, A significant 
difference, however, is that here more than one absorption limit 
exists in each case. ThuSy three L absorption limits are found, denoted, 
in order of decreasing frequency, by Li, An, and Lm^ There are five M 
limits, seven N limits, etc. The theoretical reason for the existence 
of these multiple limits will be discussed in Sec. 180. The iV and 0 
limits have very long wave lengths, however, and can be observed 
only for the heaviest atoms. The v/R values of some L and M limits 
are listed in Tables III (c),(d). 
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(c) Fluorescent Spectra —FinBlly, the fiiioresceni radiation that 
Barkla observed to be emitted when X-rays fall upon material bodies 
is likewise easily explained in terms of the theoretical picture. A K 
electron may be ejected from the atom as the result of an absorption 
process^ as well as by cathode-ray bombardment. Such an act of 
absorption leaves a vacancy in the atom which may be filled sub- 
sequently by an electron dropping into it from the L shelly or from the 
M shell, and so on. Thus, as with cathode-ray excitation, char- 
acteristic radiation belonging to the entire K series of lines appears 
in fluorescence whenever member of the series appears. The 
frequency of tins fluorescent radiation should be lower than the 
frequency of the original incident radiation, in agreement with observa- 
tion. Fluorescence is a comparatively unusual phenomenon in the 
visible region, but in the case of X-rays it is very common. 

179. X-ray Energy Levels, — As in the spectroscopy of longer wave 
lengths, X-ray spectra are conveniently interpreted in terms of a 
set of energy levels, corresponding to the various quantum states of 
the atom. In the emission of a Xaline, for example, an (ionized) atom 
undergoes a transition or jumps from a K energy level to an L level, 
the difference in energy between these levels being emitted as a Ka 
photon. Although we often speak of an electron as making the jump, 
it is to be emphasized that the energy of each state or level involved 
in the transition really belongs to the atom as a whole. It would not 
be correct to think of this energy as belonging to a single electron, 
and it would be an unnecessary complication to endeavor to introduce 
a set of electronic energy levels. 

When a X electron is removed from a neutral atom, the atom is 
both ionized and raised into an atomic K level of much higher energy. 
The difference in energ}?' between the K level of the ion and the normal 
level of the neutral atom is equal to the work reciiiired to remove a X 
electron and leave it at rest at an infinite distance from the atom; 
thus it equals what we have called Wk or hvxj where pk is the frequency 
of the X absorption limit. Similarly, there will be three slightly 
different L levels having energies greater than that of the normal 
level by amounts equal to the work of removing an L electron. Below 
the !/ ■ levels, again, is a group of five M levels, associated with, ttie 
.removal of an M electron; and so on. Finally, just above the normal 
state of "the. neutral atom lies an extensive set of optical levels, con-, 
nected.mth the emission of the. lines in' the arc spectrum; and' above 
this set of . levels. lies another, set belonging,:like 'the X-ray,levels, 'to: 
the' ionized.n.tom and associated, with the spark spectrumvin the visible 
and' ultraviolet regions. ■ Ordinary X-ray spectra constitute, in a sense, 
an extension ofdhe' spark spectrum' -to higher levels of energy, resulting 
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from an electronic vacancy in the interior of the ionized atom rather 
than from the e:!icitation of one of its outer electrons. 

The typical distribution of X-ray atomic levels is illustrated 
diagrammatically in Fig. 155. Lines indicating transitions between 
X-ray levels on such diagrams are often drawn with an arrowhead 
at each end, to indicate that, in a sense, an electron moves upward 
on the diagram as the atom moves dovmward. Thus, in the emission 
of a Ka line, the atom drops from its K level to one of its L levels, an 
electron simultaneously changing from an L shell to 
a K shell; for an La line, an electron changes from 
M to L; and so on. The line results from the 
transition of the atom from the K to an ilf level; 
the loss of energy being larger, the line is of 
higher frequency than the Ka line. The Ky line 
results from a transition, K to X. The transition 
from K to the normal state, representing capture 
of a free electron of negligible initial kinetic energy 
into the vacancy in the K shell, would cause the 
emission of a frequency vk equal to that of the K 
absorption limit; this would represent the series 
limit for the K lines. 

In a similar way, the lines of the L series are 
emitted by atoms in -which a vacancy in the L shell 
has been caused by the impact of a cathode-ray 
electron or by the absorption of a photon. The 
atom then drops from its L energy level to the M level, or to some 
lower level, emitting a photon of radiation belonging to one of the L 
lines. Lines belonging to ilf, X, • • • series may similarly occur. 

The energy-level diagram suggests at once a simple quantitative 
relation that should exist between line frequencies and absorption 
limits. It is obvious that the loss of energy by the atom when a Ka 
line is emitted, i,e,j the hv value of this line, is equal to the difference 
in the energies, or in the hv values, of the K and L absorption limits. 
The same equality will exist for the frequencies, or for the values of 
v/R. This is a conclusion that can easily be checked from the data. 
In columns 2 and 3 of Table IV are shown the wmve lengths and the 
values oi p/R for, respectively, the X, Li, Ln, and Lm absorption 
limits of molybdenum [see Tables III(6),(c)]. In column 4 are shown 
the differences in v/R values between the K limit and each of the three 
L limits. The second part of the table shows the directly observed 
values of X and of v/R for the Kai and the Ka^ lines of molybdenum. 
It is seen ihsA the observed value of v/R for the Kai line is almost exactly 



Typical arrange- 
ment of the higher 
X-ray energy levels. 
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equal to the difference beiioeen the value of v/R of the K limit and that 
of the Lin limit. Similarly , the r/R value of the Ka2 line is equal to the 

Table IV. — Relation of the Frequencies of the iia 1,2 Lines of IMolybdenum 
TO THE Frequencies of the K and the L Absorption Limits 


Absorption limits 

(y/R)K - (v/R)l 

Observed emission lines 

Limit 

X, X units 

,/R 

T- i 

Line 

X,X units 

p/R 

K 

618.48 

1,473.4 





Li 

4,289.7 

212.4 

(1,261.0) 


Missing 


Lii 

4,712.0 

193.4 

1,280.0 

Kct. 

712.10 

|l,279.7 

Liji 

4,904.2 

1S5.8 

1,287.6 

1 

Kai 

CO 

00 

id 

0 

r- 

:i,287.4 


difference between the value of p/R of the K limit and that of the Lu 
limit. Putting this relation in s 3 ^mbois, we can write 



or 

VKat = Vim 

This example illustrates a law of great importance: The frequencies 
of X-ray lines are given by the differences between the frequencies of 
absorption limits. By means of this law it is possible to infer, from 
data on the lines, the relative positions of certain absorption limits 
Avhich cannot be directly measured. 

When absorption limits can be observed, on the other hand, the}" 
enable us, as we have seen, to locate the various energy levels relative 
to the normal state of the atom. Thus, from data on X-ray lines and 
absorption limits, the wdiole scheme of X-ray atomic levels can be 
built up, and this scheme then serves to represent a wide range of facts 
in a compact and clear form. 

180, The Quantum Theory of X-ray Terms and Lines. — The sim- 

ple picture of the atomic mechanism for the production of characteristic 
X-rays that was described above affords no explanation of the occur- 
rence of several different L, M, • • • levels tying close together. This 
feature was not correctly understood until wave mechanics wms 
developed. The basis for its explanation is furnished by the theory 
of atomic structure described in Secs. 118 to 120 and 133. As w- as there 
stated, "'however, the scope of this ■ book . is such that only a '.brief 
description of the theoretical results can be given here. 



As explained in Sec. 118 or 120, to a first approximation the elec- 
trons in an atom can be supposed to be distributed, in accordance with 
the Pauli exclusion principle, among a number of possible 1-electron 
quantum states, each corresponding in wave mechanics to a different 
possible form of the electronic wave function. Each of these states 
can be chosen so as to be characterized by four quantum numbers 
(Sec. 133), n Ij m. Such states are appropriate when, as in the interior 
of atoms, the electronic spin-orbit interactions are relatively strong. 
The first quantum number, ti, is always a positive integer; the values 
n == 1, 2, * • • correspond to the various shells, which we have also 
denoted by K, L, i¥, * • • . The number Hs 0 or a positive integer less 
than n; it serves to designate a subshell. The number j can take on, 
for given I > 0, either of two values, j — I + ^ m may 

have any one of the 2j + 1 integrally spaced values from m = j down 
to m = — j. If Z = 0, i == }/-^. For convenience, there is shown below 
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the constitution of the first four shells when completely filled, the 
X-ray designation of each shell being given opposite ^ Shell, and the 
total number of electrons that have the same set of values of n, Z, j 
being given opposite Electrons.’^ 

Let us fix our attention now on a single subshell of a normal, 
neutral atom. This subshell is specified by a particular choice of n 
and I (e.g., n = 3, Z = 1, the subshell containing 6 electrons). We 
wish to consider the effect of removing 1 electron. 

When the subshell is full of electrons, there is only one possible 
choice that can be made of 1-electron quantum states to contain the 
electrons; it is necessary to use all of the electronic quantum states 
that are available for the given values of n and Z. Under such circum- 
stances the total angular momentum of all of the electrons in the sub- 
shell is easily shown to be zero; this is true likewise of the total orbital 
momentum of the electrons and of their spin momenta, and also for the 
sum of the angular momenta of both kinds. 

If, now, 1 electron is removed from the subshell, there is a variety 
of states in which the incomplete subshell can be left, corresponding 
to the different combinations of the electronic quantum states that 
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can be chosen for the remaining electrons. There are, in fact, just 
as inany different possible states for the incomplete subsheli as there 
are different electronic states represented in the complete sulishell, 
each state of the incomplete subshell corresponding to the omission 
of one of these electronic states. The resultant angular m, omenta, 
orbital and spin, of the electrons remaining in the incomplete siibsheil 
can then be added into a resultant, which we may indicate, according 
to spectroscopic terminology, as in Sec. 130, by the quantum number /. 
In addition, wave-mechanical theory indicates that the orbital angular 
momenta can be added separately into a resultant, with a qiiantiim 
number L, and their spin momenta into a separate resultant charac- 
terized by a quantum number S. Corresponding to what was just 
said about the number of possible states for the subshell, however, the 
sets of values of /, L, and S that can occur for the remaining electrons 
in the subshell are exactly the same as they are for a single electron 
existing all by itself in the subsheli. For this reason, it is customary 
to use, instead of the capital letters J, L, and S, the small letters j, Z, 
and s, which would be appropriate if only 1 electron were present. 
We can, in fact, think of the ^Tiole^^ that is left by removing an electron 
as functioning like an electron, a conception that has far-reaching 
applications. The hole is sometimes thought of as formed by the 
removal of an electron which already possessed the particular values 
of I and j in question. This idea must not be taken too literally, 
however; it does not imply, for instance, that jj coupling necessarily 
holds in the inner subshells of atoms. 

The removal of an electron thus leaves the subshell in a state 
characterized by certain values of -ii I j m. Theory indicates, how- 
ever, that the energy should not vary with so that for man}^ 
purposes we may ignore this latter quantum number and retain only 
n I j. Furthermore, the energy, although varying greatly with the 
value of w, should vary only slightly with Z and j. Thus, for an atom 
with a vacancy in a given shell (given n), there will exist a close group 
of energy levels whose number will be equal to the number of the 
possible sets of values of I and j. For 7h = 1 {K shell), the only values 
possible are Z = 0, j = J there is only one level. For n = 2 
(L shell), there is one level for I = 0, j = 34? also one each for 
I = j = 3^ and f = 1, j == or three in all. For n = 3 (Jf shell), 
there are five, possible levels, with I = 0, j 3"^; ^ = T, i =, 34 ^ Ml 
I = 2, j = ^2 dt ^21 so on. The number of the absorption limits 
as actually observed is. thus explained. . ■ ■ . 

Of course, the total number of levels that can occur for an actual 
atom.is limited also' by the, number of electronsit contains."' Among all 
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chemical types of atoms that occur natural^, the uranium atom will 
exhibit the maximum number of levels. The energy-level diagram 
for ionized uranium, with energy plotted as v/R on a icgarithmic scale, 



is shown in Fig. 156. As one proceeds toward elements of lower atomic 
number, the electron shells of higher quantum number n progressively 
disappear (see Appendix III) and therewith, also, the corresponding 
energy levels, as well as the X-ray lines originating from these levels. 
In copper, for example, there are no 0 levels and only one N level. 
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One should not expect to find, therefore, in the X-ray spectrum of 
copper such lines (see Fig. 156 for their origin) as L/Ss, Ljq, etc. 

In addition to accounting for the general features of the energy- 
level diagram, wave mechanics makes definite predictions concerning 
the relative probabilities of transitions between the various levels. For 
a transition accompanied by what is called radiation of the ciipole type, 
we have the same selection rules as for 1 electron (Sec. 133) : 

A2 = ±1, Aj = 0 or ±1. 

Experimentally, it is observed that between many pairs of levels 
transitions do not occur. For example, in Table IV, the emission line 
cori*esponding to the transition K’—>Li is listed as ^^missing.^^ In 
Fig. 156, also, many apparently possible transitions are not shown by 
arrows because the corresponding lines are not observed. For a long 
time, no reason was known for such apparent vagaries. Let us see 
whether or not we can account for them by means of the wave- 
mechanical selection rules. 

We must first discover how values of I and j are to be assigned to 
such levels a^ Li, Ln, Lm, This can be done by comparing the observed 
array of lines with those allowed by the selection rules and endeavoring 
to assign values of I and j in such a way as to bring the theoretical 
predictions into harmony vith the facts. 

Referring to the uranium diagram in Fig. 156, which is typical of 
that for all atoms except for the absence of certain outer levels as 
explained above, we note that transitions occur between the K level, 
with I = 0, and the Ln and Lm levels, giving rise to the Kai and Ka^ 
lines. Hence, it must be that Z = 1 for Ln and Lxii, in order to make 
AZ = 1. For Li, there remains then only Z = 0, as indicated at the 
left side of the figure. The Kp and Ky ^ Tines, also, are actually 
doublets like Ka, which can be resolved in hea^^ atoms; they fix 
Z = 1, likewise, for ilfn, Mm, Nu, Nm. The remaining M levels, 
Ml, Mivj and Mvj must then consist, in some order, of (0, > 2 )? (2, M) 
and (2, {i.e., of levels with Z = 0 and j = €itc.). These latter 

three levels could aU combine mth Ln, Lm, i,e., with (I, }i) and 
(li without violating the rule that AZ = ±1. The rule that 
Ai == 0 or ±1, however, limits (2, to combining with (1, only. 
It is found experimentally that My combines only with Lm, giving 
rise to the brightest of the L lines, called Lai, whereas ilfi and Jfrv- 
combine with both Ln and Lm (lines Lri, LI, Lpi, La^, the first two 
very weak). , 'Hence, .it "must „be that'- 3fv — also that 

= (1,: 3/^), so that, between Lii and My, Aj == 2 and the transition 
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is forbidden. Thus we have identified Li and Ln; Liu is then also 
identified, by a process of elimination, as ( 1 , %). 

If enough lines of the M group were known, we could continue in 
this manner and identify all of the M levels. In default of such 
knowledge, we may fall back on the conclusion draiAm from wave- 
mechanical perturbation theory that the levels should lie in the same 
order in all shells, and with levels of larger j at lower energies. This 
principle agrees vith all that can be learned from the observed lines; 
and it suffices to complete the arrangement of the levels, as shown in 
Fig. 156. Wave mechanics is presumably capable of predicting the 
spacing of all levels in full detail, but it has not yet been possible to 
carry out the necessary mathematical calculations. 

The values of n, and j thus associated with the various X-ray 
levels are shown at the left in Fig. 156. It may be remarked that, 
instead of labels in terms of n, Z, and j, the corresponding spectroscopic 
notation for atomic levels is also sometimes employed, the correspond- 
ence between this notation and the older X-ray symbols being as 
follows (Sec. 131; all the terms here are doublet terms): 


K 

Li 

hllJII 

Ml 

Mn.iii 

Mjv,y 

ISy, \ 

2Si/^ 


ZSh 

34 

31)34.5/2 

Ni 

Nu,m 

4Pii3i 

iVrv.v 

Xvi.vii 

HJA 




Certain predictions as to the relative intensity of X-ray lines may 
also be derived from the theory. Lines in which I and j change in the 
same sense should be stronger than those in which I and j change in 
opposite directions; and the lines for the largest values of I and j should 
be, as a rule, the strongest. These conclusions from the approximate 
theory agree, in a general way, with the data. The order of the sub- 
scripts commonly used in designating lines, a, /?, 7 , 5, • • • , indicates, 
in general, decreasing intensity; lines such as 7 ] and I are veiy weak. 
In the case of lines that start from a common initial level, furthermore, 
the theory leads to quantitative predictions concerning the relative 
intensities. When the initial level is the same for two lines, uncer- 
tainties in regard to the relative probabilities of excitation do not arise. 
Thus, theoretically, Kai should be twice as strong as Ka^) and experi- 
mentally this is at least very nearly true. 

Experimental work on the relative intensities of X-ray lines is, 
however, usually very difficult, because of the numerous troublesome 
corrections that have to be made to the observed intensities.^ 

^ Pabeatt, Fhys. Rev.^ Yoh 54, p. 99 (1938); see also Sec. 182. 
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It should be remarked in conclusion that the dipole selection rules, 
employed above, do not hold in all cases, in agreement again with 
theoretical predictions. Many weak lines '^forbidden'' by these rules 
have been observed; especially in the spectra of the heavier elements, 
lilies have been reported^ corresponding to transitions Lm •— > Nn and 
Lm Nui, for each of which XL = 0. Such lines are called ^^qiiad- 
riipole^’ lines. The}^ are subject to a different set of selection rules 
(e.g., AZ = 0 or +2). 

181. The Continuous X-ray Spectrum. — The characteristic line 
spectrum emitted by an X-ray target as observed is superposed upon 
a continiioiis spectrum. This appears clearly, for example, in Fig. 151. 



Fig. 157.— Ulrey’s curves for the distribution of energj’' in the continuous X-ray spec- 
trum of tungsten at various voltages. 

The positions, f.e., waim lengths, of the lines are determined solely 
by the material of the target; their intensity is determined, for a given 
target material and tube current, by the voltage applied to the tube. 
On the other hand, the ivaveHength characteristics of the continuous 
spectrum are quite independent of the material of the target but are 
determined b}^ the voltage applied to the tube. The intensity of the 
continuous spectrum, for a given tube current, is dependent both on 
the target material and on the applied voltage, as well as on the thick- 
^ Idei, Tdhoku Univ.y Sci. & TechnoL Reports, vol. 19, p. 559 (1930) ; Kaufman, 
Phys. Rev.,. r ohm, p.im (1932). 
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ness of the target. In this section, we shall give a brief survey of some 
of the more important facts concerning the continuous spectrum. 

A series of four spectral-energy distribution curves, recorded with 
an ionization spectrometer for the radiation from a tungsten target, and 
for applied voltages of 20,000, 30,000, 40,000, and 50,000 volts, respec- 
tively, is shown in Fig. 157.- The spectral region of this figure lies 
between the K and L series lines of tungsten. Starting at the long- 
wave-length side, the curves rise to a maximum and then drop rapidly 
toward zero; the position of the maximum depends on the applied 



Fig. 158. — The relation between the limiting frequency and the applied voltage. 

voltage. The curves are seen to meet the axis at finite angles, as is 
showm at the intersections a, 6, c, and d, respectively. These inter- 
sections can be very accurately measured by making readings nearer 
the axis^ than the readings shown in Fig. 157. It is seen that the 
intersections come at shorter wave lengths, the higher the voltage. 

A very simple relation exists between these limiting frequencies 
and the applied voltage. This relation is shown graphically in Fig. 
158, in which limiting frequencies are plotted as ordinates against 
applied voltages as abscissas. The graph is a straight line passing 
through the origin; the limiting frequency is strictly proportional 
to the applied voltage, the empirical equation of the curve being 

wo = 2.43 X lO^^F, (285) 

1 These curves are from the measurements of Ulrey, Phys. Rev,j vol. 11, p. 401 
(1918). They are subiect to certain corrections to be mentioned later. 

2 See Duane and Hunt, Rev,, vol, 6, p. 166 (1915), 
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where vo is the ^naximiwi frequency which an applied voltage IN (in 
volts) can generate. 

The existence of this sharp cutoff/^ at a limiting miniiniim wave 
length, is hard to explain on the basis of classical theory. The con- 
tinuous spectrum is believed to be emitted as a consequence of the 
deflection of the cathode electrons by the strong fields surroimdiiig 
the nuclei of the atoms of the target, in contrast to the line spectrum, 
which is emitted by electrons of the target itself in atoms which have 
been ionized. According to classical theoiy, the acceleration of an 
electron as it undergoes deflection in the field of a nucleus will cause 
the emission of a pulse of radiation. The energy-distribution curve 
for such a pulse can be found by making a Fourier analysis of the pulse 
into monochromatic wave trains. N ow a form of pulse can be invented 
which produces a sharp cutoff of the distribution curve but no good 
reason can be assigned to explain w^hy just this form of pulse should 
always be emitted in consequence of the deflection or stoppage of a 
cathode particle. Quantum theory, on the other hand, easily explains 
the existence of the sharp cutoff. 

According to quantum theory, our conception of the process by 
which the negative acceleration of cathode electrons produces radiation 
requires the same sort of modification that has been found to be neces- 
sary in the case of a spectral line emitted by an atomic electron. 
According to classical theory, a spectral line represents radiation that 
is emitted continuously by a vibrating electron; its frequency is equal 
to the frequency of vibration of the electron, whose energ}^ decreases 
continuously, According to quantum theory, on the other hand, the 
radiation composing a spectral line is emitted in the form of quanta 
or photons, each containing energy hv, and the frequency v of the 
radiation is determined by the Einstein equation 

hv = AIF 

where APF is the total loss of energy by the electron. Similarly, a 
cathode electron passing through the strong electric field near the 
nucleus of an atom in an X-ray tube is not to be thought of as under- 
going continuous acceleration, accompanied by the continiious emis- 
sion of radiation, as is required by classical theory. The process is 
essentially one of alternative probabilities. The electron may actually 
pass through the field undeviated in direction; it is much more likely, 
however, to issue from the atom in a different direction from its direc- 
tion of approach. It may suffer no change in its energy, being merely 
defleeted . or' scattered ^’; 'and' in this case'' no . radiation ■ is /emitted. 

■ ^'Kennard, Phys.'Zeiis,,\Yol, 24, p. 372 (1923). 
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Or, it may suffer a decrease AW in energy ; in this latter case the energy 
lost is emitted as a photon of frequency v given by Einstein^s equation^ 
hv = AW, The amount of energy lost cannot exceed the total kinetic 
energy with which the electron enters the target, but it may have aiij^ 
value smaller than this. 

It follows that the maximum frequency vq of the X-rays will be the 
frequenc}^ of a photon emitted when the electron is brought entirely 
to rest as the result of a single elementar^^ process. For the energy 
with wEich the electron approaches the atom, AX’-e can AAuite cF, 6 being 
the (numerical) electronic charge and V the potential difference 
through Avhich it falls in passing from the cathode of the tube to the 
target. The maximum frequency vq present in the X-rays Avill thus 
be determined by the equation 

hvo = eV. (286) 

In addition to this maximum frequency pq, Ave should then expect 
also a AAdiole spectrum of lower frequencies, emitted by electrons AA^hich 
lose only a part of their energy in a single encounter AAuth a nucleus, 
in the form of a smaller quantum hv, A further reason for the emission 

of frequencies loAver than vo lies in the fact 
that, in the vast majority of cases, an elec- 
tron AA'ill experience many collisions with 
atoms of the target before being brought to 
rest, and at each of these collisions some of 
the initial energy eV is dissipated. Thus, a 
great deal of radiation is emitted by elec- 
trons AA^hich impinge upon atoms AAuth inci- 
dent energy less than eV. If the target is 
sufficiently thin, hoAvever — say of wmry thin 
gold foil — only a feAV of the electrons of the 
incident cathode stream aauII collide Avith 
atoms in it, most of them passing through the target undeviated. 
Thus sloAvly moving electrons aatII not be present in a thin target to 
the same degree as in a thick one. Accordingly, Ave should expect that 
a greater proportion of the energy in the continuous spectrum from thin 
targets should lie near the vq limit than from thick targets. This is in 
agreement Avith experiment. 

In the continuous spectrum from a very thin target, as a matter of 
fact, experiment indicates, in agreement Avith the AAmve-mechanical 
computation of Sommerfeld, that the maximum of the energy-distribu- 
tion curve occurs limiting wave length vq itself. On the short- 

Avave side of Xo, the curve drops abruptly to the axis of abscissas, 



Fig. 159. — Approximate 
distribution of energy in the 
continuous X-ray spectrum 
from a very thin target, near 
the short- wave-length limit. 
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whereas toward longer waves it falls nearly in proportion to 1/X^ 
as illustrated in Fig. 159. The curves for a thick target^ as in Fig. 
157, can be regarded as arising from the superposition of many ele- 
mentary curves, such as that in Fig. 159, with various values of Xo.^ 
In such a target it might be expected that there would be a inosi 
probable type of collision which would correspond to the peak or 
maximum of the energy-distribution curve. 

With the shape of the energy-distribution curve we are not, for the 
moment, concerned. Prather, let us return to the empirical equation 
(285) and to the curve (Fig. 158) which showed, in complete agreement 
with Eq. (286), that V o: vq. Writing Eq. (286) in the form 


Vq 



eV^ 
A 300' 


where V is in electrostatic units and F' is in volts, we see that the 
numerical constant in Eq. (285) should be equal to the multiplier of 
V' in this last equation. That is, we should have 


e 

30b7i 


= 2.43 X 


from which, if we use the old value, e = 4.77 X 10'"^° e.s.u., we find 


h = 6.55 X 10-27, 


or, if we use the modern value, e = 4,80 X 10^^^ e.s.u., we find 

k = 6.58 X 10-27. 

At the present time the value of h as derived from precise measure- 
ments of the limiting X-ray frequency and a modern value of e of 
about 4.803 X 10-^°, is^ in good agreement with values obtained in 
other ways. In tliis book the value h = 6.61 X is retained, but 
perhaps 6.62 is better.^ 

182. Intensity of the Continuous Spectrum. — Determinations of 
the total intensity, and of the distribution of intensity in the con- 
tinuous X-ray spectrum are by no means so satisfactory as the measure- 
ments of minimum wave lengths. This is due to the fact that numerous 
troublesome corrections have to be made to the obser^ved energy- 
distribution curves, such as those sho’wn in Fig. 157, before the true 

^ Cf. Compton and Allison, op, dt., p. 90. ■ 

® Cf. Dumiington, Rev. Moder7i Phys., vol. 11, p. 65 (1939), and for the be.st 
experimental work, DuMond and Bollman, Phys. Rev. j vol. 51, p. 400 (1937), 

3 Cf. Biege, Rev. Modern Phys., vol. 13, p. 233 (1941). 
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curve can be obtained.^ Among these necessary corrections may be 
mentioned the following: 

1. The variation with wave length of the absorption of the radiation in 
its path /rom the atom of the target in which the radiation originates 
to the ionization chamber where the intensity of the radiation is meas- 
ured. This path includes the material of the target itself, since the 
X-rays originate at finite (though very small) depths below its surface, 
the walls of the X-ray tube, the window of the ionization chamber, 
and the air betAveen the tube and the chamber. 

2. The reflecting power of the crystal grating ^ AAdiich varies AAuth Avave 
length. 

3. Incomplete absorption in the ionization chamber. Either an 
ionization chamber of sufficient length to absorb the entire X-ray beam 
must be used, or else corrections must be made for variation AAuth wave 
length of the absorption within the chamber, since the observed ioniza- 
tion current is proportional to the energy absorbed in the chamber. 

4. ^^Second-order reflection!^ According to Eq. (282) Avhich may 
take the form 

. 2d sin B 

A = } 

n 

when the crystal in the spectrometer [Fig. 150(a)] is set at a given 
angle a series of wave lengths X will be reflected for dififerent values 
1, 2, 3, • * • of ?i, provided those several Avave lengths are present 
in the incident radiation. Suppose, for example, that AAffien the 
voltage applied to the X-ray tube is 50 kiloAmlts, the crystal is set at 
such an angle ^o.e as to give a first-order reflection (f.e., n = 1) of 
X = 0.6 angstrom. According to Fig. 157, the minimum waAm length 
present in the X-ra}^ spectrum generated by 50 kilovolts is 0.250 A. 
Under these conditions, there Avill be reflected into the ionization 
chamber the second-order AA^ave length X = 0.3 A, in addition to the 
first-order Avave length X = 0.6 A. The observed intensity when 
the spectrometer is set at X = 0.6 A is, therefore, the sum of the 
intensities due to both AVave lengths. For an applied voltage of 30 
kilovolts, hoAvever, only first-order reflection is present at and no 
correction is necessary. 

5. Secondary production of X-rays, If one is interested primarily 
m the radiations produced by impacts of the incident cathode rays 
alone, corrections must be made for the radiations arising from impacts 
of the various types of secondary electrons produced in the target 
itself, 6.^., electrons ejected from the atoms of the target by the impact 

1 These corrections, however, in no wise affect the determination of minimum 
waA^e lengths. 
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of cathode rays, or by photoelectric ejection, or by ejection as Compton 
electrons in connection mth the scattering of the X-rays in the target 
[Sec. 186(a)]. 

6. Characteristic lines. There generally exist several characteristic 
X-ray lines superimposed on the continuous spectrum; the intensities 
of such lines must be subtracted from the intensity of the beam as 
observed. 

Without discussing the methods of making these several correc- 
tions,^ the final results may be summarized as follows: 

а. The total radiation, i.e., the area under the (corrected) energy- 
distribution curves, is, for a given target material and tube cur- 
rent, very nearly proportional to the square of the applied 
voltage. 

б. At a given voltage and tube current, the total radiation varies 
roughly as the first power of the atomic number of the target. 

c. The wave length Xm at which a given energy-distribution curve 
for a thick target attains its maximum is roughly 1.5 times the 
wave length at which the same curve meets the wave-length 
axis. 

d. Kulenkampff^ gives the following empirical formula for the 
intensity 1^ of the X-ray energy at frequency v from a target 
of atomic number Z when bombarded by electrons which have 
fallen through a potential V : 

L = CZivo - v)+ BZ% 

where j'o is the maximum frequency determined by the quantum 
relation eV = /ivo, and C and B are constants independent of 
voltage and target material. The formula holds only for 
v> ro;at?^ == j^o the intensity is assumed to sink discontinuously 
to zero. 

The efficiency of an X-ray tube (with thick target) is veiy low. If 
we define the eflSiciency as the fraction of the energy carried by the 
cathode electrons which is converted into X-ray energy, it varies from 
about 0.01 to 0.1 percent. 

INTERACTIONS OF X-RAYS WITH ATOMS 

183. The Absorption of X-rays. — In contrast with the apparently 
chaotic state of affairs in regard to the absorption of light in the visible 
or near-visible portions of the spectrum, we find comparative sim- 
plicity in the empirical laws for the absorption of X-rays. Measure- 

^ See Kikkpateick, Pi^ 2 /s. Eev.^ vol. 22, p. 414 (1923). 

^ Ann, d. Physikj Yoh Q9, p. 54:8 (1922). 
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ments of the absorption coefficient for a monochromatic beam of 
parallel ra^^s are readily?' made b^^ use of the ionization spectrometer 
[Fig. 150(a)], For a given crystal angle 6 and, therefore, wave length 
X, the ionization current is measured both with and without a sheet of 
absorbing material of known density p and thickness x placed in the path 
of the beam, sa^^ between the two slits Si and 82 - These measurements 



give, respectively, I and Jo in the equation [c/. Eq. (280) in Sec. 173] 
j = == (287) 

from which the linear absorption coefficient p or the mass absorption 
coefficient p/ p may be computed. In this way, being careful to use such 
a tube voltage as to eliminate second-order reflections, one may obtain 
values of p/p for various wave lengths and various substances. The 
mass absorption coefficient p/p is much more commonly used than the 
linear coefficient. 

{a) Properties of p/p. — Figure 160 shows roughly the mass absorp- 
tion coefficient of lead in the wave-length range 0.1 < X < 1.2 A. 
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Beginning at point o, /i/p rises rapidly mth increasing wave length 
until point a, corresponding to X = 0.1405 A and ju/p = 8 (about) 
is reached^ at w^hich the value of p/p suddenly drops to point a\ 
This is the K absorption limit (Secs. 173 and 178). Up to this pointy 
absorption accompanied by ejection of K electrons has constituted 
the major part of the absorption. At longer w'ave lengths^ this K 
absorption does not occur at all, hence the drop in p/p. 

With further increase in wave length, however, the absorption 
again increases rapidly, being mostly due now to ionization of atoms 
in the L shell, until at point b, corresponding to X = 0.780 A, the Li 
absorption limit is reached, at which there occurs another drop in 
the absorption to point b\ From V to c, absorption still occurs owing 



Fig. 161 . — The Moseley diagram for the K and L absorption limits. 


to processes wdiich leave the ionized atoms in Lai or Lm states; f.c., 
the atoms are raised to their Ln or Lm energy levels. None, however, 
is raised to the Li level. Similar drops or “breaks^’ occur at cc'' 
(X = 0.813 A) and at dd' (X = 0.950 A), the Ln and Lm limits, respec- 
tively; from to d, absorption into the Lm state is still occurring, 
but beyond d' absorption with ionization in the L shell ceases alto- 
gether. Beyond point d', however, the absorption again increases 
rapidly. If we could follow, by direct measurement, the absorption 
beyond point c, we should find that, in the region 3.2 < X < 5.0 A, 
a group of five “ breaks occurs, representing the five M absorption 
limits; beginning at about 14 A, there wmuld come the group of seven 
A. limits;' etc,'' 

Curves similar to Fig. 160 are obtained for the absorption of X-rays 
in other substances, the respective discontinuities or limits occurring 
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at longer wave lengths^ the lower the atomic number of the absorber. 
In fact, a curve plotted between the square root of the frequency of a 
given limit and the atomic number is nearly a straight line, similar to 
Moseley^s curve (Fig. 152) for line spectra. Such a curve for the K 
limit, from Mg {Z = 12) to Th ( Z = 90) is shown in^ Fig. 161, in 
which, as ordinates, are plotted v/R, where R is the Rydberg con- 
stant for an atom of infinite -weight. The graph is seen to be nearly, 
but not quite, a straight line. For comparison, there are also shown 
the corresponding graphs for the i/i, Ln, and Lm limits from Ag 
(Z = 47) to Th (Z = 90). 



^ A^O'nan^siroms) 

Fig. 162.”-Mass absorption coefficients of lead as a function of wave length, showing the 
K discontinuity and the linear relation between ju/p and X^. 

Not only is there regularity in the wave lengths of the absorp- 
tion limits from one element to another, but there is also a remarkable 
regularity in the magnitude of the mass absorption coefficient, from 
wmve length to wave length in a given element, and from one element 
to another. Figure 162 shows, on a much larger scale, the mass absorp- 
tion coefficients of lead in^ the region o to o' of Fig. 160, plotted as a 
function of the cube of the wave length. The two parts of the graph 
on each side of the K absorption limit aa' are seen to be straight lines^ 
with very nearly equal intercepts of about jit/p = L We may, 

^ Data from SiEGBAHN, Joe. A 

2 Eichtmyee, to., vol. 27, p.T (1925), 
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accordingly^ write the empirical equation for the variation of /i/p mdtli 
X in the regions oa and respectively, as 


^ + b, ^ = k'\^ + b, (28Sa,6) 

P P 

where k and ¥ are the slopes of the respective lines and 6 is a constant. 
Thus, to a first approximation/ the mass absorption coefficient for a 
given absorber is a linear function of the cube of the wave length, due 
regard being given to the spectral region in which the equations apply. 

A quantity of more fundamental significance than p or p/p is the 
atomic absorption coefficient pa. This quantity represents the absorp 
tion due to a single atom and is obtained by dividing the mass absorp- 
tion coefficient p/p by the number of atoms per gram, Nq/A, where 
Ao is Avogadro’s number and A is the atomic weight: 


Po — 


p/p 

No/A 


Equations (288a, 5) may then be written 

Pa = kaX^ "h baj Pa == “t“ 5a. (289a, 6) 

(More commonly the symbol o-a is wTitten for bay for the reason stated 
below.) In terms of pa a second type of regularity has been found to 
exist in the absorption coefficient. The constants ka and vary 
approximately as the fourth power of the atomic number.^ Accord- 
ingly, Eq. (289a, 6) may be written in the following form, \k and Xl 
denoting, respectively, the K and L absorption limits: 

X < XaU Pa - + ha (290) 

Xk < X < X^: Pa = C'Z^X^ + 5'. (291) 

Here, when X is in centimeters, Ca == 2.25 X 10"“^ C' = 0.33 X 
It seems surprising that such simple relations should hold, even 
approximately, for the absorption coefficients. The theoretical 
treatment of this topic is not in a very satisfactory state.® 

(b) Physical Interpretation of the Absorption Formulas.— As ive 
have seen, the so-called ‘‘absorption^' of X-rays is due partly to the 
photoelectric effect, to be described in the next section, and partly to 

1 There are slight systematic departures from the X® lawu See Comptok and 
Aleison, op. CuYKENDALL, Phijs. Rev.j YoL 50, p. 105 (1936); ' JoXEs, Phys, 
Rev., Yol. 50, p. llQ (WM) ; A^DnEWS, Phys. Rev., voL 54, p. 944 (1938), 

" s.^RAGcand FiBHCE,PMZ..iiag., v^^ 28, -p. 626 (1914)'; RicHTMYER.and War- 
BURTON, P%s.., vol. 22, p. 539 (1923). . ' 

, "3 gee QoMPTON and Allison, op. dZ. . 
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scattering (Secs. 172 and 173). Hence, we may conveniently write 
= r + a, Ma = Ta + CTa, 

where r or reprsents the part of the absorption that is due to the 
photoelectric effect and a or aa the part that is due to scattering. 
According to classical theory the scattering should be independent 
of frequency [Sec. 172(a)], and for this reason <t or era has often been 
identified with the constant term h or ba in the empirical formulas 
(289a, 6) or (290, 291). The term in is then identified with the 
photoelectric absorption. We shall see, how^ever, that in reality the 
scattering coefficient varies considei'ably with wave length, so that 
such an interpretation of the empirical formulas can possess only 
approximate validity. 

184. The Photoelectric Effect for X-rays. — If part of the absorp- 
tion of X-rays is due, as we have assumed, to a photoelectric effect, 
it should be possible to observe the photoelectrons thus produced, and 
Einstein^s photoelectric equation should be applicable to them. In 
the ordinary photoelectric effect, the electrons come from among the 
^ffree^^ electrons in the metal (Sec. 54), and their maximum kinetic 
energy, when produced by a beam of light of frequency v, is 
as given by Eq. (48) in Sec. 46: 

= hv — wo, 

where wo is the work required to remove an electron from just under the 
surface of the metal {h = Planck’s constant). When photoelectrons 
are produced by X-rays, on the contrary, they wdll come (at least 
principally) from the deeper-lying shells of the atoms. If a photo- 
electron is ejected from the K shell by X-rays of frequency the 
amount of energy absorbed from the radiation is hv; but work equal 
to hvK must be done by the electron in escaping from the atom, vk 
being the frequency of the K absorption limit. Hence the electron 
will emerge from the atom with kinetic energy equal to hv — hvK- 
If the atom lies on the surface of the absorbing material, the electron 
may escape into the surrounding space with this amount of energy 
(more exactly wdth energy hv — hvK — but wo is usually negligibly 
small). Otherwise it may lose part of its energy in passing through 
a layer of matter. Thus the maximum kinetic energy wdth w'hich 
photoelectrons produced by absorption in the Jf shell may emerge 
from the absorbing material will be 

y^mvl, hv “ hvK — h{v — vk) 


(292) 
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(provided wo may be neglected). If v < vk, no photoelectrons at all 
can be ejected from the K shell. As v increases above pk, the maxi- 
mum energy of the photoelectrons increases linearly, just as in the 
ordinary photoelectric effect. 

The number of photoelectrons ejected from the K shells of atoms 
of a given absorber decreases as v increases, thereby causing the known 
decrease in the absorption coefficient as v recedes from fk* The 
number of photoelectrons is strictly proportional to the intensity of the 
X-rays. 

The photoelectrons ejected from the L shell consist of three slightly 
different groups, with maximum energies corresponding to the three 
L absorption limits, vli, vlu^ vliu] the maximum kinetic energies in 
the three groups are 

= h{v — VLi)j = h{v — vlh), 

= Kr - VLin). (293a, 5, c) 

The differences in these maximum energies arise from differences 
in the quantum state in which the remaining L electrons are left 



Fig. 163 . — Robinson’s magnetic spectrograph, for studying the photoelectric action of 

X-rays. 

upon the departure of the ejected one. Similarly, from the ilf shell 
there are five groups; and so on. If ive start with X-rays of very high 
frequency, photoelectrons of all kinds are produced. If the frequency 
is then decreased, as it passes vkj the K photoelectrons disappear; 
as it passes the L limits, the three groups of L photoelectrons disappear 
in turn; and so on. 

Among the experiments demonstrating these facts may be men- 
tioned those of Robinson and his collaborators/ whose apparatus is 

^ Robinson .and Rawlinson, Phil. Mag., vol. 28, p. 277 (1914); Robinson, 
Roy. Soc., Proc.yY 6 [. 104, p. 455 (1923);P^2:i. Mag., vol. 50, p. 241 (1925); Robin- 
son aiid\CAssiE, Roy, Soc., Proc., vol. 113, p. 282 (1927); R,obinson and Young, 
Roy. Soc,, Proc., vol. 128, p, 92 (1930). 
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shown diagrammatically in Fig. 163. A beam of X-rays of frequency-^ 
p enters through a thin window W a highly evacuated brass box BB 
and falls upon a target T of the material under investigation. Photo- 
electrons are expelled from the surface of T in all directions and with 
various velocities, as indicated by Eqs. (292), (293a, 5, c). The whole 
apparatus is placed in a known magnetic field H, at right angles to 
the plane of the paper, which can be vaiied at will. The photoelec- 
trons wdll describe circles in the field. Some of them will pass through 
the narrow slit S and eventually strike the photographic plate PP. 

If the electrons leaving T have velocities Vi, 
t; 2 , * * • , they will move in circles of radii ri, 
r 2 , * • • and will strike the plate at points Li, 
L 2 , • * * . As showm in the figure, the arrange- 
ment is such as to ^Tocus’' electrons leaving 
the different parts of the target with the same 
velocity onto the plate at such positions as Li 
and L 2 , the diameter of the circle being the dis- 
tance between S and Li or L 2 . 

In an experiment such as this, the velocity 
of the electrons is so great that variation of 
mass wnth velocity must be taken into account. 
This is easily done as follows. As the electron 
goes around in a circle under the influence of 
the magnetic field, its momentum p is constant 
in magnitude but continually changes in direc- 
tion. We can imagine that the electron receives continual vector incre- 
ments of momentum directed toward the center of the circle. As 
the direction of motion changes by dd an increment dp of momentum 
must be added of magnitude (Fig. 164) 

dp = pdS. 

The force on the electron is evH, e being the electronic charge in 
electromagnetic units and v its velocity. Hence during a time dt the 
electron receives momentum 



dp = evHdt, 

^ It is extremely difficult by present experimental means to get a strictly mono- 
chromatic beam of X-rays of sufficient intensity for such an experiment as this. 
Accordingly, use is made of the fact that, with suitable exciting voltage, the Ka 
lines from an X-ray target are much more intense than the accompanying radiation 
of the other wave lengths and, therefore, serve effectively as a ^‘monochromatic’^ 
beam, particularly if the beam is first passed through a filter of suitable thickness, 
the wave length of whose K limit is just shorter than the wave length of the Ka 
lines. [See Hull, P%s. Pet?., voL 10, p. 661 (1917).] 


Sec. 184 ] THE PHOTOELECTRIC EFFECT FOR X-RAYS 


509 


Tims 

But (Fig. 164) 


dp — p dS = evH dt 


dB 


vdt 

r 


p = erH, 


Now according to the relativistic formula [Eq. (60) in Sec. 63] 


(294\ 


^ ~ (1 - 


(295) 


where m stands for the I’est mass of the electron (0.911 X 10“^^ gram) ; 
and Eq. (61) in Sec. 64 gives for its kinetic energy 


From (295) 


p^ 


T 

iP/c^ 


mc^ 


[(1 — vyd^)^ 


mV 1 — v‘^/c^ 
Hence we can also write ^ 


mV 


+ 1 


_1 


r = + -i]; 

and for an electron revolving in a magnetic field, by (294), 



(296) 


(297) 


(Here e is in electromagnetic units.) 

By means of this last formula, values of the kinetic energy T of the 
photoelectrons can be calculated from measured values of r, for com- 
parison with h{p — Pa), where pa is any absorption limit. If losses of 
energy by the electrons vdthiii the absorber are negligible, we can 
substitute values of T so found in the photoelectric equation 

T Va) 

and, knomng r, can obtain values of the absorption limit va, for com- 
parison ■with values measured spectroscopically. 

Robinson found on his plates a number of ^^lines^^ representing 
groups of photoelectrons. The corresponding absorption limits, 
calculated, in the manner just described, are given in Table ¥; values 
^ Calculations. from such for,mulas are. most .easily .made thus *. ■■ 

T (cos tan“^ 1]. 
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determined spectroscopically are added for comparison. We note 
that Robinson^s results are in complete agreement with the data of 
X-ray spectroscopy. It is noteworthy that he found one K leveij 
three L levels, five M levels, and, in the case of U 92, five of the seven N 

Table V. — Some X-kay Absorption Limits Determined from the Magnetic 
^ Spectrum of Photoelectrons (after Dobinson); Comparison with 

Spectroscopic Method 



(Data are given in terms of va/R where vq is the frequency of the limit and R is 
the Rydberg constant.) The columns headed “Robinson'^ give Robinson’s 
observations. Those headed “Spec.’’ give the values of the levels determined 
from X-ray spectroscopy, as given by Siegbahn. 

^ Indicates mean value. 


levels, the pairs of levels Wiv.v and NYirm being too close together 
to be resolved in his apparatus. 

The technique of measuring the velocities of photoelectrons ejected 
by X-rays has been developed to the point that this method is now 
one of the most reliable for the precise determination of fundamental 
constants.^ 

of X-rays. — In spite of the remarkable early 
success of the classical theory in accounting for many features of the 
^ See, e.g., Eretschmar, Phys. Rev.^ vol. 43, p. 417 (1933). 
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scattering of X-rays, developments in tliis subject since 1920 illustrate 
strikingly the inadequacy of the classical theory and the superiority 
of quantum theory. 

(a) The Total Scattering Coefficient. — When a beam of monochro- 
matic X-rays of intensity I traverses a thickness dx of scattering 
material, part of the incident energy is scattered, for which we may 
write al dx. The coefficient a thus defined is called the total linear 
scattering coefficient for X-rays of that wave length. According to 
the classical theory, on the two assumptions (1) that the electrons 
scatter as if they were free and (2) interference between the wavelets 
scattered by different electrons may be ignored, the value of <t can 
be found by multiplying the scattering coefficient ae for a single 
electron, as given in Eq. (277) in Sec. 172, by n, the iiuniber of elec- 
trons per cubic centimeter of the material. If we also divide by p, 
the density of the material, we find thus for the classical mass scattering 
coefficient 


n 

p p S m‘^c^ p 


(298) 


Thus, if we assume that a — o-q^ (x/p should be independent of wave 
length, and it should not vary greatly with the material, since n is 
roughly proportional to p (the number of electrons per atom being 
about half of the atomic weight) ; it should, in fact, be nearty equal to 
0.2, as may be verified by putting into Ecp (298) the numerical values 
of the constants e, m, and c and the values of n and p for some scatter- 
ing material, such as carbon or aluminum. In Fig. 165 are shown 
data on scattering for a number of elementary substances; the ordinates 
represent the ratio of the scattering coefficient cr for the substance, 
denoted by as in the figure, to the value a a as given in Eq. (298). We 
note from the figure that for light scattering materials and for X-rays 
of X > 0.2 angstrom the scattering coefficients approximate to the 
classical, free-electron value, co. Otherwise, there are wide departures. 

For heavier materials, and especially at longer wave lengths, 
a greatly exceeds o*o. This excessive scattering is easily explained 
classically. When the wave length becomes comparable mth the 
distances between the electrons in the atoms, they no longer scatter 
independently; the waves scattered by different electrons become 
superposed on each other more or less in the same phase, and construc- 
tive interference occurs. If the wave length is actually long as com- 
pared to the distances between the A" electrons in a given atom, the 
relative phase 'differences of the waves are alF small, consequently 
the amplitude of the resultant scattered wave is approximately 
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proportional to JV, and the intensity of the scattered radiation is 
proportional to For a heavy atom, the difference is enormous. 

The decrease of cr at short wave lengths which is evident from 
Fig. 165, on the other hand, is impossible of explanation by classical 
theory. For X = 0 1 A, the observed scattering coefficient is only 
about 0.15, instead of the value of about 0.2 deduced above. For 
7 -rays, the wave lengths of which are of the order of 0.02 A or less, 
the total absorption coefficient of carbon, including photoelectric 



Fig. 165. — Scattering coefficients of various elements for different wave lengths 
relative to the classical value cro. {Reproduced by courtesy of D. Van Nostrand Com 
pany, Inc., from Fig. II IS in A. H. Compton and S. K. Allison, '^X-rays in Theory and 
Experiment,” 1935.) 

absorption as well as that due to scattering, is only about 0.06. For 
such short waves, however, the assumption that the electrons scatter 
independentl}^ and approximately at the same rate as if they were 
free, should certainly be Justified; for, on classical theory, they will 
not move far enough from their equilibrium positions to call appreci- 
able elastic forces into play. At this point classical theory fails 
badly. In the next section, a result will be quoted from wave mechan- 
ics which agrees very well with observations in this region of short 
wave lengths. 
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( 6 ) The Angular Distrihution of Scattered X-ray Energy . — Tiie 
classical pulse theory of X-rays led to Eq. (279) in Sec. 172^ 

j f I 1 + COS“{^> 

^ 2 

for the intensity of X-rays scattered per electron at an angle 4» 
from the direction of the incident beam, the intensity of which is I ; r 
is the distance betAYeen the scatterer and the place where the scattered 
energy is measured. According to this equation, the scattering should 
be symmetrical fomAmrd and backward about a plane passing through 
the scatterer and perpendicular to the direction of the incident rays. 



Fig. 166. — Belative scattered intensity at various angles of scattering, for X-rays 
of X 0.71 A scattered by mesitylene, and for X-rays of X 0.017 A scattered by iron. 
(Reproduced by courtesy of D. Van Nostrand Company, Inc., from Fig. JJJ-4 in A. B. 
Compton a7id S. K. Allison, X-rays in Theory and Experiment,” 1935.) 

If = 0 or <56 = TT, 1 + cos^<f> = 2; if 4> = '?r/ 2 , 1 + cos"^ = 1. Thus 
the energy scattered in the forward or backward directions should 
be tiYice that scattered at 90° from the incident beam. 

In Fig. 166 are shoivn data on the variation AAitli scattering angle 
(p of the intensity of X-rays of wave length X = 0.71 A scattered from 
liquid mesitylene C 6 H 3 (CH 3 ) 3 . For comparison, the xmriation 
predicted by the classical theory of Thomson, as represented by the 
above formula, is shoivn by a solid line in the. figure. We note that 
the intensity of scattering agrees Avell Avith the classical formula at 
scatteri.ng angles gre,ater than 45° but shows , a marked depai*tu.re; at, 
smaller: angles. ' Such a departure might perhaps be explained classi- 
cally in ,the„', same ,Avay .in Avhich the excess. scatte:rin.g at. long; Airave' 
lengths'' was.' explained above. .But 'in .Fig. 166 data .are .alsO' Show'n 
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on the scattering of 7 -rays of wave length 0.017 A from iron. These 
data show much smaller scattering than is required by the classical 
formula (except, presumably, at a zero scattering angle), and the 
scattered radiation exhibits great dissymmetry, being confined almost 
entirely to forward directions. 

Such dissymmetry in the angular distribution presents difficulties 
for any classical theory, but it is fully accounted for by the wave- 
mechanical theory.^ 

186. The Compton Scattering of X-rays, (a) The Compton Effect. 
It was early found that secondary radiation is usually less penetrating 

than the primary radiation. This 


:^-^OJ078A 



fact was later explained by the 
presence in the secondary beam, 
not only of scattered radiation, 
but also of the characteristic fluo- 
rescent radiation, which, as we 
have seen above [Sec. 178 (c)], is 
always of longer wave length and, 
therefore, is less penetrating than 
the exciting primary beam. It 
was found, however, that this 
explanation was not adequate in 
all cases. 

A scattering material of very 
low atomic number, such as car- 
bon, emits fluorescent radiation of 
such long wave length as to be 
absorbed by even a thin film of 
air. Yet, even with carbon 
immersed in air as the scatterer, 
the secondary beam was found to 
be somewhat less penetrating and presumably therefore of somewhat 
longer mean wave length than the primary. 

The explanation of such cases was discovered by A. H. Gompton. 
He showed^ that, when monochromatic primary radiation is used, the 
scattered beam is composed of two lines, one corresponding in wave 
length to that of the primary beam and the other being of definitely 
longer wave length. Figure 167 shows the spectrum of scattered 
radiation from a carbon scatterer when irradiated by the Ka line of 
molybdenum, the scattered radiation being observed at an angle of 

1 Cf. Hbitlbr, W., ^‘The Quantum Theory of Radiation,” p. 154, 1936. 

2 Compton, A. H., Phys. Rev.j VoL 21, p. 715; vol. 22, p. 409 (1923). 


Waveienglh 

Fig. 167. — The spectrum of scattered 
X-rays, showing the unmodified line P 
and the modified or '‘shifted” line S. 
(Compton.) 
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90° from the incident radiation. The %^ertical line aa indicates dlie 
wave length of the primary radiation. There are seen to be two 
maxima, or lines, one of which, P, corresponds, arac/iy to the prima.ry 
radiation; the other, S is shifted^' tow'ard longer wave leiigtiis from 
the position of the primary, the difference in wave length between the 
shifted and the unshifted components being 0.0236 angstrom. 

In order to explain the occurrence of the shifted component, Comp- 
ton boldly applied the extreme cpiantum picture of radiant energy, 
according to wdiich a beam of radiation consists of a stream of localized 
c|uanta of energy, or photons. He assumed that the scattering process 
could be treated as an elastic collision between a photon and an electron 
and that this collision is governed by the two laws of mechanics: (1) 
the conversion of energy and (2) the conservation of momentum. 



Fig. 168 . — Vector diagram showing the conservation of momentum when a photon is 

scattered by an electron. 


Let an incident photon containing energy Eq = Iivq rebound from 
an electron of rest mass m, initially at rest at the point a (Fig. 168), 
After the collision, the electron will move in a direction making an 
angle of say, with the initial direction of motion of the photon, while 
the photon itself wdll move in a direction making an angle d, say, with 
its initial direction. Qualitatively, one sees, at once, that the energy 
E$ of the photon after collision and, therefore, also the frequency must 
be less than that of the photon before collision, since some of the 
energy of the incident photon must have been given to the electron. 

If Em is the kinetic energy given to the electron as the result of the 
collision, we have, from the law of the conservation of energy, 


Eo = Ee "i- Em- 

Using the relativistic formula, Eq. (61) in Sec. 64, we have for the 
kinetic energy of the electron 

■ ’"KvtW- ■ 0' '’■? 


( 299 ) 
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where m is its rest mass, v is its velocity after the collision, and c is the 
speed of light. Inserting this value of Em in the preceding equation, 
and also Eo = hvo, Eq = }iv&, we have 


hvo = hue + mc^ (300) 

Furthermore, as stated in Sec. 33, a beam of radiation in free space 
carries momentum equal to the energy carried by it divided by c. 
Hence a photon, containing energy hv, carries momentum hv/c. The 
momentum of an electron moving with speed v is given by Eq. (60) in 
Sec. 63. Thus for the momenta we have: 

hv^/c == the momentum of the photon before the collision, 
1ivb/c = the momentum of the photon after the collision, 
mv/\^l — = the momentum of the electron (after the collision). 

From the law of the conservation of momentum, therefore, we can 
write for the :r-component of momentum (in the direction of propaga- 
tion of the incident photon) 


hvo 

c 


hve . , rnl3c 
— cos 0 H : 

c Vl - /S' 


cos<i^> 


( 301 ) 


and for the ^-component, in the plane containing the directions of 
motion of both the scattered photon and the electron, 


A hvB • . 

0 = — sm^ 


m/3c 


VI 


: sin 


(302) 


In the three independent equations (300), (301), and (302), we have the 
four unknown quantities ve, 0^ and j6, assuming the frequency of 
the incident photon, to be known. By simultaneous solution, we can 
obtain three of these unknowns in terms of the fourth, say d, which is 
the direction with respect to the incident beam in which the photon 
is scattered’’ as a result of the particular collision. 

If we introduce the wave lengths of the 2 photons (whatever wave 
length may mean in terms of this picture!), Xo = c/vq and \e == c/ ve^ we 
can write the last two equations thus: 


A 

Xo 


A 

x^ 


COSI9 ~ 


mfic 

Vi - 


cos<^, 



mfic 


QlIKf). 


Squaring these two equations and adding them, we have 


A m Ai 


2h^ 

XOX0 


cos^ = 




mV 


— mV, 


(303) 
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Similarly Eq. (300) can be writtenj after dividing it tliroiigli by c, 

h h , _ ^ me 
Xo 


X^ 


+ me 


Vi 


JH . hr 

'' Xl X^b 


XOX0 


+ 2mch 


(i + i) 

\Xo ^ Xs/ 








Subtracting Eq. (303) from the last equation, we obtain 


2Ji^ 

XoXi9 


(cos 0 — 1) + 2mch 


r. Xq 


Xo = — (1 
me 


cos 6), 


(304) 


If we insert here the values h ~ 6.61 X 10”-q m = 0.9107 X lO”^^, 
c = 2.998 X 10^®, and multiply by 10®, we have 

— Xo == 0.0242(1 — cos 6) angstroms. (305) 


This important equation states that when incident radiation of 
wave length Xo is scattered by a free electron at an angle d, the wave length 
Xq of the scattered radiation should be greater than that of the mcident 
radiation by the quantity 0.0242(1 ■— cos B) angstroms, which, for a given 
angle is constant whatever the incident wave length. When the scatter- 
ing angle is 90^^, the shift in wave length between the primary and 
the scattered beam should be 0.0242 angstrom. This is very nearl}^ in 
accord vrith ' Compton^s measurements, quoted above. Further, the 
shift should be entirely independent of the material of the scatterer, 
and for various angles d of scattering it should be proportional to 
(1 cos B). To a first approximation these predictions were soon 
confirmed by the investigations of Compton and his collaborators/ 
Ross/ J. A. Becker,^ Allison and Duane/ and others. 

From Eqs. (299), (300), and (304) it is readily found that the 
energy Em of the recoiling electron is 


Em — — h P 0 


^(1 - cosB) 

1 + f(l - cos^)' 



From (301), in which vb < vo, it is also clear that, necessarily, cos > 0 
and hence < 90®, so that the electron must move in the forward 


'^Phys, 'Rev.j vol. 21, pp. 207, 483, 715 (1923); Nat Acad. Set, Proc., Yol. 10, 
p. 27! (1924). 

■ 2 ^at Acad. Set, Proc., vol. 9, p. 246 (1923) ; Phys. Rev., vol. 22, p. 524 (1923). 
A Nat. Amd. Set, Proc., Yol 10 '■ 

^:^'Nat Acad.' Set,: Proc,, vol 11, p.'25 (1925).; Woo, Y. lL,\PkySv^Eev.,\rol. '27, 
p. 242''(1926). . 
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direction. Following Compton’s prediction of their existence, these 
recoir’ electrons, as they are called, were discovered by C. T. E. 
Wilson^ and W. Bothe.^ They have been studied quantitatively 
by Compton and Simon^ and others. Bless,- by the method of 
the magnetic ^^spectrograph,” similar to Robinson’s method for 
photoelectrons (Sec. 184), has measured the value of Em for the recoil 
electrons and has found that the results are in agreement with the 
last equation, 

(b) The Unmodified Line . — The presence of the so-called unmodi- 
fied line (P in Fig. 167) may be accounted for as follows. In setting 
up our equations, it was assumed that the electron with which the 
photon collides is free. This assumption should be justified if the 
energy given to the electron is much larger than the work necessary to 
detach it from the atom. It is possible, however, that another type of 
collision may occur in which the electron remains bound to the atom. 
Such a collision may be regarded as taking place beWeen the photon 
and the atom as a whole, the mass of which is far greater than that of 
the electron. If the mass of the atom be substituted for m in Eq. (304), 
it is readily seen that the computed change of wave length is so small 
as to be beyond the possibility of detection. It may well be that, in 
the scattering of photons, the electron sometimes behaves as if bound 
to the atom and sometimes as if free, — hence the unmodified and the 
modified scattered lines. 

It must be admitted, however, that the simple picture which we 
have employed above does not harmonize very well with the occur- 
rence of an unmodified line. Nor is it clear how the modified line is 
affected by the presence of the nuclear field that normally holds the 
electron within the atom. These matters, like the properties of atomic 
states, can only be cleared up by an application of wave mechanics, 

The detailed treatment of the impact of X-rays on atoms by wave 
mechanics leads to the following conclusions,^ which, as far as tested, 
are confirmed by experiment. At low frequencies, the scattered radia- 
tion has the same frequency as the frequency v of the incident radia- 
tion, constituting an unmodified scattered line. As the wave length 
becomes comparable mth the dimensions of the electronic shells in 
the atoms, however, the intensity of the radiation thus scattered 
diminishes, especially at the larger angles of scattering. Furthermore 

'^ Roy. Soc., Proc.yYol. 104, p. 1 (1923). 

^ Zeits. f. Physih. ^ Yo\. 20^ 2Z7 

vol. 25, p. 306 (1925). 

^Dissertation, Cornell University (1927) ; P%s. Rev., vol. 29, p. 918 (1927). 

^ C/. Bloch, Phys. Rev., vol. 46, p. 674 (1934); Heitlee, op. cit. 
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as V becomes larger than the absorption limits for any atomic shelb 
Compton scattering accompanied by the ejection of recoil electrons 
out of this shell sets in; and, at considerably greater freqiieiicieSj the 
modified line due to this type of scattering becomes easih' observable. 

The Compton or modified line is very broad at comparatively low 
frequencies. This breadth can be thought of as caused by the motion 
of the electrons in the atom. In our simple deduction of the Compton 
effect, the electron was assumed to be initially at rest; if it is assumed 
to have a component of velocity, positive or negative, in the direction 
of the incident radiation, the wave-length shift is different. Wave 
mechanics furnishes a probability distribution for the velocities of the 
atomic electrons, from which the broadening can be eoniputed in 


CCj 2, C 



Fig. 169. — Microphotometer curve of Mo K radiation scattered by orientated Ceylon 
graphite with its diamagnetic axis normal to the natural reference axis of the scattering 
experiment. {Kirkpatrick and Dumond,) 


agreement with experiment.^ A microphotometer curve showing 
Mo K radiation as scattered by a block of graphite is shown in Fig. 
169; it is taken from a paper by Kirkpatrick and Dumond. - 

As V is increased further, the Compton line becomes narrower. 
Eventually, in any direction of scattering other than that of the 
incident beam, the unmodified line becomes weaker than the Compton 
line, sooner at large angles of scattering than at small angles, and 
sooner for heavy atoms than for light ones. Finally, only the modified 
line remains in appreciable intensity; this happens, for example, in 
light scattered at right angles to the incident beam, for v/vk > 300 
in the case of carbon or v/vk > 50 in the case of lead, vk being the 
absorption limit for the K shell. The modified line is then fairly 
sharp and approximately the same in all respects as it would be if the 

1 Dumond, PKys. Rev.^vol 5, p. 1 (1933); Bubkhabdt, Ann. d. Pliysik, voL 26, 
p.'56T (1936). 

2 Kikkpatbick and Dumond, PAys. Rev,, vol. 54, p. 802 (1938). 
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electrons in the atom were free and at rest. According to theory, the 
modified line should exhibit the same features as to polarization as 
the unmodified line, except at extremely high frequencies. 

According to the theory, furthermore, the other process by which 
X-rays may eject electrons from atoms, that of photoelectric absorp- 
tion, should likewise decrease rapidly with increasing frequency of the 
incident radiation and should be relatively less important in light atoms 
than in heavy ones; the probability of the ejection of a photoelectroii 
should become equal to that of the ejection of a Compton electron at 
about X = 0.5 A or v/vk = 85 in carbon, or X = 0.025 A or v / vk = 6 
in lead. Thus at high frequencies the ejection of Compton recoil elec- 
trons should constitute effectively the only form of action of radiation 
upon the electrons in matter. 

It may be remarked that only the unmodified scattered radiation 
contributes to the beams that are reflected (or more accurately, 
diffracted) in certain characteristic directions by crystals (Sec. 174) or 
gratings (Sec. 188) and upon which X-ray spectroscopy depends. 
Only to this part of the radiation can we apply the classical conception 
of scattered waves which are coherent vfith the incident waves, so that 
the waves scattered by different atoms possess definite relations of 
phase to one another and are capable of interfering constructively. 
The waves I'epresenting the Compton scattering must be supposed to 
be completely incoherent. 

(c) The Scattering Coefficient as a Function of Frequency . — The wave- 
mechanical theory gives a good account of the observed decrease of the 
scattering coefficient at high frequencies, which was described in the 
last section. At frequencies much above the K absorption limit of 
the atom, as has been said, we can treat the electrons in the atom as 
if they were free electrons, scattering independently by the Compton 
process. Wave mechanics leads to the following formula for the 
amount of energy scattered per electron per second by a group of free 
electrons^ 


— I • 5 1 ^ ^ 

3, mV 4 1 


2(1 + i) 
1 + 2f 


-|iog(i + 2r) 


+ |:log(l + 2f) - (306) 

where I is the intensity of the incident beam of frequency v and 

t ==: — 
i- mc^ 
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{h = Plaiick^s constant, ??i = rest mass of electron, c ~ speed of liglit). 
As ^ 0, the complicated ciuantity in braces approaches % and 0 

approaches the classical value as found by Thomson [cf. Eq. (276) 
in Sec. 172(a)]. If f becomes large, however, as it is for hard y-rays, 
approximately 


0 = 


ire^I / 
hvmc^ \ 


, 2hp i\ 


(307) 


which decreases with increasing p, varying nearly as l/v. The scat- 
tering coefficient is then in an 3 >^ case 


cr = 


nO 

w 


where n is the number of electrons per unit volume. This formula 
fits the existing data very well. 

(d) The Compton Scattering Process. — It may be of interest to 
remark that even the classical theory leads us to expect radiation that 
is scattered by free electrons to be of somewhat longer wave length 
than the incident beam. For the electrons must take up the momen- 
tum that is carried by that part of the incident radiation that is 
scattered, since the scattered weaves, because of the symmetry of their 
distribution, carry away no momentum on the whole. The electrons 
will thus be set in motion in the direction of propagation of the incident 
beam (an effect which can be ascribed to radiation pressure), and the 
radiation scattered by them will be decreased in \vave length because 
of the Doppler effect. It can even be shown that, if one quantum hv 
is scattered by a free electron initially at rest, the average increase in 
w^ave length is of the same order as the Compton shift. But classical 
theory cannot explain the occurrence of a sharp line in the Compton 
effect. Furthermore, the moving electron would have to move an 
impossible distance in the scattering substance. Quantum theory is 
superior in that the entire photon is scattered as a unit by a single 
electron, and onty this one electron is set into motion. 

Finally, reference should be made to another experiment, per- 
formed much later, which further heightened the contrast between 
classical and quantum theory by demonstrating that the recoil electron 
and the scattered X-ray photon are produced at the same HmeA The 
scattered photon was detected by observing in a cloud chamber 
the track of a photoelectron released by it at some other point in the 
scattering material, which was a gas. .Recoil tracks and photoelectric 

' ^. Bothe and ."Zeits, f. Physiky voL 26, p.' 44; (1924);;, vo.i,. 32,:'.p.;'639, 

(1925). 
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tracks due to scattered X-rays were observed to occur simultaneous^. 
This observation shows very clearly the discontinuous nature of the 
scattering process, which, according to classical theory, should be 
continuous. Most of the time nothing is happening in the scattering 
material. At irregular instants, however, a recoil electron is projected 
from one of the molecules, and almost simultaneously (presumably 
later owing to the time it takes light to pass from one point to the 
other) a photoelectron is ejected from another molecule. At such 
instants, we say that an X-ray photon has been scattered by the 
first molecule and absorbed by the second one. 

187. The Refraction of X-rays, (a) Refraction and Bragg’s Law . — 
The discovery of the refraction of X-rays and the subsequent measure- 
ment of indices of refraction are excellent illustrations of the great 
advances which have been made in the technic|ue of X-ray measure- 
ments since the discovery of the action of the crystal grating. The 



of /o/77^ 

Fig. 170. — Ilefraction of a beam of X-rays entering the surface of a crystal. 


first positive evidence that X-rays are measurably refracted came 
from the work of Stenstrom,^ who showed from accurate measurements 
of wave length that Bragg’s law of the reflection of X-rays from 
crystals does not yield identical values when the wave length of a 
given line is computed from different orders of reflection. Hjalmar^ 
found, for example, that the apparent wave length of the Fe Kai 
line as measured in the first order by reflection from a gypsum crystal 
(2d = 15.155 angstroms) was 1.9341 A; while measurements in the 
sixth order gave 1.9306 A, nearly 0.2 percent less. 

This apparent failure of the Bragg formula was shown to be due 
to the refraction of the beam of X-rays as it entered the crystal, the 
deviation of the beam being such as to indicate that the index of refrac- 
tion is less than unity. In Fig. 170 is shown the path of a ray as it 
enters the surface SS of a crystal at a glancing angle B and is incident 
on the Bragg plane PP at an angle B'. Bragg’s law in the form 

nV == 2<isin 0', 

^ Dissertation, Lund (1919). 

4 -2^6^ /. voL 15, p, 65 (1923). 
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where is the wave length in the crystal^ gives the true law of reflection 
at the crystal plane. M easurenients give 6, however, and it is X, the 
wave length in air, that is desired. By the ordinary laws of optics 

— A — 

^ X' cos 6^ 


Substituting values of X' and of sin 6^ = (1 — cos^^O^"^ in the preceding 
equation, we find '?xX/V = 2d (1 — whence 


n\ = 2d{yF‘ — cos-^)'-''^ = 2d{}x" 
= 2d sill 6* 


1 + sin‘‘^^)^^'“ 

(m - 1)(m + 1)' 


1 + 


sin-^ 


Since 1 — ju is extremely small for X-rays, we can replace ju + 1 by 2 
ill this expression, and then expand in powers of 1 — ^ and keep only 
the first power. Thus we obtain 

?iX = 2dsin^fl — (308) 

\ sin’^ / 

The latter formula can be used to calculate values of 5 = 1 — ^ 
from observations in which different orders of diffraction are compared. 
A few of the values of 5 as found by Larsson^ are as follows: 


X, A 

1.537 

2.499 i 

3.447 

5.166 

7.111 

8.320 

h X 10®, mica 

8.94 

24.6 ! 

49.1 

103 

182 

262 

S X 10®, calcite 

8.8 

22.4 ! 

41.9 







(6) Theory of the Refraction of X-rays. — Classical theory gives 
for the index of refraction /x of a slightly refracting and absorbing sub- 
stance, for waves of frequencj^ v, 


1 + 


Trm 


‘{v! 


, 2)2 + ^ 2 ^ 


where Ui is the number of electrons per unit volume which have a 
natural frequency vi (of undamped vibration), yi is a constant represent- 
ing the effect of damping, and the summation is to be extended to 
include all of the different groups of electrons in the refracting mate- 
rial.^ If V is very much greater than all of the characteristic fre- 
quencies Vi, and all yf^ are small, we may neglect r| and ylv^ in 
comparison with if also g differs very little from 1, we may write 

^ Quoted in SiBGBAHN, Zoc. cii. 

2 See Wood, B. W., “Physical Optics,” 3d ed., p. 488, 1936. 
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= [X + (m 1)]^ == 1 + 2(ju 1), approximately, 
large p the last formula can be written: 


/X = 1 - 5, 


— 


ThuS' for very 


( 309 ) 


where ^ ~ represents the total number of electrons per unit 

volume. Or, substituting v = c/X, we have 


1 = 

X^ 27r?nc^ 


( 310 ) 


Thus, for frequencies much greater than any characteristic frequencies 
of the refracting substance, the quantity d/\^ should be independent 
of the incident frequency. 

Analogous results are obtained from wave mechanics. In place 
of Ui, a coefficient occurs that is mostly less than 1. The frequencies Vi 



Fig. 171. — Vaiues of for cal cite, showing anomalous dispersion near the Ca K 

absorption limit. [ X — data by Bearden and Shaw; O = data by Larsson, thesis, Univ. 
Uppsala, Ann. Reports (1929).] 

correspond to the various transitions that the atom can undergo, either 
into a higher quantum state of the neutral atom or into an ionized 
state as the result of a process of photoelectric absorption. The 
terms corresponding to photoelectric absorption, however, have an 
appreciable effect upon the dispersion only when the incident fre- 
quency V is close to one of the absorption limits of the atom. At 
other frequencies Eq. (310) should hold. 

Experiment reveals a behavior of the refractive index in good 
agreement with these theoretical predictions. F or example, in Fig. 171 
is shown the observed variation of 5/X^ with X for calcite in the neigh- 
borhood of the K absorption limit of Ca at 3.064 A. The dotted 
portion of the curve represents the value = 3.67, computed for 
calcite from Eq. (310). The equation is seen to hold very well from 
0.5 to ,2.5' A. , . 
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(c) Direct Mmsurevient with a Prism . — Altlioiigii the index of 
refraction for X-rays differs only slightly from unity, its direct measure- 
ment by a prism has been accomplivshed by several observers. A right- 
angled prism may be used; the X-rays entering one face at a glancing 
angle of only a few minutes of arc and emerging almost perpendicularly 
from the opposite face; the prism may be substituted for the mirror M 
in the arrangement shown in Fig. 172; which is described in the next 
section. With modern technique; the accuracy of such methods may 
be veiy high; the prism provides, in fact, a method for the ineasiire- 
ment of absolute X-ra^^ wave lengths with a precision of 1 part in 
10,000.^ The wave lengths are calculated by means of the complete 
formula furnished by wave mechanics. The fact that wave lengths 
so measured agree with the same wave lengths as determined by other 
methods tends to confirm the correctness of the wave-mechanical 
theory of X-ray dispersion. 

(d) Meamremefnt hy Total Reflection, — Since the index of refrac- 
tion of a material for X-rays is less than unity, a beam of X-rays 
incident on a polished surface at a sufficiently small glancing angle 
should be totally reflected. According to the usual law of optics, 
this should occur for glancing angles less than Or where 

cos^ij == ft = 1 — sinfe = dn = \/2d 

for small values of 6b. Since, for a given substance, d/\^ is approxi- 
mately constant, it follows that, to the same approximation, 19/2 oc X. 
From the value of 5 determined by methods described above, Be may 
be computed. Several representative values of Sr are shown in 
Table VL 

Table VI, — Some Valves of the Critical Angle of Total Reflection Br 


Substance 

X, angstroms 

5 

1 &r 

Glass 

' 0.7078 

1.64X10~« 

6' 10^' 

Galcite. ■ 

1.537 

8.80 

1 14' 25" 

Calcite 

1 3.734 

49.2 

34' 5" 

Quartz ' 

^ 10.0 

! S56 

91' 40'' 


Reversing the procedure, one may observe $r and compute 
This method was used by A. H. Compton in one of the first meas- 
urements of. X-ray refraction.^ The measurements , of I3oan^ are 
^ Bearden and .Shaw, Phjs. Rev,, vol. 46, p. 759 (1934); Bearden, 
vol. 64, p. 698,''.(1938):.. 

2 National 'Research Council^: Bull. 20, p. 50 (1922). 
sPM. .Ma0., voL,. 4^, p. 100.(1927). 
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instructive. Doan^s apparatus, following Compton^s method, is 
shown schematically in Fig. 172. A beam of X-rays from a target 
after passing through a slit >Si, falls onto a crystal X, by means of 
which one of the characteristic lines in the spectrum of T is reflected 
at a very small glancing angle onto the mirror ilf . With a sufficiently 
small angle of incidence, this beam is totally reflected from M and 



Fig. 172. — Doan’s apparatus for measuring the index of refraction of X-rays by the 

method of total reflection. 

falls on a photographic plate PP at R, The mirror M is turned very 
slowly during an exposure, and, when the critical angle is reached, 
reflection ceases. This critical angle can be determined by noting 
the distance on the plate between the point 0, which indicates the 
position of the direct beam, and the extreme edge of the record of 


Table VII. — Index of Refraction of X-rays by Total Reflection 


Wave length, 
angstroms 

Substance 

i Critical angle 

1 

5 = 1 - ft X 10“ 

0.7078 

Ni 

10' 15" 

4.42 

0.7078 

Ag 

11' 42" 

5.76 

1.389 

Ni 

16' 9" 

10.98 

1.389 

Cu 

19' 36" 

16.2 

1.537 

Ni 

24' 40" 

25.5 

1.637 

Cu 

20' 24" 

17.7 

1.537 

Ag 

26' 42" 

30 

1.637 

Au 

31' 24" 

41.6 


the reflected beam. The metals under study were sputtered onto a 
highly polished optical glass surface. 

Table VII shows some of the results obtained by Doan. 

The accuracy of this method is not high, however, since the 
critical angle of total reflection for any given wave length is sharply 
defined only if the coefficient of absorption for that wave length is 
negligible— which is by no means the case with X-rays, particularly of 


Sec. 188] MEASUREMENT OF X-RAY WAVE LENGTHS 


527 


the longer wave lengths. F or example, the value of d for Cii Kai, radia- 
tion (X = L53‘'^i) reflected by silver is approximately 30 X horn 
which dn = V2B = 27 minutes of arc (about). Were there no absorp- 
tion, the coefficient of reflection for glancing angles up to 27 minutes 
of arc would be as shown by the dotted line in Fig. 173. Nahriiigd 
however, shows that, using classical 
theory and the knovm coefficient 
of absorption of silver for X = 

1.537 A, the coefficient of reflection 
R for various glancing angles of 
incidence 6 should be as given by 
the Ml line of Fig. 173. The dots 
represent Nahring’s observations. 

We note that, although > 0.5 
for 0 < 25', i? = 1 only at 0 = 0. 

188. Measurement of X-ray Wave Lengths by a Ruled Grating. 
With the discovery of the total reflection of X-rays, the possibility 
arose that a ruled grating might be used to measure X-ray wave 
lengths in exactly the same way that a grating is similarly used in 
the optical region, provided that the glancing angle between the X-ray 
beam and the ruled surface is less than the critical angle for total 
reflection. Compton and Doan^ were the first to make measurements 
of this kind. Using a grating of speculum metal with 50 lines per 
millimeter,^ they found the wave length of the Kai line of molyb- 
denum to be X = 0.707 ± 0.003 angstrom. 

For a description of the deiMopment of the technique of using 
ruled gratings for the measurement of X-ray wave lengths, the reader 
is referred to original articles.^ We have already mentioned (Sec. 175) 
the precise W' ork of Bearden,^ who measured the w^ave length of the 
Cu Kai line (1.5406 A) with gratings having 100 or 300 lines per mm. 
ruled on glass sputtered with gold. His results are probably correct 
within less than 0.01 percent. 

For several years, there existed a discrepancy of 0,2 to 0.3 percent 
between ruled-grating and crystal values of X-ray wave lengths. As 

^Phys. ZeUs,, vol. 31, p. 799 (1930). 

^ Nat. Acad, Set., Proc., vol. 11, p. 598 (1925). 

® The arrangement used by Compton and Doan may be indicated schematically 
by replacing the mirror M, Fig. 172, by the grating. The glancing angle was less 
than 25 mimxtes of arc. 

^ Thibavi), /. de Physique ei le Radium^ xo\. 8, pp. 13, 447 (1927); Backlin, 
Dissertation, Uppsala (1928); Beaeden, Phys, Rev,j vol, 33, p. 1088 (1929); Howe, 
/Scf. mifs, vol. 1, p. 749 (1930)., 

^ ^ Phys. Rev,, Yol 4:S,p.SSo (1935),^ 



Fig, 173. — Coefficient of reflection R 
of silver for Cu Kai radiation (X = 
1.537 angstroms) at various glancing 
angles of incidence 6, 
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stated in Sec. 175, however, this discrepancy appears now to have been 
removed by the discovery of an eiTor in the crystal values, due in turn 
to an error in the value assumed for the electronic charge. Measure- 
ments made mth ruled gratings seem to afford the most reliable means 
of determining the absolute magnitudes of X-ray wave lengths, since 
they involve no assumptions as to the homogeneity of a crystal; in 
fact, the only elements that enter into the determination by this 
method are the wave theory of light as propagated in a vacuum and 
such well-tested operations as the measurement of angles and the 
counting of lines under a micrometer microscope. 

189. The Nature of Electromagnetic Radiation. — SufScient 
acquaintance has noAV been attained with the various properties of 
radiation as revealed by modern experimentation to serve as a basis 
for final consideration of the question left unanswered in Sec. 49. 
What is the true nature of electromagnetic radiation? This question 
arises in its sharpest form in contemplating the contrasting properties 
of X-rays. How can an entity exhibit, on the one hand, the wave 
behavior that is evidenced in the diffraction of X-rays by crystals and, 
on the other hand, the particle properties that are revealed by the 
Compton effect? 

According to quantum mechanics, as interpreted by Bohr and 
other theoretical physicists, the riddle can be solved only by extending 
to radiation the same limitation upon the use of ordinar}^ space-time 
conceptions that W’as found to be necessary in dealing with electrons. 
Bohr insists that whenever an observation of any sort is made, its 
immediate results will always be expressible in terms of familiar ideas 
of space and time, since these ideas have been developed out of human 
experience and any observation necessarily includes as its primaiy 
stage a certain experience by a human observer. But it does not 
follow that it will always be possible to construct a picture of the 
physical reality that causes these experiences, in the same way in which 
we picture everyday objects. In classical theory, an electromagnetic 
field was assumed to have a certain character at every point in space 
and at every instant of time, as represented by certain values of the 
electric and magnetic vectors. According to the new view, such a 
conception of the electromagnetic field is valid at best as an approxima- 
tion, and only in certain cases. 

The essential significance of w^hat we call a radiation field lies in 
its eff^ects upon the motion of charged particles. In describing this 
motion encounter the limitations that are expressed in the inde- 
terminacy principle as described in Sec. 112; and these limitations 
make it possible for the field to exhibit contrasting characteristics 
under different circumstances. 
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At one extremej tlie action of the field takes the form -with which 
we have become familiar in the Compton effect. Here a photon 
appears to bounce off an electron, thereb}^ changing the momentum 
of the electron suddenly and discontinuously. The change of momen- 
tum dp cannot exceed 2hv/c, however, according to Eq. (301). 
Furthermore, this change of momentum will be definitely observable 
and measurable by the physicist only if it considerabty exceeds the 
range of indeterminateness of the momentum already' possessed by 
the particle, which cannot be less than Ap as given Eq. (180) or 
= h/Ax. The maximum possible ratio of 8p to Ap is thus 



( 311 ) 


where X = c/v and represents the wave length of the radiation, whereas 
Ax measures the indeterminateness in position of the particle. 

From the last equation it is evident that a clear-cut Compton 
scattering process can occur only when, to make dp/Ap large, ike 
wave length of the radiation is much shorter than the diameter of the 
region in which the particle may he supposed to be effectively located. 
For an electron in an atom, this condition can be met only for wave 
lengths considerably shorter than the atomic diameter, such as the 
wave lengths of hard X-rays or y-rays. 

In the Compton process there is no feature that can be regarded 
as a manifestation of an electric intensity in the wave. In order to 
obtain, on the other hand, an action of radiation that can be inter- 
preted in terms of the familiar electric and magnetic vectors, two 
conditions must be met. The experimental conditions must be such 
that it is possible to follow the test particle in continuous motion along 
a path, so that its acceleration can be determined. It is also necessary 
that a segment of path which is sufficiently long to permit an adequate 
determination of the acceleration shall yet be short enough so that 
along it the field vectors do not vary appreciably in value. The 
first condition requires that the segment of path shall be many times 
as long as Ax; and the second requires that it must be much shorter 
than X. It follows that necessarily Ax is much shorter than X, 

Thus the familiar action ascribable to electric and magnetic fields 
in the radiation is obtained only when the particle acted on is definitely 
located within a region much smaller than a wave length. 

The latter condition is satisfied, for example, by the electrons in a 
\xim held parallel to the electric vector in long electromagnetic waves. 
In such a wire alternating electric current is observed to be produced, 
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varying in phase with the electric vector. Ions in the upper atmos- 
phere acted on by such waves furnish another example. 

In such cases the magnetic field in the waves will also act upon the 
current or on the moving ions. It thus comes about that the average 
result is a force in the direction of propagation of the waves. This 
force effectively constitutes an example of light pressure, and it can 
be regarded as analogous to the Compton recoil that occurs under 
other circumstances; but here there is a continuous rather than a 
discontinuous action. It might be thought that in such cases the 
photons are simply too small to be detected individually, but a better 
view is probably that in such cases there are no photons at all. The 
photon is thus an apparition that is evident under some circumstances 
but not under others. 

The diffraction of X-rays by crystals is another example of vector 
action; here the phase relations of waves scattered by different atoms 
are involved, and in applying the indeterminacy principle the scat- 
tering electrons must be regarded as attached to the crystal as a whole 
rather than to individual atoms. 

In intermediate cases it will be impossible to obtain clear-cut evi- 
dence either for the occurrence of photons and of Compton recoils, or 
for action by electric and magnetic vectors; the difference between 
these two modes of action vdll be more or less concealed under statis- 
tical variations which are closely related to the indeterminacy of 
motion of the particle. 

Thus we are in part prevented by indeterminacy of particle motion 
from even asking those questions concerning the nature of radiation 
that are naturally suggested by classical lines of thought. It seems 
probable that these questions really have no complete answers, and 
that the radiation field cannot be pictured in the full space-time 
detail with which we form, for example, a picture of the waves on the 
sea. One kind of picture is appropriate to one phenomenon, another 
kind to another phenomenon; but in no case can the picture be lined 
in completely without going beyond observable phenomena, and no 
one type of picture will cover all cases. 

SOME RECENT DEVELOPMENTS IN X-RAY SPECTROSCOPY 

Within the scope of this book, we cannot give the ^Tatest word^’ 
on any of the various ramifications of the subjects introduced. The 
selection of a few topics for very cursory discussion in this last part 
of the chapter on X-rays is, perforce, arbitrary. For an acquaintance 
vnth the many other interesting lines of current research in this field, 
the student is referred to the literature. 
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190. Multiple Ionization of Inner Electron Shells. — Our knowledge 
of the inner structure of the atom has been advanced greatly by work 
on such X-ray phenomena as satellites, line widths, and relative 
intensities of lines and the theoretical explanations of these phenomena. 
The explanations in question all involve atomic states characterized 
by the absence of 2 or more inner electrons.^ 

(a) Satellites or Second-order Lines , — It was perhaps fortunate that 
the spectral apparatus available to Moseley and the early workers 
did not have the sensitivity and resolving power of present-day 
spectrometers. The lines which they observed were the more intense 
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Wave length, X.U. 

Fig. 174. — The Ka doublet of Cu (29) with accompanying satellites. The left-hand 
half of the curve is plotted on a scale 170 times larger than the right-hand half, and 
below it is plotted the intensity due to the satellites alone, obtained by subtracting the 
presumable intensity due to other lines as represented by the dotted curve. 

and more easily resolvable lines of X-ray spectra. These are the lines 
which are represented on the conventional energy-level diagram 
(Sec. 179) and were readil}?' interpreted in terms of the extended 
Bohr theory of atomic spectra. As we have seen, these lines are due 
to transitions between states of single ionization^ and are called first- 
order lines. 

With improvements in technique, many other lines were subse- 
quently discovered which did not fit into the conventional diagram. 
The majorit}^ of these lines were leather faint, were usually found close 
to and on the short-wave-length side of the more intense ^ diagram 
lines, and hence were called satellite’^ lines. A typical spectral 
curve of the satellite structure accompanying the Ka lines of copper 
is reproduced^ in Fig. 174. The satellites accompanying the X/Si, 

^For a more detailed discussion than that given here see Eiclitmyer, Rev, 
Ilfodem voL 9, p. 391 (1937). 

2 Pabbatt, Fhys, Eev,^ voi. 50, p. 1, (1938). 
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L^ 2 , and Lji lines for Ag (47) are designated hj superscripts in Fig, 154 . 
As illustrated in these figures, the satellite structure is obser'^- ed to be 
very complex, containing numerous component lines of various 
intensities. Most (if not all) first-order lines are accompanied by such 
satellite structure, vaiying from line to line as well as from element to 
element. The total number of component satellite lines now known 
far exceeds the total number of diagram lines. If such a confusing 
array of lines had been presented to Moseley and the other early 
workers, it is probable that progress in X-ray spectroscopy would have 
been much less rapid. 

In seeking a plausible interpretation of the origin of satellite lines, 
we may focus our attention upon such key characteristics as the 
following: (1) the minimum excitation voltage, or, if the lines are 
observed in fluorescence, the minimum photon energy for excitation; 
(2) wave-length positions of the lines; (3) variation in the relative 
intensities of the satellite lines mth the atomic number of the radiating 
material, or with the voltage and current in the X-ray tube. 

Because of the low intensity of the satellites, reliable experimental 
information on such characteristics is extremely difficult to obtain. 
After several trials, however, the excitation voltage of certain satel- 
lites was definitely shown to be somewhat greater than the excitation 
voltage of the accompanying first-order or parent line.^ In the case 
of the type of K satellites that is illustrated in Fig. 174, the energy of 
excitation is found to be equal to the energy required to eject a K elec- 
tron and in addition an L electron from the atom, the energies required 
to eject these electrons being calculated from the corresponding absorp- 
tion limits. Hence, we may assume, as a working hypothesis, that 
the initial state for the emission of these satellite lines is a state of 
double ionization^ in which the atom has an electronic vacancy in 
both the K shell and the L shell. Such a state of the atom may be 
called a atomic state.^^ In a similar way, other states of double 
ionization, such as KK, KM, LM, etc., should be possible.^ 

An atom in a KL state may undergo a radiative transition into any 
one of a number of other states of double ionization, e,g., KL -^KM 
(an electron dropping from the M shell into the L shell), or KL-^LL 
(an electron dropping from the L shell into the K shell). Estimates 
of the atomic energy indicate that the loss of energy »should be slightly 

^ See, for example, DRtryvBSTEYN, Zeits» f. Physik, voL 43, p. 707 (1927); 
Paekatt, Phys, Rev., voL 49, p. 132 (1934); Costee, Kuipees, and Huizinga, 
voL 2, p. 870 (1935). 

^ This theory of satellites was proposed by Wentzel, Ann. d. Physik, vol. 66 
p. 437 (1921) and modified by Druyvesteyn, Zeits. f, Physik, vol. 43, p. 707 (1927). 
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greater in the transition KL LL than in the diagram transition 
Jl— >L, which gives rise to the Ka lines; hence^ the former tran- 
sition should give rise to satellites close on the short-wave side, of the 
Ka lines. Similarly, the tx'ansition KL-^LM should give rise to 
satellites on the short-wave side of the K/S lines. In a doubly ionized 
atom, the two vacancies would function spectroscopicalty in much the 
same way as would 2 valence electrons (See, 140). Furthermore, the 
vacancies may have different I values corresponding to the various sub- 
shells; for example, the satellites associated vith the La diagram line 
are assumed to originate in transitions between the levels I/m, Miy or 
Liii, My (written compactly as LmMiy,y) and the levels iifiyilfiv, 
MiyMy, My My {OT MTy,yMiy,y), 

In this way we may explain the multiplicity of the observed satellite 
structures. As far as it has been possible to make approximate 
theoretical calculations, the predictions of wave mechanics lend sup- 
port to the explanation Just described for the origin of satellites.^ 

Some satellites have been reported which are believed to originate 
in transitions between states of ti'iply ionized atoms. Thus, we may 
have satellite lines of second and higher orders, in analogy with the 
various higher orders of optical ^ ^ spark spectra. The construction of 
an energy-level diagram for second- (or higher) order lines in X-ray 
spectra is extremely difScult, however, and in general, has not been 
accomplished either empirically or theoretically. The theory of 
satellites has scarcely advanced beyond the qualitative stage, and 
it is entirely possible that some of these lines originate in some type 
of atomic process other than that just described,^ 

(6) The Auger Effect . — In the discussion of satellites, we assumed 
the atom to be doubly ionized without considering how this state 
might be brought about. Presumably, it is possible for a cathode-ray 
electron to eject 2 electrons at once from an atom. If this is the 
origin of the doubly ionized atoms, theoretical estimates indicate that 
the intensity of satellites relative to the parent lines should decrease 
in a continuous manner with increasing atomic number. Such a varia- 
tion vith atomic number is found by experiment to hold for K satellites, 
i.e., those accompanying lines of the K series, but not for L or M satel- 
lites. The intensity of the satellites accompanying the La line, for exam- 
ple, fs to decrease rather abruptly as the atomic number increases 

from 47 to 50 and to increase again rather abruptly at about 75; between 

^ For discussion and references, see Richtmyer and Bamberg, Fhys. . Ee&., Yoh 
51,,p. ''925, (1937). 

2 See, Bichtmyer, Frank. Inst vdi. 208, p. 325 (1929); Bloch, Phys. 
voL48,'p. 187 (1935)." ■ 
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atomic numbers 50 aTid 75, La satellites are practically unobservable. 
This anomalous behavior as to intensity prevented for a time the 
universal acceptance of the Wentzel-Druyvesteyn theory of satellite 
origin. The difficulty was resolved when Coster and Kronig pointed 
out the importance, in this connection, of another physical process 
known as the ^^Auger effectd^^ 

Under certain conditions of energy, an atom in a state of single 
ionization may undergo spontaneously an Auger transition which leaves 
it in a state of double ionization. The electron released in such a 
transition is, in the final state, expelled from the atom and left with 
an amount of kinetic energy E given b}^ 

E^Ei-- Ef, (312) 

where Ei is the initial energy of the singl}^ ionized atom and is the 
final energy of the doubly ionized atom. This type of atomic transi- 
tion does not involve the emission of a photon and, therefore, is often 
called a ‘^nonradiative” transition. Nonradiative transitions are pos- 
sible, in general, only when an electron can be ejected from the atom; 
and for this to be possible it is necessary that E as defined by Eq. (312) 
be equal to or greater than zero.^ 

Electrons ejected by such radiationless transitions -were first 
observed by Auger, -who detected the short, fat tracks made by them 
in the gas of a cloud chamber (Sec. 203) irradiated with X-rays.® 

A great many possible Auger transitions may occur satisfying 
Eq. (312), starting from a given initial state, and, furthermore, many 
different initial states are possible. To illustrate a particular transi- 
tion, suppose Ei refers to the Li state of an atom of atomic number Z, 
i.e., Ei is the energy of the Li absorption limit. If the final state for an 
Auger transition is LmMiv, the value of Ef is the sum of the energies 
required to remove, first, an electron from the Lm shell and, then, a 
second electron from the Miv shell. Of these two energies, the first 
is that corresponding to the Lm absorption limit of the atom of atomic 
number Z ; the second is practically equal to the energy corresponding 

^ Coster and Kronig, Physica, vol. 2, p. 13 (1935). 

^ For the benefit of students who may later study wave mechanics, it may be 
remarked that atomic states from which an Auger transition is possible do not 
represent true stationary states, or quantum states, of the atomic system. The 
atom in such a state cannot be represented by a ^ function of the type of that 
written in Sec. 120 but must be represented by a F or wave packet (Sec. Ill) of a 
slightly more general form. As time goes on, ^ changes, slowly or rapidly, into a 
form representing an additional electron of the atom as free and the others as 
remaining in the atom, which is in a new state of higher ionization. 

3 Auger, Comptes Eendus^ vol. 180, p. 65 (1925). 
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to the Mw absorption limit of an atom of atomic number Z + 
since the absence of the Lm electron will cause the atomic field acting 
on the ilfiv shell of electrons to resemble more closely that in an atom 
of nuclear charge increased by unity. Hence, as a good approxi- 
mation, we may write as the energy equation for the transition 
Li — ■> LiiiMix 

E == {Eja)z — (Eliii)z ~ {Emiy)z+i^ ( 313 ) 


Clearly, nonradiative or Auger transitions provide a means by 
which an atom can leave a given atomic state without emitting a 
photon, and also a means whereby atoms singly ionized by cathode-ray 



bombardment may automatically become doubly ionized. The 
Auger transition described in the preceding paragraph, if it occurs, will 
(1) weaken the L lines that start from the Li atomic state by decreasing 
the number of atoms in that state, and (2) increase the intensity of 
the accompanying satellite lines that start from the LmMiv states. 

In order that the Auger transition Li LmMiv may occur, the 
right-hand member of Eq. (313) must be zero or positive, for E cannot 
be negative. In other words, we must have 

{Eli — Eliii)z ^ {Emiv)z+i^ ( 314 ) 

The range of elements for which this condition is satisfied can be 
determined from a tabled of the energies. In Fig. 175 are plotted 

^ SlEGBAHN,, ZOC. 
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values of the two members of Eq. (314) and of the similar equation for 
the transition Li LmMy, as functions of Z. It is evident from 
the figure that the Auger transitions in question are possible for < 50 
and for Z > 75 (about). These are Just the regions of Z for which the 
intensit 3 r of the La satellites is anomalous. Hence, if we suppose that 
few atoms in the states LniMiv.v are produced directly by the cathode- 
ray bombardment, so that such states are produced chiefly b}^ Auger 
transitions, the peculiar behavior of the La satellites as to intensity is 
explained. 

In a similar way, the Auger effect involving other nonradiative 
transitions has served to explain other anomalies of satellite intensity. 

The second effect expected to follow from the occurrence of Auger 
transitions is that lines for which Li is the initial state should be 
weakened and, hence, should undergo a rather abrupt change in 
intensity at Z ~ 50 and Z= 75 (about). This effect, also, has been 
observed experimentally, as well as similar Auger effects on other 
lines. ^ 

Finally, it may be mentioned that the Auger effect furnishes an 
explanation, which cannot be discussed further here, of the great 
broadness of all lines except those of the K series.^ 

191. X-ray Spectra and the Outer Part of the Atom. — The usual 
emphasis in the study of X-ray spectra is on phenomena invohdng 
inner atomic structure. It is possible largely to ignore concurrent 
changes that may occur in the outer part of the atom because these 
changes have relatively little effect upon the energy levels arising 
from vacancies in the innermost shells. Certain finer features of 
X-ray spectra, however, involve in their explanation a consideration 
of the outer part of the atom, or even, in a solid, of the surrounding 
material. Only the comparatively simple case of a gaseous substance 
will be discussed further here. 

Emisdon spectra from gaseous atoms have not been studied in 
sufficient detail to reveal the effects of transitions involving the outer 
part of the atom because of the extremely low intensities of such 
spectra, but several absorption spectra have been observed in which 
such effects are noticeable. 

In our discussion of the absorption of X-rays in Sec. 178(6) and 
elsewhere, it was always assumed that, when an X-ray photon is 
absorbed, an electron is removed entirely from an atom of the absorb- 

^ CooPEE, J. N., Cornell Dissertation; Phys, Rev,, vol. 59, p. 473 (1941). 

- C/. Eighth YEB, Baenes, and Rambbeg, Phys, Rev., yoL 46, p. 836 (1934); 
PAunATT, Phys, Rev., voL 54, p. 99 (1938); Cggpee, Phys. Rev., vol. 61, p. 234 
(1941). 
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iiig material. If the material is gaseous, however, it should be |30s- 
sible for the electron to stop in some outer vacancy in the atoiii. In 
this case the absorbed energy Jip would be less than if the electron 
were removed to infinity. 

Wave mechanics furnishes the following basis for a theory of such 
transitions. With an electron removed from an inner shell, th,e ion will 
be siiiToiinded by a field, due to the nucleus and the remaining elec- 
trons, which will approximate that of a hydrogen nucleus. For an 
electron moving in this field, there will exist a discrete set of quantum 
states, wfith associated wave functions. The field can be regarded as 
the extension outside of the atom of the equivalent central field that is 
introduced in the zero-order stage of perturbation theory (Secs. 118 and 
120). The electrons remaining in the atom can be regarded as occupy- 

ing the innermost electronic quantum states m 

this field, leaving ail the rest of them unoccupied. 

It should, therefore, be possible for the electron 
that is removed from an inner shell, instead of 
proceeding to an indefinite distance, to stop in 
one of these unoccupied outer states. 

According to this theory, we are led to expect 
that, instead of a single atomic level, such as the 
K level, as hitherto described, there would be a 
closely spaced sequence of energy levels, as sug- 
gested in Fig. 176. The uppermost of these 
discrete levels represents removal of the electron 
into a state of rest at infinity and is thus a level 
belonging to the ionized atom. The frequency 
vk corresponding to such removal of an electron from the K shell 
might be called the photoelectric absorption limit for a gaseous absorber. 
The lower-lying levels, corresponding to states in wMch the electron 
removed from the K shell remains attached to the atom in one of 
the outer, previously unoccupied electronic quantum states, corre- 
spond to states of the neutral atom (and are sometimes called reso- 
nance levels). Above the absorption limit there lies then the further 
continuum of levels representing energies sufficient to ionize the atom 
and to leave the ejected electron with an excess of kinetic energy. 

A graph of the absorption coefficient should show, therefore, the 
well-known photoelectric absorption extending toward higher fre- 
quencies from the K photoelectric absorption edge, wffiich is associated 
with, ionization; of the atom., and, in addition, on the long-w-ave side 
of this edge, a series of absorption lines, each arising from atomic 
transitionsinto one of those lower-lying. -atomic, levels 'of Ahe,.. neutral; 
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Fig. 176.- — Illustra- 
tion of a K photoelec- 
tric absorption limit 
and associated reso- 
nance levels. 
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atom which have just been described; the absorption edge would con- 
stitute the series limit for these lines. The lines should be very closely 
spaced and observable only with a spectrometer of very high resolving 
power; for the energjr differences between the levels should be of the 
same order of magnitude as the differences bet'ween the ordinary 
optical levels, f.c., a few electron-volts or less. The spacing of the 
levels that are associated with a vacancy in one of the inner shells of 
an atom of atomic number Z ought, in fact, to be almost the same as 
that of the ordinary optical levels for a neutral atom of atomic number 



Fig. 177. — The K absorption edge of argon and its interpretation in terms of a series 
of resonance lines and the continuous photoelectric K absorption band {Illustration 
furnished by courtesy of Prof. L. G. Parratt.) 


2 + 1 ; for the number of electrons in the outer part of the atom is the 
same in the two cases when the vacancy is assumed to be occupied by 
an additional electron, and the modification of the electronic motion that 
results from the removal of an inner (negative) electron should be 
almost the same as that caused by an increase of the (positive) nuclear 
charge by 1 unit. A similar structure is to be expected at all of the 
absorption limits. 

In Fig. 177 is shown an absorption curve for argon near its K 
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limit/ as observed with a spectrometer of very high resolving power. 
There is clear evidence of the type of resonance absorption structure 
just described; but the absorption lines are so broad that there is great 
overlapping. The electronic configuration for argon {Z = 18), 
will be altered in nonionizing absorption to ls2s-2p®“ 
3s^3p®np, a p state being the only kind to which an electron can change 
from a Is state in accordance with the selection rules. The spacing of 
the atomic levels under discussion will thus be almost the same as that 
of the optical P levels of potassium {Z = 19). Hence, if we ascribe the 
most intense line in Fig. 177 to the electronic transition Is — > 4p, 
we can locate the positions of the other resonance lines and of their 
series limit by using the known optical P terms for potassium. The 
photoelectric absorption edge should have a finite 'Svidth^^ when 
observed with such high resolving power; theory indicates that the 
shape should be given by an arc-tangent curve, whose width is due to 
the same factors that cause the width of each of the absorption lines 
and also of the emission lines.^ The theoretical absorption edge is 
drawn in the figure as the left-hand dotted curve, centered at the 
position of the P series limit. 

192. X-ray Spectroscopy of Solids. — ^As mentioned in the previous 
section, the arrangement of the electrons in the outer part of an atom 
must undergo considerable alteration when the atom is forced into 
close proximity Avith many other atoms, as in a solid. Consequently; 
we may expect the observed structure of absorption edges for atoms in 
a solid to be materially different from that found for a gaseous absorber. 
Nevertheless, some type of resonance absorption is to be expected. 
Just as an interpretation of a curve such as that in Fig. 177 may pro- 
vide us with information about the structure of a free atom, so may 
an interpretation of an absorption curve for a solid absoi'ber reveal 
information about the basic structure of a solid. Furthermore, AAith 
a solid target in the X-ray tube, w^e may study also the emission 
spectra involving the outer part of solid atoms and thus supplement the 
information obtained from the absorption curve. Based on experi- 
ments and studies of this sort, AAith such help as can be derived from 
an application of wave-mechanical theory, a solid-state spectroscopy is 
being developed. 

A typical absorption curve for a solid absorber, showing the K 
regions for chlorine and for potassium is reproduced® in Fig. 178. 

1 Parratt, Phys. Rev., vol. 56, p. 295 (1935). Eesonance absorption structure, 
also found for polyatomic gases, was first identified by Kossel, Zeiis. /. Physik, 
.vol.q, p. 119 (1920).' 

^ See reference no. 2. on p. 536. 

2 Trischka, Phi/s. Rev., vol. 67, p. 318 (1945). 
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It was obtained by passing a beam of X-rays through a thin film of 
KCl, which was prepared by evaporation and was estimated to be 
about 35,000 angstroms thick. The curves show obvious indications 
of resonance absorption, but no distinct lines stand out. Wave- 
mechanical considerations indicate that after an electron has been 
removed from the interior of an atom it will have an electronic wave 
function that represents it as belonging to the entire solid rather than 
to an individual atom, and that the energies associated with such 
transitions are distributed over broad bands of energy instead of being 
confined to a discrete set of values. The theory of solid-state spec- 



Fig. 178. — Absorption curves in two regions containing the K edges of chlorine and 
of potassium, respectively, brought into superposition for purposes of comparison by a 
shift of the wave-length scale. (Here XU denotes cm.) The abscissa represents 
the photon energy hv in ev. The ordinate represents fjtx in the factor to which the 
transmitted intensity is proportional, x denoting distance along the beam. (After 
Truchka.) 

troscopy has not developed, however, to the point that we can make a 
clear interpretation of the details of the observed structure of the 
absorption spectrum. For example, we cannot locate unambiguously 
the wave length of the photoelectric absorption edge of a solid absorber. 

The most fruitful work in emission in solid-state spectroscopy has 
been in the long-wave-length region,^ from 5 to 200 A. Spectrographs 
using a mica crystal were employed to about 20 A and a grazing- 
incidence ruled grating for X > 20 A. In such work, one studies, 
in particular, the X-ray emission lines that involve transitions of the 
atomic valence electrons, w^hich have now come to belong to the 
solid as a whole. The effect of the interaction with neighboring 
- Skinner, Fhys. Soc.j Reports^ yoL 5, p. 257 (1939), and references. See, 
however, reports by J. A. Bearden and collaborators, Pkys. Rev., vol. 58, pp. 387, 
396, 400 (1940). 
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atoms is equivalent to replacing the sharp levels of the free atom by 
bands of various widths. Levels associated with vacancies deep in 
the interior of the atom, such as the K levels in the heavier atoms, are 
only very slightly broadened. At the opposite extreme, levels asso- 
ciated with changes in the outermost atomic electrons are converted 
into broad bands of allowed energies. Thus the higher lines (short- 
wave lengths) in the series of X-ray lines, as they are observed when, 
emitted by free atoms, become replaced in the solid by broad emission 
bands, which may overlap. These bands are emitted when valence 
electrons associated with the solid as a whole drop into vacancies 
produced by cathode-ray bombardment in the interior of atoms. The 
shape of such emission bands will be characteristic of the structure of 
the solid and may furnish information in regard to that structure. 

Lack of space prevents an adequate treatment of this interesting 
development in X-ray spectra, but, to cite one conclusion, the Fei'mi- 
Dirac energy distribution of the valence electrons in a metal (Sec. 53) 
seems to be confirmed by studies of the shape of the X-ray bands that 
are emitted in the valence electronic transitions for aluminum.^ 

1 Cady and Tomboulian, Phys, Rev.j vol. 59, p. 381 (1941), and references there 
given. 
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THE NUCLEUS 

In Chap. VI, Ave referred to Rutherford^s experiments on the 
scattering of a particles and to the hypothesis of the nuclear type of 
atom which these experiments suggested. This Avas the first evidence 
for the existence of nuclei Avithin atoms. The subsequent develop- 
ments of quantum theory and its use in explaining the origin of spectral 
lines confirmed Rutherford’s hypothesis and gave some information 
concerning the mass and the charge of the nucleus. Practically the 
entire mass of the atom is contained in the nucleus, and its charge is 
equal to Ze, Avhere Z is the atomic number of the atom and e is the 
numerical value of the charge on an electron. The data furnished by 
ordinary spectroscopy and by chemistry yielded little additional 
information. Subsequently, howeAmr, new lines of attack AA^ere deA'^^el- 
oped, and at the present time our knoAAdedge of the nucleus is Avell 
advanced. Progress has resulted from Avork in several fields: (1) 
radioactivity, natural and artificial; (2) the precision measurements 
of the masses of atoms by means of the mass spectrograph; (3) artificial 
transformations or transmutations of nuclei by bombardment Avith 
(a) particles from radioactive substances, or (6) high-speed protons 
or other charged particles produced by laboratory methods, or (c) 
neutrons, or (d) 7-rays; (4) spectroscopic inAmstigations in the visible 
and the ultraviolet regions, Avhich yield evidence regarding (a) the 
angular momentum or ^ ‘spin” of the nucleus and its magnetic moment, 
(5) the relative masses of certain isotopes and, in a feAV cases, (c) the 
existence of certain isotopes, the presence of AA^hich had escaped detec- 
tion by the mass spectrograph; (5) the direct measurement of nuclear 
magnetic moments by means of the molecular-ray methods devised 
by Rabi (Sec. 150). In this chapter, AA^e shall give a brief survey of 
some of these fields and of the information obtained concerning the 
structure and the properties of atomic nuclei. 

THE MASSES OF ATOMS 

193* Positive Rays.— Measurements of the masses of atoms are 
made by observing the deflection produced on positively charged ions 
of the substance under study by the combined action of an electric and 
a magnetic field, the methods used being similar to that by AA^ich J. J. 

542 . ■■■ 
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Thomson first nieasured the value of e/rn for electrons. These positive 
ions in motion are frequently called positive rays. Three sources of 
positive rays are customarily employed: (1) the canal rays (see Sec. 149) 
originating near the cathode of a tube containing gas at a low pressure 
through wdiich an electrical discharge is passing; (2) the positive ions 
emitted by salts when heated^ under certain conditions; and (3) posi- 
tive ions resulting from the vaporization in the discharge tube of the 
substance under study. The first source is used in studying those 
substances which can be conveniently introduced into the discharge 
tube ill gaseous or vapor form; the second and the third when the 
substance is available only in the solid state. 

The apparatus emplojmd by J. J. Thomson for the study of positive 
ra 3 ^s^ is shown diagrammatical^ in Fig. 179. .B is a large discharge 



Fig. 179. — Thomson’s positive-ray spectrograph. 


tube, the cathode K of which is perforated with a very small hole 
through which pass the positive^ charged particles originating 
in the region immediatety in front of K. These particles emerge 
from the opposite end of X as a narrow bundle of canal iws, the 
velocity of which depends on their charge and mass and on the poten- 
tial V applied to the tube. JJ is a water] acket for cooling the cathode. 
Ml and M 2 are the poles of an electromagnet, of which Ai and A 2 are 
the soft iron pole pieces electrically insulated from Mi and M 2 b}^^ 
insulating strips J. Thus Ai and A 2 can be maintained at any 
desired potential difference, so that in the space between x4i and .42 
we ma}^ have a magnetic field and, parallel thereto, an electric field. 
A positively charged particle moving from left to right in this space 
will experience a deflection in the plane of the paper, due to the 
electrostatic field, and at right angles to the plane of the paper, due to 
the magnetic field. After leaving the space between At and A 2 , the 
deflected particle moves in the field-free, evacuated space inside the 

1 See Reimaxn, A, L., ^‘ Thermionic Emission, 1934, Chap. VI. 

2 See Thomson, J. J.,, ‘^Positive 'Rays - of Electricity,’’ .2d ed., 1921; Aston, 
E, W., ^‘Mass-spectra and Isotopes,” 1933. ■ " 
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■®^camera^^ C and fails on the photographic plate PP. Thomson found 
that the plate, ^fter development, showed a series of parabolas. 

Let a particle, as it enters the space 4.i42, be moving with velocity 
V, initially parallel to and coincident with the 2;-axis of a system of 
rectangular coordinates with origin in the space 4i4.2. Let the mass 
of the particle be M and its charge E, Also, let F and H be, respec- 
tively, the electrostatic and the magnetic fields, and S the length 
of the path through the fields, it being assumed that the fields are 
constant over the length S and that they terminate sharply. As a 
result of the passage through the field during a time S/v, the particle 
will experience a deflection (from the a:-axis), due to the electric 


field, given by 


y = 


1^/^Y 

2 M\v) ' 


and a similar deflection F in the z direction due to the magnetic field, 
assuming that the deflection is small compared with the radius of the 
circular path, given by 

, _ l HEv( s\ 

2 M\v}' 


(Electromagnetic units are assumed throughout.) After leaving the 
fields, the particle moves in a straight line. If the distance of the 
photographic plate PP from the space AiA^ is large compared with 
the length of the path 5, the point where the particle strikes the plate 
will have coordinates y and z which are, respective^, proportional 
to y' and z\ The relation between y and z will be, therefore, the 
same as the relation between y' and z' that is obtained by eliminating 
V from the last two equations, viz.. 


_ Em 
^ M F 


where <7 is a constant depending on the dimensions of the apparatus. 
This is the equation of a parabola. Accordingly, particles having 
various velocities v as they enter the field space 4i42, but having the 
same ratio P/iif, should make a parabolic trace on the plate, as 
Thomson found. For the same value of the fields H and P, particles 
with different ratios of E/M should produce on the plate different 
parabolas. The fact that the traces found by Thomson were reason- 
ably sharp indicated that atoms of a given kind all have the same 
mass. ' , ■ 

By a systematic study of the relative positions of the various 
parabolic traces appearing on a series of plates, Thomson was able to 
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determine the origin of the traces. Traces due to 
CO”^, etc.j were identified. Knowing the masses of these '‘’standards/' 
the masses of atoms producing other traces could be determined. 
Thomson found that when neon^ atomic weight 20.18, was introduced 
into the discharge tube, instead of a single trace, there were two traces 
corresponding to atomic weights 20.0 and 22.0. This suggested 
that there are two kinds of neon atoms, one having atomic weight 
20.0 and the other having atomic weight 22.0. A direct method was 
thus made available for measuring the masses of atoms. This method 
was rendered more precise by Aston, whose "mass spectrograph" has 
veiy greatly extended our knowledge of atoms. 

194. The Mass Spectrograph, (a) Aston’s "ifass Spectrograph 
Aston's improvements^ in the methods of positive-ray analysis con- 
sist (1) in securing greater dispersion and (2) in bringing all ions with a 
given ratio E/M to a focus (instead of spreading them out into a 



parabola), thereby securing greater sensitivity. The principle 
employed is represented in Fig. 180. The positive rays from a 
discharge tube (not shown) pass through a narrow slit -Si in the 
cathode, thence through a second slit S^, from wdiich they emerge 
into the space between the metal plates Pi and P2 between which 
can be maintained an electric field of any desired intensity. This 
field causes a deflection of the particles toward P2, the amount of the 
deflection being greater the less the velocity of the particles. Since 
the positive-ray stream contains a wide range of velocities, the stream 
will be broadened as it passes through the field, the more swiftly 
moving ions passing through the wide slit Sz on the side a and the more 
slowly moving ones passing on the side 6. After leaving ^83, this 
diverging stream of ions enters a magnetic field at right angles to 
the plane of the paper, maintained between the circular pole pieces M 
of an electromagnet. This magnetic field causes deflections, as 
shown, the more slowly moving ions being deflected more than the 

^ Aston^s earlier papers are found in the Phil, vols. 38-49 (1919-1925); 

see also Haturey voi. 116,,p.' 208 (1925); voL 117, p. 893 (1926). An. account of the 
"subject is also given, in Aston, op.. aX 
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faster ones, the result being that when the ions emerge from the 
magnetic field they are moving in conrcrgfng directions in such a way 
that they are brought to a focus at some point L. It turns out 
that, vith suitable design of the apparatus, the locus of the point 
L for ions having various ratios of E/M is nearty a straight line. 
Consequently, a photographic plate placed in position PP will record 
a number of lines,” each corresponding to a particular value of the 
ratio E/M. In part from the known dimensions of the apparatus, and 
in part hj introducing into the discharge tube certain known sub- 
stances— H 2 , 0*2, CO, CO 2 , etc. — as calibrating standards, the masses 
of other ions can be determined. 

With this instrument Aston confirmed the existence of two kinds 
of neon atoms which differ from each other only in having different 
masses, these masses being very nearly the integers 20 and 22, respec- 
tively, when the mass of the oxygen atom is taken as 16.00. Similarly, 
when chlorine is introduced into the tube, no line is observed which 
corresponds to the chemically determined weight of chlorine, viz., 35.46, 
but, instead, there are two lines corresponding very nearly to the 
integral values 35.0 and 37.0, the former being the more intense line. 
There are, thus, two kinds of chlorine atoms differing from each other 
in atomic Aveight but being, at least approximately, identical regarding 
alt their other chemical and physical properties. Hence, they are called 
isotopes d Ordinary chlorine is a mixture of these tAvo kinds of atoms, 
ill such proportion that the average mass per atom of a large number of 
atoms — w’-hich is the mass given by chemical determinations — ^is 35.46. 

In order to inAmstigate Avhether the masses of atoms are exactly 
proportional to Avhole numbers as suggested in the preceding para- 
graph, Aston redesigned and refined his apparatus^ so as to obtain a 
resolving poAver of 600 and an accuracy of the order of 1 in 10,000. 
it was then found that there are small, though very significant, depar- 
tures from the Avhole-number rule. The masses of atoms are very 
nearly, hut not quite, integers, taking the mass of the oxygen atom as 
16. For example, Avdiereas AAuth his first mass spectrograph Aston 
found that the masses of the 2 isotopes of chlorine Avere 35.0 and 
37.0, respectively, Avith the more accurate instrument these masses 
were found to be, respectively, 34.983 and 36.980. We shall return 
to this point presently. 

(&) DempstePs Method.— Dempstev^s method of measuring the 
masses of atoms differs from Aston's in that (1) the photographic 
plate is replaced by an electrical method of measurement and (2) the 

^ From t SOS, equal; and roTTos, place (in the periodic table). 

2 Aston, fio?/. 80 c., Troc., vol, 115, p. 487 (1927), 
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disposition of the electric and magnetic fields is materially different. 
His apparatus^ is shown schematically, in Fig. 181. An electrically 
heated metal C3di.nder A, which serves as anode, has on its front 
surface / a salt of the element under study. This heated salt is 
bombarded by electrons from the hot wire ww^ wdiich is heated by the 
battery 5i, the wire being maintained at a potential difference F 2 of 
—30 to -“60 volts with respect to A by means of the battery B 2 . 
Dempster found that, when so bombarded, the anode emitted posi- 



tively charged ions. These ions, after passing through the slit Si, are 
accelerated toward the slit S 2 by means of the potential difference Fs 
of some 800 to 1,000 volts. On emerging from the slit 82 ^ the ions 
enter the space abcdef in which is maintained a uniform magnetic 
field, perpendicular to the plane of the paper, by means of which 
the ions are caused to move in a circular path toward the slit Ss, the 
radius r of the circle being determined b}^ their velocity v as they 
enter S 2 ) their mass M, and charge E, as well as the intensity of the 
magnetic field H, according to the well-known equation 

Mv^ 
r 


HEv 


Ions that move in circles defined by the three slits 82 ^ 8 $, and 8 ^ 
pass through Si and fall upon the metal plate p, which thus acquires 
a positive charge at a rate which can be determined by the electrometer 
E, For a given ratio of E/M and field the value of r and, therefore, 
of the current I registered by the electrometer depends on the potential 

^ For DempsteFs articles, see Phys, Rev,, voi. 1:1, p. 316 (1918); voi, 18, p. 415 
(1921) ; voL 20, p. 631 (1922). 
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difference Fs. A curve plotted between I and Fe shows sharp maxima, 
each of which corresponds to a definite value of 'E/M, In part, from 
the known constants of the apparatus and, in part, by use of known 
ions, Dempster was able to identify these maxima with definite ions. 

When employing a salt containing lithium, Dempster found two 
maxima in the neighborhood of the atomic weight of lithium, 6.94, as 
showm in Fig. 182, in w’^hich the abscissas are the values of If, the 
computed mass of the ion, as determined semiempirically from the 
constants of the apparatus. The one maximum A corresponds within 



Fig. 182. — The isotopes of lithium, as measured by Dempster. The current scale for 
curve B is five times as large as for A. 

the limits of error of measurement to atomic weight 7.00; the maximum 
B corresponds to 6.00. There is no indication of atoms of lithium 
with weight 6.94, the chemically determined atomic weight of lithium, 
which is indicated in Fig. 182 by the dotted line. By this method 
Dempster analyzed a number of elements — magnesium, lithium, 
calcium, and zinc — and found them to be made up of isotopes the 
masses of which are very nearly integers in terms of the mass of the 
oxygen atom as 16. 

(c) Bainbridge^s Recently, Bainbridge^ has devised a 

mass spectrograph of high resolving power and precision, which has 
the great advantage of a linear mass scale. The apparatus is shown 
diagrammatically in Fig. 183. Positive ions, from a source not shown, 
enter through slit Si the space between the slits Si and S^- Between 
Si and S 2 is maintained a potential difference of several thousand 
volts. Ions of various velocities, masses, and charges pass through 
^ Bainbeidgb, Jmi., voL 215, p. 509 (1933). 
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slit S2 into the 'S^elocity selector’' between S2 and Ss, in which there 
are crossed electric and magnetic fields, both perpendicular to the line 
joining S2 and Sz. The electric field is produced by maintaining the 
plates Pi and P2 at a fixed potential 
difference; the magnetic field, by an 
electromagnet, not shown. If F is 
the electric field and H the magnetic 
field, then onty those ions null pass 
through Sz which possess a velocity v 
giA^en by 

FE = HEv 


or 


F 

Achere E is the charge on the ion. Ail 
other ions will be bent from the recti- 
linear path and Avill be lost from the 1S3. — Bainbridge’s mass spec- 

beam. After passing Szy the ions tiograph. 

enter a uniform magnetic field at right angles to the plane of the 
paper. In this field they travel in circles of radius ii! such that 



HEv 


R 


or 


R 


eK = ILK 

HE H^E^ 


j ' r 


§Lm 


After traversing a semicircumference, the ions fall upon a photographic 
plate, leaAdng traces (lines), the position of Avhich depends on the 

ratios M/E, It is readily seen that, 
for ions having a given charge P, M 
is proportional to P, and hence the 
mass scale is linear. Figure 1 84 shoAVS 
the “mass spectrum'' of germanium 
taken by Dr. Bainbridge. 

195. Isotopes, (a) Isotopes of ihe. 
Elements, — ^All of the 92 familiar ele- 
ments have noAV been analyzed by 
means of the mass spectrograph. As 
has been implied in previous statements, the atomic A¥eights of the 
indiAudual isotopes are commonly expressed^ on a scale on aa^McIi the 
neutral ■atom, of the most abundant isotope of oxygen has a AA^'eight exactly 


//'\\\" 
70 72 73 74 76 


Fig. 184. — The mass spectrum of 
Ge(32), showing the isotopes 70, 72, 
73, 74, 76. (From a print kindly 
furnishedhy Dr, Bainbridge.) 
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equal to 16; such, weights are called isotopic iveights, or isotopic masses. 
The}^ are found to be within 0.1 of an integer. This integer is called 
the 7nass number of the isotope in question, often designated by A. 
Atoms (or nuclei) having the same mass number A are called isobars 
of each other; if Z is likewise the same, they are also called isomers. 

To indicate a particular isotope of an element, the mass number 
is commonly added to the chemical symbol as a superscript; the 
atomic number may also be added as a subscript, preferably preceding 
the sjmibol, thus: 

(sometimes 7 ^N). 

Confusion is thus avoided with the ordinary use of the subscript in 
compounds; e.g.^ the deuterium molecule is iH|, whereas iH- is a 
molecule containing 1 atom of ordinary hydrogen and 1 of deuterium 
(or heavy hydrogen, mass number 2). 

The mass unit on the 0^® = 16 scale, or one-sixteenth of the mass 
of an 0^® atom (including its 8 electrons), may be called the atomic 
7 nass imit, abbreviated as a.m.u. Its equivalent in grams is with 
sufficient approximation equal to the reciprocal of Avogadro^s number 
(Sec. 42),^ hence, 

1 a.m.u. = (6.023 X lO^^)-! = 1.660 X 10-^^ gram. (315) 

The isotopic Aveight or mass of an atom represents its mass expressed 
in atomic mass units. 

A table of the known isotopes that occur naturally is given in 
Appendix I. Several of them AA^ere discovered spectroscopically (e.g., 
H^, 0^^ 0^^). The relative abundance of the isotopic con- 

stituents of each element is shoAvn in column 5. This can be deter- 
mined either by comparing areas under such curves as those in Fig. 
182 (alloAAung for any difference of scale) or from the intensities of the 
^^line^^ produced on the photographic plate in the mass spectrograph.^ 
Thus chlorine has been found to contain 75.4 percent of CP® and 
24.6 percent of silver is 51.9 percent Ag^°^ and 48.1 percent 
Agio9. Many isotopes are normally present only in very small 
quantities. A study of calcium Avith the mass spectrograph revealed 
the presence, in addition to masses 40, 42, 43, 44, and 48, of an isotope 
Avith A = 46, forming about 0.0033 percent of ordinaiy calcium.® 

^ Strictly speaking, (315) gives the weight of an atom of atomic weight unity 
[cf. Eq. (316) below], but there is no difference to the number of figures shown. 

^ For method, see Aston, Soc., Proc.^ vol. 126, p. 511 (1930). 

3 Nieb, P%a. Eey., vol. 53, p. 282 (1938)., 
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The atomic masses as given refer to the neutral atom and include^ 
therefore, the masses of the circumnuclear electrons. 

A glance at the table in Appendix I reveals a number of intriguing 
features in the distribution of isotopes as a function of atomic number. 
For some 17 of the 92 elements, only a single isotope is known (e.g.^ 
Be, F, Na, Al, P, I, Cs, Au, Bi); and all but one of these elements (Be) 
have odd atomic numbers. For other elements, especially those of 
even atomic number, many isotopes are known, e.g.y as many as 10 
for tin (Z = 50). Furthermore, isotopes of odd mass number tend 
to be both less numerous and less abundant in nature. Reasons for 
such features in the distribution of isotopes should be furnished by an 
adequate theory of nuclear structure. We shall return to this point 
later (Sec. 209). 

For future use, the values of several other masses in terms of 
atomic mass units may be noted at this point: 

Electronic mass m = 0.00055 a.m.ii. ; 

Mass of proton = 1.00758 a.m.u. ; 

Mass of neutron = 1.00893 a.m.u. 


The electronic mass is found by dividing the mass of a hydrogen 
atom or 1.00813 by 1,837 (Sec. 97). 

The mass of the proton is the mass of the hydrogen atom less the 
mass of 1 electron. The mass of the neutron is quoted here from Sec. 
205. 

(6) Isotopic Constitution and Chemical ^^Aio7nic Weight/^ — The 
atomic weight employed by the chemist obviously represents the 
average relative weight of the atoms in the mixture of isotopes with 
which he ordinarily works, or the average isotopic weight of this mixture. 
The atomic weight of oxygen is arbitrarily taken to be 16. 

Oxygen, however, long thought to contain only the atom was 
later found to contain also minute traces of 0^^ and 0^®; the masses 
of the latter, referred to 0^® as 16 exactly, are, respectively, 17.0045 
and 18.005. The average mass of the atoms in the normal oxygen 
mixture on the 0^® = 16 scale is about 16.0044, as may be determined 
from the data given for oxygen in Appendix I. Thus, the atomic 
weight ilfc for any isotopic mixture is related to ilA, the average 
isotopic weight of the atoms in the mixture, by the equation 


Me 


16.0000 

16.0044 


Mi 


\ 3 , 600 / 


Mi. 


( 316 ) 


As an example, ordinary lithium has been found to consist of 7.5 
percent of Li®, with an isotopic weight Mi == 6.0169, and 92.5 percent 
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of Li^, for which. Mi = 7.0180; from these data, its average isotopic 
weight is readily found to be Mi = 6.943. The chemical atomic 
weight will be a little smaller, viz.j Me = 6.941. This agrees excel- 
lently with the value of 6.940 measured chemically. 

In this way the chemical atomic weights of a number of the elements 
have been calculated from the measured relative abundance and 
masses of their respective isotopes.^ The results are shown in column 
6 of Appendix I. For comparison, the directly observed chemical 
atomic weights are shown in column 7. The agreement is seen to be 
excellent. 

(c) Separation of Isotopes. — Chemically, the isotopes of a given 
element are almost or quite indistinguishable, since chemical properties 
depend primarily upon the nuclear charge and are little affected by the 
nuclear mass. The same statement must be true, in general, of physi- 
cal properties, for these are mostly determined by the force fields 
surrounding the molecules, which depend in turn upon the number of 
electrons in the molecule and the electrical charges on the nuclei but 
are little influenced by the nuclear mass. One exception, of course, 
is the density, which must be nearly proportional to the isotopic weight. 
Any method for the separation of isotopes, therefore, must be based 
either directly on the difference in nuclear mass or on the utilization 
of very slight differences in other molecular properties. 

The mass spectrograph constitutes the most obvious means for 
separating the isotopes of the elements. By replacing the photo- 
graphic plate PP in Aston’s apparatus (Fig. 180) by suitably disposed 
slits, we should be able to collect one kind of neon atoms, say, in one 
compartment and the other kind in another. Or, many kinds of 
atoms might simply be collected as deposits on a metal plate. In 
this way fairty pure samples of Li® and Li^ have actually been obtained, 
and, during the years 1945-46, an improved form of the method was 
employed, by dint of great effort, to separate from in consid- 
erable quantities.^ 

Several other methods of separating isotopes have been employed 
with some success. In the case of hydrogen, where one isotope is 
twice as heavy as the other, electrolytic separation happens to be 
veiy efficient, and this method is now employed on a large scale in 

1 See Aston: Roy. Soc., Proc., voi. 126, p, 511 (1930); vol. 130, p. 302 (1931) ; 
vol. 132, p. 487 (1931); Hahn, FlUgge, and Mattauch, Phys. Zeits., vol. 41, p. 1 
(1940). 

2 Smythe, H. D., a General Account of the Development of Methods of Using 
Atomic Energy for Military Purposes under the Auspices of the United States 
Government, 1940-1946,” Princeton University, 1945. 
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the prodiictioii of liea^y hydrogen^ H-. The isotope is evolved, 
in proportion to the amount present, five times^ as fast as H-; thus, 
if a large volume of Avater is almost completely electrolyzed, the small 
residue remaining is almost pure heaw water, H|0. 

Another method, applicable to any gaseous element, is that of 
diffusion through a porous barrier composed of imglazed baked clay 
or similar material. The lighter molecules diffuse through the barrier 
faster in inverse proportion to the square root of the mass. By oper- 
ating many diffusion stages suitably connected together, G. Hertz 
and others have been able to effect almost complete separation of 
neon into its isotopes. With use of a light gas containing carbon, this 
method can be made to yield several milligrams of the i^are isotope 
per day.^ Another method, known as ^Hhermal diffusion, makes 
use of a slight separation that occurs Avhere heat is being conducted 
through a gas or liquid and is rather more useful than the method of 
simple diffusion. Finally, many isotopes can be separated effectively 
by means of chemical exchange, a method in AA’^hich advantage is 
taken of very slight differences in chemical properties and many suc- 
cessive fractionations are made. By this method it is possible to 
obtain, for example, a gram per day of the isoptoes 0^®, and 


THE DISCOVERY OF NUCLEAR TRANSFORMATIONS 

We have seen that the mass spectrograph yields very precise data 
concerning the masses of atoms and their nuclei. The fact that the 
masses of atoms are very nearl}^ proportional to AAdiole numbers raises 
two questions: Avhether the various nuclei may not be built up out 
of one or more common constituents; and Avhether or not it may 
be possible to transmute one nucleus into another. The first evi- 
dence suggesting an ansAA^er to these questions came from the field of 
radioactiAuty. 

196. The Discovery of Radioactivity. — The discovery of the 
phenomenon of radioactivity, although quite accidental, resulted 
directly from the discovery of X-rays. Roentgen had shown that 
X-ra^^s are emitted by those parts of the discharge tube AAdiich are 
bombarded by the cathode rays. This bombardment Avas also accom- 
panied by the emission of the Avell-knoAAm greenish or bluish fluores- 
cence. The question arose: Is fluorescence always accompanied by 
the emission. of X-rays? 

^ VLeaaus and. M acDonald,. JlCkem, Phys., voi. 1, p.,34 (1933). . 

^ Ueby,..' ^‘Separation".and ' Use., of, .Stable ’ Isotopes/^' /. of .■Applied Fhys.y vol. 
12, p.'270 (1941),.''' ' : 
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Several investigators had apparently found that fluorescent bodies 
activated by sunlight gave out a type of radiation which, like X-rays, 
was able to pass through black paper and to affect a photographic 
plate. In February, 1896, a few months after the discovery of X-ra^^'s, 
Henri BecquereF was trying an experiment of this kind using as the 
fluorescing substance the double sulphate of uranium and potassium. 
After preparing the experiment and while waiting several days for 
sunshine, Beeqiierel discovered that even in the dark the specimen 
emitted a radiation which penetrated not only black paper but even 
thin sheets of metal, and that exposure of the fluorescing substance to 
sunlight had no effect on the phenomenon. 

Becquerel soon found that this radiation was emitted by uranium 
irrespective of its state of chemical combination and that there was no 
connection whatever between this phenomenon and phosphorescence. 
Furthermore, the phenomenon was found to be quite independent of the 
temperature of the uranium compound. It was later discovered that 
these rays from uranium possess the power of discharging electroscopes 
by rendering the air through which they pass conducting. 

This property of radioactivity,^^ as it was called, was soon found 
to be possessed by several other substances. Among them were 
thorium and two new elements, polonium and radium, discovered by 
M. and Mme. Curie, radium being more than a million times more 
active than uranium. 

197. The Radioactive Radiations. — ^Like X-rays, the ^ ^ rays from 
radioactive materials affect a photographic plate, cause fluorescence, 
and ionize gases through which they pass. Unlike X-rays, however, 
these rays are of three types, which were given the names, before their 
nature was certainly known, of a-, /5-, and 7 -rays. If a small quantity 
of radium preparation is placed at the bottom of a small hole drilled 
into a lead block B, the emerging rays can be divided into the three 
groups by use of a strong magnetic field at right angles to the plane of 
the paper and directed away from the reader, as is sho^vn in Fig. 185. 
One group is bent into a circular path to the right and will cause an 
impression on a photographic plate PP. These are the /5-rays. From 
the direction of their deflection, it follows that they must be negatively 
charged particles. By studying quantitatively their deflection in 
magnetic and electric fields, it was shown that these particles are 
electrons; they are ejected from radioactive materials with velocities 
which in some cases are very high. A second type of radiation is 
deflected slightly toward the left. This type consists of positively 
charged particles called ‘-a particles, which were shown to possess 

^ Becqtjerel's papers appear in Comptes Rendus, voL 122 (1896). 


Sec. 198] 


THE ALPHA-RAYS 


ooo 


a ratio E/AI of the order of magnitude of that for atoms. These a 
particles were found to have a mass 4 (taking the mass of the oxygen 
atom as 16) and to cany a charge +2e. Tliis identified them with 
the nuclei of helium atoms. The tliird type of radiation, the 7-ra:y's, 
proceeds undeviated by either electric or magnetic fields, has a very 
high penetrating power, and is now 
knovm to consist of electromagnetic 
radiations of very short wave length 
lying, in general, in the spectral region 
beyond the shortest X-rays. 

Recently it has been found that many 
artificially produced radioactive ma- 
terials emit positrons instead of (nega- 
tive) electrons, a positron being the same 
as an electron in all respects except that 
its electrical charge is positive (see Sec. 

212). The tendency of usage seems to 
be to apply the term /3-rays’^ to both 
electrons and positrons when emitted by 
radioactive substances. In Fig. 185, the 
path of a positron /3-ray would be a circle Hkc that shown but curving 
toward the left instead of toward the right. 

The three types of rays are further differentiated from each other 
by their penetrating power. The a-rays are absorbed by a few centi- 
meters of air at ordinary pressure. They are reduced in intensity 
one half by passing through 0.005 mm. of aluminum. Their initial 
velocities are of the order of 2 X 10^ cm.-sec.“’^ The ^d-rays are, 
roughly, 100 times more penetrating, since it requires something like 
0.5 mm. of aluminum to reduce their intensity to half. The initial 
velocities of the iS-rays, in some instances, exceed 99 percent of the 
velocity of light. The 7-rays are able to penetrate many centimeters 
of even so dense a metal as lead. 

A short additional discussion of the properties of these radiations 
will be given in the next few sections. For further details, the reader 
is referred to special treatises^ or to the original articles. 

198. The Alpha-rays, (a) General Properties . — The velocity and 
the value of E/M for a-rays were determined by Rutherford by means 

^ Ruthekfokb, Chadwick, and Ellis, “Radiations from Radioactive Sub- 
stances,” 1930; SoDDY, “The Chemistry of the Radio Elements,” 1914; Hbvesy 
and vPANETH, “Radioactivity,” translated by R. W. Lawson, 1936; .P. Rasetti, 
“Elements of', Nuclear Physics,” 1936; J. .M. Cork, ■■■■“Radioactivity and Nuclear 
Physics,” 1946.','^" 



Fio. 185. — Schematic repre- 
sentation of the three types of 
rays from naturalb^ radioactive 
materials. 


556 


THE NUCLEUS 


[Chap. XI 


of a modification^ of the usual method in which magnetic and electric 
fields are employed. The ratio of charge to mass, E/M, was found to 
be almost exactly half as lai-ge for the a particles as it is iov atoms of 
hydrogen. Additional observ'ations were then necessary m order to 

determine E and M separately. ^ 4 . 1 . £ a -i 

By means of the apparatus shown m Fig. 186, Rutherford and 

Geiger counted the number of a particles emitted per second by a given 
quantity of radium C.^ The radioactive material Was deposited on a 
disk D placed inside the highly evacuated vessel A at a known distance 
from a small circular opening 8 of known area, the opening being 
covered by a sheet of mica thin enough to allow the passage of the 
. particles into a brass chamber C. This chamber was evacuated 
to a pressure of several millimeters of mercury and had at its centei 






Fig. 186.- 




-Apparatus of Rutherford and Geiger for “counting” a particles. 


E 


an insulated wire WW, which, by means of a battery B, was maintained 
at a potential, with respect to the walls of the cylinder just less th^ 
the critical discharge potential. When an a particle entered C, 
the ionization caused by its passage through the gas in C lowered the 
critical potential by an amount sufficient to aUow the passage through 
the cylinder of a momentary current, which could be detected by a 
“kick” in the electrometer E. In this way, Rutherford and Geip 
were able to detect the passage of single a particles. Thus, knoi^-mg 
the rate at which the a particles passed through 8, the aperture wMch S 
subtended at D, and the quantity of radium on D, it was possible to 
determine the total number of a particles emitted per second pei gram 

^The total charge carried by the particles was then determmed mth 
the apparatus* shown schematically in Fig. 187. Through a window 
W, a particles from a knoira quantity of radium G deposited on the 
plate P were allowed to fall upon a collecting plate C; the charge that 
they imparted to C was measured with an electrometer. To complete 

1 Cf. Ruthbefobd, Chadwick, and Ellis, loc. cit. . , .^nnQ^ 

2 Rdthbefoed and Geiger, Soc., Proc., vol. 81, p. 141 ( j )• 

>Ihid., p. 162. 
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the electrical screen around C , the window was covered with aliiminiim 
foil thin enough to allow all of the a particles to pass through it. The 
entire vessel was evacuated. 

Division of the observed total charge by the known number of the 
a particles then gave the charge on each one. This turned out to be 
twice as great as the electronic charge or the charge on a h}^drc)geii ion. 
From this result and the previously found value of E/AI^ the mass of an 
a particle was found to be approximately four times that of a h^-xirogen 
atom. Thus the a particle must be the nucleus of a helium atom. 
This conclusion was confirmed, both qualitatively and ciiiantitatively, 
by the observation that helium is 'produced as a result of a-my activity. 
Rutherford’s observations led to the conclusion that 1 gram of radium 
in radioactive eciuilibrium would emit 1.3 X 10^^ a: particles per second, 
and that these, after becoming neutralized by 
picking up electrons, would, in 1 year, form 
0.16 CG. of helium gas. 

The velocity of the a particles from radium 
C, determined as above by Rutherford, is 
2.06 X 10® cm. per sec. Since their mass is 

F„ = 6.023 ^10" = ^ 10- gram, 

we find for their initial energy 

== 14.1 X lO""® erg, 
or 

L6Q1 X ’ 10-^^ "" ^ 

More recent measurements give an initial 
velocity of 1.92 X 10® cm. per sec. and an 
initial energy of 7.68 X 10® electron-volts. 

It has been found that the a particles from a 
given substance in some cases all have the 
same initial energ;}^ whereas in other cases they 
fall into several sets, the particles in each set having the same energy. 
In the latter case, when the a particles are separated by means of a 
magnetic field, a ^Tine spectrum” is obtained.^ 

In Table I below are shown initial velocities and energies for the 
a-rays from a number of typical radioactive substances. 

(6) The Range of Alpha Paidicles— Because of its double charge 
and great mass, an a particle produces an enormous number of ions as 

^ Cjf. Rasetti, op. at, 'p. 114. ,, 
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Fig. 187. — Ruther- 
ford’s apparatus for meas- 
uring the charge carried by 
the a-rays from a known 
quantity of radioactive 
material. 
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it passes through matter. Since energy is lost in producing these ions, 
’and also in exciting many molecules mthout ionizing them, the a 
particle rapidly loses velocity, until finally it is moving too slowly to 
produce any ions at all. The total length of path along which an 
particle caused ionization is called its range. Since the range increases 

with increasing initial energy, it is 
^ commonly used as a measure of the 
{ I initial energy of the a particle. 

I I Various methods have been de~ 

^ vised to measure the range of a par- 

^ approximate method 
“-• makes use of the scintillations pro- 

j j duced when a particles strike a screen 

1 I of phosphorescent zinc sulfide, the 

Fig. 188 —Arrangement for meas- range of the particles being measured 
uring the range of a particles from a ° . 

source R by the ionization which they by the maximum distance between 

produce between two pieces of wire source and Screen, in air under 
gauze, G^iCr2. 

standard conditions, at which scintil- 
lations can be observed. A more precise method is illustrated 
diagrammatically in Fig. 188. The a particles from a radioactive 
source pass through the opening in the screen S. The ionization 
produced in the space between two strips of wire gauze, G 1 G 2 , 1 mm. 
or so apart, is measured for various distances between GjG 2 and R 


a 



0 I 2 3 4 5 ^678 

Cm.in Airc»fT60mm.oind !5 C. 


Fig. 189.— Ionization produced by an a particle from radium C at different distances 
from the source. The ordinate represents about 25,000 pairs of ions per centimeter at 
the left end of the curve, or, at the maximum, about 60,000, in air of standard density. 

(by varying either distance or gas pressure). Curves are obtained 
similar to that shown in Fig. 189 for radium C. The general shape of 
the curve may be accounted for as follows. Since the impulses given 
to the component parts of an atomic system by the passage near or 
through it of an oi particle depend upon both the magnitude of the 
forces and the time during which those forces act, and since the speed 
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of the particle is greatest at the beginaing of its path, the smaller 
ionization over the first few centimeters is explained. As the particle 
loses energy, and therefore velocity, owing to the formation of ions, 
the times during which the forces act, and therefore the impiilses, 
increase for given distances of passage between cy particle and atom, 
and the ionization per centimeter increases to a maximum ; be 3 mnd this 
it falls rapidly. Since the exact end of the ionization curve is difficult 
to determine, it became customary to take the point 5, where the 
straight line ah intersects the axis, as a measure of the range. A range 
so determined is called an extrapolaied range. 

The ordinate of the curve in Fig. 189 represents about 25,000 ion 
pairs per cm. in standard air at the left-hand end of the curve, and 
about 60,000 at the maximum of the curve. An ion pair consists of 
the ionized molecule and the electron ejected from it. The ionization 
curve for an a particle of lower initial energ>^ is practically the same 
as a part of the curve shown in Fig. 189 taken from the proper point 
outward. For example, if the particles have such an initial energy 
that their extrapolated range is 4.9 cm,, instead of 6.9 cm. as in Fig. 
189, the curve will start at the point corresponding to 6.9 — 4.9 = 2.0 
cm. in the same figure. 

Such curves are affected, however, by straggling of the particles; 
even if all of them have the same energy initially, their individual 
ranges differ slightly because of statistical fluctuations in the number 
and kinds of ions or excited molecules that they produce. By modify- 
ing the arrangement shown schematically in Fig. 188, so as to count 
the numher of particles that cross the space GiG%^ instead of measuring 
the total ionization produced by them, the distribution of the indi- 
vidiial ranges can be found. In the observations of liolloway and 
Livingston,^ the counting was done by connecting Gi or G^ through an 
amplifier circuit to a thyratron, which, when suitably adjusted, has the 
propert}^ that voltage impulses below a certain magnitude have no 
effect upon it, whereas those exceeding this critical voltage cause a 
large momentary rush of current through the thyratron;^ this cur- 
rent was made to activate a mechanical counter by means of an 
electromagnet.^ 

Plotting the number of particles as thus observed against the 
distance .T from E to Gi (Fig. 188), we obtain a curve in which the 
ordinate represents the number of a particles that have traveled a 

^ Holloway and Livingston, P%5. voL 54, p. 18 (1938). 

^ See Reich, H. J., ‘^Electron Tubes and Circuits,” 1940; Dow, W. G,, ^^Funda“ 
mentais'vof. Engineering ■ Electronics, 1,937. " 

® See also Colby .and Hatfield, Rep , Sci , InstrumentSj vol. .62.. (1941). , 
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distance equal to x without stopping. The slope of this curve then 
gives the number that stop per unit of x. In this way the true mean 
range of a particles of a given initial energy can be found. Doubtless 
in the future it will become customary to state as the^ range of the 
particles the mean range rather than the extrapolated range. 

In experiments where it is not convenient to measure the range 
in air, it can be determined in metal foils whose stopping power” in 
equivalent centimeters of air has been determined empirically. The 
range of the a particles from radium C in aluminum, copper, and 
lead is, in units of cm., 4.06, 1.83, and 2.41, respectively. The 
‘"'mass stopping power” of various elementary substances, or reciprocal 
of the range divided by the density, for a-rays, is nearly inversely 
proportional to the square root of the atomic weight. The (extra- 
polated) ranges in air of the a particles from a number of typical 
radioactive substances are given in Table I. Curves of range versus 
energy may be found elsewhere.^ 


Table I. — Range, Initial Velocity, and Energy of Alpha Particles from 
Typical Radioactive Substances* 


Emitter 

Range, cm., 
in air at 760 
mm. and 15®C. 

Initial 
velocity, 
cm. sec.“^ 

Initial 

energy, 

ev 

Uranium I 

2.73 

1.40 X 10» 

4.05 X 10« 

Radium 

3.39 

1.51 

4.74 

Radium C 

6.97 

1.92 

7.68 

Radium F (polonium) 

3.93 

1.59 

5.25 

Thorium 

2.90 

1.44 

4.23 

Thorium C' 

8.62 

2.06 

8.76 



* Compiled from a similar table given by Rutherford, Chadwick, and Ellis. 


The increase in initial energy of the a particle that is required to 
lengthen its range by 1 cm. represents the loss of energy by the particle 
in going 1 cm. If we divide this loss of energy by the number of ion 
pairs produced in 1 cm., we have the average loss of energy per ion pair. 
This loss appears to be about 35 volts per ion pair, in air. Part of the 
energy, however, is undoubtedly lost in exciting molecules without 
ionizing them. 

It may be remarked that protons (or hydrogen nuclei) produce 
about many ions and lose about as much energy per centimeter 
as do a particles of the same velocity, owing to the fact that the ioniza- 

^ Livingston and Bethe, Rev. Modern P%s., voL 9, p. 245 (1937), plot on 
p. 266; Hacman and Haxel, Zeits. f. Physik., vol. 120, p. 486 (1942). 
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tion produced by a charged particle is roughly proportional to the 
square of its charge. Since the mass of the proton is likewise }i as 
great, its initial energy is also as great as that of an a particle 
moving with the same velocity. This means that protons and a 
particles of the same velocity have about the same range. Or, again, an 
a particle has four times the energy of a proton of the same range. If, 
however, we compare protons and a particles having the same energy^ 
we find that the protons have ranges 5 to 10 times as great as the a 
particles. A deuteroHj or nucleus of heavy hydrogen has twice 
as much energy as a proton of the same range. 

199. Radioactive Transformations. — The early study of radio- 
activity led to the conclusion that the emission of a: and /3 particles 
was associated with a chemical change in the radioactive atom. The 
transformation was found to follow an exponential lawn During each 
successive element of time, a certain definite fraction of the surviving 
atoms of the original substance ^Mecay’^ or disintegrate, so that the 
total number that survive after any given time t decreases in propor- 
tion to e'~^\ W'here X is a constant, the decay constant. Thus, during a 
time T == (log 2)/X, half of the atoms disintegrate. The time T is 
called the pe'nod, or half -wave period^ or half-life^ of the radioactive 
substance. Instead of T, a time equal to 1/X is sometimes cited; it 
represents the mean life or the average time during Avhich an atom of 
the radioactive substance exists before disintegrating. [Cf. analogous 
relations in the emission of radiation, Sec. 116(a).] 

The hah-value period of uranium, for example, is estimated at 
4.5 X 10^ years, w^hich is presumably long enough to account for the 
considerable quantities of uranium that exist in the earth^s crust. 
In disintegrating, uranium gives rise, indirectly, to radium, wfith a 
period of 1,600 years; this period is so short, relatively, that radium 
is found only in uranium-bearing rocks, w’’here it has been produced 
within the last few thousand years. Radium emits a particles and 
thereby becomes converted into an inert gas knowm as radon (Z = 86), 
or radium emanation; this gas also emits a particles, but it has a 
period of only 3.825 days. 

If the new atoms formed as the result of radioactive change are 
themselves noticeably radioactive, many of their chemical properties, 
and the boiling point of the new element composed of them, can often 
be determined even if their mean life is so short that the neW' element 
cannot be accumulated in visible quantity. A radioactive substance 
can be follow’'ed in chemical reactions by means of its radioactivity, so 
that the chemist can tell, for example, whether it remains in solution 
or is precipitated or passes off as a gas. Usually a chemically similar 
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substance, called a carrier/^ is added, so as to have something visible 
to work with ; it is then easy to tell whether or not the radioactive 
substance goes with the carrier in a chemical operation. 

The nuclear theory of the atom made it possible to propose a pre- 
cise theory of radioactive transformations which is in agreement with 
all of the known facts. When an atom, for example, loses an a particle, 
its mass number must decrease b}^ 4, and its atomic number by 2, since 
the particle carried a double positive charge out of the nucleus. The 
new substance formed will thus be an isotope of an element standing 
two columns to the left of the original substance in the periodic table. 
It may be one of the stable isotopes of that element which occurs in 
nature, or it may be a new isotope, stable or unstable.^ That just 
one a particle is given out in such processes for each atom that is 
transformed has been showm by counting the number of a particles 
given out by a known amount of a radioactive substance in a given 
time and comparing the number so obtained with the known rate of 
disintegration of the material. 

The ejection of a negative ^ particle from a nucleus, on the other 
hand, without changing its mass 7iumber, increases its positive charge 
and thereby raises its atomic number by unity. The emission of a 
7 -ray can obviously change neither the mass number nor the atomic 
number. It appears that in the natural radioactive substances Y-ra^T's 
are not associated with an independent type of radioactive change 
but constitute an incidental accompaniment of transformations 
involving the emission of an o; or jd particle. 

A systematic study of radioactive substances and their disintegra- 
tion products has led to the discovery that the naturally radioactive 
substances can be grouped into several radioactive series^ the elements 
of a given series being so arranged that each is a disintegration product 
of the preceding element. Thus, the uranium atom of mass number 
238 (Z == 92), called ^^uranium I^^ or XJ I, may emit an a particle 
and thereby become converted into a nucleus mth atomic number 
Z — 90 and mass number A = 234. The new substance so produced, 
called /^uranium (UXi), is found by chemical tests to be an 
isotope of ordinary thorium (Z == 90, A = 232). The UXi atom then 
emits a id particle (period, 24.5 days) and becomes ^^uranium X 2 ^^ 
(UX 2 ; Z = 91, A = 234); this emits another particle (period, 1.14 
minutes) and becomes uranium* II (U II; Z = 92, A = 234) . Thus 
U II is an isotope of ordinary uranium and is chemically indistinguish- 

1 The transformed atom will promptly lose 2 of its circumnuclear electrons as 
well, thus bringing the number of its electrons into harmony with its reduced 
npclear charge. 
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able from it; but its mass number is 234^ not 238, and its period is 
imich sliorter than that of 

Uranium, II also emits a particles (period, about 10® years), forming 
ionium, with Z == 90, A = 230. Ionium then emits another a par- 
ticle (period, 7.(5 X 10^ years) and becomes radium {Z = 88, *4 == 226). 
The atomic weight of radium, determined chemically, is 225.97. The 
end product of this series, after the emission of five more a parti- 



204i M I { , 1 1 J I ! ! j 

81 •8^ 84/35 88 8? 88 89 90' 9) 33 

Atomic Number 

Fig. 190 . — The radioactive-disintegration series of nranixim and of thorium, 

cles and four more particles, is radium G or radium lead (Z = 82, 
A = 206), which is indistinguishable chemically from ordinary lead 
and has a measured atomic weight of 206.05. The entire uranium 
series is shoAvn in Table II, and also, along vnth a similar series starting 
from thorium, in Fig. 190. In this figure, the emission of an a particle 
is indicated by an arrow pointing obliquely downward to the left, the 
emission of a P particle, by a short horizontal arrow pointing to the 
right. (Two small branches at UXi and at radium C are omitted. ^ 
Two radioactive members of the uranium series, Ra C and Ra E, 
are' chemically iiidistinguishable from bismuth , {Z = 83, 'ri = 209). 

)' ^.C/;EnTHEK;FOEi>, Chadwick, and Enus, op. rilyChap, I. 
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Table IL — The Uranium Series of Radioactive Substances 


Nucleus . . 

UI 

'..i 

UXi 

ux. ; 

UII 

lo 

Ra 

Rn 

Z 

92 

90 

91 

92 

90 

88 

86 

A 

238 

234 

234 

234 

230 

226 

222 


Ray 

Period. . . 


a 



a 

a 

a 

4.5 X 10« 
years 

24.5 days 

1.14 min.' 

1 

I 

10® years 

7.6 X 10" 
years 

1,600 years 


Nucleus . . 

Rii 

RaA 

RaB 

RaC 

RaC' 

1 RaD 

Z 

86 

84 

82 

83 

84 

82 

A 

222 

218 

214 

214 

214 

210 


Ray 

a 

a 


i 

a 

Period 

3 . 825 days 

3 . 05 min. 

26 . 8 min. 

19.7 min. 

(10-® sec.) 


Nucleus . . . 

RaD 

RaE 

RaF 

RaG (Pb) 

Z 

82 

i 83 

84 

82 

A 

210 

210 

210 

206 


Ray. . . 
Period 


/3 

(25 years) 


5 . 0 days 


a 

136.3 days 


(U *=> uranium, lo ^ ionium, Ra = radium, Rn = radon, RaF == polonium.) 


The end products of both the uranium and the thorium series are 
isotopes of lead, with A = 206 and 208, respectively. Ordinary 
lead has the atomic weight 207.2; analysis by the mass spectrograph 
reveals the presence of isotopes 206, 207, and 208, with a small amount 
of 204. Observed values of the atomic weight of lead, however, vary 
somewhat with the source. Uranium-bearing minerals usually contain 
lead — a fact in itself confirming the series of radioactive transforma- 
tions from uranium to lead. The same is true of certain thorium-bear- 
ing minerals. The atomic weight of lead coming from uranium-bearing 
minerals is only a little over 206, whereas lead associated with Norway 
thorite has an atomic weight of 207.9, which is nearly the value 
208 predicted for the end products of the thorium series. 

In an early stage of the work on radioactivity it was decided to 
adopt radon as a standard radioactive substance. The amount of 
radon existing in a gram of radium in equilibrium with its products 
was called a curie”; it is about 0.66 mm.® of radon at normal pressure 
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and temperature. Other activities are also frequently expressed in 
curies, although not without awkwardness; for this purpose a curie is 
understood to be an activity in which the same number of disintegra- 
tions occur in a second as in a curie of radon, or about 3.7 X 
per second. 

200. Gamma-ray Spectra. — Direct measurements of the wave 
lengths of some of the 7 -rays have been made by use of the crj^stai 
grating. The wave length is so small, how- 
ever, in comparison with the grating con- 
stants of available crystals that only the 
longer wave lengths can be measured in this 
way. Consequently, an indirect method has 
been developed based on the magnetic spec- 
trum of the secondary /3-rays which are pro- 
duced by photoelectric absorption of the 
7 -rays in matter. 

The method employed by Ellis^ has been followed, with modifica- 
tion, by subseciuent investigators. In Ellises experiments the source 
of the secondary rays was placed at W (Fig. 191) near a lead block B. 
W was a small glass tube 1 cm. long and 0.7 mm. in diameter, the 
inside walls of which were coated with a deposit of radium B which 
served as a source of the 7 -rays under study. Ai’ound IF was wrapped 
a foil of the metal ilf — Pb, Pt, W, etc. — which was to serve as the 
source of the secondary /3-rays. The 7 -ra 3 ^s passing out through 
the walls of the tube excited secondar^^ id-rays in the metal foil. The 
whole apparatus was placed in a magnetic field (and, of course, in a 
highly evacuated enclosure). The electrons passed, in circular paths, 
through the vide slit S and were ^Tocused’^ onto the photographic 
plate PP at L. Upon developing the plate, a number of ^Tines'' 
were found corresponding to various electron energies which could be 
determined by knowing the magnetic field and the diameter LW of the 
circular paths. 

The data in Table III, taken from Ellises paper, vill serve to 
illustrate the method of analysing the results. For any given metal 
ilf, there was observed a number of lines on the plate of which three 
were more intense than the others. These same three appeared on 
the plate for each element but were shifted in position in such a 
direction as to indicate that the corresponding electrons had less 
energy the greater the atomic number of M, This is shown in the 
upper part of Table III, in which the energies of the electrons are 
expressed in electron-volts (Sec. 96). Ellis interpreted these elec- 

1 Ellis, i^O|/.7Sot\, Proc., voL 99, p. 261 (1921). 



Fig. 191. — The /3«ray spec- 
trograph of Eliis. 
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trons as phoioelecirons ejected from certain levels in the atoms of the 
emitting substance. The change in the energy of the electrons in a 
given line from one element to another agrees closely with the differ- 
ence of the energies of the K levels of the 2 atoms. Heiice^ he con- 
cluded that the electrons forming the three lines were expelled from 
the K levels of the respective atoms by three different y-ray frequen- 
cies. Applying Einstein^s photoelectric equation 

hv ~ Ek + W Ki 

whei'e Ek is the observed kinetic energy of the photoelectron and 
Wk is the energy required to remove the electron from the K level 
of the atom, one obtains at once the energy hv of the incident 7 -rays. 
Data from each metal are found in this way to give the same group 
of three y-raj^s, as the lower half of Table III shows. These, then, 
are three lines in the 7 -ray spectrum of radium B, the respective 
wave lengths of which are 0.0521, 0.0425, and 0.0355 angstrom. In a 
similar way energy values of many other lines in 7 -ray spectra have 
been measured. 


Table III. — Deteemination of the Wave Length of Gamma-rays from the 
Energy of Secondary Beta-rays (Ellis) 



Tung- 

Plati- 

1 

Ura- 



Emitter — ^ 

sten 

num 

82 

nium 




74 

78 1 

92 1 



Secondary jS-ray energies in elec- 

1.66 

1.58 1 

1.49 

1.22 



tron-volts, X lO”® 

2.20 

2.12 

2.03 

1.74 




2.76 

2.69 

2.60 

; 2.31 

i- 



Ek of emitter ^ 

0.693 

0.782 

0.891 

i 

i 1.178 

Mean 
energy ^ 

X, 

angstroms 

Energy Qiv) of 7 -rays in electron- 

2.35 

2.36 

2.38 

2,40 

2.37 ; 

0.0521 

volts, X lO*'® 

2.89 

2.91 

2.92 

; 2.92 

2.91 ^ 

0.0425 


! 3.46 

3,46 

3.49 

3.48 

3.47 

0.0355 


Photoelectrons from shells other than the K shell have also been 
observed. In addition, there is a continuous background in the spec- 
trum of the secondary /3-rays Avkich is due to Compton electrons 
resulting from sea of the 7 -rays. 

If the interpretation of such observations is correct, it will also 
be expected that a 7 -ray may be absorbed photoelectrically by one 
of the electrons surrounding the nucleus that emits the 7 -ray itself. 
Radioactive substances emitting 7 -rays of a given wave length ought, 
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tliereforej to emit in addition groups of jS-ra^-s forming a spectrum of 
lines corresponding to ejection from the Jv, L, M, * * • shells of 
the radioactive atoms. Such is, indeed, obsein^ed to be the case. The 
production of secondary ^-rays in this manner is comnioiily called 
internal conversion of the y-ray. ■ It happens much more frequently 
in the K shell than in the L shell; the probability that the y-ray is so 
converted before escaping from the atom varies in different cases 
from 0.001 or less to 0.1. /3-ray lines produced in this iiianiier are 
much sharper (the velocities of the /3-rays being more nearly uniform 
within each group) than are the lines excited by the same y-rays in 
extraneous substances. Hence most wave lengths of y-ray lines have 
actually been determined from observations of the energies of the 
jS-rays due to internal conversion. 

Not all natural /3-rays arise from internal conversion of y-rays, 
however. As we shall see in the next section, many of them come from 
the nucleus itself. 

All y-ray spectra, apparently, consist of sharp lines. Some of 
them have wai^e lengths longer than the hardest X-rays obtainable 
from the same atom, but most of their wave lengths are shorter than 
the shortest K line from any element {viz., 112 X.U. = 0.112 A, from 
uranium). Thus the y-rays cannot consist of radiation emitted by 
the circumnuclear electrons; in view of the success of the modern 
theory of atomic spectra, we can assume with safety that the electrons 
can emit no harder lines than the K lines. The y-rays must, therefore, 
be emitted somehow by the nucleus. 

201. Nuclear Energy Levels. — In some cases measurements of 
y-ray spectra have yielded sufficient data so that it has been possible to 
postulate a system of energy levels in the nucleus, transitions between 
which give rise to y-ray lines in exactly the same way as X-ray lines 
originate in transitions between levels in the extranuclear structure 
of the atom. 

The wave lengths and energy values of some of the lines in the 
y-ray spectrum of radium B, as found by Ellis and Skinner,^ together 
with the ^^name’^ of the line, are shown in the first three columns of 
Table IV. These investigators found it possible to postulate a series 
of levels A, B, C, • * * transitions among which give rise to the 
14 observed lines, as indicated in column 4. The resulting energy- 
level diagram is shown in Fig. 192. , ,, 

111 view of the difficulty of making the measurements, it is a 
scientific' achievement' of the, first magnitude, to .have isolated', and 
,'measured:a set .■ of , y-ray lines with, sufficient 'precisio'n for 'the' '.construe- 

Ellis 'and, Skinnee, Roy. Soc., Ptqc.^ Y.ol. 105,. pp. ' 165, 185 (1924). , , ; 
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Table IV. — Some Lines in the Gamma-eay Spectrum of Radium B and the 
Energy Levels in the Radium C Nucleus (Ellis and Skinner) 



Wave length, 

Energy (unit: 

1 

j 

Proposed energy 

Line 

10^ electron- 

1 Origin 

levels (unit: 10° 


angstroms 

volts) 

electron-volts) 


1.37 

0.090 


A = 0 

Cl 

0.230 

0.537 

A-^B 

B = 0.537 

C'* 

.196 

0.629 

A-^C 

0 = 0.625 

Cz^ 

.115 

1.073 

E — ^ F 

D == 2 . 572 


.098 

1.250 

F-~^G 

E - 2.942 

El 

.0634 

1.947 

C-^D 

F = 4.048 

E'z 

.0607 1 

2.035 

B~^D 

G = 6.31 

Ez 

.0513 1 

2.404 

B~^E 


E, 

.0480 

2.572 

A~^D 


Ez 

.0451 

2.733 

D-^G 


E, 

.0419 

2.942 

A-^E 


E^ 

.0351 

3.511 

B~^F 


Eis 

.0263 

4,684 

C-^G 


Ei7 

,0257 

4.800 : 

B~->G 



Measured by Rutherford and Andrade by crystal reflection. 


tion of an energy-level diagram. Like most scientific advances, 
however, this accomplishment raises fresh questions. First of all^ 
how do the nuclei come to be in excited states out of which they can 



Eig. 192.-— Energy-level diagram for the 'y-rays from radium B. {Ellis and Skinner.) 


undergo transitions to lower levels? The situation is quite different 
from that in vacuum tubes, where atoms are continually being excited 
by electron impact. 

A clue to the answer is furnished by the fact that (in natural 
radioactivity) y-rays are emitted only by substances which also 
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emit a- or /5-rays. It is reasonable to suppose that the emission of an 
a or /3 particle leaves the residual nucleus, not in its normal state, but 
ill an excited state of higher energy. If this is the correct explanation, 
then the 7 -ray spectriiin commonly ascribed to radium B is really 
emitted by nuclei of the resulting radioactive product, which is radium 
C; and the energy levels deduced from these rays are levels of the 
radium C nucleus, not of radium B. This conclusion has been con- 
firmed b}^ experiment, most clearly by Ellis and Wooster,^ who calcu- 
lated the difference in the energies of the secondary / 5 -ra 3 ^s produced 
b}^ a given 7 -ray line in the radioactive source itself and in platinum ^ 
and compared this difference with the difference in the energies of the 
K levels in the two substances. Agreement was found vdth the 
Ji-level difference between platinum and radium C, not with that 
between platinum and radium B. 

It appears that all natural 7 -ra 3 ^s are emitted by nuclei which 
have just been formed as a result of a:- or /5-ray activity. The interval 
of time between the formation of the new nucleus and the emission 
of the 7 -ray is probably extremely short, of the order of 10 “^^ or 
sec. Hence, the 7 -ray activity appears to cleca}^ at the same rate as the 
a- or / 5 -ray activity to which it owes its origin, the rate of decay having 
reference primarily to the process of emission of the a or ^ particle. 
The association of the y-ra^^s with the a or /5-rays in the manner stated 
can be checked by recording the two sets of ra^^s in separate counters 
and observing that the pulses due to them appear to occur simul- 
taneously.^ One counter is surrounded by sufficient absorbing mate- 
rial to stop the a or /5-rays, so that it counts only the 7 -rays; in the 
other counter ionization due to the 7 -rays is made negligible. 

Artificially activated nuclei, on the other hand, sometimes exhibit 
a 7 -ray activity which is not closely associated with a: or /5-ray activity 
but nevertheless decays only at a measurable rate. In such cases the 
upper level from which the nuclear transition starts is called a metasta- 
hie nuclear level, in analogy with the metastable states of atoms; for 
some reason the transition from this level into lower lying levels has 
an extraordinarily small probability of occurring. An example is 
described in Sec. 221(a). 

The emission of a 7 -ray thus involves no change in the actual con- 
stitution of the nucleus, being analogous in this respect to the emission 
of line radiation by atoms. 

202. Beta -ray Spectra. — When the /5-rays from a radioactive sub- 
stance are spread out into a spectrum according to their velocity, 

^ Ellis and Cambridge Phil. Soc., Proc,, voL 22, p. 844 (1926). 

2 Bothe and v. BABYnn, Gottingen Nachrichten^ vol. 1, p. 195 (1935). 
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by means' of a magnetic field, it is commonly found that the spectrum 
consists of narrow lines superposed upon a continuous background. 
In the beginning it was thought that ail /J-rays come from the nucleus, 
but later work appears to have shown, as we have indicated, that all 
of the lines are due to the ejection of circumnudear electrons from the 
atom. In most cases these /^-rays consist of photoelectrons produced 
by 7 »rays, in the process called internal conversion of the 7 -rays. 
One line from a disintegration product of radium C, however, is per- 
haps due to direct interaction between an exited nucleus and the K 
shell of electrons, the nucleus jumping to a lower nuclear energy level 
without the emission of radiation and thereby furnishing the energy 
for the ejection of a K electron [in analogy with the Auger transitions 
in the X-ray region, Sec. 190(6)]. 



Fig. 193. — ^^-ray spectrum of RaE. The ordinate represents, on an arbitrary scale, the 
number of /?-rays emitted per unit of their kinetic energy. 

The /S-rays forming the continuu7n, on the other hand, are believed 
always to come from the nucleus. In confirmation of this inter- 
pretation, measurements have shown that, in the emission of such 
primary as they are called, just one ray is emitted for each 

nucleus that is transformed. 

When the number of /?-rays per unit of their energy is plotted 
against the energy as abscissa, a curve is obtained which rises quickly 
to a maximum and then sinks slowly to zero at an upper limit of energy. 
The observed maximum energies range from 6 X 10^ to over 3 X 10® 
electron-volts. An experimental cmwe obtained for RaE (period, 
5 days) is shown in Fig. 193. 

Such curves show that the energy of the /5-ray which is emitted by 
atoms undergoing a given type of radioactive transformation varies 
greatly from atom to atom. This fact presents great difficulties in 
regard to the conservation of energy. The kinetic energy of the 
jS-ray should represent the energy lost by the nucleus in undergoing 
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the traiisforiiiation. The loss in energy might have one of sewa-ai 
different values^ according as the nucleus is left by the ^ transformation 
in one or another of those nuclear levels whose existence is revealed 
by the y-ray spectra; but a variation due to this cause would result 
in a line structure in the spectrum of the priniar^" instead of 

a continuum , 

It was suggested at one time by Bohr that the law of the coii- 
seiAmtion of energy might not hold for the /3-decay of nuclei. There 
is no other indication of a failure of this law, however. At the present 
time, preference is given to a hypothesis proposed by Fermi. He 
assumes that another particle of a new kind, called a neidrinOj is 
emitted along vith the /3-ray. The neutrino is supposed to carry 
no charge and to have a very small mass, hence it can pass unhindered 
through miles of matter and so has eluded experimental detection. 
The upper limit of the /3-ray energy is then regarded as representing the 
energy that is lost by the nucleus in its transformation; the diffei:ence 
between this energy and that of a given ^-ra 3 " is carried off by the 
neutrino. This theory of nuclear transformations is still in the specu- 
lative stage but it is widety held toda^^ Further evidence in its favor 
is described in Sec. 225. 

203. Observations on Individual Charged Particles. — At this 
point it may be instructive to describe briefly some additional methods 
by which it has been found possible to make observations on single 
charged particles. The experiments described hitherto have been such 
as to yield only statistical results, from which the properties of indi- 
vidual particles could oni}^ be inferred b^’' means of indirect reasoning. 

In Sec. 198(a) above, we described the method by which Ruther- 
ford and Geiger counted the a-rays emitted from a radioactive 
substance. Each a particle was made to cause a separate pulse of 
ionization in an ionization chamber, and these pulses, detected with an 
electrometer, were counted. This method has been used extensively 
to count particles of all sorts, under the name of a Geige^r counter. 
Even 7 -rays can be counted’^ with such devices, the ionization in 
the counter being caused hr secondary electrons ejected from mole- 
cules of the enclosed gas or from the walls of the counter. 

Various changes have been made in the ionization chamber, and 
still greater changes in the method of counting the impulses of ioniza- 
tion.^ Nowada^^s the small electrical impulses from the ionization 
chamber are usually magnified many times by. means, of an electron- 

^ Cf. Easetti, op. .p. 18; articles in ScL Instruments^ or, .articles dcscrib-' 
ing observations made with.. the use ,of counters ; Wtnn-Williams, Rog, Aoc./ J Voc., 
voL. 136, ,p. 312,., (1932). ; ' 
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tube amplifier. In the experiments of Holloway and Livingston 
referred to in Sec. 198(6) above, amplified impulses up to 250 volts 
were observed, each due to the entrance of a single a particle into the 
ionization chamber. 

For a particles, an alternative but somewhat less reliable method is 
to count the scintillations or flashes of light produced by them when 
they fall upon a phosphorescent screen, which may be coated with 
impure zinc sulfide. By comparing counts made in this way with 
those made using a Geiger counter, it has been shown that each 
scintillation is produced by a single particle. The individual scintilla^ 
tions can be seen easily under a microscope. 

The most instructive method of studjdng individual charged 
particles is to observe the tracks made by them in a Wilson expansion 
chamber or cloud chamher.^ The method depends upon the fact that 
when dust-free air saturated with water vapor is expanded quickly 
and thereby cooled, if no ions are present, a considerable expansion 
is necessary in order to cause precipitation of the vapor, whereas if 
ions are present, a somewhat smaller expansion causes a droplet of 
water to condense about each ion as a center. In this way the path 
of an ionizing particle can be made visible as a row or ^Hrack^^ of 
cloud droplets condensed about the ions. 

The cloud chamber is commonly made from a few to many centi- 
meters deep and considerably vider, and the expansion of the air 
contained in it is produced by jerking the floor of the chamber down- 
ward, c.g., by suddenl}^ releasing the air below it through a valve into 
an evacuated vessel. In a modification due to Shimizu, the floor of 
the chamber consists of a tight-fitting piston w^hich is caused to move 
up and down periodically. Vapors of liquids other than water, such 
as alcohol, are often used. The particles to be observed are admitted 
to the chamber just before the expansion; and, after the pressure has 
been restored, an electric field may be applied momentarily to clear 
the space of ions. The tracks are illuminated by a strong beam of 
light and are either observed visually or photographed through the 
glass top or sides of the chamber. By using two cameras pointing' at 
different angles, stereoscopic pictures of the tracks are frequently 
made. (C/. Fig. 226 in Sec. 235 and Fig. 231 in Sec. 237.) The whole 
apparatus is often arranged to operate automatically, expansions 
being produced at intervals of 10 to 30 seconds. Photographs^ may 
be taken on motion-picture film. 

1 Wilson, C. T. R., Proc., vol. 85, p. 285 (1911); vol. 87, p. 277 (1912); 

vol. 104, p. 1 (1923). C/. Rutheeford, Chadwick, and Ellis, op. cit^ p. 57; 

Das Gupta and Ghosh, Rev, Modern Phys., vol. 18, p. 225 (1946). 
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Since an a particle produces something like 50^000 droplets per 
cm. in air at ordinal-}^ pressurCj it makes a heavy, solid-looking track 
in a cloud chamber. The tracks are practically straight, except for an 
occasional kink where the a particle came very close to a nucleus and 
suffered an appreciable deflection {cf. Fig. 194). The distribution of 
such paths as to range is easily studied in a cloud chamber. Protons 
also make solid-looking tracks, but they are more slender. An 
electron, on the other hand, producing only perhaps 100 droplets per 
centimeter, looks thin and knobb}^; under a low-power microscope the 
indmdual droplets can be distinguished and counted {cf Fig. 231 at 
Sec. 237). A y-ray produces no track at all, except that starting from 



Fig. 194. — Cioud-cliamber tracks of a particles from polonium. 


some point along its geometrical path there may be seen the short 
track of an electron ejected by it from a molecule of the gas. 

The cloud chamber has been of immense service in the study of 
high-speed particles of all sorts, because of the possibility of observing 
the effects caused by the individual particles. Cloud-chamber obser- 
vations have always yielded results in harmony with those obtained 
by other methods. 

204. Artificial Transmutation by Alpha Particles.— -The occurrence 
of natural disintegration of the nucleus in the radioactive elements 
early suggested the question whether it might not also be possible 
to disintegrate nuclei by bombarding them artificially with high-speed 
particles. Since, however, the particles emitted in radioactive changes 
have energies of the order of several million electron-volts, it was 
expected that bombardment energies of the same order would be 
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necessary. For many years the only source of particles possessing 
the I'eqiiisite energies were the radioactive emissions themselves. 

In 1919, it was shown by Rutherford^ that nitrogen atoms, when 
bombarded by the a particles from radium C, would emit swiftly 
moving protons. A sketch of liis apparatus is shown in Fig. 195. 
One end of a box B was closed by a metal plate E, in the center of 
which was a hole covered by a thin sheet of silver foil W. Just out- 
side the window was a zinc sulfide screen, the scintillations on which 
’ivere observed by a microscope M. The course of a particles, consisting 
of radium C, was placed on a small disk D, whose distance x from If 
could be varied at will. AA were side tubes through which various 
gases could be introduced into the enclosure. 

When the box was filled with oxygen or CO 2 at atmospheric pres- 
sure, no scintillations were observed on the screen so long as x exceeded 



d 


M 


Fig. 195. — Apparatus by which Rutherford observed production of long-range particles 
when a particles collide with atoms of some of the lighter elements. 


the range of the a particles emitted by radium C — in these gases 
about 7 cm. When, how-ever, the box was filled with nitrogen, 
scintillations were observed when x was as great as 40 c?n. Since 
the a particles from the radium source could not penetrate 40 cm. 
of air, Rutherford proposed the hypothesis that the a particles, by 
colliding with the nitrogen nuclei, caused the disintegration of the 
latter, with the emission of long-range particles wdiich produced the 
scintillations. Measurements of the magnetic deflection of these 
particles suggested that they were protons— a surmise confirmed by 
subsequent work. Rutherford and Chadwick^ later showed that 
many other light elements could be similarly transmuted. To study 
the phenomenon in solids, the source D was moved close to the wfindow 
If, which was replaced by a thin layer (foil where possible) of the 
element under study, and the scintillations produced by the ejected 

^ Ruthebford, PM. Mag., vol. 37, p. 581 (1919). 

2 Ruthebfoeb and Chadwick, PM. Ma^., voL 42, p. 809 (1921) and vol. 44, p. 
417 (1922); P%s. /Soc., Proc., vol. 36, p. 417 (1924). 
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protons were observed on the screen F, putting various tliiek- 
nesses of material of known stopping power between IF ami F, the 
equivalent range in air of the protons emitted from these siil-)>staiiees 
could be determined. In this way it was found that all elem«‘rits 
from B(5) to K(19), with the exception of C(6) and 0(8), could be 
transmuted, with the emission of protons. 

The ranges of the emitted protons varied from element to element 
under bombardment by a particles from radium C, as follows, ranges 
being given in air and expressed in cm, : 


vSoiirce 

B(5) I 

N(7) 

FI(9) 

Na(ll) 

Mg(12) 

Al(13) 

P(15) 

Range 

58 ! 

40 : 

65 

58 

40 

90 

65 


Now Rutherford had measured the range of protons in air as a func- 
tion of their velocity, and he was able to show that even if all of the 
energy of the a particle from radium C were given to the proton as a 
result of the collision, it would have a range of only about 57 cm. It is 
seen, therefore, that in the case of Fl(9), Al(13), and P(15), at least, 
the initial energy of the proton exceeds that of the incident a 'particle. 
The disruption of these nuclei must, therefore, be accompanied by an 
evolution of energy. Whence comes this energy? 

Rutherford^s answer was that the energy was supplied by the 
nucleus from which the proton came, this nucleus being caused to 
explode by the impact of the a particle. He assumed that the a 
particle Was merely deflected b}^ the nucleus and continued on its way, 
although with diminished energy. More recent work, on the contrary, 
indicates that in such phenomena the a particle is actually captured 
by the nucleus, forming a nucleus of a different element. In a cloud 
chamber in which the track of the incident a particle, that of the 
proton, and that of the recoiling nucleus can all be plainly seen, there 
is no trace of a track made by an escaping a particle. 

Rutherford^s original nitrogen transmutation is, therefore, now 
believed to be represented by the following equation: 

N14 4. + Hb 

Here, for simplicity, we have vnitten the symbols usually employed for 
neutral isotopic atoms to represent their nuclei, He"^ indicating the 
incident a particle and the ejected proton. According To the 
equation, the nitrogen nucleus gains 4 units of mass from the He‘^ and 
loses4 vmit,m,H;V,BO that^i^ rises by 3 units, from 14 to 17; and) 

it also, gains, 2 units, of .positive charge irom He,^. and loses 1 viiiit in,, 
so, that' .Z 'rises, by 1,'from 7 to 8. , '■ The' 'nitrogen nucleus dhiis becomes. 
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transmuted into a nucleus of the rare isotope of oxygen, 0^^. In any 
such equation, the sum of the atomic numbers Z must balance on both 
sides of the equation, representing conservation of electric charge, and 
the sum of the mass numbers A must also balance, representing con- 
servation of neutrons and protons. The balance for Z can be exhib- 
ited numerically in the equation by writing it in terms of more explicit 
isotopic symbols, thus: 

+ sHe" + iHh 

Here superscripts denote the mass number A and subscripts the atomic 
number Z. 

Theoretical considerations indicate, however, that in such occur- 
rences a single intermediate nucleus is probably first formed, in a A^ery 
unstable condition, so that a more complete description of the reaction 
Avould be 

+ 2He^ gPi* -> + iHh 

Since, however, the intermediate nucleus cannot (ordinarily) be 
detected experimentally, it is usually omitted in AAiiting the equation. 

205. Discovery of the Neutron. — radical change in our ideas 
concerning nuclear structure resulted from an important discovery 
that was made in 1932. Late in 1930, Bothe and Becker had observed 
that a number of the lighter elements, when bombarded by a particles 
from polonium, emitted a very penetrating radiation. The effect was 
very marked for beryllium, the radiation from which was reduced in 
intensity only one-half upon passing through 2 cm. of lead. An ex^en 
more penetrating radiation Avas emitted AA^hen the a: particles struck 
boron. It Avas presumed at the time that these penetrating radiations 
consisted of unusually hard y-rays. 

In 1932, hoAvever, Mme. Curie-Joliot and M. Joliot^ reported a 
remarkable property of these radiations. They Avere studying the 
penetrating poAver of the rays by placing absorbing screens of various 
materials betAA^een the source of the rays and the ionization chamber 
that Avas being used for their detection; and they noted that, aaLcii 
paraffin, Avater, or Cellophane was used as an absorber, the ioniza- 
tion in the chamber Avas actually increased. The increase could be 
destroyed, hoAvever, by interposing 0.2 mm. of aluminum betAA^een the 
paraffin and the chamber, Avhich had a AAundoAA" of tliin foil to admit the 
rays. From the nature of the materials that caused it, they concluded 
that the increased ionization must be due to protos Avhich had been 
ejected from the paraffin or other hydrogenous material by the pene- 

^ Curie- J oLiOT and JoLioT, Comptes BenduSj a’’o 1. 194, p. 273 (1932). 
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tratiiig rays. This explanation was supported by the further observa- 
tions that (1) the increase was not affected by a magnetic field, as it 
should have been if it had been due to electrons^ and (2) the increase 
was diminished less by interposing silver between the paraffin and 
the chamber than by interposing aluminum, wliich is in agreement 
with the assumption that the increase is due to protons, whereas the 
reverse would have been true if it had been due to photons ejected from 
the paraffin by the penetrating rays. 

The experiment was repeated soon after by Chadvdck/ who used 
the very similar arrangement illustrated in Fig. 196. The polonium 
emitting particles was placed on a disk D in an evacuated vessel S and 
opposite a disk of beryllium, Be. The radiation emitted by the 
beiyllium entered the window re, of thin aluminum foil, of the so-called 
‘S^alve counter”*'^ C, which registered a count every time a quantum 





Fig. 196. — Chadwick’s apparatus for the production of neutrons. 

of the radiation entered C. With 3 cm. of air between 5S and C, 
some 4 counts per minute were registered. This number was not 
changed materially by inserting as much as 2 cm. of lead between 
S and C, which showed the greater penetrating power of the radiation 
emitted by the beryllium. 

When, however, a sheet of paraffin was placed in front of w, the 
number of counts was markedty increased. Chadwick attributed this 
increase, as had Curie-Joliot and Joliot, to the ejection of charged 
particles from the paraffin, some of which passed through the window 
tv into the counter and caused it to register. In order to test the 
identification of the particles as protons, he determined their absorba- 
bility in aluminum, by interposing screens of aluminum between the 
paraffin and w, and noted that the electrical pulses produced by them 
in the counter were of the same size as would be produced by protons 
of the same absorbability. He calculated that the protons had a 
kinetic energy of 5.7 X 10^ electron-volts and would have a range of 
40 cm. in standard air. 

^ Chadwick, iSoy Soc., Proc., vol. 136, p. 692 (1932). 

2 Chadwick, Constable, and Pollard, Roy. Soc.^Ptoc.^ yoI. 130, p. 463 (1931). _ 
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It had been suggested by Mme. Curie-Joliot and M. Joliet that 
the protons owed their origin to a collision between photons of the 
penetrating radiation from the beryllium and the hydrogen nuclei 
in the paraffin similar to the Compton effect for electrons. If the 
hydrogen nucleus recoils, as does the electron in the Compton effect, 
we can compute, by use of the formula given for Em in Sec. 186(a), 
the energy Jivq necessary to give the recoiling nucleus 5.7 X 10® elec- 
tron-volts in the case where, as here, d = 180°. We find that 

hvQ == 55 X 10® electron-volts. 

Chadwick showed, however, that it is difficult to imagine a nuclear 
process by which a 7-ray of such high energy can be produced through 
the impact of an a-ray upon a beryllium nucleus. The most favorable 
reaction possible would be 

Be^ + He^ C'® + y. 

The mass of C^^ was known both from data on the artificial trans- 
formation of and from observations of the isotope effect in the band 
spectrum of carbon; the value now accepted is C^® = 13.00766. If we 
subtract tliis from the modern masses of Be^ (9.01497) and He*^ 
(4.00389), we have a net loss of rest mass of .01120 = 10.4 Mev. 
Adding 5 Mev for the kinetic energy of the a particle and neglecting 
that of C^®, we have a maximum of less than 

15.4 X 10® electron-volts. 

Chadwick’s own estimate was 14 X 10® electron-volts, based upon the 
assumption that for B®, whose mass had not then been measured, the 
mass defect was zero. Both estimates are far below the energy of 
the supposed 7-ray. 

To remove this discrepancy, Chadwick abandoned the assumption 
of a 7-ray emission from the beryllium and reverted to the neutron 
hypothesis that had been put forward by Rutherford 12 years before. 
At that time it was commonly assumed that atomic nuclei are com- 
posed of protons and.electrons in close association; and on this assump- 
tion it was reasonable to expect that a nucleus of the simplest type 
might be formed out of a single proton and an electron, combined in 
much closer fashion than they are in the hydrogen atom. Not being 
surrounded by an electric field, such a nucleus, called by Rutherford a 
neutron^ would produce no ions and therefore could move with great 
freedom through matter. It would be deflected or stopped only wffien 
it collided bodily -with an atomic nucleus, in which case the nucleus 
itself would be projected at a speed proportionate to the speed of the 
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neutron. Man}?' experiments liad been made in Rutherford’s labora- 
tory ill search of such neutrons, but to no avail. 

Chadivick asssumed that the radiation emitted by beryllium or 
boron under bombardment by o;-rays consisted of neutrons projected 
at high -speed according to the reactions 

4Be^ + 

+ sHe^- + on\ 


qjH (or or just n) standing for a neutron. The high penetrating 
power of the radiation is thus accounted for at once. Furthermore, 
such particles would require far less energy in order to project a proton 
at high speed from an atom of hydrogen than would a photon, for a 
material particle carries much more momentum in proportion to its 
energy. 

According to Ptutherford^s original hypothesis, the mass of the 
neutron should be almost the same as that of the proton. This 
supposition was confirmed by Chadwick from a comparison of his 
measurements of recoil protons with certain observations on recoil 
nuclei of nitrogen produced by the impact of neutrons upon nitrogen 
molecules. The recoil nucleus thus produced vill have a maximum 
velocity when the collision is central, so that the recoil nucleus is 
thrown straight ahead and the neutron straight back. For such a 
collision, the ordinary laws of elastic collisions give for the velocity v 
of the recoil nucleus^ 


2Mo 


( 317 ) 


where 31 and Mo nre the respective masses of the nucleus and the 
neutron and vo is the initial velocity of the neutron. Now, for the 
protons set in motion by neutrons, Chadwick deduced from their 
maximum range a maximum velocity of v == 3.3 X 10‘^ cm. sec.""^ For 
the recoil nitrogen nuclei due to neutron bombardment, Feather, 
obserraig the tracks made by these nuclei in a cloud chamber, found 
a maximum track length of 3.5 mm. in air at 15° and 76 cm, pressure, 
corresponding, according to previous measurements by Blackett and 
Lees, to a velocity^ of = 4.7 X 10® for the nitrogen nuclei. Insert- 
ing' these values ofF iii'turn in (317), and also ilf = 1 for protons and 

^ If,, is the velocity , of . the neutron after the collision, MoVo , == If 0 % +' M?; by 
coiiserva.tion.of momentum, and - MMo(vq by eonservation,.of energy. 

■2:Fe,ather^„ i2o,2/.".5^oc.,Bro,c., vol.' 136, .'p., 709 ,.(1932). 
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M — 14 for nitrogen nuclei, we obtain 


3.3 X 10=' = 


2ifo 
1 + 


4.7 X 10« = 


2Mo 

14 + Mo^"’ 


from which ilfo = 1.2, vo = 3.0 X 10® cm. sec.~^ 

A much better value for the mass of the neutron can be obtained 
from later observations on the disintegration of the deuteron (nucleus 
of heavy hydrogen) by 7-rays, which was discovered by Chadwick and 
Goldhaber in 1934^ and studied more carefully b^?' Chadwick, Feather, 
and Bretscher.^ In the latter investigation the range of the protons 
was observed and their initial kinetic energy was calculated from 
their range. The kinetic energy of the neutron must be practically 
equal to that of the proton, in order to preserve the conservation of 
momentum. The difference between the energy hv of the 7-rays and 
the combined kinetic energies of proton and neutron then represents 
the work that is done in disrupting the deuteron, or the bin ding 
energy^' of the deuteron. The data were reconsidered by Bethe® with 
the use of better data on the ranges of protons; he deduced for the 
binding energy of the deuteron 2.17 ± 0.04 Mev. This amount of 
energy disappears in the disruption of the deuteron and is, therefore, 
included in the rest energy of the product particles. Thus the com- 
bined rest masses of a proton and a neutron exceed the rest mass of 
a deuteron, which is 2.01473 a.m.u., by the mass associated with 
2.17 Mev of energy or by (2.17 ± 0.04)/932 or (2.33 ± 0.04) X 10“^ 
a.m.u. The combined masses of 2 protons, on the other hand, are 
knowm from spectroscopic data to exceed the mass of the deuteron by 
only 2 X 0.00813 - 0.01473 = 0.00153 ± 0.00004 a.m.u. The mass 
of a neutron, therefore, exceeds that of a proton by 0.00233 — 0.00153 
or (0.80 ± 0.06) X 10“^ a.m.u., and the mass of the neutron is 
1.00813 + 0.00080 or 

Mo — 1.00893 a.m.u. 


Possibly a slightly better value is Mq — 1.00894.^ 

The history of the discovery of the neutron is especially interesting 
in that the relevant observations were made by one group of observers 
but the correct interpretation of these observations w^as proposed b}^ 
someone else. 

1 Chadwick and Goldhabee, Nature, vol. 134, p. 237 (1934); Roy. Soc., Proc., 
voi, 151, p. 479 (1935). 

Chadwick, Feathee, and Beetschee, Roy. Soc., Proc., vol. 163, p. 366 
(1937). 

^ Bhthk, Phys. Rev., yoI. 53, p. 313 (1938). 

^ Hughes, iEez?., vol. 70 , p. 219 (1946). 
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THE STRUCTURE OF NUCLEI 

206« The Composition of Nuclei, — A survey of tlie data on radio- 
activity ill the light of Rutherford^s nuclear theoiy of the atom at 
once raises the question as to the constitution of the nucleus. A 
mechanism capable of emitting a-rays, /5-rays, and a whole spectrum 
of monochromatic 7-rays must possess a well-ordered, though proba- 
bly very complex, structure. And, first of all, of what elementary 
particles is the nucleus composed? 

Since electrons were known to be emitted from some nuclei, it was 
natural to assume in the beginning that electrons formed one con- 
stituent of many, perhaps all nuclei. Such an assumption would make 
it possible to carry out Prout^s old hypothesis in a new form, by 
assuming that all nuclei consisted of electrons and protons (a proton 
being the nucleus of a hydrogen atom). Radioactive nuclei have 
never been found to emit protons, to be sure; and they do often emit a 
particles, which are helium nuclei. But the helium nucleus, being 
almost exactly four times as heavy as a proton with a positive charge 
twice as great, might consist of 4 protons combined with 2 electrons, 
the latter adding very little to the mass but serving to make the 
nuclear charge come out right. The fact that 4 separate protons are 
slightly heavier than a helium nucleus is not necessarily fatal to this 
hypothesis; for the attractive forces holding the 4 protons and the 
2 electrons together W'ould presumably be associated with a negative 
potential energy, and, according to the relativistic relation between 
mass and energy, this negative energy wmuld be associated with a 
diminution in mass. 

On the basis of w^ave mechanics, how-ever, certain objections can 
be raised against the assumption that electrons exist inside of nuclei. 
According to the indeterminacy principle (Sec. 112), the indefiniteness 
of position of a particle in one direction, A.t, and the indefiniteness 
of the corresponding component of momentum, Ap, are ahvays at least 
large enough so that 

AxAp^/i, 

h being Planck^s constant and ^ meaning ‘‘is of the order of.^^ Now, 
if Ave make Ax = 2 X 10“^^ cm., w'hich is of the order of nuclear 
diameters [qf. Eq. (322) in Sec. 208], 


Ap 


A 

Ax 


6.6 X 10-27 
2 X 10-^' 


- 3.3 X 10-1^ 


To estimate the indefiiiiteness in energy, w^e must use relativistic 
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formulas. For the total energy W of a particle mth momentum p, 
Eq. (66) in Sec. 65 gives 

If we make p only as large as the value just found for Ap the term 
= (3 3 X 10-“)H3 X 10'®)^ = 10-® erg.2 For an electron, this 
fs easily seen to exceed greatly the term Hence for such a value 

of p we may write 

10-' 

If 2 = p2c2 = 10-®, TF = 10 ' erg - ^ g ^ ;^q_i2 


6 X 10’ ev 


[cf. Eq. (144) in Sec. 96]. Only a_ small part of TF is represented by 
the rest energy of the electron, which is 


mc" 


(0.9 X 10-^’) ||^^2 - 5 X 10= electron-volts. 


Thus a free electron confined within a space as small as a nucleus 
to h„e . kinetic energy of tire order of 6 X 10- eiectron- 
(oits In a nucleue, no doubt, an electron ryould really be m come 
sort of quantum state; but a more ngorous wave-mech^ical aigu- 
ment leads to the same conclusion as to its energy. Yet, experi- 
mentally, we find that when ah electron issues from a nucleus as a 
?-ray. Its kinetic energy never exceeds 4 X 10= electron-volts or 
Ks of that just found. In view of the contrast between these two 
niLbers it seems improbable that nuclei can contain electron^ 
There are also other theoretical objections that are connected ivith 

nuclear spin, but these we shall not discuss. , , . 

In view of these difficulties with the assumption that nuclei con- 
tain electrons, the discovery of the neutron in 1932 led at once to the 
general adoption of a radically different theory of nuclear composition. 
In the theory generally held today it is assumed that 

1. Nuclei are composed of protons and neutrons. 

2. When a negative electron is emitted from a nucleus as a ^-ray, 

' it is created in some way at the instant of emission, a ™ 

the nucleus changing at the same time into a proton. When a 
positron is emitted (Secs, 212 and 213), a proton changes into 
..a neutron. 

Thus the idea of the conservation of electrons as particles has been 
abandoned, but conservation of electrical charge is retained. Since 
protons and neutrons can be converted into each other in the nucleus. 
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they are sometimes regarded as two alternative states of a single kind 
of heavy' particlej to which the name nucleon has been giveiid 

According to this view, the helium nucleus^ vdth atomic number 
Z = 2 and mass number A = 4, consists of 2 protons and 2 neutrons. 
The combined masses of 2 separate protons and 2 neutrons exceed, 
to be sure, the mass of the helium nucleus; but this excess is explained 
as in the older theory of nuclear composition by assuming that a con- 
siderable loss of energy occurs as the four particles are brought together 
into a helium nucleus, and this loss of energy is accompanied by a loss 
of mass. 

A similar loss of mass presumably occurs in the formation of all 
heavier nuclei. The variation of the loss of mass from one isotope 
to the next can be reduced to a minimum by assuming that in all 
cases the combined number of protons and neutrons in a nucleus is 
represented by its mass number A as alread}^ defined; and this hypoth- 
esis is now universally adopted. The atomic number Z then repre- 
sents the number of the protons alone, whereas the number of neutrons 
in the nucleus is A — Z, 

207. Nuclear Mass and Rest Energy. — The comparative masses 
of nuclei are extremely important because of the significance that they 
possess in terms of nuclear energy. It will be found most convenient, 
however, to deal, not A^dth the total isotopic mass itself, but with the 
difference between the isotopic mass (or the mass expressed in atomic 
mass units) and the mass number A. This difference may be called 
the mass correction (relative to In any nuclear reaction, since 

there is no change in the total number of protons and neutrons, and 
hence also none in the sum of the mass numbers, the total change in 
nuclear mass is also given by the change in the sum of the mass 
corrections. 

The neutron may be considered as a nucleus vith Z = 0, /I == 1, 
and a positive mass correction equal to 0.00893. The majority of the 
known nuclei have negative mass corrections. This is a consequence 
of the choice of the 0^® scale. The mass correction will vanish for a 
nucleus in wliich the average mass per constituent particle happens to 
be exactly the same as in 0^^. 

In Fig. 197 the mass corrections of many nuclei are shown plotted 
against the atomic mass number A. Stable isotopes of the same ele- 
ment have usualty almost the same mass correction, hence, except for 
hydrogen, .lithium, and boron, each element is represented by a'single 

1 ,M0'eler, 'voL 59,-p. 323'(1941).' ■'■■■ 

2 The difference between isotopic mass and mass number has been called a mass 
defect, but some such term as ^‘mass correctional seems to be less confusing. 
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isotope. For small values of Z there is an evident tendency for the 
mass correction to be larger when the atomic number is odd than when 
it is even. The mass correction has its algebraic minimum value about 
at krypton, Z = 86. 



Atomic mass number^ 

Fig. 197. — Mass correction (or mass excess) of certain nuclei, plotted against the mass 

number A. 


Another quantity that has been used very often in the discussion of 
nuclear masses is the 'packing fraction, defined by Aston as the ratio 
of the mass correction (on the usual 0^® scale) to the mass number A, 



A 


Fig. 198. — Approximate curve showing packing fraction {Mi — A)/ A as a function 
of mass number A {Mi = isotopic mass). The packing fractions of certain isotopes 
are indicated by crosses. 

An approximate curve of packing fractions as a function of mass 
number is shown in Fig. 198; and the values of the packing fractions 
themselves, so far as they are known, are given in Appendix I. On the 
plot the packing fractions for a few isotopes are indicated by crosses. 
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The minimum packing fraction occurs about at iron, Z = 26, earlier 
than the minimum for the mass correction because of the progressive 
increase in .4. 

Fiirtliermore, according' to the relation between mass and energy 
that is suggested by relativity, as described in Sec. 65, each gram of 
mass represents also grams of rest energ}", where c is the speed of 
light in centimeters per second. The amount of energ^;^ thus associated 
with each atomic unit of mass, whose magnitude is given in Eq. 
(315) in Sec. 195, is 1.660 X lO™^^ X (2.9978 X or 1.492 X 10"3 
erg; divided by 1.601 X lO”^^ (144) in Sec. 96], this equals 

9.32 X 10^^ electron-volts. It is customary in nuclear physics to use 
ev (or eV, EV) as an abbreviation for the electron-volt and Mev 
(sometimes MEV, MV) for a million electron-volts (sometimes Bev 
for 10-^ ev). Thus w^e can wnite for the energy associated with each 
atomic mass unit: 

1 a.m.ii.: 1.492 X 10""® erg = 932 Mev. (318) 

Any nucleus of mass iff in atomic mass units thus contains 932 M 
million electron-volts of rest energy. For future use, we may note 
also the energ3^ equivalent of the electronic mass. Calculating rn as 
in Sec. 195(c) and using Eq. (318), wm find = 0.000594 X 932 or 

mc^ == 0-511 Mev. (319) 

In any nuclear reaction, a change in the sum total of the masses 
involved implies a proportionate change in the sum total of the rest 
energies. If rest mass disappears, a corresponding amount of energy 
must appear in other forms, usiiall}^ either as kinetic energy" of various 
particles, as the rest energy of particles newdy created, or as electromag- 
netic radiation, usually 7-rays. When the total rest mass increases, 
there must be a corresponding net conversion of energy of other forms 
into rest energy. 

In calculating the change of mass, as already stated, the masses 
of neutral atoms rather than nuclear masses may be used, in dealing 
with any change in which the total number of circumnuclear electrons 
remains fixed; and, in turn, mass corrections may be used instead of 
atomic masses, since the sum of the mass numbers of the atoms involved 
is ahvays conserved (in reactions so far discovered). 

Consider, for example, the process, imaginary at present, which 
consists of the binding of 2 protons and 2 neutrons into a helium 
nucleus. The sum of the initial mass corrections is 

2 X 0.00813 + 2 X 0.00893 = 0.0341; 
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whereas the mass correction of a helium atom is 0.0039. Thus the 
reaction stated involves a loss of rest mass of magnitude 

0.0341 0.0039 = 0.0302 a.m.u., (320) 

and a loss of rest energy equal to 

0.0302 X 932 = 28.1 Mev. (321) 


This energy of 28.1 Mev is called the binding energy of the helium 
nucleus. The loss of mass may be called similar^ the mass loss in 
binding. 

To break a helium nucleus completely apart into its con- 
stituent protons and neutrons would thus require the expenditure 
of 28.1 Mev of energy. This is nearly three times the kinetic energy 
of the fastest a-rays known. Thus we can understand why a particles 
are never observed to break up into protons and neutrons as they fly 
about in the laboratory. 

An alternative possibility, however, is that a helium nucleus might 
break apart into 2 deuterons, i.e,, into 2 nuclei of heavy hydrogen, 
H“. The mass spectrograph gives for the mass of an atom 2.01473 
a.m.u. Thus the mass loss and binding energy of the deuteron are, 
respectively, only 0.00813 + 0.00893 - 0.01473 or 0.00233 a.m.u., 
and 2.2 Mev. Accordingly, the energ}^ released in the union of two 
deuterons into a helium nucleuses 28.1 -* 2 X 2.2 = 23.7 Mev, This 
is more than twice as large as the largest a-ray energy, so that He*^ 
is also veiy stable as against disintegration into deuterons. 

Similar calculations can be made for all isotopes. The mass losses 
and the binding energies are found to increase, from helium on, 
almost in proportion to the mass number. This fact stands out most 
clearly if the binding energy per co?istituent particle is considered, instead 
of the total binding energy. For helium the binding energy per par- 
ticle is 28.1/4 === 7.02 Mev. For heavier nuclei the binding energy per 
particle increases slowly from the smaller value of 5.3 Mev for Li® 
to a maximum of about 8.7 near iron {Z = 26), and then decreases 
very slowly to 7.94 for uranium (U^®®). In Table V are listed, for a 
few nuclei, under M.l. the mass loss in atomic mass units, under B.e. 
the binding energy, and under B.e.p.p. the binding energy per particle, 
the latter two being expressed in terms of Mev as the unit of energ}^ 

The binding energy per particle varies in close correspondence with 
the packing fraction, not quite in proportion to it because of the 
slight difference in mass between protons and neutrons. That the 
binding energy per particle does not change sign, as does the packing 
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fraction, is due^ of coursoj to the fact that the binding energy per particle 
contains a constant part representing its value for 0^*^. 


Table Y. — Mass Loss (M.L), Binding Eneegy (B.e.), and Binding Enebgy 
PER Particle (B.e.p.p.), for Certain Nuclei 


Nucleus 


LP 

Li' 

Be^ 

B 

Bn 

Z 

2 

3 

3 

4 

5 

5 

M.L, a.m.u. 

0.03023 

0.0343 

0.0421 

0.0622 

0.0693 

0.0813 

B.e., Mev 

2S.18 

31.9 

39.2 

57.9 

64.6 ; 

75.8 

B.e.p.p., Mev. ....... 

7.04 

5.32 

5,61 

6.64 

6.46 

6.89 


Nucleus 

C92 

]S[14 

016 

A40 

Pgse 


Au's^ 

2; 

M.L, a.m.u 

B.e., Mev 

B.e.p.p., Mev ; 

6 1 
0.0984 ’ 
91.7 1 
7.64 1 

7 

0.1119 
104.3 ; 
7.45 

8 

0.1365 

127.2 

7.95 

18 

0.368 

343 

8.57 

26 

0.518 

483 

8.62 

47 

0.970 

904 

8.45 

79 

1.657 

1544 

7.74 

Nucleus 

pT238 







Z 

M.L, a.m.u 

B.e., Mev 

B.e.p.p., Mev 

92 

1.912 

1782 

7.49 

! 







The binding energy has reference to the union of fundamental 
particles, protons and neutrons, into a nucleus. More generally, it 
is interesting to consider the union of any two nuclei into a larger one, 
or the possibility of breaking up a large nucleus into two smaller ones. 
A study of the isotopic masses leads to the conclusion that, so far as 
the conservation of energy is concerned, it would be possible for any 
two of the lighter known nuclei to combine together, provided the 
mass number of the product nucleus so formed Avoiild not exceed about 
70. Thus, nitrogen and aluminum Al^^ could combine into potas- 
sium with a loss of rest mass of 

0.0075 - 0.01 - (-0.026) = 0.0235 a.m.u.; 

but a positron would have to be emitted in order to decrease Z from 
7 + 13 to 19, requiring a rest mass of 0.0005 a.m.u., so that the energy 
.actually ' released ' would be 0.023 ■ X 932 = 21.5 Mev. Or, , '.and 
A^® might unite to. form..Zn^® after emitting 14 + 18 — 30 =,.2 posi- 
trons,,.' with, a' net: loss' of' 0.0,03 a.m.u. ^ and' an emission .;''of '' 1.8^ 'Mev' .of; 
energy.. ■' 
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On the other hand, it appears that any of the heavier nuclei from 
molyledenum {Z == 42) upward could divide into two lighter nuclei, 
mth the emission of one or more negative ^-rays in order to adjust the 
Z values. Examples: 

Mo^s Ti^9 + Ti^9 + 2/r + (-0.056 + 2 X 0.034 - 0.001 

== 0.011) a.m.ii. 

or 10.3 Mev; Pb^o^ Sn^24 + + 4 ^- + o.l74 a.m.u. or 162 Mev. 

Onl}^ limitations set by the conservation of energy have been con- 
sidered here, of course. The transformations contemplated may be 
impossible for other reasons. The famous fission of uranium and 
several other elements, described in Sec. 227, is a first step toward 
tapping such atomic sources of energy. 

208. The General Theory of Nuclear Binding. — It is clear that the 
protons and neutrons composing a nucleus must be held together by 
attractive forces of some sort, otherwise the mutual electrostatic 
repulsion of the protons would disrupt the nucleus. The true nature 
of these attractive forces and the exact law of their action are not 
known with certainty. In this respect the present situation in nuclear 
theory is quite different from that in ordinary atomic theory. The 
mathematical form of the interaction between electric charges, for 
some reason, is the same at atomic distances as it is at physically 
observable distances; the only difference between the twm cases is 
that at large distances it is possible to use the approximate, classical 
form of mechanics, whereas on the atomic scale the more exact w^ave- 
mechanical form must be employed. Thus, historically, observations 
of electrostatic interaction on the ordinary physical scale led at once 
to a knowledge of this interaction on the atomic scale. In constructing 
a nuclear theory, on the other hand, our only resource is to endeavor 
to infer the law^s of the interaction betw^een the nuclear particles from 
the observed properties of nuclei, or patiently to try various hypotheses 
concerning these laws and to compare deductions from them with the 
results of experiment. We shall not enter upon a detailed discussion 
of the hypotheses that have been proposed, but shall restrict the dis- 
cussion to certain ideas w^hich have proved useful and w^hich seem 
destined to form a permanent part of nuclear theory, referring the 
student elsewhere for further information^ 

One general property that the nuclear forces must possess is indi- 
cated by certain features of the scattering of a particles by atomic 

^ (7/. Rasetti, op. di.; Pbieels, The Theory of Nuclear Forces, Nature, vol. 145, 
p. 687 (1940) ; Bethe, Rev, Modern Phys,, vol. 9, p. 69 (1937) ; and many articles 
in the literature. 
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nuclei. The ^scattering is found to obey the law deduced by Pbiitiier- 
ford (Sec. 91) so long as the distance of closest approach of the « 
particle to the niicleuSj as calculated from its velocity and the angle, 
of scatteringy remains greater than a certain distance p, which varies 
from one kind of nucleus to another. At smaller distances departures 
from Rutherford’s formula occur; the scattering is then said to be 
anomalous.” Since Rutherford’s original deduction rested on the 
assumption of the ordinary inverse-square law of force, and since, 
according to classical theory, this assumption would be justified if the 
nuclear charge were symmetrically distributed within a distance p of 
the center of the nucleus, the value of p deduced from the scattering 
experiments is regarded for convenience as the ‘^radius” of the 
nucleus. Classical theory is not really applicable to the scattering 
phenomenon, to be sure, but wave mechanics, also, leads to Ruther- 
ford’s formula, and it is thought that the classical interpretation of 
p may represent certain features of the unknown accurate nuclear 
theory. The values of p deduced from the experiments are represented 
roughly by the equation 

p = 2 X cm. (322) 

As indicated by this equation, p c: nearly. Thus the volume 

of the nucleus, is proportio7ial to Z. Since Z, in turn, is nearly 

proportional to the number of particles in the nucleus, we reach the 
conclusion that the density of all nuclei is nearly the same. In this 
respect, there is a strong contrast between the nucleus and the elec- 
tronic envelope of the atom, in which the mean density of the electrons 
increases rapidly with increasing Z. The fact that the density does 
not change much when one more particle is added implies that the 
interactions betw^een particles which hold the nucleus together are 
sharply limited in range, so that the addition of a particle affects only 
those near to it. The interaction between two particles must, there- 
fore, drop off quickly to zero when the distance between them exceeds 
a certain limit; and the observed values of p imply that this limiting 
distance must be of the order of 10“^^ cm. or less. 

A nucleus thus resembles somewhat a drop of liquid, held together 
by cohesion. It is doubtless more penetrable, however; perhaps a 
swarm of bees in the air would be a better analogy. The latter com- 
parison illustrates also the fact that, like the electrons in the alom, the 
individual neutrons and protons do not have any fixed places in the 
nucleus. The wave function for the nucleus probably does 
represent the component particles as changing position from 
time, however; it merely assigns a certain probability for each possible 
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position in the nucleus, this probability being the same for each neu- 
tron, or for each proton. In Fig. 199 is shown a diagram that may 
help in •\dsuali 2 ing some of these conclusions. 

Besides its nearly constant density, a nucleus also resembles a drop 
of liquid in the fact, noted in the last section, that the binding energy 
is almost proportional to the number of constituent particles. Just 
as the heat that is given off when a molecule of vapor 
condenses onto a drop of liquid is independent of the 
mass of the drop, so the energy released when one 
more neutron or proton is added to a nucleus is 
(nearly) independent of Z, amounting roughly to 8 
Mev per particle. 

The classical analogies must not be taken too 
literally, however. Classical mechanics is presum- 
ably applicable to nuclear phenomena only when the 
energies of the particles are high enough to make their 
de Broglie wave lengths small as compared with nuclear dimensions. 
According to Eqs. (i66a,5) in Sec. 107, to have a wave length even 
as small as cm., a neutron or proton v/ould have to have kinetic 
energy equal to 

1 __ {mvy __ Qi/\Y _ (6.61 X 10"27iO“13)2 

2 ”^*" 2m 2m 2 X 1.66 X 10-^^ 
or 

1.3 X 10~® erg == 830 Mev. 

This is large as compared with the amount of energy associated with 
one particle in a nucleus. Presumably, therefore, the correct theory 
of the nucleus must be wave-mechanical in nature. 

209, Unclear Forces and the Ratio of Mass Number to Atomic 
Number, (a) The Attraction between Neutrons and Protons and the 
N euiron-'pi'oton Ratio . — Some further results that are very suggestive 
have been obtained by studying mathematically the force actions 
that must exist if the nucleus is to be held together. The existence 
of the deuteron, consisting of 1 neutron and 1 proton, shows conclu- 
sively that an attraction of some sort exists between a neutron and a 
proton. Such attractions between neutrons and protons might 
conceivably be the sole action holding the nucleus together against 
the disruptive tendency of the electrostatic repulsion of the protons. 
It is possible to account for the broad characteristics of stable nuclei 
on the assumption that only these two force actions are effective [but 
see':'(5)'' below]:.;' ; 

For a first attack on the problem, let us neglect the repulsion of 


Fig. 199.—* 
Illustrating a nu- 
cleus composed 


and neutrons 

O. 
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the protons, vSiipposing onty the neutron-proton attraction to exist. 
Then it is easily seen that all stable nuclei should contain as nearly 
as possible equal numbers of neutrons and protons, since the energy 
of a given niiinber A of particles will be a minimum when they are half 
protons and half neutrons. For, suppose a nucleus contains N neu- 
trons and P protons, and suppose that N > P. Then, if a neutron 
were to be replaced by a proton, the energy of the nucleus would be 
decreased by the amount of the negative potential energy due to 
the added proton interacting with iV — 1 neutrons, and increased by 
the loss of the negative energy due to the interaction of a neutron with 
P protons. If A" — 1 > P, the net effect would be a decrease in the 
nuclear energ^n Hence, under these circumstances, there would be 
a tendency for a neutron to emit an electron as a particle and to turn 
into a proton, thereb}^ decreasing the nuclear energy and at the same 
time making N more nearly equal to P. In the same way, we may infer 
that, if P — iV > 1, a proton should emit a positron and turn into a 
neutron. 

The decrease in energy due to such a change would have to be 
sufficiently great, to be sure, to provide not only some kinetic energy 
for the emitted particle but also its rest energy mc^; otherwise no 
change could occur. The absolute value of the energy interaction of 
proton and neutron must be relatively large, however. In Sec. 207 
we have seen that energy equal to 2.2 Mev is required to break up a 
deuterium nucleus into a neutron and a proton. In ail heavier nuclei 
the binding energy per particle is of the order of 7 or 8 Alev. In 
comparison with such energies, the rest energy of an electron or posi- 
tron, 0.51 Alev as in Eq. (319), is rather small. Thus, we should 
expect a strong tendency for N and P to become nearly equal as a 
result of positive or negative /5-ray activity. 

The electrostatic repulsion of the protons must next be considered. 
The potential energy due to this repulsion adds a positive term in the 
energy, roughly in proportion to P^. Hence, its presence will cause 
P to tend to diminish, and the actual ratio of N' to P will be that at 
which there is a balance between the tendency of the proton-neutron 
attraction to bring N and P into equality and the tendency of the 
proton' repulsion to, dimmish P. ■ Our final conclusion is thus that N 
should somewhat exceed P, at least in the heavier atoms. 

; The magnitude of the energy due to proton , repulsion can be 
estimated from the. classical picture of the nucleus described "above. 
Equation (322) indicates that the distance between protons in a 
nucleus should .be,'' of the, order of cm. ' Tlie- electrostatic energy 
of 2 protons'; 10”^'®': cm. '.apart 'is only .' 
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(4.80 X 10"^o)2 , , , . „ 

== 2.30 X 10“® erg = 1.4 Mev. 

This is small as compared with the total binding energy of a heliimi 
nucleus, or 28 Mev. From this example it is clear that proton repul- 
sion vdll have little effect upon the ratio N/P in all light nuclei, so that 
this ratio should be close to unity. 

The repulsive effect vdll rise rapidly, however, as Z increases. If 
the 80 protons in a mercuiy nucleus, for example, were distributed uni- 
formly over the surface of a sphere of 10~^^ cm. radius, which is a 
little larger than the value of p as given by Eq. (322), their electrostatic 
energy, computed classically, would be 


(Zey^ _ (80 X 4.80 X 

2r 2 X 10-^2 X 1.60 X 10-'^ X 10® 


= 460 Mev. 


If they were scattered throughout the sphere, as they are in reality, 
their energy would be still larger. On the other hand, the total energy 
that is released in binding 120 neutrons and 80 protons into 
with a mass of 200.028, is only 

120 X 0.00893 + 80 X 0.00812 - 0.028 = 1.69 a.m.u. or 1,570 Mev. 

This is less than four times our estimate of the positive repulsive 
energy. Thus, in the heavier nuclei, the effect of proton repulsion 
becomes comparable mth that of the neutron-proton attraction, and 
the number of protons should, in consequence, be considerably smaller 
than the number of neutrons in the nucleus. 

The composition of the nuclei that occur in nature is in good 
agreement vith these deductions from our tentative assumptions. 
A glance at the table in Appendix I shows that there is a strong tend- 
ency for A, which equals A — 2, to equal P or Z up through calcium, 
Z = 20. Beyond this point N always exceeds P, the ratio N/P 
increasing to about 1.5 in the heaviest nuclei. 

The occurrence of isobars, or isotopes having the same mass 
number A but different atomic number 2, might seem to present a 
difficulty for the theory just stated, since, for a given number A of 
particles, there should be a unique value of P or 2 that makes the 
energy a minimum. Among the atoms that occur in nature, however, 
isobars are not abundant, and, where they do occur, usually only two, 
rarely three, different values of 2 occur for a given value of A . Perhaps 
in such cases the difference in energy is too small to permit transforma- 
tion, by the emission of a j3-ray, into the isobar of lowest energy. The 
known masses are not sufficiently accurate as yet to permit a general 
test of this explanation. Furthermore, in a few cases /3-ray activity is 
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actually observed to be going on; for example, a rare isotope of potas- 
sium, isobaric with the commonest isotope of calcium, -oCa”-*-®, is 

responsible for the slight radioactmty which potassium lias long been 
known to exhibit. Many isobaric isotopes have now been produced 
artificially, but nearly all of them are strongly radioactive. 

All known nuclei with 2 > 83 are likewise radioactive, presumably 
because of the overwhelming effect of proton repulsion. Probably 
the nonoccurrence in nature of nuclei with Z > 92 is due to the rapidity 
with which such nuclei undergo radioactive change. 

(h) The Interactions of Netitroris with Neutrons and of Protons with 
Protons, — Since a proton and a neutron interact, in spite of the absence 
of an electric charge on the neutron, it seems probable that neutrons 
also interact with one other. If this is so, then it may be surmised 
further that a similar short-range attractive interaction may exist also 
between 2 protons, superposed upon their electrostatic repulsion; it 
may be that 2 protons, if they come close enough together, will attract 
each other. 

The interaction between protons can be studied by observing the 
scattering at wide angles of high-speed protons by the element hydro- 
gen, which is just a collection of almost stationary protons so far as 
the impinging proton is concerned, the deflecting effect of an electron 
being negligible because of its very light mass.^ Careful experiments 
actually point to the existence of an attractive interaction between 2 
protons which can be said very roughly to overbalance their repulsion 
when they are less than e^/inc- or 3 X 10""^^ cm. apart. ^ (All such 
statements are essentially of the nature of classical analogies, of course ; 
the mathematical analysis of the data nesessarily follows wave- 
mechanical lines throughout.) 

The attractive effect between 2 protons, as inferred from the 
scattering experiments Just mentioned, is about the same as that 
between a proton and a neutron. It is natural to suppose, then, that a 
similar attraction exists also between neutrons. If the neutron-neutron 
and proton-proton attraciions are equal, it is easily seen that the conclu- 
sions drawn above concerning nuclear composition remain valid. 
Since these conclusions in turn agree mth the facts, we may infer 
that the two attractive effects, if not equal, must be at least not very 
different. 

^According to classical mechanics an electron would be set in motion by a 
proton passing close to it, but, by conservation of momentum, the effect on the 
velocity of the proton would be very small. Corresponding results follow from 
'wave .mechanics. \ 

2 Of . B.EEIT, T.ha,xton, and Eveeblud, P%s. 'Bcw.., voL 55, p. 1018, (1939). ■, 
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(c) Proioii and NeuL'on Spin . — Another point to consider, in 
dealing with the binding of particles into a nucleus, is the possibility 
of proton and neutron spin. In the deuteron the band spectra of 
deuterium, H|, indicate the existence of an angular momentum cor- 
responding to a quantum number / == 1. This is easily accounted for 
if the neutron and proton each has spin vnth s = spectroscopic 

terminology, we then explain the value J = 1 by supposing that 
the nucleus H| is normally in a triplet state (c/. Secs. 138 and 140). 

If these conclusions as to spin are correct, there may well be a 
tendency for neutrons, and likewise protons, to occur in pairs in the 
nucleus, the members of each pair having opposite spins. This is in 
agreement with the observed facts. The smallest nucleus that can 
be constructed out of such pairs is the helium nucleus, He'^. As we 
have seen, the binding energy per particle of He^ (7.0 Mev) is of the 
same order of magnitude as that of all heavier nuclei, and is over three 
times greater than that of the deuteron (2.2 Mev), which contains only 
a single neutron and proton. The next three elements after He have 
smaller binding energies per particle than has He^, as is evident from 
the fact that their packing fractions, given in Appendix I, are larger. 
Thus the structure of the helium nucleus or a particle presumably 
represents a peculiarly stable configuration, in analogy with the closed 
subsheil of atomic theory. 

As Z becomes large, the binding energy per particle increases again 
and finalty becomes greater than that of He^. This suggests that 
heavy nuclei may be thought of as formed, in part at least, of helium 
nuclei, which are more lightly bound together than the particles 
in the helium nucleus itself. Mass numbers divisible by 4 do not 
seem to occupy any privileged position, how’-ever. On the other hand, 
there is an obvious tendency for the neutrons and protons to occur 
in pairs. Inspection of the table in Appendix I shows that elements 
vdth even atomic number Z have, as a rule, many more isotopes than 
those with odd Z, Furthermore, even Z usually goes wdth an even 
value of A, the mass number, and odd Z wdth odd A, and this means 
that usually the number of neutrons is even. An odd value of Z is 
combined with an even value of A in only four stable nuclei (H^, Li®, 

N^"^). It is also significant doubtless, that some 87 percent of the 
earth^s crust is composed of elements of even atomic number. 

210. The Explanation of Natural Radioactivity —The broad fea- 
tures of natural radioactivity are easily understood in terms of the 
theory of nuclear structure just described, as is also the related fact 
that elements with J? > 92 do not occur in nature. Any nucleus con- 
taining more than 92 protons, even if it contains also the most favorable 
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iiimiber of neutrons, presumably sooner or later breaks up owing to the 
repulsions of the protons. In uranium (Z = 92) and tlioriiiiii (90) 
among natural atoms, w^e see such a process of disintegration actually 
occurring, although at a slow rate; protactinium (Pa, Z == 91) is much 
scarcer and disintegrates more rapidly, as befits its odd Yaliie of Z. 
Stability is not reached until Z has sunk to 83 (bismuth). 

That it should be an a particle that breaks off from a nucleus, imder 
such conditions, rather than either single protons or neutrons or some 
other group of them, is not so easily seen. This fact must be a con- 
sequence of the especialh^ low' energy of the turn-pair structure of the a 
particle. The eventual emission of l3 particles, on the other hand, is 
readily explained. As successive a particles are emitted, thereby 
decreasing eqiiall}^ the number N of 
neutrons and the number P of pro- 
tons in the nucleus, the ratio N/P^ 
already greater than unity, becomes 
still larger; it may become so large 
that a neutron turns into a proton 
with the emission of an electron, 
thereby lowering the energy and bring- 
ing N/P nearer to its normal stable 
value. Thus is explained the occur- 
rence among the naturally radio- 
active hea\^’' elements of the emission of negative ^-rays but never of 
positive ones. 

It is sometimes helpful to employ the following semiclassical 
picture of the process of u-ray emission. Imagine a group of 2 neu- 
trons and 2 protons in the form of an a particle to start out of the 
nucleus. At first, the group wi.il be held back by the attraction of the 
remainder of the nucleus; as it moves out, therefore, the potential 
energy of the nucleus rises. The attraction rapidly decreases, how- 
ever, until at a certain point it just equals the repulsion between the o; 
particle and the protons in the remainder of the nucleus; at this point, 
the potential energy is a maximum. Beyond this point the repulsion 
predominates, the potential energy decreases, and the a particle is 
accelerated outw^ard. The trend of the potential energy F of the 
nucleus, assimied zero at infinity, as a function of the distance' r ;of 
the a particle from the center of the nucleus, will thus be as ilius- 
■fcrated in, Fig. 200. We ,can think' of F as consituting a ‘’(potential.' 
barrier” tending .to hold the; a particle in ■ the" nucleus. ' 

If wC', adhere strictly to classic.al.; theory,. to be sure, ,.w^e e.ncoimter 
serious 'diffi'Cultiesin endeavoring to, understand the "'s^otr 'rufe' of A--ray 



Fig. 200. — Illustrating the ‘‘po- 
tential barrier” for an a particle 
in a nucleus. 
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emission on the basis of this pictiu*e. If an a particle is to escape 
across the barrier, it must have an energ}^ IF exceeding its maxiimini 
potential energy Vm when at the top of the barrier. While it is still 
inside the nucleus, therefore, having presumably the same total enorgy 
IF but less potential energy, it must possess a considerable amount of 
kinetic energy and so must be in motion; why, then does it not issue 
immediately from the nucleus, instead of waiting for an appreciable 
length of time? Furthermore, why may one atom of a substance 
like radium disintegrate almost immediately, whereas another atom, 
apparently identical with the first, may wait a thousand years? 

As in so many other cases, wave mechanics comes to the rescue. 
If IF > Vm, wave mechanics indicates that the a particle should 
depart quickly, just as in classical theory. Escape is also possible, 
however, if IF < Vm, contrary to the classical result. The process 
is similar to the Auger effect in atoms [Sec. 190(5)]. Provided IF > 0 , 
the ^ waves leak through the barrier, at least at a slow rate, so that 
the probability of finding the particle outside the nucleus continually 
increases vith the time. The higher the top of the barrier, i.e., the 
greater the value of Vm — IF, and the wider the barrier, the slower 
is the rate at which the wave packet streams outward and the smaller 
is the chance per second that the a particle issues from the nucleus. 
In this way, we can understand even such slow disintegration as that of 
uranium, where the chance of escape of an a particle is only 4.9 X 10-^® 
per second. 

When the a particle does come out, its kinetic energy will be equal 
to its whole energy W. Since, as we have seen, Vm > IF, the observed 
kinetic energy of the a particle sets a lower limit to the height of the 
barrier that must be assumed to surround the nucleus. 

211. Nuclear Quantum States. — As has been shown in Secs. 208 
and 209, many features in the behavior of nuclei can be understood 
by thinking of the nucleus in terms of classical imagery. A severe 
limitation to the use of such ideas must be recognized, however, in 
view of the common existence of sharply defined nuclear energy levels, 
as revealed by the line structure of 7 -ray spectra. A nucleus that is 
capable of suddenly jumping into a normal state of lowest energy, 
with the emission of a monochromatic 7 -ray, must be in a state very 
different from that, for example, of a vibrating drop of liquid. All 
knoAvn facts indicate that every nucleus possesses a discrete set of 
possible quantum states, and a corresponding array of energy levels. 
The lower levels are rather widely spaced, at least in light nuclei, but 
the spacing decreases as the energy increases. Above the true quan- 
tum levels, moreover, there is an array of pseudolevels representing 
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states in which the nucleus msiy exist momentarily before disiiite- 
grating with the emission of a material particle. 

It is a recognized principle of quantum theoiy, howe^’er,, that tlie 
measurement of energ}^ requires time, and for this reason the sharpness 
of any energy level comes into evidence only in proportion to the length 
of time that the level has been occupied. [This is another example of 
the indeterminacy principle (Sec. 112).] If for any reason there 
exists a finite probability that the system will undergo a transition 
from a certain state into another state, then the energy associated with 
the first state is indefinite to an extent that is proportional to the 
probability^ of transition. Roughly, the indefiniteness or imcertaiiity 
AE in the energy E of any level has a magnitude h/T where h is 
Planck’s constant and T is the mean life of the system in that level. 
The energy level itself is commonly regarded as possessing a certain 
width of magnitude AE. The energy that is released in a transition 
between two levels varies, from one transition to another, over a range 
represented roughly by the sum of the widths of the two levels. 

The principle of level width just described appears to hold for 
nuclei, just as it does for the electron shell surrounding the nucleus. 
Only the normal state of lowest energy has zero width. Other states 
have widths that vary greatly according to the types of transition out of 
them that can occur. 

From many nuclear states transitions are possible only in associa- 
tion with the emission of electromagnetic radiation in the form of 
7 -rays, resulting from the electric fields of the protons. The mean 
life of a nucleus in such a state may be long, perhaps even several days, 
but it is more commonly short, perhaps of the order of sec. 

Even the shortest mean lives of such states, however, are long enough 
to permit a definition of the nuclear energy that appears to the physi- 
cist as quite sharp. Accordingly, all 7 -rays, so far as is known, 
arise from transitions between relatively sharp levels, and the 7 -rays 
arising from a given transition form a sensibly monochromatic line. 

Other nuclear states (or pseudostates) are capable of undergoing 
change through the emission of a material particle, viz., a position, a 
negative electron, a neutron, a helium nucleus, or, rarely, a deiiteron 
or the nucleus Sometimes such states are long-lived, the transi- 
tion probability being very small ; in such cases the nuclear energj^ of 
the initial state is relatively sharply defined. In many other cases, on 
the other hand, the emission of a hea\^^ particle occurs extremely 
quickty, perhaps in a time of the order of sec. The energy of a 
state, that can undergo disintegi'ation in this .fashion is .poorly defined 
a.iid may be regarded as var^dng according to the manner in which the 
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state is produced. If a nucleus in such a state results from the absorp- 
tion of a bombarding particle, then its energy increases as the energy 
of bombardment increases; and the kinetic energy of the particle that 
is subsequently emitted increases to the same degree, thereby pre- 
ser\T.ng the conservation of energy. In this property of the nuclear 
quantum states, and in the fact that states capable of disintegration 
into hea\^ particles seem also usually to be rather closely spaced in 
energy, is to be found the explanation of the fact that the energy of 
bombardment can always be varied continuously over a mde range 
without great loss of effectiveness. 

Many examples illustrating these ideas will be found in the 
remainder of this chapter. 

POSITRONS, NEUTRONS, NUCLEAR REACTIONS 

In the last five sections a brief discussion has been given of the 
attempts, on the whole strikingly successful, to develop a theory of 
nuclear structure. We shall noAV return to the description of the impor- 
tant sequence of fundamental discoveries that were made during the 
third decade of the present century. The field of known nuclear 
reactions will then be surveyed, with the astonishing phenomenon of 
nuclear fission as the closing topic. 

212. Positrons. — When, during the years following 1928, the cloud 
chamber in a magnetic field came into general use for the study of 
cosmiC“ray particles, it was observed that many of the particles, if 
assumed to be negative electrons, must have traversed the chamber 
in an upward direction. This was surprising, in view of evidence 
that the cosmic rays must originate Avell above the earth’s surface. 
Some supposed that these tracks were in reality made by protons 
traveling downward. 

In 1932, however, using a magnetic field of some 15,000 oersteds, 
Anderson obtained a photograph of a track that could only have been 
caused by a positively charged particle much lighter than a proton^ 
(reproduced in Fig. 201). The track passed through a sheet of lead 
that had been placed in the chamber but was unequally curved on the 
two sides of the lead. This difference of curvature was ascribed, 
as in other similar cases, to a loss of energy by the particle in the lead, 
the direction of motion being assumed to be from the side on which 
the track was less curved toward that on which it was more curved, 
indicating a lower velocity. If this conclusion as to the direction of 
motion was correct, however, th.e direction of the curvature of this 
particular track was such as to indicate that the particle carried a 
^ Anderson*, Science^ voL 76, p. 238 (1932) ; Phys, Rev,, voi. 43, p. 491 (1933). 
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positive charge. Yet it could not be a proton; for the curvature wa.H 
so great that the particle, if a proton, would have an energy of only 
300,000 volts, and a proton of this energj* is known to have a range in 
air of only 5 mm., whereas Anderson’s track showed no diminution of 
curvature, indicating no loss of energy by the particle, in a distance 
of 5 cm. Other tracks of the same natme were observed subseoiuently. 
Anderson concluded that these tracks were caused by positively 
charged particles having the same mass and numerial charge as the 
electron. He called the new particle, at first, a “positive electron,” 
later a “positron” Negative electrons he proposed to call “nega- 
trons” thus leaving the term electron to stand for particles of both 



Fig. 201. — Eeproduction of the first cloud-chamber photograph showng a track 
recognized as that of a positron. {Photograph kindly lent hy Professor C, D. Andersoji, 
See Pkys. Rev., voL 43, p. 491 (1933).! 

signs; but ^^negatron^^ does not seem to be coming into use. The 
meaning attached to the term electron varies. 

Subsequent work has confirmed Anderson^s discovery and has 
revealed other experimental sources of positrons. They are observed 
to be emitted by many artificial radioactive substances, as described 
in later sections. Furthermore, they can be produced by the passage 
of 7 -rays, or even, probably, of high-speed electrons, through nuclear 
fields. So far as is known, they are an exact counterpart of ordinary 
electrons, differing only in the sign of their charge. In a cloud cham- 
ber, they produce the same thin, beady track as does an ordinary 
electron, but the track is curved in the opposite direction in the pres- 
ence of a magnetio field. 

V Positrons are produced by y-rays in a manner strikingly different 
from, any effect, of radiation so far described. /It,appears that when a 
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7~ray of sufficient energy traverses a strong electric field, like that near 
an atomic nucleus, there is a certain chance that the 7-ray may, in a 
sense, be converted into an electron and a positron. In such a process, 
algebraic charge is conserved, since equal amounts of positive and 
of negative electrification are produced. This phenomenon is called 
^^pair production.'’^ Of the 7-ray energy hv, a part 2nic^ is accounted 
for by the rest energy of the pair of particles; the excess, hv ~~ 
appears as their kinetic energy. Hence, such processes can occur 
only if the 7-ray photon has energy hv > 2mc^ = 1.02 Mev or a wave 
length 

X < 0.012 A = 12 X.U. 



A partially satisfactory theory of this effect can be based on Dii’ac’s 
relativistic theory of the electron;^ and experiments have confirmed 

the existence of the pair process, in 
conformity with the theory Absorp- 
tion of 7-rays due to pair production 
has even been made the basis of a 
more precise method of measuring 
7-ray energies; for this purpose, the 
kinetic energies of the pair of particles 
are measured in a cloud chamber 
placed in a magnetic field. ^ 

A photograph obtained by Curie- 
Joliot and Joliot,'^ showing a positron- 
electron pair produced by a 7-ray in 
the gas of a cloud chamber situated in 
a magnetic field, is reproduced in Fig. 
202. Another photograph, showing 
three tracks, obtained by Ogle and 
Kruger,^ is shown in Fig. 203. Since 
two of these tracks were made by 
particles cazTying a negative charge, 
this latter photograph is believed to 
represent one of the rare instances in which a pair is generated 
in the field of an atomic electron, this electron being itself pro- 


Fig. 202. — A pair consisting of a 
negative electron and a positron pro- 
duced by a 7 -ray in the gas of a cloud 
chamber situated in a magnetic field. 
{Photograph by Curie and Joliot.) 


1 Cf. Heitler, '^The Quantum Theory of Radiation, 2d ed., Chap. IV, 1945. 

2 Anperson, Science, voL 77, p. 432 (1933); Meitner and Philipp, Naturwiss., 
vol. 21, p. 286 (1933); Chadwick, Blackett, and Occhialini, Roy. Soc., Proc., 
vol. 144, p. 235 (1934); Curie and Joliot, Comptes Bendus, vol. 196, p. 1581 (1933); 
and later articles. 

^ Kruger and Ogle, P/ 12 /S. vol. 67, p. 273 (1945). 

^ Curie and Joliot, J. de Physique et le Radium, yoI. 4, p. 494 (1933), 

^ Ogle and Kruger, Phys. Rev., Yol. 67, p. 282 (1945). 
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jected at high speed. The threshold energj^ of the 7-ray for this 
process, according to Perrin, should be 47?2c-; in the present inslanec 
the 2,68 Mev 7 -rays from the artificial radioactive substance Xa--* 
were employed, so that ample energj^ was present. 

There are thus th^ee distinct ways in which a photon can cause the 
emission of an electron from matter: by photoelectric absorption, by 


Fig. 203.— Clotid-cliainber photograph showing an electron-positron pair created 
by a photon in the field of an electron, which is also projected and makes a third track. 
{Obtained hy Ogle and Kruger.) 


the process of Compton scattering, and by pair production. Photo- 
electric absorption and the pair process involve absorption of the 
entire photon; Compton scattering merely weakens it. In photoelec- 
tric absorption and in Compton scattering, a preexisting electron is 
ejected from an atom; in pair production a new electron is created, 
along mth a positron. The relative probability of the three processes 
depends upon the frequency of the photon and also upon the atomic 
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number of the atom in which the process occurs. A beam of soft 
X-rays liberates many more photoelectrons than Compton electrons. 
As the frequency moves into the typical 7 -ray region, however, the 
photoelectric absorption decreases rapidly, and the Compton scattering, 
which decreases only slowly, becomes dominant. Finally, as hp 
passes pair production begins, and ultimatety, at extremely high 
frequencies, absorption accompanied by pair production becomes the 
principal cause of the weakening of a 7 -ray beam as it passes through 
matter. To give a birds-eye view of the facts, there are indicated 
roughly in Table VI the photon energies at which successive pairs of 
the three processes become equally probable in the impact of a photon 
upon one of 4 typical atoms. 


Table VI 



c 

Ai 

Cu 

Pb 

Photoelectric and Compton effect are equal at 
hv (Mev) 

0.025 

0.05 

0.15 

> 0.5 

X.U 

600 

260 

85 

22 

Compton effect and pair production are equal 
at 

hv (Mev) 

27 

15 

I 9 

5 

XU.... 

0.45 

0.8 

1.4 

2.5 


Since positrons can be created, we should expect that they can 
also be destroyed; and such indeed appears to be the fate of all posi- 
trons. The commonest process of destruction is one in which a 
positron unites with a free or loosely bound electron and both dis- 
appear, their entire energy passing away in the form of 2 photons of 
equal frequency. If their initial kinetic energy is negligible, the 
frequency is given by hv = mc^ = 0.51 Mev, and the wave length 
is 0.024 A = 24 X.U. An alternative but much less probable process 
is the combination of a positron and an electron near a nucleus, 
accompanied by the emission of their combined rest energy in a single 
photon of energy 

hv ^ 2mc^ — 1,02 M.ev 

(the initial kinetic energy being assumed negligible). Most positrons 
come to rest before being annihilated,^ and are then unable to penetrate 
the interiors of atoms, so that the second type of annihilation mentioned 
becomes impossible; hence the annihilation radiation as observed 

^ Cf. Bethe, Boy. /Soc., Proc., vol. 150, p. 129 (1935). 
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iisiialiy consists mostly of the frequency first mentioned or r = nic-fh. 
This latter radiation has been observed b 3 ' several experimenters.* 

The older observations of Gray and Tarrant" also merit a comment. 
They noticed that the very hard 7 -rays from Th C'*' were scattered ■'v'ery 
strongly by lead and, upon investigation of the scattered rays, found 
in them a strong component of about hv = 5 X 10^ ev and also some 
indication of rays near 10® ev. These rays they ascribed at first to 
fluorescence by the nucleus. It is now believed that they arise from 
annihilation in the lead of positrons which are produced in the lead 
itself by the primary?' 7 -rays, for which hv = 2.6 X 10® ev. The mean 
free path of a positron so produced in lead should be only of the order 
of 0.5 mm, so that most of the positrons generated in the lead would 
also undergo annihilation in it. We have here an interesting example 
of the interplay that often occurs between different and apparently 
unconnected lines of research. Had the positron been discovered a 
few years earlier, Gray and Tarrant would not have wasted time elab- 
orating their theor^^ of nuclear fluorescence. On the other hand, had 
the discoveiy been delayed longer, the theor}^ of nuclear fluorescence 
might have come to be accepted for a time. 

That positrons are not commonly met vdth in the laboratory is 
due, no doubt, to the abundance of (negative) electrons in matter 
with 'which they may unite. But why are electrons so abundant? 
Perhaps because there are so many nuclei, built out of neutrons and 
positive protons, which serve to bind the electrons into atoms. Then 
why are there no negative protons which might similarly bind positrons 
into atoms? Thus does each discovery in ph 3 rsics raise fresh questions, 
answers to w’-hich it is left for future ph^^sicists to discover. 

213. The Discovery of Induced Radioactivity. — Almost immedi- 
ately after Anderson announced his discovery of positrons, it was 
reported by several experimenters that positrons are emitted from 
many targets wdien bombarded by high-speed ions. It was supposed 
at the time either that the positrons were produced as a direct effect 
of the bombardment (which is now believed never to occur), or that 
the bombardment gave rise to 7 -rays and these produced pairs of 
electrons and positrons. 

While studying with an ionization chamber the positrons emitted 
from aluminum or boron w^hen bombarded with a particles from 
polonium, Curie- Joliot and Joiiot made the important discovery that 

. ' "^E.g.^ by Klempbeeb, Cambridge PhiL Soc.^ Proc.j vol. 30, p.,.347 (1934),; 
Craxe and Laubitsen, P%s. Set>., voL 45,- p.- 430 .( 1934 ). . 

- Gray and Tarrant, Roy, Boc.^ Proc., vol. 136 , p. 662 (1932) ; vol. 143, pp. 6S1, 
706 (1933). 
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the emission of positrons did not cease at once when the polonium was 
removed^ The positron activity was found to decay exponentially^ as 
does the activity of a radioactive substance, with a period (or time 
required for a decrease to half) of 3 min. 15 sec. in the case of alumi- 
num, or 14 min. in the case of boron. It was concluded that the a 
particles had transformed atoms of aluminum or boron into atoms of a 
radioactive isotope of some other element, which then eventually 
disintegrated into positrons and stable atoms of some sort. The 
emission of a positron will decrease the atomic number Z by unity, 
just as, on the contrary, the emission of a negative /5-ray raises it by 
unity. The following reactions were suggested, denoting a positron : 

+ sHe^ 15 ?'° + onS uP'® leSi^o + 

Here Si^° and are stable isotopes known to occur in nature, but 
and are not, only P^b and being found. In these 
cases, the primary reaction results also in the ejection of a neutron. 

Now this explanation can at once be put to a chemical test; for P®° 
should be chemically separable from Al, and from B. Curie and 
Joliot made such tests for the aluminum reaction as follows. Alumi- 
num which had been thoroughly activated by a-ray bombardment was 
dissolved in HCl and the solution evaporated to dryness, within the 
space of 3 min., and then the residue was tested for positron activity. 
It show’'ed none. The activity had presumably gone off in the gas that 
w^as evolved. It is knowm that phosphorus treated in this manner 
would pass off as the gas PH3. The process -was then repeated, but 
this time the gas itself was caught, in a tube with w^alls sufSciently thin 
to transmit the positrons. Most of the activity w^as then found in the 
gas. As a second test, the aluminum was dissolved in aqua regia, 
without evolution of gas, and a compound of zirconium was added 
which would precipitate phosphorus as zirconium phosphate, the 
aluminum remaining in solution; the positron activity w^as now found 
in the precipitate but not in the solution. These tests showed that 
the substance emitting the positrons was definitely not aluminum 
and was almost certainly an isotope of ordinary phosphorus. Anal- 
ogous tests identified the substance produced from boron as nitrogen. 

The discovery of induced radioactivity advanced nuclear work 
enormously, because it opened up a new possibility of establishing the 
chemical nature, the value of the atomic number 2', of the products 
of nuclear reactions. If these products are radioactive, they can be 
followed in chemical reactions by means of their radioactivity ; whereas 

^Ieene Curie and F, Joliot, Comptes Rendus, vol. 198, pp. 254, 408, 559 
'(1934), 


Sec. 214] 


HIGH-VELOCITY PROTONS 


605 


otherwise the}^ cannot be located and their chemical nature remains 
ne-cessarily an inference from indirect e'vddence^ such as considerations 
of mass and energy. It is particularly easy to demonstrate that a 
given radioactive substance is 7ioi isotopic with a given element.; it is 
only necessary to mix the two and to show that they precipitate in 
different proportionSj or otherwise behave differently^, in some one 
chemical reaction. 

As soon as Curie- Joliot and Joliot announced their disco veiy, the 
study of induced radioactivity was taken up in many other laboratories, 
and new cases of it -were announced at a rapid rate. Many examples 
will be described in later sections of this chapter. Before discussing 
nuclear reactions further, however, it will be advantageous to describe 
next the principal methods that have been developed for the production 
of high-speed ions to be used in bombarding nuclei. The various 
lines of fundamental nuclear research during the decade from 1930 to 
1940 were so interwoven that they are hard to separate. 

214. Artificial Transmutation by High-velocity Protons. — It was 
soon realized that it would be advantageous to use artificially pro- 
duced particles of high velocity instead of a particles for the produc- 
tion of nuclear transmutations, in order to free experimentation from 
the limitations incident to the use of radioactive sources. This was 
first done in the pioneer experiments of Cockcroft and Walton, in 
which nuclear transmutations were first produced by means of arti- 
ficially accelerated ions.^ 

The high potential for use in these experiments was produced by 
means of a combination of condensers and rectifiers.^ The method 
has analogies with the old scheme of charging a number of condensers 
in parallel, insulating them, and then connecting them in series so as 
to add up their potentials; but here ail connections are made electri- 
callyu Two columns of condensers are used, cross connected with 
rectifiers in such a way that, when the potential of either column is 
raised sufficiently relative to the other by means of a potential differ- 
ence applied at their bases, electrical charge flows across through the 
rectifiers to the other column. Thus, by using an alternating potential 
difference, charges are pumped up to the tops of the columns. Poten- 
tials as large as 700,000 volts could be produced in this manner, 
using an applied voltage of a quarter as much supplied by a high-ten- 
sion transformer.®, 

rCocKCROFT and Walton^ Roy, Soc., Proc., vol. 137, p. 229 (1932). 

^ €f. Cockcroft and Walton, Roy. Soc., Proc,, voL 136, p. 619 (1932); Grei- 
NACHER, /. vol. 4, p. 195 ■(1921). .■ 

®''For later developments, see Manley, Haworth, and Luebkb, Rev, Set , 
I nstrurnents, Yol. 12, p. 687 (194:1), 
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In this way Cockcroft and Walton were able to bombard a number 
of the lighter elements with protons having energies up to 500^000 
electron-volts, the proton current being of the order of 10^® ampere. 
Under such bombardment, a number of the elements emitted a 
particles, the process being thus the converse of bombardment by a 
particles. When lithium, for example, was bombarded by protons of 
250 electron-kilovolts equivalent energy, a particles were observed 
whose range in air was about 8 cm., corresponding to an energy of some 
8.6 X 10® electron-volts. Increasing the bombarding energy up to 
500 electron-kilovolts did not appreciably alter the range of the emitted 
a particles. The a particles were observed both by means of scintilla- 
tions and noth an electrical counter [Sec. 198(a), (5)]; later their tracks 
were observed by Dee and Walton in a cloud chamber.^ 

These results were explained by assuming that the proton pene- 
trates the Li^ nucleus, after -which the product nucleus thus formed 
breaks up into two a particles, the net reaction being 

Li7 + Hi^2Heh (323) 

If this interpretation is correct, a simple conclusion can be drawn 
concerning the directions of projection of the a particles. Their 
momentum is so large that the momentum of the incident proton can 

be neglected; it follow' s then from the conser- 
vation of momentum that the twm a particles 
must be projected with approximately equal 
^ velocities in opposite directions, Cockcroft 
j and Walton confirmed this conclusion by 
I placing a thin lithium target at 45° to the 
stream of incident protons as shown in Fig. 
204. They found that in a large number of cases scintillations 
appeared simultaneously on the screens Si and ^ 2 . 

The energy relations in this reaction are particularly interesting 
because the energy of the a particles so greatly exceeds that of the 
incident protons. The excess energy must be derived from the rest 
energy of the Li^ nucleus. As an energy equation we may write 

LU -f -+- E{m) = 2He4 -f ^J(2He^), 

in w%ich isotopic symbols have been written to represent rest energies 
and E(W) and E(2 He^) stand for the kinetic energies of the proton 
and of the a particles, respectively. Or, following recent custom, we 
may write 

W + W =.2He^. + Q 

^ Bee and Walton, Roy, Soc.^ Proc,, voL 141, p. 733 (1933). 
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where Q = £'(2He^) — and represents the heat of reaction or 

net amount of energy released by the reaction, in the form of kinetic 
energy in the present case. To test the equation, we ha%’e, from 
modern data, using Eq. (318): 


Mev 

R,est energy of LP (7.0180 a.m.u,) 6540. 8 

Rest energy of (1.0081 a.m.u.) 939.6 

Kinetic energy of 0.250 

Rest energy of He^ (4.0039 a.m.u.) 3731.6 

Kinetic energy of each He^ 8.6 


Thus from the kinetic energies 

Q = 2 X 8.6 - 0.25 - 16.95 Mev; 
whereas, from the masses and Eq. (324), 

Q = Li^ + I-P 2He^ - 17.2 Mev. 

The agreement is within the experimental error. Thus we are dealing 
here not only with a transmutation of the elements but also with a 
genuine release of energy out of the lithium atom, at the expense of its 
ordinary measured mass. 

In this calculation we have used masses of the neutral aioms^ 
whereas the equation refers, strictly speaking, to the hare nuclei. The 
balance of the atomic numbers in the equations implies, however, a 
balance in the numbers of circumnuclear electrons as ivell; hence, 
errors due to the inclusion of the electronic masses in the values used 
for nuclear masses cancel out. 

To make such calculations significant, it is obvious that atomic 
masses must be known with high precision. Many of them are. 
The error in the mass-spectrographic values cited here is supposed to 
be less than 0.0002 in the case of LK and less than 0.00007 for each 
of the others. If these errors all had the value stated and the same 
sign, the total error would be 0.0005 or about 0.5 Mev. It is likely, 
how^ever, that the error in Q as calculated from the masses would not 
exceed 0.2 Mev, which is about the difference between the two values 
of Q as found above. 

The kinetic energy of the proton is so small in this case that 
variation in its energy should make little difference in the range of the 
a particles, as was actually found to be the case. 

Cockcroft and Walton also tested the elements Be, B, C, 0, F, Na, 
Al, K, Ca, ,.,Fe,) Co, ;Ni,,: 'Cu, Ag,, Pb, ■U and observed an emission of a 
particles in, most .cases. ; 'Later work has, shown, however, that in.imny 
.cases the T,veak. effect observed,' -was really , due' to an impurity ..in, the 
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target. The following nuclear reactions proposed by Cockcroft and 
Walton appear to have been confirmed: 

Boron: + iH^ 4 Be® + 2116*^ or 3 2 He^; 

Fluorine: + 2 He'^. 

Thus, in the case of boron, the product is sometimes three a particles, 
sometimes an a particle and a Be^ nucleus. 

For fluorine, the energy equation can be written 

F19 + HI - O'® - He^ = Q, 

19.0045 + 1.0081 - 16 - 4.0039 = 0.0087 a.m.u., 

corresponding to 

Q = 8.1 Mev. 

Here Q represents the gain in kinetic energy due to the reaction, or the 
kinetic energy of 0^® and He* minus that of Hb According to later, 
more precise observations,^ the a particles produced by this reaction 
have a range of 6.95 cm. when released by protons accelerated in a 
cyclotron (Sec. 215) to an energy of 1.63 Mev. The kinetic energy 

given to the 0^® nucleus was not measured, 
but allowance for it can easily be made in 
the following manner. 

In the later experiment just mentioned, 
the a particles were observed in a direction 
at right angles to the proton beam ; and under 
such circumstances a complete dynamical 
analysis of the collision is easily made. Let 
Ml, M 2 , Ms denote the masses of the proton. 
Fig. 205. ' particle, and residual nucleus, 0^®, respec- 

tively. The nucleus moves off obliquely 
(Fig. 205) ; let us resolve its velocity into two components, V ][ parallel 
to the proton velocity v, and Fj_ opposite to the velocity u of the a 
particle. Then by conservation of momentum 

Miv 


V 

Jo‘ 

X 

Ms 

H\Mj t! 

/Vu^ 

u 

cc 




Miv == MzV\\, 

M2U = MsVj,, 


Fl, = 
■Fx = 


Ms’ 

M 2 U 


Thus 


Q + ^Mz(Vf + Vj_^) 




Eh 

\* mJ 

^ Henderson, Livingston, and Lawrence, Phys, Rev., vol. 46, p, 38 (1934). 
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or 

where Ei = MiV^/2 and E 2 = representing the respective 

kinetic energies of the incident proton and of the ejected 0 ; particle. 

For 6.95~cm. a particles, we have E^ = 7.70 Mev.^ Substituting 
in (325) this %^alue and = 1.63 Mev and the approximate masses 
Ml = 1 , M 2 = 4, Ms = 16, we find 

Q == 8.10 Mev. 

This agrees excellent^ with the value of Q calculated above from the 
atomic masses (8.11). Every successful check of this sort not onty 
confirms the particular nuclear reaction that has been assumed to 
occur but also supports once more the principle of the close relation 
between mass and energy. 

The effects of the bombardment of fluorine with protons are actu- 
ally more complex, however, than is indicated here (see Sec. 226). 

215. The Production of High-speed Ions. — Many methods have 
been invented for the generation of ions moving at high and adjustable 
velocities.^ 

In some methods the ions are accelerated to their final velocities 
in a long vacuum tube, to the terminal electrodes of which there is 
applied a potential difference of the necessary magnitude. Mention 
has already been made of the condenser-rectifier cascade used by Cock- 
croft and Walton for the production of large potential differences (Sec. 
214). Transformers with their secondary windings connected in series 
have also been employed for the production of voltages up to 1 million 
volts; to avoid having a potential difference of this magnitude between 
the primary and secondary of a single transformer, part of the second- 
ary winding of each transformer is used to supply voltage for the 
primary of the next, only the first transformer being supplied from an 
independent source. A disadvantage of this method is that the final 
voltage produced is necessarily subject to fluctuations whose frequency 
is that of the alternating current. 

(a) The Electrostatic Generator, — A very steady high potential is 
furnished by the electrostatic generator as developed by Van de 

^Livingston and Bethb, Rev. Modern Phys,, vol. 9, p. 245 (1937). Plot on 

p. 266." ■ 

^ For a more complete discussion than can be given here see Livingston and 
Bethe, Rev. Modern Phys.^Yoh 9, p. 245 (1937), also two articles in J, of Applied 
Phys,^ vol 9 (1938), one by Wells on p. 677 and another by Kurie on p. 691. 
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Graaff.^ The principle is illustrated in Fig. 206. An endless belt B 
is caused to run rapidly over two pulleys placed one above the other. 
Electric . charge from a generator G is sprayed onto the lower end of 
the rising half of the belt by means of corona discharge from the 
points of a comb C. At the top, the belt enters a spherical terminal T, 
.to which the charge is transferred from the belt by means of another 
comb C ' ; or, still better, charge of the opposite sign is sprayed onto the 
belt, supplied by another generator G' inside the terminal. In this 
way the charge on the terminal is continually built up, the potential 
attained being limited only by the rate at which 
T leaks off. A discharge tube can then be con- 
nected between the terminal and the ground, or 
between the oppositely charged terminals of two 
such generators standing side by side. 

The Van de Graaff generator constructed by 
the Massachusetts Institute of Technology yields 
currents of 4 milliamperes at 2.7 X 10® volts.^ 
A similar generator at the Westinghouse Research 
laboratories yields a current of comparable mag- 
nitude at voltages up to 3.7 X 10® volts, the 
voltage holding steady within percent for 
several minutes at a time.^ This latter generator 
is surrounded by air at 120 lb. in.~"^ pressure, in 
order to increase the insulation; it is enclosed 
Avithin a vessel 47 ft. high, made of steel ^ to 
1^^ in. thick and shaped like a pear standing on 
its smaller end. Two belts 313^ ft. long and 18 
in. wide are used, running at speeds of about 
80 ft. per sec. The construction of such an 
instrument presents many technical problems 
and well illustrates the elaborate character of the apparatus that is 
needed for much of modern physical research. To smash a nucleus 
10“i4 i 32 diameter, the physicist constructs a machine standing 

50 ft. high! 

The vacuum tube used for the acceleration of ions by^means of 
high potentials is commonly made in sections, and inside it a series of 
insulated metal cylinders is mounted with short gaps between them 

^ Van de Geaaf, Phys. Rev.j vol. 38, p. 1919 (1931); vol. 43, p. 149 (1933) ; 
L. C. Van Atta, Nokthettp, C. M. Van Atta, Van de Graaff, Phys. Rev,, vol. 
49, p. 761 (1936). 

2 Pkys. Rev., vol. 57, p. 563 (1940) ; Rev. Bd. Instruments, yq\. 12, p, 534 (1941). 

^ Phys. Rev., vol. 58, p. 162 (1940). 



Fig. 206. — Diagram 
illustrating the prin- 
ciple of the Van de 
Graaff generator. 
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(Fig. 207) . . The ions travel along the axis of these cylinders and the 
electric field in the gaps exerts a focusing action tending to prevent 
spreading ' of the beam awa 3 ^ from the axis. In the Westinghouse, 
installation Just mentioned, the accelerating tube is about 25 ft, long 
and consists of 130 sections. The necessity of construct- 
ing an accelerating tube long enough to withstand the 
total potential difference is a drawback to any of the 
methods so far described for the production of high-speed 
ions. 

(5) The Cyclotron . — A radically different principle is 
utilized in the w’-ell-known cyclotron invented b}^ Lawrence 
and Livingston.^ Instead of attempting to produce a 
high potential, the^^ accelerate the ions by means of 
man}^ successive impulses. Use is made of the fact that 
a charged particle moving not too rapidly in a uniform 
magnetic field revolves in a circle with an angular veloc- 
ity depending only upon its ratio of charge to mass and 
upon the strength of the field, but 7iot upon its velocity. 

The accelerating s^^stem of a cyclotron is shown dia- 
grammaticaliy in Fig. 208. BB represents the hori- 
zontal cross section of a flat circular box which can be 
evacuated. Above it and below it, and only a few’ 
inches apart, are the pole pieces of a powerful electro- 
magnet, not shown in the figure; this magnet produces 
a nearly uniform field of 10,000 to 20,000 oersteds. 

Inside the box BB are twm hollow, semicircular elec- 
trodes often called ^Mees,'^ such as might be formed by 
cutting another circular box in twm along the diameter 
EE and slightly separating the halves. Betw^een the 
dees, a rapidly alternating potential difference, of from 3 
to 9 kilovolts at 8 to 15 megacycles, is produced by 
means of an electrical oscillator. 

To produce ions, a suitable gas is introduced into the box at a 
pressure of 10"^^ to mm. Hg, and electrons are shot into this gas 
at the center of the dees ((J), from a filament placed just above the 
dees and maintained at a negative potential relative to the mean 
potentiah of the dees. A positive ion thus produced at C will be 
drawm into wdiichever dee happens to be negative at the moment and 
will move along a semicircular path in the space inside the dee, -where 

^ La WHENCE and LiyiNGSTON, Rev.j voL 45, p, 608 (1934); Lawrenct. 

and C 00 ESB 13 voi, 50, p. 1131 (1936). €f. KTimiHj J . of Applied Phys., 

Yol 9, p, 691 ■(1938).',','",' 


Fig.' 207. 
Simplified 
and short- 
ened diagram 
of an acceler- 
erating tube 
for use with 
high poten- 
tials, shown 
in longitudi- 
nal section; J, 
ion source; T, 
target. 
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there is no appreciable electric field. If the frequency of the oscillator 
and the magnetic field strength are properly adjusted, the ion will 
arrive again at the crack between the dees just at the moment Avheii 
the potential difference bet\veen them has the opposite sign and will 
be accelerated fux'ther. The radii of the successive semicircular paths 
increase "with the speed of the ion, but the time required to traverse 
a semicircular remains constant and equal to the half-period of the 
oscillator. Finally the ion, after 50 to 100 revolutions, is traveling 
near the periphery of the dees and enters the space betw’-een two deflect- 
ing plates PPy w^here an electric field deflects it slightly outw'ard so 
that it passes out of the box BB through the windoAV TF. Or, instead 
of the window, a target may be inserted at this point to be bombarded 
by the ions. 



Fig. 208. — Diagram of the essentials of a cyclotron, except for the magnet, whose pole 
pieces would be situated just above and just below the box B. 

Naturally a good many accessories are required, and a cyclotron 
is a large, complicated, and expensive instrument. The dees and 
pole pieces are commonly 30 in. or more across, so that many tons of 
iron and copper are required for the water-cooled electromagnet. 
With such a cyclotron a current to the target of 10""® amp. of deuterons 
at 5 million volts is readily secured. From the 60-in., 220-ton cyclo- 
tron at the University of California a current of 10"“^ amp., consisting 
of deuterons of 16 million volts energy, has been brought out into the 
air, where it produced a blue steamer nearly 5 ft. long.^ In a cyclo- 
tron constructed later at the University of Illinois^ the beam was made 
to emerge radially and could be resolved according to the energy of 
the emergent electrons by means of a magnetic analyzer. With this 
equipment a total beam of 100 microamperes could be secured, mono- 
energetic within 2 percent (f .e., the energies of the electrons in the 

^ Lawrence et a!., Phys, Rev.y voL 56, p, 124 (1939); photograph in an article 
by Mann, iVato^, vol. 143, p. 583 (1940). . 

- See Rev. Sci.. InsirumeniSj vol. 15, p. 333 (1944). 
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beam varied at most by 2 percent) ; or, for experimental purposes, a 
beam density of 0.001 microampere per square millimeter could be 
obtained, monoenergetic within 0.1 percent. 

A limit to the ionic energies that can be produced with a cyclotron 
will probably be set, ultimately, by the relativistic variation of mass 
uith velocity, which tends to throw the ion out of step with the 
alternating potential on the dees. A proton vdth a kinetic energy of 
10 Mev has a velocity, calculated nonrelativistically, of 



2 X 4.8 X 10-10 X 10^) 
300 X 1.66 X 10-24 


) 


= 4.4 X 10^ cm. sec.- 1 


At this speed the relativistic correction on the mass is already 


2c2 


(4.4/30)2 ^ 

g = 0.011 or 1 percent. 


For this reason the cyclotron cannot be used effectively for electrons. 

(c) The Induction Accelerator. — More recently, a device has been 
invented that is completely free from the variable-mass difficulty and 
is admirably adapted for the acceleration of electrons. In this device, 
called an “induction accelerator^' (or betatron), use is made of the 
electric field that is associated mth a changing magnetic field. When 
the field is axially symmetric, like that between the closely spaced 
poles of an ordinary magnet, the electric lines are circles coaxial with 
the field. If a charged particle could be made to follow one of these 
circular lines, in going around many times it would acquire a high 
energy. 

First attempts to utilize this principle were not successful, but in 
1940 Kerst showed^ how to hold the particle on its circular path by 
means of the magnetic field itself. Let R be the radius of the path, m 
the mass of the particle, q its charge in electromagnetic units, p its 
momentum, and H the instantaneous strength of the magnetic field. 
Then, to keep the particle on the path, it is necessary, according to 
Eq. (343a) in Sec. 236, where the charge is in electrostatic unitB, that 

p = qRH. 

On the other hand, if the particle starts from rest at the instant at 
which the field begins to increase from zero, the angular momentum 
acquired by the particle up to the time at which the flux through the 

^ Kerst, Pkys. Rev., voL 58, p. 841 (1940) ; Set. Imtruments, yoL 13, p. 387 
(1942) ; Nature, vol. 157, p. 90 (1946). See also Beewett, Phys. Eev., Yol. 69yp. 137 
(1946). 
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circle has attained the value <p is given by the equation 

pR = ^q<p; 

this equation can be obtained from Eq. (224) in Sec. 144 by replacing 
AGie by pR and noting that, in Eq. (224) and in the argument leading 
up to it, Ta^H must be replaced by <p in case H is not assumed to be 
uniform in space. Elimination of p between the two equations thus 
obtained gives 

(p = 2TrR^-FL (326) 

If the field can be so designed that Eq. (326) is at all times satis- 
fied for a certain circle of radius JB, then a charged particle of an}^ mass, 
once "started on this circle, will go round and round indefinitely, so 
long as the magnetic field continues to increase. Variation of mass 
with velocity has no effect. The flux through the circle must be 
twice what it would be if the field were uniform and equal to fJ, or to 
its strength at points on the circle; this condition is easily met by 
suitably shaping the pole pieces of the electromagnet that furnishes 
the field. The motion aroimd the circular orbit can also be shown^ 
to be stable, provided the orbit lies in the plane of symmetry between 
symmetrical pole pieces, partly because of the direction in which the 
magnetic lines curve. This stability of the orbit is a very fortunate 
circumstance. 

In practice, the magnet is constructed of laminated iron so that 
it can be activated by alternating current. An enclosed space between 
the pole pieces is highly evacuated, and charged particles are projected 
into this space at a point near the stable orbit, in a tangential direction. 
The particles enter in a spurt at a suitable instant just after the mag- 
netic field has passed through zero, and then settle onto the stable 
orbit and circle round and round it, gaining energy. At a chosen 
point in the quarter cycle, either H at the location of the orbit or <p 
is suddenly changed by sending current through an auxiliary winding; 
the particles then spiral either outward or inward and strike a target, 
or perhaps issue through a thin window into other apparatus. 

In a large induction accelerator built in the Radiation Laboratoiy 
of the General Electric Company at Schenectady, New York, ^ the 
stable orbit is 66 inches in diameter; the entire machine weighs 130 
tons. A OO-eycle frequency is employed, and H rises to 4,000 oersteds 
on the stable orbit. Electrons may be injected at 30 to 70 kilovolts 

^ Kerst and Serber, vol. 60, p. 53 (1941). 

2 Westendobp and Charlton, /. of Applied Fhys,^ voL 16, p. 581 (1945). 
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veiocit}^; if left on the orbit throughout an entire quarter c.ycie, they 
go around about 250,000 times, almost at the speed of light, and 
acquire an energy of a hundred million electron-volts. 

To obtain higher energies, an even larger machine will probably 
be needed, since the time during which the acceleration acts is neces- 
sarily limited. 

By allowing electrons accelerated in such a device to strike a target, 
X-rays may be generated whose energy varies continuously over the 
range that includes all known 7 -rays and on upward to 10 '^ ev. Thus 
this entire range of frequencies is opened up for investigation. X-rays 
and 7 -rays of the same frequency are identical in nature and proper- 
ties, of course, but it is convenient to employ the term X-rays’^ when 
they are produced by the impact of electrons on a target and to reserve 
the term 7 -rays” for electromagnetic radiation emitted b}^ the 
nucleus. 

(d) The Synchrotron.'^ — It has also been proposed to adapt the 
cyclotron to the acceleration of electrons by introducing the electrons 
in successive spurts and allowing the magnetic field to increase in 
strength in proportion as the inertial mass of each spurt increases, 
thereby preserving synchronism with the alternating electric field on 
the dees. The accelerating effect of the superposed electric field due 
to the changing flux may be relatively unimportant, or it may be 
utilized to provide an appreciable part of the accelerating action.^ 

216. Experiments with Neutrons. — The discovery of neutrons by 
Chadvdck in 1932 was follow^ed at once by numerous other investiga- 
tions.^ Neutrons are much harder to work with than charged par- 
ticles, since they do not interact with the electrons in atoms and so 
produce no ions. For this reason their penetrating power is enormous, 
as we have seen, and they can be detected only by indirect means. 
It has been necessary to invent novel methods for handling them. In 
this section, a short account will be given of the properties of neutrons 
as revealed by experiment. 

(a) Sources of Neutrons. — The original reaction discovered by 
Chadwick is still widely utilized for the production of neutrons. 
Radon gas obtained from radium is mixed with finely divided beryl- 
lium, from which neutrons are liberated by the a particles from the 

^ McMillan, Phys. Rev., vol. 68, p. 143 (1945) ; Veksueh, Jour. Phys.U.S.S.E.^ 
voL' 9, p.153 (1945).. , 

^ Pollock, Bet;., vol. 69, p. 125 (1946). See also Dennison and Beelin, 
Bet;,, vol. 70, p. 58 (1946); Bghm and Folby, Phys , Bet;., vol. 70, p. 249 (1946). 

, RA,sETTi,:,'op. pit, pp. 233-267; a summarizing article, by Amaldi and ■ 
Fermi, P%s. Bet;,, vol. 50, p. 899 (1936); and many articles in tlie literature. 
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radon. Such a source lasts only a few days, however; and radon also 
emits 7-rays, which may be a source of inconvenience. Hence, other 
sources of a particles are often employed instead of radon, such as 
polonium, Avliich emits no 7-rays and has a period of 136 days. Another 
good method of obtaining neutrons is by bombarding a light element 
with deuterons from a cyclotron. The most useful target for this 
purpose is either beryllium or a substance containing deuterium, such 
as ^ ^ heavy ice or heavy paraffin, the respective reactions being 

4Be^ + iW ^ + on\ (327) 

iW + iH2 gHe^ + on\ (328) 

The hP + (or d d) reaction requires unusually low voltages; 
200,000 volts is enough. A stream of 200 microamperes of deuterons 
at 300,000 volts is readily produced;^ acting on heavy ice, such a stream 
is equivalent to the ce-rays from 10 grams of radium falling upon 
beryllium. When 500,000-volt deuterons act on heavy ice, 2 X 10^ 
neutrons per second are produced for each microampere of deuterons 
absorbed in the target. At higher voltages, however, the beryllium 
target is superior; from it, a microampere of 1 million-volt deuterons 
yields 17 X 10^ neutrons per second, or 2.7 X 10~"^ neutron for each 
deuteron absorbed. This is about the same yield per particle as in 
the production of neutrons from beryllium by bombardment with 
a particles. In any case, as judged by the usual standards, the 
efficiency of all known neutron sources is very low.^ 

(6) The Measurement of Neutron Intensities, — There are several 
different methods by which neutrons may be detected and counted. 

We may count the recoil protons or other recoil nuclei produced by 
them in matter; or, if the recoil nuclei are produced in a gas, the 
ionization caused by them may be measured in an ionization chamber. 

Another method is to utilize one of the many nuclear transmutations 
which neutrons have been found to cause. If such a transmutation 
occurs in a cloud chamber and results in the ejection of a charged 
particle from a nucleus, a V-shaped double track will be seen, caused 
by the charged particle and the residual nucleus, the neutron itself 
producing, of course, no track (Fig. 209). Or, ionization caused by 
the products of the reaction may be measured. Ionization chambers 
lined with lithium or boron, or filled with BF3 gas, are often used, 
especially for slow neutrons, the ionization being due to a particles 
released in one of the two reactions, 

m + n-^m + Ile\ BIO -b 

1 Manley, Hawokth, and Lxjebke, Rep . Sci. Instruments^ vgL 12, p 587 (1941). 

2 Neutron sources are discussed in Zeits, f. Fhysik, voi. 42, p. 91 (1942). 
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The nucleus H® that is formed in the first of these reactions is slightly 
radioactive, decaying to He.® 

Finally, Fermi and others have often employed as detectors of 
neutrons some substance, such as silver, which is made radioactive by 
them, the induced i3-activity of the detector being measured with an 
ionization chamber. 

Some of the methods of producing and detecting neutrons are 
illustrated in Fig. 210. 

(c) N eutvon velocities are often determined by measuring the 
ranges of recoil protons or other nuclei produced by them, as in the 
pioneer experiments of Chadwick, described in Sec. 205. The proton 




Fig. 209. — Disintegration of a nitro- Fig. 210. — Diagrammatic represen- 

gen nucleus by a neutron, presumably tation of various methods of producing 
coming from below. Tracks of the and detecting neutrons, 
ejected particle and of the recoil nucleus 
are visible. {Feather, Roy. Soc., Proc., 
voL 136, p. 709, 1932). 

ranges can be measured either with an ionization chamber or in a 
cloud chamber. 

The neutrons projected from a given target bombarded with a 
homogeneous parallel beam of ions have different velocities according 
to the direction in which they leave the target. Relative to the com- 
posite nucleus that is first formed by the capture of a bombarding 
ion, the neutrons should all have the same velocity; but this nucleus 
is given a forward component of motion by the impact. Hence, the 
neutrons that are projected in the same direction as the bombarding 
ions have the highest velocity, those projected in the opposite direction 
the lowest. For experimental purposes it is customary to utilize those 
neutrons which are projected at right angles to the ion beam, and 
values of neutron energies are commonly quoted for this direction of 
emission. 
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As an example of the results, the neutrons emitted by the 
(H‘- + H^) reaction have been found to form a single, nearly homo- 
geneous groups ; presumably if the bombarding deuterons all had 
exactly the same energ;>^, so would the neutrons (in a given direction), 
in accordance with the equation of nuclear energy balance. Neutrons 
from the Pm — Be reaction, on the other hand, are found to consist 
of sev^al groups, with a maximum around 4,8 Mev but ranging up to 
13 

Transmutations Caused by Neutrons . — IVhereas charged par- 
ticles require high energies in order to penetrate heavy nuclei against 
electrostatic repulsion, neutrons, carrying no charge, ought to be 
able to penetrate all nuclei with ease. They ought, therefore, to be 
especially effective agents for the transmutation of atoms. This 
expectation is borne out by the facts. Particularly interesting is the 
induced radioactivity produced in many substances by neutron bom- 
bardment, which was first observed by Fermi in 1934.^ The induced 
activity consists of the emission of negative electrons or, less often, of 
positrons, accompanied sometimes by 7-rays. The period of decay 
varies greatly from element to element. Examples of such reactions 
will Wgiven later (Secs. 217 and 220). 

Neutrons . — The important observation was made acci- 
dentally by Amaldi, Fermi, and others® that the activity induced by 
neutrons in silver, rhodium, and many other elements was greatly 
enhanced when the neutron source and the target were surrounded 
by material containing h^T-drogen, such as paraffin or w’^ater, or -when 
such material was merely placed between the source and the target. 
Fermi explained this effect by assuming (1) that in the hydrogenous 
material the neutrons were slowed down as the result of successive 
impacts with hydrogen nuclei and (2) that many substances absorb 
slow neutrons much more strongly than they absorb fast ones. 

The assumptions have been confirmed by later work. Neutrons 
have come to be called /^ slow when their energies are less than about 
1,000 electron-volts, otherwise they are “fast.^^ A neutron will lose 
energy upon colliding with any nucleus that is moving with smaller 
momentum, but the loss is especially large in collisions with protons 
because of their relatively small mass. It can be shown that neutrons 
colliding at random mth protons whose velocities are much smaller 

^ Cf. Hudspeth and Dunlap, Phys. Rev.j voL 57, p. 97 (1940). 

^ Cf. Fehmx, Amaldi, DAoostino, Rasetti, and Sbgk:^, Roy. Soc.y Proc., vol. 
146, p. 483 (1934), and references there given. 

2 Amaldi, D’Agostino, Fermi, Pontbgokvo, Rasetti, and Segr:^, Boy. Soc.^ 
PvGo., vol. 149, p. 522 (1935). 
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will execute on the average about one collision for each rediictioii of 
their energy in the ratio 1/e, where e = 2.718 standing for the 
Napierian base. Thus, a neutron entering hydrogenous material at 
room temperature with an energy of 5 Mev, provided it does not 
combine with some nucleus, wall be reduced to the energy of a mole- 
cule at room temperature, or 0.025 ev, after some 20 collisions (since 
loge’ (5 X 10V0.025) = 19.1); thereafter its energy wdll oscillate about 
this latter value. Neutrons which have thus come into thermal 
equilibrium with matter are called thermal neutro7is. 

The mean free path of neutrons between elastic collisions in paraffin 
or water has been inferred to be of the order of 5 cm. at 5 Mev, but it 
rapidly decreases as the speed of the neutrons is diminished until for 
a thermal neutron it is onl}^ 3 mm. Thus, neutrons that have passed 
through 10 cm. of paraffin null mostly be thermal neutrons. That 
their velocities really are only of thermal magnitude has been shown 
by mechanical methods of observation.^ 

There is, to be sure, a slight chance that a neutron may actually 
combine with a proton during the slowing-down process, according 
to the reaction 

m + 71 ^ m. 

In this reaction the excess energy is radiated away as 7-rays, which 
have been detected. The probability of capture increases as the 
velocity of the neutron decreases, but even at thermal velocities the 
neutron wdll execute many elastic collisions with protons before being 
captured. 

The motion of thermal neutrons in water may be studied by releas- 
ing short bursts of them at a certain point and measuring the number 
that arrive at various points in the w^ater.-* In this ^Y&J the mean life 
of a free thermal neutron in water is found to be about 2.0 X 10“^ sec. 
Hence, moving at an average speed of about 2.2 X 10^ cm. per sec., 
and with a mean free path of 0.3 cm., it undergoes on the average 
about 2.0 X 10“^ X 2.2 X 10V6-3 or 150 collisions with a winter 
molecule before being captured. The point of capture is located on 
the average about 3 cm. aw^ay from the point at wiiich the neutron 
originated; this distance has been called the “diffusion length” of 
the neutron.®,: ■ ■ 

. Pegkam, Fink, Mitchell, '.and SEGRi, Phys. Rev., voi. 48, p. 704 

(1935); Plasbtti, Segr:6, Fink, Dunning, and Pegram, Phys. Ren,, vol. 49, p, 104 
(1936). 

2 Manley, /.Haworth, .and LuEBKB, P%s.Ee«?,,. voi. 61,- p. 1,52,, (1942). ' 

3 Gamertsfelber and Goldhaber, Phys. Rev., Yoh 61, p. 556 (1942). 
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Presumably the ultimate fate of all neutrons is to be captured by 
some nucleus. Probably all nuclei are capable of picking up an extra 
neutron, with an evolution of energy in some form; for inspection 
shows that successive isotopes, so far as is known, increase in mass 
from one to the next by less than the mass of a free neutron, indicating 
a loss of rest mass and energy as an additional neutron is bound in 
the nucleus. 

Slow neutrons are especially interesting^^because for them the proba- 
bilities of capture in going a given distance are relatively large. 

(/) Scattering and Absorption of Neutrons. — A neutron passing 
close to a nucleus may be either captured or merely “scattered,’^ z.e., 
deflected and perhaps changed in energy as if by an elastic collision. 
The probability of either event is commonly expressed in terms of an 
equivalent cross section. The scattering cross section of a nucleus for 
neutrons can be defined as follows: Imagine a uniformly distributed 
beam of neutrons, all moving in the same direction and at the same 
speed, to pass over the nucleus. A certain number of them will be 
deflected or scattered’^ as the result of an elastic collision with the 
nucleus. This number is the same as the number which, according to 
classical conceptions, would cross an area of a certain size drawn on a 
plane perpendicular to the beam. The latter area is the cross section 
for scattering of neutrons by the nucleus in question. In a similar 
way, a cross section for capture of a neutron by a given nucleus, denoted 
by (Tc, can be defined. If a large number N of nuclei are placed in a 
uniform beam in which n neutrons cross unit area per second, then 
nN (Tct nuclei will capture a neutron during a time t. 

The scattering cross section for neutrons is found to increase with 
the atomic number of the nucleus, but to vary only moderately (in 
general) with neutron speed. Very roughly, it may be said that about 
5 cm. of any solid or liquid material will scatter half of the neutrons 
out of a rapidly moving beam. Slow neutrons are scattered more 
readily than fast ones, especially by substances containing hydrogen.^ 

Furthermore, scattering may be either elastic or inelastic. In 
elastic scattering, energy is transferred from the neutron to the nucleus 
only in the form of kinetic energy, and, except for very light nuclei, 
only in small amounts. In inelastic scattering, on the other hand, the 
nucleus is also raised into an excited state of higher energy. These 
two types of scattering can be distinguished either by measuring the 
energy of the scattered neutrons or by detecting the 7-rays that are 

^ For values of the scattering cross section see Zeita. /, Physikj voL 121, 
p. 201 (1943), 
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emitted as the nucleus returns to a state of lower energy. Such y-rays 
have probably been observed in some instances.^ 

Neutrons scattered inelastically by magnevsiiim have been observed 
directly by Little, Long, and Mandeville.^ The incident neutrons had 
an energy of 2.50 Mev; but in the scattered beam there was a consider- 
able component having energies of about 1.08 Mev. After various 
corrections had been made it was concluded that the associated 
excited level of the Mg nucleus lies 1.30 Mev above the normal level. 
Values for the lowest excited level as obtained from y-ray observations 
have ranged from 1.31 to 1.49 Mev. It was estimated that the nuclear 
cross-section for the elastic part of the scattering was about 1.6 X 10“-^* 
cm.2, and for the inelastic part, 0.6 X cm.- 

In iron, finally, the scattering of neutrons appears to arise in part 
from an interaction between magnetic fields and magnetic moments 
which the neutrons possess, in spite of the fact that they carry no 
charge. Unmagnetized” iron is actually divided into small domains 
in each of which the iron is strongly magnetized in a certain direction; 
in the unmagnetized” condition, the direction of magnetization 
varies from one domain to another in such a way that the resultant 
magnetic moment is zero. Strong local magnetic fields are associated 
with the domains, and these fields scatter the neutrons. When the 
iron is magnetized, the directions of magnetization of the domains are 
brought more or less into parallelism and the local variations in the 
field are diminished; the scattering effect is then less. Magnetization 
of the iron almost to saturation decreases the scattering of thermal 
neutrons by 10 to 20 percent.^ 

Cross sections for capture vary greatly, and irregularly, from one 
element to the next; and they also vary a great deal with the speed of 
the neutron. Capture cross sections are usually relatively small for 
fast neutrons and relatively large for thermal ones; for this reason, 
neutrons to be used for the production of transmutations are com- 
monly first slowed down in paraffin. A few values'^ of the capture or 
absorption cross section <Jc and of the scattering cross section o*s, for 
thermal neutrons at room temperature, are, in units of cm.^, the 
following: 

1 Lea, Roy, Soc.j Proc,j vol. 150, p. 637 (1935) ; Wiedenbeck, Phys. Rev,, voL 68, 
p. 1 (1945). 

2 Little, Long, and Mandeville, Phys, Rev.j vol. 69, p. 414 (1946). 

s Fi^yer, Phys, Rev,^ vol. 70, p. 235 (1946); Bloch, Conbit, and Statob, Phys: 
Set;., vol. 70, p. 972 (1946). 

^ From YohZy Zeits. f. Physik, Yol, 121, p. 201 (1943). 
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56 

64 

79 

80 

Element. 

Fe 

Cu 

Zn 

Rh 

Ag 

Cd 

Ba 

Gd 

Au 
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0.95 

30,000 

72 

325 

0‘s 

1.0 

8± 

5.2 


(6) 

(1) 

8.2 



(5) 


Some of these cross sections seem, at first sight, to be astonishingly 
large in comparison with estimates of nuclear size. Equation (322) 
gives for the radius of the cadmium nucleus, for example, 

p = 2 X (48) X 10-^3 = 7^3 X cm. 

and, for its area of cross section, = 1.7 X cm.^ Thus for 
cadmium ac is over 1,000 times Trp^. And yet nuclear forces are sup- 
posed to have a very short range! The explanation undoubtedly 
is to be found in the fact that classical mechanics is inapplicable here; 
we are dealing with a wave phenomenon, not a collision between 
classical particles. In Sec. 48 it Avas remarked that, according to 
classical electromagnetic theory, an oscillating electron, in spite of 
its minute size, might absorb as much radiation as falls on an area 
equal to a considerable part of a square wave length. The same 
principle holds in w^ave mechanics. The de Broglie wave length of a 
thermal neutron, as calculated from Eq. (166a) in Sec. 107, is 1.5 X 10""® 
cm., so that even J-foo of a square wave length, or 2 X 10“"^^ cm.^, is 
far larger than any known value of cTc. 

Wave-mechanical theory indicates, further, that at sufficiently low 
speeds the cross section for capture should vary inversely as the speed v 
of the neutron, -a.e., 

1 

<rc cc 

V 

It is as if the chance of capture were proportional to the length of time 
during which the neutron remains in the neighborhood of the nucleus. 
Eor velocities of thermal magnitude, this law has been shown by 
experiment to hold in the case of silver and boron, but it does not 
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hold for cadmium. In these experiments, the velocity of the neiitroris 
relative to the target was varied by causing the target, iiioiinted on a 
revolving disk, to have a known velocity toward or aivay from the 
neutron source.^ Using another method^ it was found that for boron 
(Tc = (1.55 X lOV?^) X 10“^"^ cm.-, where z; is in centimeters per second, 
up to a neutron energy of 50 ev. For thermal neutrons, with 

V ~ 2,2 X 10^ cm. per sec., 
this gives a-c = 708 X cm^. 

The absorption cross section of cadmium does decrease, however, if 
the neutron velocity is increased sufficiently. For example, a layer 
of cadmium 0.5 mm. thick effectively absorbs all thermal and near- 
thermal neutrons out of a beam; in the process of absorption, the 



Fig. 211. — Variation of the cross section for capture of very slow neutrons in cadmium. 

(After Baker and Backer,) 

cadmium atoms become increased in mass number by 1, and the excess 
energ}?' is emitted as y-radiation. The absorption is enormoiisl}?' 
weaker, however, for neutrons of energy above 0.4 electron-volt. 
For this reason cadmium screens are often used where it is desired to 
filter out neutrons of thermal energies and to leave only the faster 
ones. In Fig. 211 is reproduced a curve showing the variation of Hc 
in cadmium for neutrons of extremely low energy.® 

The absorption by capture of slow neutrons in cadmium is thus 
selective in much the same way as the absorption of light by dyes is 
selective. It appears to be due almost entirely to the single isotope 
Cd^^^ wiiioh forms 12.3 percent of ordinary cadmium.^^ A number of 
other substances have been found to possess absorption lines or bands, 
commonly caIied"resonance'' levels of energy. Silver has a strong 

Eey., voL 49, pp. 104, 777 

- Bacher, 'BaK:BB, .and .McDaniel,- 69, p, 443 (1946). 

3 BAiiER.and Bachb'r, ,,P%,s. voL 59^p.: 332 "(1941). 

^•P%s. Be?;.,' vol.,' 59,.' p. 566 (1948). 
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resonance level at 5.8 Mev.^ Nitrogen has resonance levels at 0.55, 
0.70, and 1.45 Mev, associated with the N( 7 i, p)C and N(?i, a)B 
reactions . 2 The phenomenon is of considerable theoretical interest.^ 
Wave mechanics predicts proportionality of (Xc and 1/v only for neutron 
energies that are small relative to the lowest resonance level. 

217, Survey of Nuclear Reactions, — For the bombardment of 
nuclei, four principal kinds of projectiles have been used: protons, 
deuterons, helium nuclei a particles or ^^helions^^), and neutrons. 
Each of these four kinds of particles has been observed to cause the 
emission from some nucleus of each of the others, with the single 
exception that deuterons have been observed to be emitted only in 
the reaction 

Be^ + Be® + (329) 

The heavier nuclei are more easily transmuted by neutrons, w’hich are 
not repelled by the nuclear charge; a particles, on the other hand, are 
effective chiefly on the lighter nuclei. Furthermore, electromagnetic 
radiations of sufficiently short wave length, called 7 -rays’^ when 
emitted by a nucleus or ^^X-rays^' when produced by electrons, have 
been observed to cause the emission of neutrons from many materials; 
and 7 -rays, in turn, are often observed to be emitted as the result of 
bombardment of nuclei with material particles. Finally, nuclear 
excitation or even transmutation can be produced in some cases by 
means of high-speed electrons. 

In the discussion of nuclear transmutations care in the use of 
terms is necessary. Following Bohr, a bombarding particle is ahvays 
assumed to be captured by the ^Tnitial” nucleus that it strikes. In 
some cases the new nucleus formed by the capture represents the 
final product of the bombardment, although the emission of one or 
more 7 -rays may be necessary to bring it into its normal state. More 
commonly, however, the nucleus formed by capture subsequently 
undergoes further change through the emission of one or more par- 
ticles. If this emission of a particle, usually an a or /3 particle, occurs 
with a sufficient average delay in time so that the process can be 
followed experimentally, as in radioactive decay, then the nucleus 
formed by capture is regarded as the final product of the reaction as 
such, and it is said to be radioactive. If, on the other hand, the emis- 
sion of a particle occurs too rapidly for easy observation, then the 
nucleus formed by capture, called an intermediate nucleus, is commonly 

^ Bachbr, Bethe, and McDaniel, Phys, Rev., voL 69, p. 443 (1946). 

2 Barschall and Battat, Phys, Rev., Yol. 70, p. 245 (1946). 

3 For other examples see Phys. Rev., voL 71, pp. 165 and 174 (1947). 


Sec. 217] 


SURVEY OF NUCLEAR REACTIONS 


625 


ignored and only the residual nucleus produced by its disintegration 
is mentioned in describing the reaction. The residual nucleus may 
then, also, itself either emit 7-rays or undergo further radioactive 
change. Occasionally even the emission of 7-rays from a group of 
nuclei is sufficiently distributed in time to be followed in observation; 
such an emission of 7-rays, as well as that which closel^^ accompanies 
the emission of a or ^ particles, is regarded as a form of radioactivit^u 
Another form, furthermore, is decay by electron capture, to be 
described in Sec. 225. All forms of radioactivity are sometimes 
referred to simply as an “activity.^’ 

A bombardment process is often denoted by parentheses enclosing 
two symbols, the first symbol denoting the incident particle or ray, 
the second, the emitted particle or ray (or particles) ; a, p, d, n, 7 are 
used to denote, respectively, an a particle, a proton, deiiteroii, neutron, 
or 7-ray. A symbol denoting the initial nucleus may precede the 
parentheses, and another denoting the residual nucleus left after the 
departure of an emitted particle (or particles) may follow it. The 
reaction (329) would thus be denoted by Be^ (p, d) Be®. In this nota- 
tion the best known types of nuclear reactions may be listed as follows: 


p) 

(P, “) 

{d, a ) 

(n, a ) 

(a, n) 

(P, n) 

id, P ) 

in, p ) 


ip, 7) 

id, n ) 

(n, 2n) 



(d, 2n) 

in, y ) 


Here 2n denotes the emission of 2 neutrons. 

Reactions of ail of these types have been found, in certain instances, 
to result in the production oi radioactive residual nuclei. A list pub- 
lished in 1944^ contains over 420 different kinds of artificial radioactive 
atoms, differing from each other in mass number or in atomic number 
or both. Such atoms are particularly easy to identify because they 
can be followed by means of their radioactivity and identified by 
chemical procedures. Observed periods (time for the activity to 
decrease by one half) range from 0.022 sec. (B^^) to more than 1,000 
years (Be^°, CP®). A radioactive isotope, natural or artificial, 

is now known for every element except hydrogen, including ^ = 93 
and Z = 94. 

The total number of nuclear reactions known today is near 1,000. 
The list Just mentioned contains about 840 reactions resulting in 
induced radioactivity, not counting fission processes; and many others 
are known in which the residual nucleus is one of the stable ones that 
also occur naturally. Out of this wealth of material we can select 

^ Lwingood and Seabobg, J/odemP%s., vol. 16, p. 1 (1944). 
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for detailed discussion only a very few reactions. These we shall group 
under general statements of the features which they have been chosen 
to illustrate. 1 Certain features requiring lengthy discussion will be 
made the topic of a special section; others will be listed briefly in the 
remainder of this introductor}?' section. 

(a) IdentificaMon of the isotope that is undergoing reaction is easy 
with an element that has only 1 isotope, but can usually be inferred 
only indirectl}^ when several isotopes occur. Onl}^ for a few elements, 
notably hydrogen, lithium, and uranium, have the isotopes been 
separated in sufficient quantity to test the assignment of nuclear 
reactions directhn In general, the principle of maximum simplicity 
has been followed, and with great success; out of all possible reactions, 
the simplest one is assumed that will fit all relevant observations, and 
a residual nucleus that is not radioactive and hence remains unde- 
tectable is assumed to be one of the stable isotopes that occur in 
nature. An example of identification from indirect evidence will be 
given presently under (d). 

(b) Sometimes three or more particles result from a bombardment, e.g,; 

BH + 3He4 + ni; 4Heh 

In these examples the peculiar stability of the a particle is again in 
evidence. Enormous bombardment energies, such as those of cosmic- 
ray particles [Sec. 239 (c)] or of 100 — Mev X-rays,^ may also cause 
the emission of thi^ee or more particles. 

(c) The result of a bombardment varies greatly with the nature of the 
bombarding particle, and is often not unique for a given particle. For 
example, 

AP^ + H^ +. Ap; 

AP" + tle^-^SP^ + HI; 

+nb P30-»>Spo + /3+ (2.55 min.); 

APb+ m + Heb* 

A12S + m, AP« Sps -b /3-", 7 (2.4 min.); 

gi28 -f. 

AP^ + Na24 + He^ Na^^ Mg^^ + /5“, y (14.8 hr.) ; 

— > Mg27 + Hb Mg27 ->AP' +/3- T (10.2 min.). 

Here indicates a positive ^^-ray (or positi'on) and a negative one. 
The symbol hv is written to denote 7 -rays emitted by a residual nucleus 
that has been formed by bombardment (here SP^); this nucleus is 

'References, if not given, may be found in Livihgston and Bethe, Rev, 
Modern Phys., vol, 9, p. 245 (1937), or in Livingood and Seaboeg, loc. cit. 

® Bald WIN and Elaibee, Phys. Eev.,Yo\. 70, p. 259 (1946) . 
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formed in an excited state and emits one or more y-rays in returning 
to its normal state of lowest energy, out of w^hich it may subsequently 
pass by undergoing radioactive change. The symbol y is reserved for 
a y-ray emitted by a nucleus w-hich has itself been formed by radio- 
active change (here Si-^, or AP'). The distinction is purely 

artificial, however, and is not always maintained in writing reactions. 
The times given are the periods of the radioactive atoms (here 
Al-®, Mg^^), or the times required for the disintegration of half 

of a large group of atoms that have been formed simultaneously. 

It 'will be noted that capture of a deiiteron by an Al-*^ nucleus pro- 
duces an intermediate nucleus 'vvhich can disintegrate in either of three 
w’ays, with the production of either Mg'^q AP^, or as the residual 
nucleus. The intermediate nucleus in this case, Si-^, apparently 
belongs to one of the stable isotopes of silicon, but it is formed in such 
a high energy level that disintegration promptly occurs; and presum- 
ably there are three such levels in any one of wdiich it may be formed. 
After capture of either He*^ or by AP^, the disintegration may pursue 
either of two paths. 

(d) The Same Radioactive Isotope Can Usually he Produced in More 
than One Way. As an example, Ag^®*^, with decay reaction, 

Ag'«® Pdio« -h (25.5 min.), 
can be produced in at least eight ways: 


AgioT 4 . — > Agio® + 2 

Pdio 5 4 h 2 ^ Agio^ + 
Cdioa 4 Agios 4 Hi 

Ehios 4 He' Agios 4 


AgioT 4 y Agios 4 

Pdios 4 Hi Agios^ 

Pdios 4 HI -> Agios 4 nV 

Agio7 4 H^ Agios 4 Hi 4 27 iK 


At least six of these eight reactions also produce another form of 
Agios which decays to Pdios by K capture (Sec. 225), with a period of 
8.2 days. This is a case of radioactive isomerism; two forms of the 
same nucleus exist, having the same values of both Z and A but 
undergoing different radioactive changes. 

The reasoning which led to the identification of the isotope as 
Agios may be described as an example of such reasoning.! The sub- 
stances responsible for the 25.5-min. and the 8.2-day activities are 
easily identified as forms of silver by means of chemical separation. 
It w^as assumed that they 'were not Agio^ or Agioo because these are the 
stable isotopes occurring in nature, or Agio® Agno because such 
isotopes ought easily to be formed by the absorption of thermal neu- 
trons by silver, whereas bombardment with thermal neutrons was 


i Pool, Cork, and Thornton, Phys. Rm^ vol. 52, p. 380 (1937). 
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shown not to give rise to the activities in question. The relative 
abundance in percent of the natural isotopes of silver and of neigh- 
boring elements is shown in the following table: 



A 

Z 

103 

104 

105 

106 

107 

108 

109 I 

no 

Rh 

45 

100 








Pd 

46 

... 

9.3 

22.6 

27.2 

.... 

26.8 

.... 

13.5 

Ag 

47 





51.9 


48.1 


Cd 

48 




1.4 


1.0 

— 

12.8 


Now both activities can be evoked by bombarding rhodium with a 
particles; the emitted particle in this case can only be a neutron, since 
Z must increase by 2, leaving as a residual nucleus or, conceivably 
2 neutrons which would leave Ag^®®. Three neutrons have never 
been observed to be emitted in an ordinary nuclear reaction. Both 
activities are also evoked by bombarding palladium with deuterons, 
which may produce by a (d, n) reaction either Ag^®® out of Pd^®^ or 
Agio6 Qf pdios. 3^isQ evoked in cadmium by fast neu- 

trons, presumably in the reaction Cd^®® (n, p) Ag^®®, since a (n, d) 
reaction yielding Ag^®® is highly improbable. The assignment of both 
reactions to Ag^®® is thus made almost certain; and it has been further 
confirmed by identification of the particles that are emitted in some of 
the assumed reactions. 

(e) Radioactive isotopes commonly lie close on the mass scale to stable 
isotopes of the same element j lighter ones tending to transform radioactively 
with a decrease of Z, heavier with an increase. Such relations would be 
expected. Typical examples are presented by the isotopes of sodium, 
Na^^ (radioactive, Na^® (stable), Na^^ (/3“, 7); and the isotopes 
of antimony, Sb^^®*^^®’^^® (all radioactive, (both stable), 

gbl22.124.127.X29.131 (all ^-). 

(/) A few radioactive isotopes lying between 2 stable isobars are con- 
verted sometimes into one isobar, with the emission of a positron, sometimes 
into the other, with the emission of a negative electron. The period of 
decay as observed is necessarily the same for both processes, since the 
decay represents their combined effect. Example: 

As^^->Se^*' + r, 7 ; As^4 Ge74 + 

The period is 16 days. Gamma rays of energy 0.582 Mev also accom- 
pany this reaction, but their relation to the /?-rays is unknown. 

{g) Artificial radioactive nuclei formed with an increase in N — P 
tend to exhibit negative ^-ray activity, those formed with a decrease in 
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iV — Pj positron activity. Hei-e N is the number of neutrons in the 
nucleus and P the number of protons. This would be expected as a 
consequence of the tendency for the ratio N/P to change toward a 
stable value (Sec, 209). Emission of a negative electron increases P 
at the expense of iV, emission of a positron has the opposite effect. 
The principal types of reactions can be classified as follows with respect 
to the predominant kind of /5-ray activity to which the reactions of 
each type give rise^ numerous exceptions occurring however^ except 
for (p, 7 ) reactions: 


Activity 

r 

13^ 


AiN - P) 

2 

1 

0 

-1 

— 2 


(«, p) 

(a, p) {d, p) 

(n, a) (n, 7 ) 

id, a) 

{a, n) id, (P, 7) 

(n, 2n) ( 7 , n) 

ip, n) 


(/i) Radioactive isotopes may be formed of an element otherwise 
unknown. At least eight reactions result in production of radioactive 
products which should have 2 == 43 and whose common chemical 
properties are those to be expected for this missing element. Pre- 
sumably the absence of this element in nature results from some acci- 
dental combination of features that makes every combination of 
neutrons with 43 protons unstable. Radioactive forms of transuranic 
elements with 2" == 93 (neptunium) and 2 = 94 (plutonium) have also 
been produced, the latter in large quantities (see Sec. 227). 

{i) Excitation Functions. Increase of the bombardment energy 
usually increases the frequency of reaction, but resonance levels are 
often observed at w’hich there occur either rapid increases of yield or 
actual maxima in the yield curve. Examples are described in Secs. 
223 and 226. 

218. Indirect Measurement of Atomic Masses. — The masses of 
isotopes that are excessively rare or absent in nature may often be 
calculated from a nuclear reaction. For example, in cyclotron work 
some evidence has been found for the existence in helium of a light iso- 
tope, He^ but in extremely minute amounts. Such nuclei should also 
be produced in the two reactions: 

{p,a): W + + + 

(dj u): > He® + + Q. 

The masses of the other nuclei involved here are knovm. The value 
of Q for the first reaction was determined by Neuert, and more recently 
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by Peiiow, who made very careful measurements of the range of the 
emitted a particles. The second reaction was studied twice by 
Bonner; in his second investigation, he measured, by means of recoil 
protons in methane, the velocities of the neutrons projected straight 
forward by the deuterons, thus eliminating the effects of angular 
spread. The date, place, and results of the four investigations are 
as follows: 



Place 

Date 

Reac- 

tion 

Q 

(Mev) 

He^ mass 

Neuert* 

Cologne 

Rice Institute (Texas) 
Chicago 

Cambridge (England) 

1935 

(p , «) 
(d, n) 

(P, «) 
(d, n) 


3.0172 ± .0007 

Bonner t 

1938 


3.01700 ± .00010 

Perlo w 1 

1940 

3.95 

3.01688 ± .00011 

Bonner § 

1941 

3.31 

3.01698 ± .00006 



Phys. Zeits., vol 36, p 629 (1935). 

^ PhySi. vol. 53, p. 711 (1938). 

%Phys, Rev,t voi. 58, p, 218 (1940). 

§ Phys. Rev., vol. 59, p. 237 (1941). 

These results illustrate the increasing accuracy of nuclear work and the 
close agreement that can be obtained between nuclear measurements 
made in different laboratories. 

219. Exoergic and Endoergic Reactions. — Nuclear reactions may 
he exoergic or endoergic, i.e.^ Q may be positive or negative. Q is the 
net amount of rest energy of particles or nuclei that is converted into 
other forms of energy. The value of Q may be found in either of two 
alternative ways. (1) If the masses of all of the particles that are 
involved in the reaction are known, the value of Q may at once be 
calculated by subtracting the combined masses of the final particles 
from the sum of the masses that are present initially and then con- 
verting the difference into suitable units. ( 2 ) Alternatively, Q may 
be calculated from the net gain in ordinary energy, by adding to the 
observed kinetic energy of the residual nucleus that of any particles 
that are emitted in the reaction, and also the energy of any 7 -rays 
and the rest masses of any ^ particles whose emission may be included 
in the reaction, and then subtracting from the number thus obtained 
the known kinetic energies of the bombarding particle and of the initial 
nucleus. Usually, in stating Q, jS-rays and 7 -rays whose emission 
extends over an observable time are not included as parts of the 
reaction. 

To evoke an endoergic Testation, in a sensibly stationary nucleus, 
the bombarding particle must itself possess kinetic energy at least equal 
to —Q, since energy equal to —Q disappears in the reaction and the 
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final eniergy, consisting of kinetic and emitted radiant energy or rest 
energy, cannot be negative. The actual' threshold or iniiiimiim 
kinetic energy that is required in order to evoke a given reaction may, 
however, for other reasons, exceed — Q. 

The (p, a) reactions discussed in Sec. 214 were all exoergic. Some 
reactions of this type are endoergic. 

Reactions equiA^alent to the simple addition of a proton or neutron 
to a nucleus, such as (d, n), (d, p), (p, 7), (n, 7) are nearly aiwa 3 ^s 
exoergic, the nuclear energy decreasing because of the attraction 
between protons and neutrons that is postulated in order to explain 
liiiclear binding (Sec. 209). Most (d, a) reactions, also, are exoergic, 
the net result here being the emission of two protoii-iieiitron pairs in 
the form of a closely bound a particle as against the capture of a 
single proton-neutron pair in the form of a loosel}^ bound deiiteroii. 
For example : 

(d, p ) : 4. Q ^ g,55 yj^v; 

(d, n) : + W Q == 6.2 Mev; 

(d, a) : ---> + He^ Q = 13.40 Mev. 

On the other hand, (p, n) or (n, p) reactions are usually endoergic, 
A (p, n) reaction merely substitutes a proton for a neutron in the 
initial nucleus, whereas an (?i, p) reaction substitutes a neutron for a 
proton; in either case Z is changed by unity without any change in the 
isotopic number A. In a stable nucleus, however, the division of the A 
constituent particles into protons and neutrons has been adjusted so 
as to make the energy as low as possible, or very nearl^^ so [Sec. 209(a)] ; 
hence any change in Z without a change in A is almost sure to increase 
the energy of the nucleus, at the expense of the kinetic energ}^ of the 
incident proton or neutron. Examples:^ 

(p, n) : + ibP Q = -2.72 Mev; 

(7^, p) : 15?'^ + iHb Q = -0.93 Mev; 

^N14 + 4.. ■ Q = ■ 1.2 Mev. 

Because of the increase in nuclear energj^ that should result from 
a (p, n) or (n, p) reaction, the residual nucleus produced in such a 
reaction should usually be radioactive, tending to revert to the initial 
value of Z by the emission of a positive or negative j(S-ray; and this 
expectation appears to be confirmed by experiment. 

Neutrons imist obviously be fast in order to produce an endo 0 rgic 
reaction, in w'Mch energy of ordinary forms is lost; whereas an 

iEaxey, Shoup, Stephens, and. Wells, voL 58,, p. 1035 (1940); 

Hubee, Phys . Acta ,. voL, 14, p, 163 (1941). ' ' 
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reaction may be produced by either fast or slow neutrons, so far as 
considerations of energy are concerned. Examples: 

(n, a): Be^ + (fast only) He® + He'^, Q = —0.63 Mev; 

(n, a) : -> Li^ + He^ Q = 2.5 or 3.0 Mev. 

The second of these reactions occurs especially freely with slow neu- 
trons and is much used for their detection [Sec. 216(6)]. It appears 
that the Li^ nucleus is formed only about 9 percent of the time in its 
normal state; more often it is formed, mth a smaller Q value, in an 
excited state, from which it subsequently drops into its normal state 
with the emission of a 7 -ray. ^ 



Fig. 212. — The energy levels of that are involved in the disintegration of Na^^ 

{according to Kruger and Ogle), 

220 . Isotopic Reactions. — All (n, 2n) and {n,y) reactions produce 
a residual nucleus isotopic with, the initial one, usually detected by 
means of its radioactivity. Many examples are known, e.g., 

(n, 2n) : + }ii + /3+ (26 min.) ; 

Aui»^ + Aui®« + 2nS 

Au196 (13 Kr., 4-5 days) ; 

(w, 7 ) : Na^® + 'n} — > Na^^, Na^^ — 7 (14.8 hr) ; 

U23S + U23® + hv, U=*99-»Np«9 + ^ (23 min.), 

]Srp239 Pu239 + y (2.3 days) . 

1 Wilson, fioy. jSoc., Proc., vol. 177, p. 382 (1941). 
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Here Np stands for the transuranic element neptunium (Z = 93) and. 
Pu for plutonium {Z = 94) . The isotope is a weak a-ray emitter^ 

(see also Sec. 227). 

The two periods given for Au^®® indicate another example of radio- 
active isomerism. The bombardment creates theAu4®® nucleus in 
either of two quantum states, which decay radioactively at different 
rates, and neither of which can pass into the other with the emission 
of a 7 -ray (this being a ^^forbidden’^ transition). 

The transformation of Na^^ is very complex and merits description. 
According to Kruger and Ogle, who studied the 7 -ra 3 ^s by measuring 
the energies of pair particles generated by them in a cloud chamber, “ 
at least seven different y-rays are emitted by the final Mg-*^ nucleus. 
Furthermore, the fi-mjs that are emitted in the disintegration of Na^'^ 
fall into three groups, corresponding to three alternative levels in 
which the Mg^^ nucleus may be formed. The proposed level scheme 
and the various transitions are shown in Fig. 212. The energies of 
the observed y-rays, the maximum energies of the jS-rays in Mev, 
and the relative intensities within each group, are as follows: 


i8-rays 

7 -rays 

1 

A 

B 

C 

D 

1 

E 

\ 

F 

G 

H 

1 

J 

1.84' 

515 

1.63 

160 

1.07 

40 

2.56 

26 

2.76 

15 

3.24 

1 0.9 

2.68 

16 

2.89 

9 

(1.26) 

(25) 

1.38 

42 


221. The Excitation of Gamma Rays. — Nuclei in excited states, 
out of which they can undergo transitions with the emission of y-rays, 
may be produced in several different ways. Several cases have already 
been cited; the principal cases will now be listed here in order. 

(a) Fluorescent Gamma-rays . — ^Many attempts were made to pro- 
duce the analog among y-rays of ordinary fluorescence, but success 
was not attained until a continuous spectrum of radiation of sufficiently 
high frequency was available. The reason lies no doubt in the extreme 
narrowness of the nuclear levels that are involved in y-ray emission; 
the absorption spectrum of a nucleus consists of narrow lines, and it 
will be a rare accident if any y-ray emission line coincides with the 
absorption line of another nucleus. 

1 Oliphant, Nature, vol. 157, p. 5 (1946). 

2 Krugee and Ogle, Phys. Rev., vol. 67, p. 273 (1945). See, however, P/ip. 
Pey.. voL 70, p. 985, also p. 978 (1946). 
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The following example is interesting. Goldj under illumination 
by X-rays with an hv value' exceeding 1.22 Mev, was found by Wieden- 
beck to develop a short-lived y-my activity, unaccompanied by /3-rays. 
The high potential required to generate the X-rays was obtained from 
a Van de Graaff-Herb electrostatic generator. The value of the 
7 -rays, calculated from the absorption in aluminum foil of the internal- 
conversion electrons generated b}^ them, w’-as 0.25 Mev; their intensity 
was observed to decrease to half in 7.5 sec. 

An excitation curve for the generation of these y-rays, reproduced 
in Fig. 213, was obtained by varying the potential' on the X-ray tube 
and therewith the upper frequency limit of the X-rays. The y-ray 
activity begins to be observed at hv = 1,22 Mev, and the curve of its 
intensity exhibits definite breaks at 1.68, 2.15, 2.56, and 2.97 Mev. 



1.0 1.4 !.6 2.2 2.6 3.0 3.4 


Energy in mev 

Fig. 213. — X-ray excitation curve for gold. The abscissa represents the maximum 
energy of the X-ray spectrum. {Obtained hy Wiedenheck.) 

The observations were interpreted by Wiedenbeck to mean that 
the gold nucleus possesses electromagnetic absorption lines at 1.22, 
1.68, 2.15, 2.56, and 2.97 Mev and corresponding energy levels lying 
at these distances above the normal level. From any one of these 
levels the nucleus is able to pass very quickly, with the emission of a 
high-energy fluorescent y-ray, into a level lying only 0.25 Mev above 
the normal level; and a further ti^ansition then gives rise to the observed 
activity. The level at 0.25 Mev is metastable; the probability of a 
transition out of it into the normal level is so small that the half-life 
of nuclei in this state is 7.5 sec. For this reason, also, no absorption 
line at 0.25 Mev can be detected. The more energetic higher-fre- 
quency y-rays emitted very quickly during the descent into the meta- 
stable level were not detected. ^ ^ 

1 Wiedenbeck, PAys. Be 2 ;., vol 67, p. 53; vol. 68, p. 1 (1945). 
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Rhodium was found to possess a similar metastable level l 3 ^iiig only 
0.04 Mev above the normal level ^ The corresponding 7 -rays, , with 
energies of only 40 kilovolts, lie in the ordinary X-ra^^ region. The 
half-life period is 45 min. Higher excitation levels were found at 4.26, 
1.64, 2.02, 2.37, 2.71, and 3.05 Mev. 

( 6 ) Excitation hy Inelastic Bombardment . — Wiedenbeck found that 
the y-mj activity in gold just described could be evoked also b}' bom- 
bardment with neutrons. The neutrons ^vere generated hy photo- 
disintegrating beryllium with high-frequency X-rays, so that their 
energy could easil}^ be varied. It w^as found that activation of the 
gold began only wiien the neutron energy was raised above 1.22 Mev. 
It may be concluded that the neutrons also produce the metastable 
level at 0.25 Mev onl}^ indirection Since the activity exhibits the same 
properties wRether produced by photons or by neutrons, it is to be 
presumed that the bombarding neutrons are not captured but merety 
excite the gold nucleus without otherwise altering it. 

The activities in rhodium could also be evoked b.y bombardment 
with electrons of 2.5 Mev energy. 

Another interesting example of noncapture excitation is presented 
by one of the first proton reactions to be discovered: 

Li^ + m 2He‘i 

(Sec. 214). This reaction is observed to be accompanied by the emis- 
sion of 7 -rays. There appears to be a definite 7 -ray line or band at 
0.46 Mev, emitted at least whenever the energy of the bombarding 
protons exceeds 0.85 Mev,^ These particular 7 -rays have been 
ascribed to a noncapture excitation of the nucleus lay collision 
with a proton, the Li*^ nucleus emitting a y-rsLy in returning to its 
normal state. That is, w^hereas some Li^ nuclei capture the 
nucleus and then break up into tAvo a particles, according to the 
reaction just Avritten, others are merety excited as the result of an 
inelastic collision. 

The assumption that the Li*^ nucleus actualty possesses an excita- 
tion level 0.46 Mev ahoYe its normal state is supported by a peculiar 
feature of another reaction in Avhich Li^ nuclei appear as products, 

LH + + HI 

Tavo groups of protons are produced by this reaction (coming from 
different individual nuclei of course); their energy difference, as meas- 

• Wiedenbeck, Rhys. Ren., vol. 67, 'p. 267 ;■ voL.'OS, p, 237 11945). 

, 2 Hudson, Heeb, and Plain,. F% s.. to., voL:57,. p, 587 (1940), 
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ured, is 0.45 Mev,^ It is assumed that the faster protons arise when 
the Li^ nucleus is left in its normal state, the slower when it is left in 
an excited state lying 0.45 or 0.46 Mev higher. 

(c) Gamma Rays from a Nucleus Formed hy Capture . — In addition 
to many (?i, 7 ) reactions, of which examples were given in Sec. 220 ^ 
a number of (p, 7 ) reactions are known, in which a proton is captured 
to form a product nucleus in an excited state and the excess energy is 
then emitted as a 7 -ray. The product nucleus may or may not sub- 
sequently undergo radioactive change. For example, 

Bii + 4. 

Qu + HI N'3 4 , CIS 4 _ ^(9^93 ^lin.) 

Other cases, in which the active nucleus is formed by capture of an 
electron, will be described in Sec. 225. 

(d) Emission by an Intermediate Nucleus . — Among the 7 -rays from 
a mass of lithium bombarded by protons there is a hard component 
with a photon energy of about 17.5 Mev.^ It is believed that these 
7 -rays are emitted by the intermediate Be^ nucleus, a complete state- 
ment of the reaction being as follows: 

LP + Be^', Bes' Be" + hv, Be^ 2He4. 

Here the symbol Be®' stands for an excited beryllium nucleus and hv 
for the 7 -ray. The entire amount of rest mass that disappears in 
the reaction is: 

IJT 4 . HI - 2He4 = 7.01804 + 1.00812 - 2 X 4.00388 

= 0.01840 a.m.u. = 17.15 Mev. 

This energy, plus the kinetic energy of the must supply both the 
energy of the 7 -ray and the kinetic energy of the two a particles. The 
kinetic energy of the a particles, by a principle of mechanics, cannot be 
less than that of the Be® nucleus out of which the a particles are 
formed; and the kinetic energy of Be® will be indistinguishable from 
that of Be®'. The kinetic energy of Be®', in turn, is of that of the 
incident the Be®' nucleus being eight times as heavy as HVand 
hence retaining of the velocity of the proton and the same fraction 
of its kinetic energy. Now resonance, i.e., maximum excitation of the 
7 -rays in question, occurs when the protons have an energy of 0.44 
Mev. Adding % of this energy to the energy available from the rest 
masses, we have a maximum of 17.54 Mev available for the 7 -ray. 
This probably exceeds the energy of the 7 -rays, thus leaving something 

1 Rumeaugh, Eobebts, and Hafstad, P%s. Rev,, voL 54, p. 657 (1940). 

2 C/. Hudson, Herb, and Plain, Phys. Rev.j he. cit 
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over for the kinetic energy of the a particles, which form a much 
slower group than those that arise from the alternative immediate 
disintegration of Be®' and are described in Sec. 214. 

In most instances, however, the emission of material particles 
tends to occur so much more quickly than the emission of radiation 
that 7 -rays can be emitted only by nuclei which are either stable 
toward the emission of particles or at most a:- or / 5 -active. 

{e) Gamma-rays from Residual Nuclei . — Reactions of type {a, p) 
or (a, n) often result in the emission of y-rays ; so do some deuteroii 
reactions. These 7 -rays are believed to be emitted by the residual 
or product nucleus, which is left in an excited state by the departure 
of the proton or neutron and emits 7 -ra 5 "s as it descends into states 
of lower energy. The residual nucleus may or may not undergo sub- 
sequent radioactive transformation. An example of such 7 -rays, due 
to a deuteron reaction, is discussed in Sec. 224 below. 

On the other hand, (p, a) and (p, n) reactions do not seem to give 
rise to 7 ~rays, the residual nucleus being always left b}- the reaction in 
its normal state. 

(/) Gamm>a-rays following radioactive change^ f.c., the emission of 
an a or ^ particle, are common, as we have seen. An elaborate example 
was described in Sec. 217(5). 

222. Photodisintegration and Electron Disintegration. — Man}?' 
(y, n) reactions are known, in which a y-ray or high-energy X-ray is 
absorbed by a nucleus and a neutron is emitted. Such reactions can 
be detected most surely by observing the neutrons, but a more con- 
venient means of detection is often furnished by the radioactivity of 
the residual nucleus. As the frequency of the incident radiation is 
progressively increased, the reaction begins at a certain ‘^threshold” 
value of the photon energy hv, and the yield then increases more and 
more rapidly as the frequency is further increased. If the I'esidual 
nucleus is formed in its lowest state, the threshold energy represents 
also the work required to detach a neutron from the initial nucleus. 

Since the incident radiation must be assumed to exert its direct 
action upon the charged particles in the nucleus, f.e., upon the protons, 
whereas it is almost always a neutron that is emitted, photodisintegra- 
tion is not usually analogous to the ejection of Compton electrons 
from an atom; it may be compared, perhaps, with the emission of 
Auger electrons [Sec. 190(5)]. 

The photodisintegration of the deutero7i was mentioned in Sec. 216; 
the threshold, for this, process is hv = 2.17' Mev. The effective cross 
section for 6.2 Mev 7 -rays^ is about 1.2 X lO”-^^ cm.^; f.e., if the y-rays 

^ Van Allen and Smith, vol. 59, p. 618 (1941). 
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are assumed to be uniformly distributed over an area containing a 
large number N of deuterium nuclei, as many y-rays will give rise to 
disintegrations as fall on an area equal to 1.2N X cm.^ Gross 
sections for photodisintegration vary with the frequency of the inci- 
dent radiation. 

For the photodisintegration of beryllium the threshold is only 
1.63 Mev. Furthermore, the same disintegration can be effected by 
means of electrons of the same energy as the X-rays, as was shown 
by Collins, Waldman, and Giith.^ They detected the neutrons by 
means of radioactivity produced by them in silver, rhodium, or indium. 
That the effect obtained with electrons was not caused indirectly, by 
X-rays generated b}^ the electrons in the beryllium, shown by 
noting that almost the same emission of neutrons was obtained from 
beryllium targets of two different thicknesses, 0.038 cm. and 0.20 cm. 
The thin target was sufficiently thick to stop the incident electrons, 
whereas even the thick one w'ould not appreciably absorb either the 
neutrons or X-rays of several Mev energy; hence, the observed neutron 
emission wmuld have been much greater if it had been due to X-rays. 
The cross section for disintegration of beryllium by electrons of 2.5 
Mev energy is 8 X 10“®^ cm.^; the rate at wffiich disintegrations are 
produced is the same as if the nucleus were a little disk of area 8 X lO"^^ 
cm.^ placed perpendicularly to the stream of electrons and all electrons 
striking this disk gave rise to disintegration.^ 

In heavier atoms the thresholds for photodisintegration lie much 
higher. Baldwin and Kock report the following values, in Mev: 



C12 

XU 

016 




I 

Agios 

Obs , . 

19 

11 

16.3 

14.2 

10.9 

11.6 

9.5 

9.3 

Calc. . 

18.8 

10.6 

16 







In all cases detection was effected by means of the radioactive product 
nucleus. The first three decay processes are 


Cxi (20.5 min.) ; ^(9,93 j^in.) ; 

(2.1 min.). 

The final nuclei being thus stable and well known, it Avas possible in 
these three cases to calculate the net loss of nuclear rest energy; from 
this, after correcting for the emitted radiations, the values of the dis- 
integration energy of and 0^® listed as ‘^calc.^^ were obtained. 

^ Collins, Waldman, and Guth, Bey., voi. 56, p. 876 (1939). 

® WiEDENBECK, PAp. Bey., vol. 69, p. 235 (1946). 
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These values agree satisfactorily mth the observed thresholds for 
photodisintegration. 

Good evidence for the following (y, p) reaction was obtained by 
Huber and his coworkersb 

Mg^® + hv Na^^ + Pj > Mg-^ + (61 sec.) 

223. Groups of Emitted Protons ; and Alpha Resonances. — When 
protons are emitted as a result of bombardment, their kinetic energy 
varies in, step with the kinetic energ^^ of the bombarding particles. 
Thus, conservation of energy is maintained. Even for a given energy 
of the bombarding particle, however, it is often observed that the 
emitted protons fall into several groups characterized by different 
values of the kinetic energy. 

This feature, and also the phenomenon of a resonances inentioned 
in Sec. 217(5), will be illustrated by describing the early work on the 
reaction 

+ a Ne22 + P + Q, . 

The proton spectrum from this reaction was studied by Chadwick and 
Constable.^ Fluorine in the form of calcium fluoride was employed. 
The curve of proton intensity plotted against proton energy was found 
to show six broad maxima between the extreme proton ranges (in 
air) of 20 cm, and 55 cm. The energy of the bombarding a particles, 
which came from polonium, could be decreased in any desired ratio 
by interposing a suitable thickness of absorbing material. When the 
energy of the a particles was decreased below that corresponding to 
an a:-particle range of 3.25 cm. in air, the proton spectrum became 
shortened, one pair of maxima disappearing; at about 2.7 cm,, another 
pair disappeared; and below 2 cm. the entire proton spectrum was 
absent. The three pairs of maxima that thus disappeared in succes- 
sion showed about the same spacing in energy between their compo- 
nent groups of protons. 

These facts are explained if it is assumed that the components of 
any given pair are produced by a particles of the same energy, and 
that the difference in the two proton energies arises from a difference 
in the disintegration process. Chadwick and Constable assumed 
that the emission of the proton may leave the residual nucleiis 
in either of two possible quantum states. To each of these states will 
then correspond a different value of the reaction energy Q, which 

Hubeb, Lienhabp, ScHERREB, and Wapfeeb, Eelv, Phys, Acta^ Yol, 17, p. 139 
^ ^ 2 .GHADwicK .and Constable, Froc./voL135, p. 48 (19,32). 
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represents the (algebraic) excess of the final kinetic energy, belonging 
to the proton and the residual nucleus, over the initial kinetic energy^ 
belonging to the initial nucleus and the bombarding particle. For 
reactions leading to the two states of Ne^^, Chadwick and Constable 
calculated from their data that Q == 0.99 or 1.67 Mev, respectively, 
so that the two levels of Ne^^ would lie 1.67 — 0.99 or 0.68 Mev apart. 

The occurrence of three similar pairs in the proton spectrum was 
then accounted for by supposing that, since the a particles are slowed 
down to a stop in the calcium fluoride, (1) effects due to all a-particle 
speeds below a certain maximum were obtained, but (2) there exist 
three resonance levels for the o:-particle energy at which the reaction 
occurs with maximum frequency. These levels were assumed to lie 
at a-particle ranges in air of about 2, 2.7, and 3.25 cm., and correspond 
presumably to three possible excited levels in which the intermediate 
Na^^ nucleus may be formed when a fluorine nucleus captures an a 
particle. The continuous distribution of the proton energies as 
observed may have been due in part to straggling of the protons after 
leaving their point of origin or to other experimental inperfections, 
but it was probably due also in part to a great breadth of the 
levels, which is associated with the rapidity of the ensuing disintegra- 
tion. As a result of this breadth, which implies a considerable indefi- 
niteness in the energy of the short-lived nucleus, a particles can 
be absorbed over a rather wdde range of a-particle energies; the kinetic 
energies of the emitted protons will then vary in step with the energy 
of the a particles, so as to preserve the conservation of energy. 

The study of the same reaction was extended by May and Vaidya- 
nathan, using the swifter a particles from RaC' (7.0 cm. range in air),^ 
They found three other groups of protons, whose actual ranges as 
observed were of the same order as those just described, because of 
the high a energies, but which corresponded to the negative Q values: 
— 3.2, —2.1, —0.1 Mev. They observed no duplications resulting 
from the superposition of various a resonance levels, apparently 
because they used thin targets and thus kept their a-particle energies 
within a narrow range. They recalculated Chadwick and Constable’s 
Q values, from better range-energy data for protons, as 0.87 and 1.47. 
Pose, using polonium particles, had found Q values^ which May and 
Vaidyanathan recalculated as 0.6 and 1.3 Mev. They concluded, 
therefore, that protons with a Q value of about 1.4 Mev certainly 
exist, but, finding no trace of an 0.87 or 0.6 group at a point where 
they should have f ound it, they suggested that the appearance of such 

^ Yaidyaxathan, Roy, Soc,^ Proc., vol. 155, p. 519 (1936). 

2 Pose, ZeUs, f, Physik, vol 72, p. 528 (1931). 
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a group in the observations of Chadwick and Constable and of Pose may 
have been spurious. 

If the 1.4 group is assumed to result from the production of Ne‘^- 
in its normal state, we have then the following energy levels for 
measured from the normal. state: 


level 

0 

(0.6) 

1,5 

3.5 

4.6 

Q value 

1.4 

(0.8) 

1 

-0.1 

-2.1 

-3.2 


Here 1.5 = 1.4 — ( — 0.1), etc. Positive Q means that the protons and 
the recoiling Ne^^ nucleus together have more kinetic energy than the 
bombarding a particle; negative, that they have less. 

As calculated from the masses, which refer, of course, to the normal 
nuclear states, 

Q He^ ~ Ne22 - Ri = 19.00452 + 4.00388 - 21.99864 

- 1.00812 = 0.00164 a.m.ii. = 1.53 Mev. 

This agrees sufficiently well with the observed value of 1.4 Mev. 

In direct observations of the yield for both the (a, p) and the (a^ n) 
reactions of fluorine as a function of a-particle energy, Saha likewise 
found indications of the existence of resonance levels for the a particles;^ 
but his values for these levels do not seem to agree at all with those 
found by Chadwick and Constable! 

This fluorine reaction has been discussed at some length, in 
part, for the purpose of illustrating the general fact that precise work 
on nuclear phenomena is difficult, and hence conflicting or imperfect 
data exist in the literature in regard to many nuclear reactions. 

It may be remarked that fluorine bombarded by a particles also 
emits neutrons, according to the reaction, + n, 

224, Neutron and a-ray Spectra, — Neutrons emitted as a result 
of bombardment commonly occur in groups, corresponding to different 
quantum states for the residual nucleus. 

Consider the reaction, so much used as a neutron source: 

Be® + ^ BIO + nh 

Using 0.9 Mev deuterons (H^), and determining the neutron energies 
from recoil proton tracks produced by them in a high-presvsure cloud 
chamber containing methane, Bonner and Brubaker obtained the 
ciirve shown in Fig. 214 for the recoil protons.^ Only proton tracks 

^ Saha, (1938), 

A Bonneb and Bexjbakee, Pi^2/s. vol. 50, p. 308 (1936). 
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pointing almost straight away from the target were counted, on the 
assumption that these tracks were made by protons projected in 
practically the same direction as the direction of approach of the inci- 
dent neutrons. 

The four peaks in the curve are interpreted as meaning that the 
nucleus may be left in any one of four possible quantum states. 
Because of this fact, the neutrons arising from bombardment with 
deuterons of given energy and leaving the scene in a direction at right 
angles to the deuteron beam should have energies equal to one of 
four sharply defined values, and, in turn, the protons that are pro- 
jected straight ahead by these neutrons should likewise be limited to 
one of four possible kinetic energies. 

Actually, however, it is impossible to screen off high-speed neutrons 
effectively, so that the walls of the cloud chamber are struck by 



Pig, 214. — Energj^ distribution of recoil protons due to neutrons from the reaction 
Be9 -f H2(0.9 Mev) + n. 

neutrons over a wide area; many of them, after being deflected by a 
nucleus in the wall, may, by an oblique collision, produce a proton 
moving in the direction selected for observation but with reduced 
energy. Furthermore, the deuterons are slowed down somewhat in 
the target, ivhich causes a corresponding variation in the neutron 
energies. Thus the proton spectrum, as observed, will consist of four 
broad peaks instead of four lines, and only the high-speed edges of these 
peaks correspond to neutrons projected in the ideal manner, ^*.6., 
by deuterons of maximum energy and at 90° to the deuteron beam. 
Additional small amounts of spreading result, also, from lack of 
homogeneity in the incident deuteron beam and from straggling of the 
proton tracks themselves. 

From the curve, the authors conclude that neutrons projected from 
beryllium at 90° by 0.9 Mev deuterons have energies of 4.52, 4.0, 2.6, 
or L4 Mev. For the neutrons of highest energy we find, from Eq. 
(325) in Sec. 214, in which Jfi = 2, Ms - 10, nearly enough, 
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The masses give Q = Be^ + or 

Q = 9.01497 +.2.01472 10.01605 - 1.00893 = 0.00471 a.mmi 

= 4.39 Mev. 

The last figure of the masses being quite uncertain as given here, tlie 
agreement between 4.25 and 4.39 is satisfactory and indicates that in 
the. emission of the 4.25 Mev neutrons the B^^ nucleus must be left 
in its lowest state. For the other three groups of neutrons^ we find 
similarly Q = 3.68, 2.14, 0.82. Subtracting these numbers iroiii 4.25, 
we infer energy levels of B^° at 0.6, 2.1, and 3.4 Mev above the normal 
state, about as shown in Fig. 215. 

It happens that the 7 -rays from this same reaction have been 
studied by Kruger and Green. ^ They confirm the existence of the 

From 
y-ra^s; protons 

, , r- 3.2 3.4 


i ^ 2.0 2.! 

0.5 0.6 

— ^ i — 0 Mev. 

0.5 (.2 1.5 2.0 2.7 3.2 Caic.from levels 
0,51 1.07 1.44 1.96 2.81 3.21 Observed 

Fig. 215. — Energy levels of Bi®. All energies, including those of the six 7 -rays listed 
at the bottom of the figure, are in Mev. 

four energy levels of B^°. From the distribution of the tracks of 
Compton electrons ejected by the 7 -rays from a thin piece of mica foil 
in a cloud chamber, it was inferred that six 7 -ray lines occur, with Iip 
energies of 0.51, 1.07, 1.44, 1.96, 2.81, 3.21 Mev. These 7 -rays could 
be interpreted as arising from various transitions between four levels 
of the B^® nucleus, as indicated in Fig. 215, w+ere energy levels chosen 
to fit the 7 -ray data are represented by the diagram; the 7 -ray energies 
calculated from these levels are given below the diagram in comparison 
with the observed energies. The agreement is ipthin the experimental 
error. The four nuclear levels as determined from the 7 -rays agree 
satisfactorily with those indicated by the neutron groups, 

■4 "' From another reaction, 

; ,;7 

^ Ketjgeb and Green, Be«7., voL 52, p. 773 (1937). 


THE NUCLEUS 


644 


[Chap. XI 


Bonner found seven groups of neutrons, with. Q values 10,8. 9.3, 6.6, 
5.4, 3.5, 1.8, and 0.7 Mev.^ 

The a-rays emitted by a radioactive substance also sometimes fall into 
different groups, characterized by different values of their kinetic 
energy. Usually these groups are nearly equall}^ spaced in energy, 
with a spacing of the order of 100 kilovolts, and those of lower energy 
are less intense. It is assumed that in such cases the groups corre- 
spond to various quantum states in which the residual nucleus left 
after the departure of the a-ray may be left. The 7-rays associated 
with transitions between these various levels are often observable. 
Arguments have been advanced for the belief that some of these nuclear 
levels ma3^ correspond to various states of rotation of the nucleus.^ 
An alternative possibility is that similar groups may result from 
differences in the quantum state of the initial nucleus that emits the 
a-ray, but onl}^ when this nucleus is extremely short-lived, in order to 
exclude the possibility of a prior 7-ray transition; examples are the 
nuclei of RaC' (1.5 X 10“^ sec.) and ThC^ (3 X 10"'’^ sec.). 

225. Radioactive Decay by Electron Capture. — If a neutron is 
capable of emitting an electron and turning into a proton, as is assumed 
in order to explain negative /3-ray emission, the reverse should also be 
possible; a proton should be able to combine with an electron and 
become a neutron. This cannot happen at low energies, to be sure, 
for the rest mass of the electron (0.00055 a.m.u.) is insujfficient to 
provide the required increase of mass (0.00893 0.00813 = 0.00080 

a.m.u.). The impossibility of the spontaneous absorption of a slowly 
moving electron by a proton is doubtless the reason that nuclei contain- 
ing protons can exist indefinitely even when surrounded by a shell of 
electrons. The reverse process, spontaneous conversion of a neutron 
into a proton with emission of an electron, is energetically possible; 
but this process has not been detected with certainty.® 

In an excited nucleus, on the other hand, fhere is an additional 
store of energy upon which a proton might draw in order to absorb 
an electron and become a neutron. The hypothesis was put forward 
on more abstract grounds by Yukawa in 1935 and discussed by 
Alvarez^ that, as an alternative to the emission of a positron, a nucleus 
containing an excess oi protons may suddenly capture one of its cir- 
cumnuclear electrons, usually out of the K shell. In this way, as 
well as by positron emission, the atomic number Z will be decreased by 

1 Bonner, i2ot/. aS'oc., Proc., voL 174, p. 339 (1940). 

^ GvGGTSiisnmMiiB, Roy, Soc., Proc.yYol. ISl, p. IQ9 (194:2), 

3 See, kowever, Sijndarachar, Nature, yqI. 157, p. 286 (1946). 

^ Alvarez, Phys. Rev., vol. 54, p. 486 (1938). 
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unity without altering the mass number A, Any excess of energy may 
be either radiated away in 7 -rays or, perhaps, carried away by a 
neutrino that is emitted as the electron and proton coalesce. 

Many examples of this process, usually called K capture, are now 
known. Its occurrence can only be detected indirectly, most com- 
monly by observing either the X-rays or the Auger electrons which are 
emitted as another electron drops into the hole in the K shell. These 
X-rays or Auger electrons should have a frequency or energy charac- 
teristic of an atom containing the final nucleus that is formed by the 
capture. They should not be affected by an approximately simul- 
taneous emission of 7 -rays by this nucleus as it drops into lower energy 
levels. 

Two good examples, described by Deutsch and Elliott, are the 
following.^ 

+ X, 7 ; Co®" + I3~^ or A, 7 . 

The Mn®^ nuclei, which decay by K capture alone with a half- 
life of 500 days, were produced by bombarding iron with deuterons, 
separating the manganese out chemically, then letting the iron age 
2 months in order to eliminate the 6.5-day activity of Mn®“, which is 
also produced by the bombardment. By using counters and observing 
coincidences (within the time resolution of ordinary apparatus) 
between the X-rays and the accompanying 7 -rays, it was shown that 
each X-ray is accompanied by one 7 -ray. It was concluded that, in 
addition to the X-ray emitted by the circumnuclear electrons, the 
Cr®^ nucleus that is formed by K capture emits a single 7 -ray, of 
energy 0.835 Nev, in settling into its normal state. 

The case of Co®® is more typical in that Co®® is known also to emit 
positrons. The complete radiation from Co®® was studied by allowing 
it to eject photoelectrons from a lead foil. When a curve was drawn 
showing the number of photoelectrons as a function of their energy, 
two peaks were observed. One of these, corresponding to an incident 
7 -ray energy of 0.805 Mev, was ascribed to 7 -rays emitted by the 
transformed nucleus; the other, at 0.51 Mev was ascribed to y-mjs 
generated in the lead foil by anniliilation of the positrons. Com- 
parison of the heights of the peaks indicated that 10 times as many 
7 -rays as positrons were emitted by the Co®® material. Coincidence 
studies indicated further that one 7 -ray was associated with each 
positron, and another with each of the X-rays that were observed 
to be emitted. It was concluded that the Co®® nuclei all become trans- 
formed into nuclei of Fe®® in the same excited state, 10 percent of them 

1 Dbtjtsch and Elliott, Pkys. Rev,^ vol. 65, p. 211 (1944). 
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by positron emission and 90 percent by K capture; the iiiicleiis 
then emits a 0.805 Mev y-ra}^ in settling into its normal state. 

The energy difference between Co^® and the excited Fe^^ can easily 
be calculated; it is the sum of the maximum kinetic energy of the 
positrons, 0.470 Mev, and the rest energy of the positron, or a total 
of 0.98 Mev. When K capture occurs instead of positron emission,, this 
excess energy is presumed to be carried away by a neutrino. 

Still another feature is presented by Te^^b which decays by K cap- 
ture to Sb^^b with the emission of mixed y-rays of energy 0.23 and 
0.61 Mev. Among the X-rays was found a weak line characteristic 
of tellurium, not antimony. By studying coincidences between the 
X-rays and the conversion electrons produced by the y-rays,^ Yalow 
and Goldhaber convinced themselves that the Sb nucleus was formed 
sometimes in one excited level, sometimes in another; from one level, 
lying 0.23 Mev above the normal state, a y-ray is emitted so quickly 
(in less than 2 X lO”^^ sec.) that it usually precedes the emission of 
an X-ray by the electrons in the same atom. This y-ray is then inter- 
nally converted half of the time, with removal of the second electron 
from the K shell. The X-ray that is emitted subsequently, coming 
from an antimony atom with both K electrons missing, then has a 
frequency approximating that of the ordinary K line from tellurium. 

The hypothesis that a neutrino is emitted in the process of K 
capture is supported by observations of Allen on the recoil of the active 
nucleus.^ He measured the energy with which Be^ nuclei recoil after 
decaying by K capture to form Li^. The only way to bring the occur- 
rence of such recoils into harmony with the conservation of momentum 
seems to be to assume that the excess energy is carried off by a neutrino. 
The energy of the recoiling atoms was found to be 40 to 45 ev, as 
against a theoretical value of about 58 ev. 

226- Alternative Reactions,^ — -Examples have already been given 
illustrating the common fact that the results of a particular bombard- 
ment may vary [e.g., in Secs. 217 (c), 220, and 223]. The following 
additional case deserves description. 

When fluorine is bombarded by protons, both long-range and short- 
range a particles in addition to y-rays and pairs of positive and nega- 
tive ^ particles are found to be emitted by the bombarded material. 
Elaborate investigations have been necessary in order to make out 
the relationships of these emissions.® 

^ Yalow and Goldhabek, Phys Rev , voL 67, p. 59 (1945). 

2 Allen, Ee?;., yol. 61, p. 692 (1942). 

® See Begkbe, Fowler, and Latjeitsen, Phys. Pez;., vol. 62, p. 186 (1942), and 
references: there .given; also Bennett, , Bonner, Mandbville, and Watt, Phys . 
Rev., vol. 70, p. 882 (1946), and Schifp, p. 891. 
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Important clues were finally found in excitation curves .showing the 
observed abundance of the various products as a function of the energy 
of the bombarding protons. These curves, as obtained by Streib, 
Fowler, and Lauritsen,^ are reproduced in Fig. 216. The resonance 
peaks in the curves are interpreted as corresponding to various alter- 
natiA^^e quantum states in Avhich the Ne-^ nucleus may be formed by 
the union of a proton Avith a F^^ nucleus. These resonance peaks are 



Fig. 216. — Excitation curves for the long-range a particles, 7 -rays and /S-ray pairs 
from fluorine bombarded by protons. The ordinates for the 7 -ray curves are reduced 
in the ratio 1/50; for low proton energies, the curves are repeated with a tenfold am- 
plification of ordinates. (From Streih, Lauritsen, and Fowler, Phys^ Rei)., ml. 59, p. 253, 
"1941.) . ■ 

different for the y-rays, the long-range a particles ^ and the p-ray pairs. 
The observed resonance energies (of the incident protons) in Mev for 
the three emissions just mentioned are as follows; 

a particles: 0.72, 0.84, 0.9 to 1.2, 1.35 

7 -rays: 0.334, 0.479, 0.589, 0.660, 0.862, 0.927, 1.335, 1.363 

Pairs: 0.6 to 0.8, 0.85, 1.14, 1.22, 1.35 

The known facts were found to agree with the assumption that 
at least the following three alternative forms of the reaction occur: 

^ Stbeib, Fowlek, and Laubitsen, Phys. Ee ^ J . fVoL 59, p. 253 (1941). 
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(A) : Fi® + + He^ + Qo. 

+ W 7Ne20-> -vOie + He^ + Qi, yOi^^Qi^ + 

(C) : F'® + W-^ ^Ne-o ^0^^ + He^ + Q 2 , -> 0^® + /5+ + 

Here the symbol “Ne^° stands for a group of states of the Ne^® nucleus 
out of which it can only disintegrate into an a particle and an 0^® 
nucleus in its normal state, with an evolution of energy Qo = 7.95 Mev. 
This value of Qo agrees sufficiently well with the loss of rest mass: 
F + H - 0 - He == 0.0045 + 0.0081 - 0.0039 = 0.0087 a.m.u., 
equivalent to 8.1 Mev. The emitted a particles have a kinetic energy 
equal to Qo plus the kinetic energy of the bombarding proton, minus 
the small kinetic energy of the residual 0^® nucleus; hence these 
a-particles have a long range. 

The symbol '^Ne^® stands similarly for another group of states from 
which disintegrates into an a particle and an 0^® nucleus in an 
excited state, denoted by '>' 0 ^®, from which it soon passes into its normal 
state with the emission of a y-ray. The energy of the y-ray has been 
measured with some uncertainty as 6.2 Mev; it is observed to be 
independent of the energy of the bombarding protons. The a-rays 
given out in this reaction should thus have an energy corresponding 
to Qi = Qo — 6.2 = 7.95 — 6.2 = 1.75 Mev. Their range should 
accordingly be short, not much more than 1 cm. in air of normal density 
for a bombardment energy of less than 1 Mev. By direct observation 
of the tracks of these a particles in a cloud chamber using helium at 
lowered pressure in order to lengthen the tracks, their energy was found 
to correspond to Qi == 1.93 ± 0.07 Mev, in sufficient agreement with 
the value calculated from the y-rays. 

Finally, ""Ne^® stands for still another group of states of Ne^® out 
of which it passes into a metastable excited state of 0^®, denoted by 
from which a radiative transition into the noi'mal state is impos- 
sible, or nearly so. An 0^® nucleus in this state can, however, pass into 
its normal state by the simultaneous emission of a positron and a 
negative electron, a process that slightly decreases the nuclear mass 
but changes neither the atomic number nor the mass number. The 
sum of the kinetic energy of the pair and their combined rest energy of 
1 Mev was found by Tomlinson^ to be 6.0 ± 0.2 Mev, so that ’^O^® 
lies 6.0 Mev above 0^®. 

The Q value Q 2 for this third reaction (7 was also determined from 
the oj-particle energies by Becker, Fowler, and Lauritsen, using a proton 
energy of 1.274 Mev, just above the strong resonance value for pair 
emission at 1.22 Mev. No trouble seemed to be caused by o:-rays 
due to reaction from which fact it was surmised that the y-rays 

^ Tomlinson, Phys. Rev,, Yoh 60, p, 159 (1941). 
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giving rise to the broad hump in the observed excitation curve near 
1.2 Mev were not due to reaction B but were produced in some other 
way, perhaps by a noncapture excitation of the nucleus. It was 
found that Q 2 = 1.93 ± 0.07 Mev. The sum of Q 2 and the pair 
energy, 6.0 Mev, is 7.93 Mev, in good agreement with the total emis- 
sion of energ^T- as represented by Qq = 7.95 Mev. 

Streib, Fowder, and Laiiritsen also suggested that the coincident 
resonance peaks at 1.35 Mev (Fig. 216) might be due to the existence 
of still a fourth group of states, denoted by from each of 



Fig. 217. — Levels of involved in the reaction Tip, a)0, and, at the left, six levels 
in which Ne^° is produced in the reaction F{d, n)Ne. 

which the decay might be either to or to ^0^®; but confirmatory 
evidence seems to be lacking. 

An approximate energy-level diagram illustrating the reactions 
just described is shown in Fig. 217. For completeness, the normal 
level of Ne is also shown, and, at the left, the six higher levels of Ne 
that were found by Bonner using deuterons as the bombarding agent 
(F^® + H^ — In constructing the plot, values for the 
levels above that of F^® H- HMvere obtained by adding to the com- 
bined rest energies of fluorine and hydrogen of the observed 
^ Bonnee, Roy. Soc.j Proc.j voL 174, p. 339 (1940), 
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resonance energies of tlie bombarding protons, bei^^g used, in 

order to allow for the recoil kinetic energy of the neon nucleus. 

227. Fission of the Nucleus. — There remains for discussion in the 
field of nuclear physics a discovery, announced early in 1939, which has 
already led to astounding practical consequences. 

(a) Discovery of Nuclear FissionJ — In 1934, Fermi tried the effect 
of neutrons upon thorium (Z = 90) and uranium (Z = 92) and found 
that j6-ray activity was induced in both. The observed decay curve 
for the activated uranium was such as to point toward the existence 
of at least four different radioactive substances. Fermi found that 
he could separate two of these activities, wdth periods of 13 and 90 
min., from the uranium by chemical means and thus prove that they 
were not isotopes of that element; and, by further tests, he satisfied 
himself that these substances ^vere not isotopic wdth any knowm ele- 
ment having Z > 85. Since it did not seem possible at the time 
that these substances could differ greatly in Z from uranium, Fermi 
concluded that they -were all new elements with Z > 92, which had 
been produced by one or more processes of fi-decay from uranium 
atoms activated by the capture of a neutron. 

Fei-mi^s results Avere confirmed and extended, qualitatively, by 
others. Every experimenter seemed, hoAvever, to find a differeut 
set of periods. Furthermore, it soon became necessary to assume that 
the supposed ^Hransuranic” elements (Z > 92), in decaying, gave 
rise to other radioactive elements AA^hich Avould be isomeric AAuth lieaA^y 
atoms already knoAAui. The number of different substances reported 
became so numerous and AA^ere interrelated in such a AA^ay that it AA-as 
difficult to fit them into any plausible scheme. 

Hahn and Strassmann then undertook a thorough inAmstigation 
in the hope of establishing definitely the chemical nature of the 
neAV radioactive substances. In the course of this AA-ork, they dis- 
covered, in uranium irradiated with neutrons, a neAA^ substance AAith 
a /3-ray period of 250 to 300 hr., which, according to elaborate chemical 
tests, Avas either radium (Z = 88) or barium (56). To settle the 
identity of this substance completely, they performed a series of 
fractional precipitations and crystallizations of the kind used for 
separating radium from barium. The activity definitely folloAA-ed 
the barium, not the radium. After further experiments, tiahn and 
Strassmann finally felt Justified in concluding that the radioactive 
substance was barium. To explain its origin, they proposed the 
radical hypothesis that after capturing a neutrony a uranium nucleus 
may break up into two or more large fragments ^ each of the size of a 

^For a more detailed discussion of the early Avork see Turner, Rev, Modern 
P%s., vol. 12, p. 1 (1940). 
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moderately heavy atom. The radioactive barium nuclei they inter- 
preted as fragments produced in this manner by the division of 
uranium nuclei.^ 

Once the possibility of this new type of disintegration, called by 
Meitner and Frisch fission^’ of the nucleus,^ was accepted, the facts 
fell rapidly into order, and fresh corroborations were rapidly obtained. 
Many of the fission products were recognized as substances already 
familiar in the study of induced radioactivity. Thorium and prot- 
actinium (Pa 91), also, were found to undergo fission when bombarded 
with neutrons. Radioactive isotopes of at least 25 elements, including 
Hg (80), Bi (83) and all from Z = 35 (bromine) to 2* = 57 (lanthanum), 
have been identified among the fission products produced in thorium or 
uranium.® 

The theoretical explanation of the process of nuclear fission itself 
presented an interesting problem. Why can it occur only in a few 
elements? As was remarked in Sec. 207, the nuclei of over half of the 
elements could break up into nuclei of lighter elements without violat- 
ing the conservation of energy. Perhaps the answer is to be found 
along the lines of the following picture. We may think of the nucleus 
as being normally pulled into a spherical shape by the short-range 
attractive forces between neutrons and protons [Sec. 209(a)], some- 
what as a suspended drop of water is made spherical by surface tension. 
If the nucleus became flattened through some cause, the potential 
energy due to these forces would be increased. The electrostatic 
potential energy due to repulsion of the protons would, on the con- 
trary, decrease, but in a lesser degree, so that the equilibrium would 
be stable. If the deformation became large, however, the decrease 
in electrostatic energy would probably become predominant, and the 
deformation would then tend to increase further. If the nucleus 
actually became pinched apart into two fragments, both t57-pes of 
energy would decrease further as the fragments separated and rounded 
themselves off into spheres, and the final total energy might thus be 
less than the energy of the original nucleus. Now we have seen [Sec. 
209(a)] that the ratio of electrostatic energy to short-range energy 
increases with increasing Z, Presumably for Z > 89 this ratio 
is so large that the nucleus has only a narrow margin of stability 
.against change of shape. 

(b) Detection of Fission ,— occurrence of fission is sometimes 
demonstrated, as in the original observation of Hahn and Strassmamiy 

^ Hahn and Stbassmann, Naturwiss.f voi. 27, pp. 11, 89 (1939). 

® Meitner and Frisch, Naturcj : vol. 143, 'p, 239 (1939). ' ", 

^Nishina, Kimura, Yasaki, and Ikawa, ■ voL 119, ,p. 195 

(1942). 
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by identifying the products chemically. Another method of detection 
is to place the uranium, perhaps in the form of the oxide, on the wall of 
an ionization chamber and observe the huge pulses of ionization that 
are produced by the fission fragments as these are projected into the 
gas in the chamber at high speed. ^ Or, the heavy tracks made by 
these fragments in a cloud chamber may be photographed.^ Finally, 
the fission fragments may be caught upon a receiving surface placed 
very close to the uranium and detected subsequently by means of 
their radioactivity.^ All these methods, except that of cloud-chamber 
observation, have been used repeatedly. 

(c) The Fission of Natural Uranium , — ^The number of fissions pro- 
duced in uranium was soon found to vary markedly with the speed of 
the incident neutrons. Fission can be produced either by fast neu- 
trons, with energy of the order of 1 Mev or more, or by near-thermal 
neutrons, but not by neutrons of intermediate speed. The fission 
cross section of natural uranium for fast neutrons is about 0.1 X 10”^^ 
cm.*^; for thermal neutrons it averages about 2 X 10""^^ cm.^, varying 
with the neutron speed v, at least roughly as 1/v,^ 

An interesting theoretical problem arose when these facts were 
considered in relation to the following phenomenon. Among the 
products produced in the bombardment of uranium with neutrons, 
Meitner, Hahn, and Strassmann had isolated a substance, chemically 
identical with uranium, which shows negative j8-ray activity, with a 
period of 23 minutes. The yield curve for the production of this 
activity showed a resonance maximum at a neutron energy of 25 
electron-volts. Now a uranium nucleus activated by a neutron of 
25 ev energy ought surely to contain more energy and, hence, to be 
more likelj to undergo fission, than a nucleus that has captured a 
neutron of thermal energy. Why, then, do not neutrons of 25 ev 
likewise cause fission in uranium, as neutrons with still more energy 
actually do? As an explanation, Bohr suggested^ that perhaps the 
thermal neutrons can cause fission only in the isotope which 

forms 0.71 percent of natural uranium, whereas the radioactivity Just 
mentioned results from absorption of a neutron by the principal 
isotope as had been shown to be almost certain by Meitner, 
Hahn, and Strassmann. He supposes that fission of the product 
nucleus or of itself, requires a neutron energy greatly in 
excesS 'Of 25 ev. 

^ Cf. several notes on pp. 416-418 of Phys. Rev., voL 55 (1939). 

2 JoLiOT, Comptes RenduSy yoL 208, p. 647 (1939); Cokson and Thoknton, 
Phys, voL 55, p. 509 (1939). 

2 JoLiOT, Comptes RenduSj vol. 208, p. 341 (1939). 

^ C/. F%s. 

® Bohb, F%s. Sea., vol. 55, p. 418 (1939). 
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Bolir's explanation was soon shown to be the correct one by means 
of experiments upon samples of the separated isotopes, which were 
prepared in a mass spectrograph; the sample of ’weighed 1.7 X 10™“ 
gram.^ The corresponding capture cross sections have been measured. 
The capture cross section of for fission has been found to vary in 
inverse proportion to the neutron speed and to be of the order of 
2 X 10“"^^ cm.^ for thermal neutrons.^ The isotope has a fission 
cross section of about 0.5 X lO™^^ cm.^ for neutrons of energy from 1 
Mev to 10 Mev;^ fission ceases below about 0,35 Mev (in thorium, 
below 1.1 Mev).^ 

The fission fragments have been studied by various observers. 
Further observations were reported by Jentschke, with a thorough 
discussion of previous work.^ He allowed neutrons from a radon- 
beryllium source to pass through a screen of 6 cm. of lead and to fall 
upon a uranium foil 0.15 mm. thick; the tw’o fission fragments from 
a disintegrating nucleus, emerging into the surrounding gas on opposite 
sides of the foil, produced pulses which were measured simultaneously 
with electrometers. From the total ionization as thus measured, the 
initial kinetic energies of the fragments were calculated, on the assump- 
tion that each ion pair in the gas, which was argon, required 27.5 ev 
for its production; each fragment was assumed to lose 1 Mev initially in 
traversing part of the thickness of the foil. The initial momentum 
of the uranium nucleus being negligible, the ratio of the observed initial 
kinetic energies of the fragments is also the inverse ratio of their masses. 
Since, furthermore, the sum of the masses must be equal to that of the 
uranium nucleus plus the incident neutron and minus any neutrons 
that are emitted in the act of fission, the actual masses of the fission 
fragments can be calculated. 

The neutrons as they came from the source were ^Tast^^ and were 
found to produce four fissions, ascribed to the isotope per hour; 
when slowed dowm to thermal energy in paraffin, thej^ produced 60 
fissions per hour, presumably in The results w^ere nearly the 

same in the two cases; hence only those obtained with fast neutrons 
will be described here. 

Using the fast neutrons, it was found that the mass number of the 
lighter product nucleus varied from 79 to 114, 97 being slightly the 
commonest ; that of the heavier, from 125 to 160, 142 being commonest. 

3. Nieh, Booth, Dunning, and Gkosse, Fhys. Bev,^ vol. 58, p. 475 (1940). 

^ See Phys. Rev., vol. 55, p. 512 (1939). 

® Ageno aL, Phys. Rev., vol. 60, p. 67 (1941). 

^ Haxby, Shoupp, Stephens, and Wells, Phys. Rev., vol. 58, p. 199 (1940), 
for U; vol. 57, p. 1088 (1940), for Th. 

® Jentschke, /. vol. 120, p. 165(1943). See also Grummitt and 

Wilkinson, Nature, yoI. 158, p. 163 (1946). 
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The total kinetic energy of the products was observed to range from 
133. to 192 Mev, with a commonest value of about 163 Mev. Jentschke 
remarks that, on the other hand, Japanese investigators, using neu- 
trons of 17 Mev energy, Avere able to observe fissions in which the 
two fragments had nearly equal masses. 

The kinetic energy of the fragment nuclei does not represent the 
whole of the energy released, of course, since part of it may be carried 
off by high-speed neutrons that are emitted (see below), or may be 
reserved for emission in association with subsequent radioactivity. 
Henderson measured the emission of energ}^ calorimetrically and found 
an average value of 177 Mev per fission.^ This wmiild presumably 
include the energy of any quickly emitted /3-rays, but might not include 
energy carried off by neutrons or 7 -rays. 

The enormous release of energy that must result from the breaking 
up of any heavy nucleus was discussed by Meitner and Frisch.^ To 
illustrate the theoretical possibilities, a synthetic nucleus, if no 
neutrons were lost, might be imagined to break up into two equal 
parts which would become tin nuclei, Sn^^® and Sn^‘^®, after the emission 
of 4 /3-rays each. The total energy emitted in such a fission, as esti- 
mated from the isotopic masses would be that corresponding to a loss 
of about 0.262 a.m.u. or 244 Mev, in addition to the kinetic energy of 
the incident neutron. Unequal division yields less energy ; for example, 
division into Kr®^ and Gd^^° yields 0.225 a.m.u. or 209 Mev, in addition 
to the incident energy. Even this latter energy considerably exceeds 
the measured energies. 

(d) Other Means of Inducing Fission.— Apparently any means of 
introducing enough energy into a fissionable nucleus suffices to cause 
fission. High-speed protons may be used.^ Deuterons are effective 
if their energy exceeds 8 Mev; the fission cross section at 9 Mev is 
5 X lO*”^^ cm,^ for uranium and nearly 7 X 10”^^ cm.^ for thorium.^ 
Either high-energy X-rays from an induction accelerator® or 7 -rays 
are effective, the fission cross section for 6 -Mev 7 -rays from a F(p, 7 ) 
reaction being about 3.5 X cm.^ for uranium and 1.7 X 10”-^ 
cm.^ for thorium.® Finally, a particles accelerated to 32-Mev energy 
in a cyclotron will induce fission in uranium.^ 

^Hendbeson, Phys. Rev., vol. 58, p. 774 (1940). 

® Meitnek and Feisch, Aa^ure, voL 143, p. 239 (1939). 

3 Dessauer and Hafnee, jKe?;., vol. 59, p. 840 (1941). 

^ Gant, Nature, vol. 144, p. 707 (1939); Jacobsen and Lassen, Phys, Rev,, 
voL 58, p. 867 (194()). 

® Baldwin and Eoch, P%s. Be?;., vol. 67, p. 1 (1945). 

® Haxby, Shotifp, Stephens, and Wells, P%s. Rev:, Yol. 59, p. 57 (1941). 

^ Fermi and Segr^i, Phys. Rev., vol. 59, p. 680 (1941). 
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There is also evidence that fission occurs spontaneoush^ in uranium 
and thorium^ although at a very slow rate.^ Maurer and Pose studied 
the slight spontaneous emission of neutrons from uraiiiiiiii, which they 
ascribed to fissions (see below). For this purpose a boron neutron 
counter 5 cm. in diameter and 35 cm. long was surrounded by a 
cylindrical mass of 9 kg. of uranium, and the whole was then immersed 
in thick paraffin to slow the neutrons down. Careful tests were made 
in order to rule out possible spurious effects, and, definitely to eliminate 
cosmic-ray effects, the observations were repeated by Pose in a deep 
mine. On the assumption that 1 neutron is emitted per fission, 
Pose found that, if uranium disintegrated only by fission, its half- 
value life would be 3.1 X 10^^ years. For thorium the corresponding 
figure was 1.7 X 10^^ years. If more than 1 neutron is emitted per 
fission, these numbers would be increased. 

(c) Emission of Neutrons . — It was early found that fast neutrons 
are emitted in the fission process, ^ about 2 per fission on the average 
(the incident neutron being assumed to be captured).^ 

Furthermore, some of the emitted neutrons issue only after an 
appreciable lapse of time. These delayed neutrons, emitted with 3/^ 
to 1 Mev of kinetic energy, appear to constitute a form of neutron 
radioactivity occurring in some of the fission products. They were 
studied by Snell, Nedzel, and Ibser,^ who surrounded a cylindrical 
shell containing 106 lb. of UsOs with 2 in. of paraffin and also filled it 
with paraffin, except for an axial hole left for a counter filled with BFg. 
The shell was bombarded with neutrons from a beryllium target 
bombarded by 8-Mev deuterons; after a certain time the bombard- 
ment of the shell was stopped and the decay curve of the neutron 
activity was noted, up to a maximum of 13 min. At least four differ- 
ent neutron activities seemed to be present; their half-life times L, 
and their relative intensities I when excited to saturation by suffi- 
ciently long bombardment, were as follow’s: 


L 

2 . 5 see. 

7 sec. 

24 sec. 

57 sec. 

I 

1.2 sec. 

1.2 sec. 

1.2 sec. 

1 0.135 sec. 


•^ Flekov and Petezhak, Jour, of Physics U.S.S.R.J 

vol. 3, p. 

275, (1940); 


Maiteee and Pose, Zeits. /. Physikj voL 121, p. 285 (1943); Pose, Zeits. /. Fhysikf 
voL 121, p., 293 .(1943).' ■ 

® See Smtthe, H. D., General Account of the Development of Methods of 
Using Atomic Energy for Military Purposes under the Auspices of the United 
States Government, 1940-1945,” Princeton University, 1946; Anderson, Feemi, 
and Han stein, 55, p. 798 (1939). 

3 SziEAED and 2 Iinn, Eew., voL 55, p. 799 (1939). 

^ See SMYTHBiToC. Cil 
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It was estimated that 1 percent of all the neutrons emitted as a con- 
sequence of fission are delayed by at least 0.01 sec.;, and 0.07 percent 
of them by at least 1 min. 

(/) Chain Reactions . — The discovery that fission of a nucleus 
caused by a neutron results in the emission of more than 1 neutron 
opened up at once a startling possibility. If each neutron emitted 
could be made to cause another fission, resulting in the emission of 
more neutrons, a chain reaction would occur; the number of neutrons 
present would increase rapidly and the fission process would go on at 
an increasing pace until the whole of the fissionable material had been 
disintegrated. A tremendous amount of energy might thus be released 
in a small fraction of a second. In this way a bit of fissionable mate- 
rial might perhaps be made to act as an immensely powerful explosive; 
or, if the process could be controlled, w^e might have at last an atomic 
source of power. 

Several factors, however, were seen at once to militate against the 
occurrence of a chain reaction. The neutrons may be captured by 
various nuclei without producing a fission; they will be slowed down 
by successive elastic impacts with nuclei; and they will tend to leave 
the scene by diffusing out through the surface of the active material. 
For several years it was not known whether a chain reaction was 
actually possible or not. 

The problem continued to be studied by physicists, however, and, 
as every one knows, from 1942 onward it was attacked on a grand 
scale under the pressure of war urgency and with lavish support by 
the United States Government.^ Qualitatively, the relevant scien- 
tific facts were already known in 1942, but the values of certain con- 
stants, especially capture cross sections, had not yet been measured 
with sufficient accuracy. Furthermore, it turned out that all opera- 
tions had to be carried out on a large scale. For, the loss of neutrons 
through the surface of a mass of fissionable material becomes relatively 
less serious as the volume of the mass is increased, since surface 
increases with size less rapidly than does volume. For this reason, a 
block of fissionable material must contain at least a certain minimum 
mass if a chain reaction is to occur in it; and, because of the high 
penetrating power of neutrons, this minimum mass is not small. 
The ultimately successful utilization of chain reactions for the con- 
struction of bombs in 1945 may probably be rated the most stu- 
pendous feat of chemical or physical engineering that has ever been 
accomplished. 

It was early realized that in pure natural uranium a chain reaction 
is not possible. Most of the neutrons will be slowed down by elastic 

^ Smyths, ioc. at' . 


Sec. 227 ] 


FISSION OF THE NUCLEUS 


657 


collisions with nranium nuclei before they can produce fission in 
then, as they pass through the resonance region around 25 ev, many 
of them will be captured by without causing fission, and thus only 
a fraction of them will be available to produce fission in To 

overcome these difficulties, it was proposed by Fermi and Szilard to 
arrange the uranium in small masses immersed in a substance com- 
posed of light nuclei that would be especially effective in slowing the 
neutrons down. With this arrangement, most of the neutrons pro- 
duced in a block of uranium would w’ander out of it into the surround- 
ing or “ moderator substance and -would there be slowed down; if 
not captured or lost through the surface of the whole mass, the}^ would 
then eventually find their way back into a block of uranium some- 
where, with a high probability of causing fission in a nucleus. 
For the moderator, carbon %vas suggested by Fermi and Szilard because 
its nuclei are light and at the same time have almost no tendency to 
capture neutrons. Alternative substances that have been considered 
are beryllium, hydrogen, and especially deuterium. Thorough elimi- 
nation of impurities from both the uranium and the moderator is 
essential in order to minimize loss of neutrons by capture. 

A successful chain-reacting “pile^^ of this sort was first got into 
operation at Chicago in December, 1942. It w’^as made of rods of 
carefully purified uranium fitted into holes in a matrix of graphite, 
which had been purified more thoroughly than had ever been done 
before. In the graphite the neutrons had a mean free path of about 
2.5 cm. and made something like 200 elastic collisions before finding 
their way back into a uranium rod. The pile w-as also surrounded 
by a thick layer of graphite in order to scatter as many as possible of 
the emerging neutrons back into it, but, even so, in order to keep the 
surface loss of neutrons within allow^able limits, the pile had to be 
given a diameter considerably greater than the height of a man. 

The fact that some of the fission neutrons are delayed in time 
makes it easy to control the operation of a ui'anium pile. To accom- 
plish this, the pile is made only just large enough to sustain a chain 
reaction; the activity in it then builds up gradually because of the 
delayed neutron emission. The pile is divided by several removable 
screens of cadmium, which absorb the neutrons strongly. A single 
screen suffices to keep the pile inactive; as this last screen is drawn out 
past a critical point, activity begins, as evidenced by an evolution of 
heat and of neutrons, whose abundance is measured wdth a counter. 
The activity is unstable; if left to itself, an active pile will eventually 
run away and melt down ; but the activity is easily held approximately 
at any desired level by making occasional slight adjustments of the 
cadmium screen. 
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A uraiiiiim pile of tMs sort derives its energy from fission of the 
rare isotope and must cease action when all of this isotope has 
been destroyed, leaving only The rate of release of energ}^ in 

a single pile, in the form of heat, may run well up toward a million kilo- 
watts. If technical difficulties can be overcome and the heat can be 
used to drive engines, uranium may be used as a nuclear source of 
power. The energ}^ obtained from fission of the 235 isotope in 1 pound 
of natural uranium, if estimated as 200 Mev per fission, would be equal 
to that obtained from nearly 5,000 tons of coal. Whether the cost 
can be brought below that of coal is not yet known (in 1947 ). 

The development of nuclear power presents a distinctly different 
problem from that of producing a nuclear explosive. For a practical 
explosive, two possibilities have been explored. One method is to 
separate out and utilize the isotope which is fissionable by slow 
neutrons. The other method is to utilize the fact that, when uranium 
is bombarded by neutrons, many of them are captured to form 
which disintegrates quickly, with emission of a negative / 3 -ray, to 
form Np^^^ (Sec. 220) ; the neptunium then emits a second / 3 -ray rather 
quickly and becomes an isotope of plutonium, Pu^^®, which is only 
feebly a active and is thus for all practical purposes stable. Thus, as a 
pile operates, plutonium accumulates in it, indirectly at the expense 
of both and the plutonium may then be separated out 

chemically. Plutonium, also, is fissionable by slow neutrons. 

A mass of or of plutonium of sufficient size, but no heavier 
than a man can lift, is capable of undergoing a chain reaction, at least 
if suitably combined with a moderator. Such a mass can be used, as is 
now well known, as the active element in a bomb of catastrophic power. 
The mass must either be subdivided by a cadmium screen, which is 
jerked out when the bomb is to be fired, or disposed in two or more 
parts, which are quickly brought into contact at the desired moment. 
The reaction is halted in mid-course by expansion of the reacting mass, 
due to its own release of energy, but even so the energy released is 
equivalent to that released by the detonation of from 10,000 to 20,000 
tons of trinitrotoluene (TNT). A further feature is that a blast of visi- 
ble, ultraviolet, X-ray and 7-ray radiation is emitted, and also a blast of 
neutrons. Finally, in addition to radioactivity induced by the 7-rays 
and the neutrons in surrounding material, a large quantity of radio- 
active fission products is projected outward and then either precipitated 
on surrounding objects or carried off by surrounding water or air. 

The fearsome effects of such nuclear bombs (universally miscalled 
^^atomic^’ bombs) are well known. For further details concerning 
their development the reader is referred to Smythe’s report.^ 


CHAPTER XII 
COSMIC RAYS 


The two most active fields of research in physics at the present 
time are nuclear research and the phenomena attending cosmic rays. 
Many of the features of cosmic rays lie more properly in the realm of 
meteorology than of physics, but within the last fifteen years some of 
these phenomena have turned out to possess novel physical features 
of supreme interest. Nature has, in fact, provided in the atmosphere 
a gigantic laboratory in which atoms are bombarded, not with pro- 
jectiles of energies limited to a meie 5 or 10 million electron-volts, 
but with rays of various kinds having energies up to many billions of 
volts. In this chapter a short account will be given of the more 
prominent phenomena due to this bombardment.^ 

228, Early Work on Cosmic Rays, (a) Discovery of the Rays , — It 
has been known for nearly 100 years that the air possesses a slight 
electrical conductivity. In 1899-1900 a careful study of the phe- 
nomenon was made by Elster and GeiteP and by C. T. R. Wilson.^ 
The method used was to mount an electroscope on an insulating 
support such as amber, inside a closed vessel, and to obsen^s the rate 
at which electrical charge was lost by the electroscope. Wilson took 
the precaution of connecting the other end of the insulating support 
to a source of potential equal to the initial potential of the electroscope, 
so that leakage along the support would tend to maintain the charge; 
thus the observed loss of charge could only be due to its neutralization 
hj ions collected out of the air. The conductivity of the air enclosed 
in the electroscope was found to be permanent, in spite of the continual 
removal of ions from it by the electrical field. From this fact it may 
be inferred that the ions are continually being regenerated in the air 
by some agency. 

1 For further information the student may be referred to F. Rasetti, ^T^iements 
of Nuclear Physics,’’ 1936, and to various articles in Rev, Modern Phys,, yoh, 
10, 11, 13; also A. H. Compton, Rev, Sci. I nstruinents, yoI. 7, p. 71 (1936); R. A. 
Millikan, ‘'Cosmic Rays,” 1939; Pyekosch, Phys. voL 45, p. 148 (1944); 

and P. Augee, “‘Vidiat Are Cosmic Rays?,” 1945; “Cosmic Radiation,” by W. 
Heisenberg, ed., Dover Publications, New York, 1946. 

^ Elstbb and 'GEiTEL,/'PAys. Zeits,j voL, 1, p. 11 (1899); Geitee,' P/iys. Zeits.^ 
voL2,p. 116 (1900)./'. A'"' 

3 C. T. R. WihsON, Cambridge Phil, Soc. Proc,f voL 11, p. 32 (1900) . 

.. 
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For a time, the cause of this natural ionization of air was supposed 
to lie in traces of radioactive material residing in the apparatus or 
on its surroundings, or perhaps in the earth or the atmosphere. Other 
experimenters found that the ionization varied with the material of 
which the electroscope or ionization chamber was constructed, and 
that it could be partially screened off by surrounding the apparatus 
with a heavy layer of water or lead. In the expectation that the 
ionization should be much less at a considerable height above the 
earth, Gockel ascended in a balloon and made observations at various 
heights. He found that the ionization did decrease with increasing 
height, but only slightly.^ In 1911-1914 Hess and Kolhdrster extended 
balloon observations^ to much higher altitudes and found that above 
a few hundred meters the conductivity begins to increase again, 
Kolhorster showed that the increase was continuous up to 9,000 meters, 
at which height 93 ions per cm.^ per sec. were produced in the ioniza- 
tion chamber attached to his electroscope, as against 13 at the earth^s 
surface. 

To explain the greatly increased ionization at these high altitudes, 
Hess proposed the novel hypothesis that it was caused by a penetrating 
radiation falling upon the earth from the outside. He remarked that 
this radiation could not be coming in large part from the sun, since 
the ionization was found to be sensibly the same by night as by day. 
Its penetrating power must be much greater than that of the hardest 
7-rays known. For the very hard y-rays from Th C", the value 
of the mass absorption coefficient ix/p, or absorption coefficient divided 
by density (Sec. 183), is 0,036 in A1 or 0.041 in Pb, hence perhaps 
0.035 in air. Thus a beam of these 7-rays would be reduced to half 
strength in a thickness x of air at standard density given by = 3^, 
where m/p = 0.035 and p = 0.001293, or in a thickness a: = 153 meters. 
In his balloon observations, Kolhorster found that the ionization 
decreased to half value in a descent of roughly 2,200 meters, at an 
average height where the density of the atmosphere is ^2 of its density 
at the surface. At normal density this would mean a decrease to half 
in about 1,000 meters, or 634 times the distance required for the 7-rays. 

The observations of Hess and of Kolhdrster may be regarded as 
constituting the discovery of cosmic rays. They became known 
in Germany as ^^Hohenstrahlung” or “Ultrastrahlung’%* the name, 
cosmic rays, is due to Millikan and Cameron (1925). 

1 Gockel, Phys, Zeits.,YQ\, 11, p. 280 (1910); voL 12, p. 595 (1911). 

2 Hess, Phys, Zeits.j vol. 12, p. 998 (1911); vol. 13, p. 1084 (1912); vol. 14, p. 
610 (1913); Kolhorster, D, phys. Ges,, Verhandlungen, vol. 15, p. 1111 (1913); 
vol. 16, p. 719 (1914). 


Sec. 228] 


EARLY WORK ON COSMIC RAYS 


661 


(b) Fivst ObseTvatiofis of Cosmic Rctys undev Wotef. — An important 
step forward was taken by Millikan and Cameron^ when, in 1928, 
improving upon earlier observations by Kolhorsterp they lowered 
sealed electroscopes to various depths below the surfaces of snow-fed 
mountain lakes, which should be especially free from radioactive 
contamination. The type of instrument used is described in the next 
section. Even above the ’ivater the ionization was observed to be less 
than over the land, presumably because 7 ~rays from the earth were 
screened off by the water. As the electroscope was lowered into the 
lake, the ionization fell off rapidly in the first meter or so; thereafter 
it decreased more slowly wdth increasing depth, and less rapidly as 
the depth grew greater, in the manner illustrated by Fig. 218 below. 

The ionization did not vary as a simple exponential function of 
the depth, however, as it would if it were caused by homogeneous 
radiation entering the water vertically from above. In part, the 
observed variation could be explained by assuming that the incident 
rays are distributed in direction; for rays entering the water obliquely 
would pass through more wmter and so would be weakened more in 
descending to a given depth than would rays entering vertically. 
Even allowing for this complication, however, the observations indi- 
cated that the ra 3 ^s causing the ionization at great depths were much 
harder {i.e., more penetrating) than those that are responsible for 
most of the ionization at small depths. 

Observations 'were made in two lakes in California, Arrowhead 
Lake, at an elevation of 5,100 ft. (latitude 34®), and Gem Lake at 9,080 
ft. (latitude 38®). In Gem Lake, the ionization was still decreasing at 
50 meters below the surface. When the ionization found in the two 
lakes was compared at the same depth below the surface in both lakes, 
it was seen to be less in the lake at the lower elevation. When, how- 
ever, the comparison was made in a different manner, w,, between 
points in the lower lake at a given depth below the surface and points 
in the upper lake so chosen as to be situated farther belo^v the surface, 
the increase in the depth of water in the upper lake being equivalent 
in weight to the column of air between the elevations of the tw- o lakes, 
then the observed values of the ionization were found to be in close 
agreement. Hence, by plotting cosmic-ray intensities, as measured 
by the ionization, against the total depth below the top of the atmos- 
phere, expressed in equivalent meters of water, the observations in the 
two lakes could be represented by a single curve. This fact is explained 

^ Mielikan and Camekon, Rqv,, vol. 28, p. 851 (1926); vol. 31, p. 921 
■(1928). 

2 Kolhoester, Pretm. ii&ad.j p. 366 (1923), 
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if we assume that (1) equal weights of water and of air absorb the rays 
equally and (2) the initial intensity of the rays as they enter the eartli^s 
atmosphere is the same in the two localities (which were 250 miles 
apart) . 

The part of the combined curve lying just above and just below the 
equivalent of sea level, treated as approximate!};" exponential, gives a 
value of 0.25 per meter for the apparent absorption coefficient of the 
cosmic rays in water, or an apparent mass-absorption coefficient 
ju/p — 2.5 X 10"“® cm.- gramme In air (p = 0.001293) the apparent 
absorption coefficient p would then be 0.32 per kilometer. Such 
numbers do not represent true absorption coefficients, however, for 
two reasons: (1) the rays are undoubtedly not homogeneous, and (2) 
they vary widely in their directions of motion. 

These results reinforced so strongly the evidence from the balloon 
observations that belief in the existence of a penetrating radiation of 
extraterrestrial origin then became general. From this time on the 
number of workers in the field rapidly increased. Until about 1932, 
the main object of investigation was the magnitude of the ionization 
due to cosmic rays as a function of elevation, position on the earth, 
time of da}^ and so on. During this period the radiation itself was 
generally believed to consist of photons resembling 7 -rays but of much 
shorter wave length; and speculation was common as to the possible 
place of origin of such photons. Apparently they could not be coming 
from the sun or even from the stars; for the cosmic-ray ionization has 
always been found to be almost, or quite, uninfluenced by changes 
in the position of the sun or of the star masses composing the galaxy. 
Yet it has been estimated that the total amount of energy brought 
to the earth by cosmic rays is comparable with that brought in by 
starlight.^ 

229. The Measurement of Cosmic-ray Ionization. — To measure 
the ionization, a string electrometer of very small capacity was usually 
used. Millikan and Cameron, in the wmrk discussed in the last sec- 
tion, used an instrument of the Wulf type, the essentials of which are 
shown diagrammatically in Fig. 218.^ The two fibers FF, of platinized 
quartz, hung from an insulating quartz rod, are charged by means 
of the charging wire C and tend to spread apart because of their 
mutual repulsion. The spreading is resisted by the downward pull 
of the quartz bow B. The positions of the wires are read by means of 
a microscope (not shown) ; the wires are kept in a plane perpendicular 

^ Zeiis. f. Fhysikj Yol. SOj ji. Q6Q (19ZZ}. 

® Millikan and Otis, P%s. vol. 27, p. 645 (1926). 
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to the axis of the microscope by the attraction of induced charges on 
the metal wires A A. 

Sometimes only one fiber is employed, opposite an earthed plate. 
In any case, the position of the fiber is either observed visually from 
time to time, or it may be projected upon a slowly moving photo- 
graphic film driven by clockwork, so that the instrument is self- 
recording. In the latter case, the fiber may either be illuminated 
intermittently by an attachment connected to the clockwork, or a 
small spot on it may be made to produce a continuous trace on the 
film. The clock can also be made to charge the electroscope from time 
to time. Carefully made self-recording apparatus of this kind has 
been mounted on ships by Millikan and sent on long voyages over the 
ocean in order to compare the ionization at different geographical 
locations. The apparatus required no other 
attention than the periodic Avinding of the clock. 

In any instrument for measuring ionization 
there is a zero effect due to residual radioactive 
contamination of the instrument itself. This 
zero effect has usually been determined either 
by sinking the instrument deep under water or 
by taking it down a coal mine, the residual 
ionization there observed being assumed to be 
due to radiation from the Avails of the instru- 
ment. In later instruments, the residual effect 
was rendered unimportant by using large 
ionization chambers attached to the electro- 
scope, so as to increase the volume of the 
enclosed gas in comparison Avith the area of the Avails, and also b,y rais- 
ing the pressure of the gas to 30 atmospheres). Often other gases 
than air are used, in which the ionization is greater. Reduction to 
air at standard density is then made by means of comparison tests 
using 7 -rays from radium; it is assumed that the observed ionization 
varies in the same AA’-ay Avith the density of the gas Avhether it is pro- 
duced by cosmic rays or by 7 -rays. In making measurements near the 
surface of the earth, the apparatus is commonly shielded Avith 5 to 
10 cm. of iron or lead, in order to cut off radioactive rays from the 
: surroundings. ' 

In comparing ionization at different places, the same instrument is 
used at all locations. Thus the comparatwe results do not depend 
upon the assumption that the ionization per cubic centimeter is the 
same in instruments of different design. 

The absolute magnitude of the ionization, or the number of ions 



troscope of Millikan and 
Otis for measuring cos- 
mic-ray ionization. 
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formed per cm.^ per sec . 5 may be determined by an elementary calcula- 
tion from tlie known capacity of the electroscope system and the 
observed rate of decrease in its potential. Millikan^ obtained in this 
way a sea-level value of 2,5 ions per cm.^ per sec.^ in standard air, 
whereas Clay and Jongen^ found 1.3, and Compton^ found 1.2. The 
cause of these discrepancies is not known. On the other hand, data 
on the ratios of the ionization at different places, obtained by different 
observers, agree very well. 

230. The Altitude-depth Curve. — Until about 1930, the primary 
subject of investigation in cosmic-ray work was the variation of the 



Fig. 219.— Variation of cosmic-ray ionization below the surface of Lake Constance 
{Regefier), The ordinate gives the ionization in terms of volts lost per hour by the 
electrometer, the scale for the upper curve being 10 times as great as for the lower. 

ionization as a function of altitude in the atmosphere or of depth under 
absorbing material. A few typical results may be cited. 

(a) Observations under Water, — ^The most precise observations of 
cosmic-ray intensity under water are perhaps those of Regener.^ 
In Fig. 219 is shown his curve for the ionization at various depths below 
the surface of Lake Constance (altitude, 395 meters above sea level, 

1 Millikan, Phys, Rev., vol. 39, p, 397 (1931). 

and JoNGEN, Physica, vol. 4, p. 245 (1937). 

3 Compton and Turner, Phys, Rev,, vol. 52, p. 799 (1937) ; cf. also Compton, 
WoLLAN, and Bennett, Ee?). Sci, Instruments, yo \, 5, p. 415 (1934). 

^Regener, Zeits. f, Physik, vol. 74, p. 433 (1932) j cf, also Phys. Zeits., voL 
34, p. 306 (1933). 
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latitude, 47.5° N.). The upper curve repeats part of the lower one on a 
tenfold greater scale.. We note that at 200 meters below the surface 
the ionization, reduced to 2 percent of its surface value, is still decreas- 
ing with increasing depth. The value labeled Jo in the figure was 
presumed to represent the residual effect in the instrument. If Jo 
is subtracted from the ordinates of the curve for the greater depths, 
the result is a fairly good exponential curve corresponding to a value of 
the mass-absorption coefficient (in water) of about /i/p = 0.19 X 10~l 
This is almost 200 times, smaller than the value of /x/p = 0.035 cited 
above, in air, for the hard 7-rays from Th C". Thus the cosmic rays 
that cause ionization in deep w^ater must be something like 100 times 
more penetrating than the hardest 7-rays from radioactive substances. 
At 8 meters below the surface, the apparent value of p/p according to 
Regener’s curve is about 0.76 X 10~^. At a similar depth (10 meters 
below the surface at sea level) the data of Millikan and Cameron 
give about 0.9 X 10“^. 

(6) Cosmic-ray Intensity at Various Altitudes above the Earth . — As a 
typical example illustrating the variation of the ionization xvith altitude 
may be cited the results obtained by Millikan, Neher, and Haynes^ 
near Fort Sam Houston in Texas (latitude 39°). Instruments were 
carried up into the stratosphere by sounding balloons, each instnmient 
containing a recording electroscope and a recording barometer and 
thermometer, all operated by clockwork. The electroscope was 
recharged every 4 min. from a charged condenser, wdiicli was so 
well constructed that it lost by leakage only percent of its charge 
per hour. The instrument "weighed 2.5 lb. and was carried aloft by five 
1-meter balloons. As the intended top of the flight was approached, 
the rate of ascent was diminished by the bursting of two or three 
balloons; and after instrument, automatically detached 

from the balloons, floated back to earth supported by a parachute. 
The parachute was of silk colored red, so as to attract attention, and 
an envelope offering a rew^ard for the return of the instrument was 
attached. Four out of five instruments were eventually recovered, 
two within 12 hr., one from a distance of 80 miles. 

The averaged results from two of these flights are shoivn by curve C 
in Fig. 224 (Sec. 234). The ordinate represents the number of ions 
per cm. ^ per sec. that would be produced by the cosmic rays in air at 
standard density, which serves as a measure of their intensity. The 
actual ionization at high altitudes is much less because of the lowered 
density of the air. The abscissa in the figure represents the depth 
below the top of the atmosphere in equivalent meters of water (calcu- 

Millikan, .Neheb, .and" Haynes, Phys. Rev.^ Yoh 50^ p. 992 (1936).' 
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lated as pressure in cm. Hg times 10.33/76, sea level being, therefore, 
at 10.33 on the axis of abscissas). The altitude itself can also be 
calculated from the recorded pressure, being about 92,000 ft. for the 
last point shown on the curve (p = 1.29 cm. Hg, 98 percent of the 
way to the top of the atmosphere). 

The pressure should be a more significant quantit}^ than the 
altitude for cosmic-ray work, however, since it gives direct^ the mass 
of air above the point in question. For this reason — to digress 
for a moment — the cosmic-ray ionization at a given point ought to 
vary with the barometric reading; and such is indeed found to be the 
case. From a long series of readings at different barometric pressures, 
Compton and Turner deduced^ a decrease at Chicago of 1.6 percent 
for each increase of 1 cm. Hg in the barometric height. One might 
expect to obtain a similar value from the altitude curve. Since 1 cm. 
Hg means an increase in the effective depth of the atmosphere equiva- 
lent to 10.33/76 meter of water, the apparent absorption coefficient 
of the atmosphere at the earth’s surface, as inferred above [Sec. 228(5)] 
from the observations of Millikan and Cameron, would lead us to 
expect a decrease per cm, Hg of 0.25 X 10.33/76 = 3.1 percent. This 
agrees only as to order of magnitude with the direct value of 1.6 
percent. 

Curve C in Fig. 224 reveals a maximum ionization of 240 ions per 
cm.® per sec. (in standard air), as against about 2 at the earth’s surface. 
The most interesting feature, however, is the decrease within the upper- 
most 5 percent of the atmosphere. This represents a real decrease 
in the ionizing power of the cosmic rays. Did the instruments, then, 
actually ascend above the source of the rays, which is, after all, in the 
atmosphere itself? A more probable explanation is believed to be 
the following. As the cosmic rays, whatever they are, enter the 
atmosphere, they produce secondary rays of some sort; the ionizing 
power, of the secondary rays is greater than that of the primary, and 
hence, as the whole set of rays, primary and secondary, proceeds 
downward toward the earth, their combined ionizing power increases 
for a time. Eventually, however, the number of secondaries will 
reach an equilibrium value, and thereafter the ionization will decrease 
again, as all rays lose energy in collisions with air molecules or are 
stopped. What, then, are these mysterious rays that come out of 
the depths of space? And what is the nature of the secondaries that 
they produce? Are they photons? High-speed electrons? Protons? 
Or some new kind of particle, hitherto unknown to physics? Partial 

^ Compton and Tukneb, Fhys. Ret),^ voL 62, p. 799 (1937), 
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answers to these questions have been suggested by further observations 
now to be described. 

231. Discovery of the Latitude Effect. — In 1927, the Dutch physi- 
cist Clay made observations of cosmic-ray intensity during a voyage 
between the Netherlands and Java (7° S.) and observed that the 
intensity ^vas distinctl};^ less in equatorial regions than in Europe.'^ 
This variation, confirmed by him during later voyages and by other 
observers, is hard to explain on the assumption that the cosmic rays 
are photons; for there is no obvious reason why photons coming out 
of the depths of space should tend to avoid the equatorial regions of 
the earth. Just such a variation is to be expected, however, if the 
cosmic rays are high-energij charged particles, perhaps electrons. For 
a charged particle would be deflected by the magnetic field of the earth; 
if it were approaching the polar regions it would be moving more or 
less parallel to the magnetic lines and would undergo a minimimi of 
deflection, but if its line of approach lay near the equatorial plane it 
would be deflected to a maximum extent and might be unable to reach 
the earth at all. 

The general theory of the effect of the earth^s magnetic field upon 
the motion of charged particles through it is complicated. For 
particles moving in the equatorial plane, however, the theory becomes 
very simple. Since the principal features of the motion are well 
illustrated in this special case, the appropriate theory may be developed 
here as an illustration. For this purpose, as is done also in treating 
the more general case, we shall idealize the earth^s field somewhat by 
supposing it to be exactly like the field due to a magnetic dipole of a 
certain strength located at the center of the earth. 

232. Motion of a Charged Particle in the Equatorial Plane of a 
Magnetic Dipole.— In the equatorial plane of a dipole, which is a plane 
drawn through the dipole and perpendicular to its magnetic axis, 
the magnetic lines are everywhere perpendicular to the plane, and the 
field strength is 

M oersteds, 


where M is the magnetic moment of the dipole and r is the distance 
from its center. In this field a moving particle carrying a charge of e 
electromagnetic units, positive or negative, experiences a force 




evH = 


evM 


^ Clay, Akad. Amsterdam, Proc., vol. 30, p, 1115 (1927). 
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which deflects it sideways; to an observer looking in the direction of the 
magnetic lines (or northward at a point on the earth ^s equatorial plane) 
the deflection is cmmterdockwise for a 'positive particle, clockwise for a 
negative one. (C/. Fig. 220, where the plane of the paper represents 
the equatorial plane, the d pole being indicated by M, The curves 
A A, BB illustrate possible paths ^vhich might be followed in the 
direction of the arrows by positive particles if the magnetic field is 
directed away from the reader, or by negative ones moving in the 
opposite direction, or moving with the arrows provided the field is 
directed toward the reader.) Being perpendicular to the velocity of 
the particle, the force does no work, and hence the kinetic energy of 
the particle and its speed v remain constant. 



Fig. 220. — Diagram to illustrate the motion of a charged particle in the equatorial plane 

of a magnetic dipole M, 

Let xk denote the angle between the radius drawn from the instan- 
taneous position of the particle to the dipole and the tangent to uts 
path drawn in the direction of motion (Fig. 220) ; let this angle be 
measured positively in the usual counterclockwise direction from the 
former line to the latter (hence, negative in Fig 220 at ^ and h). 
The component of the momentum p of the particle perpendicular to 
the radius is p sin i/l the moment of momentum of the particle 
about the center If, measured positively clockwise (contrary to the 
usual convention), is rp sin Here at slow speeds we can write 
p = mv, but for energies of cosmic-ray magnitude it is necessary to 
use the relativistic formula. The component of the force F per- 
pendicular to the radius, on the other hand, is 
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This component of the force is to be positive when it is directed in the 
clockwise direction around ikf, and the sign of M is to be chosen to 
correspond to the other conventions (hence positive in Fig. 220 if the 
magnetic field is assumed to be directed away from the reader). 
Hence, by the usual principle connecting moment of momentum and 
moment of force, 


But 


d 

dt 


(rpsin^) = rFcos^ = 


evM 

^2 


COS^* 


dr 

= -rcos^. 


(330) 


Hence, by substituting in the preceding equation, 


d . . eMdr 


and, upon integrating, we have for the moment of momentum, 


rp sin 



(331) 


where we have written ph arbitrarily for the constant of integration. 
Thus we can write 



(332a, 6) 


The reason for the choice of notation will appear presently. 

Equation (332a) fixes the slope of the trajectory at every point in 
terms of r. Hence, in general, if one position of the particle is known, 
the trajectory can be traced. If we introduce a new variable, p = r/Vo, 
and a new constant, ^ = 2>/ro, Eq. (332a) becomes sin + idp“^. 

It is thus made evident that a single set of curves for various values of 
§ will serve to represent, in terms of ro as the unit of distance, the 
trajectories for particles of all masses and energies. 

Ambiguity arises, however in tracing a trajectory past a point 
where sin = ±1, because there sin ^ ceases to var}^ with xp, and 
hence ^ is not given vdth sufficient completeness by Eq. (332a). In 
geometrical terms, it is evident from (332a) that, from any point where 
sin f == ± 1, either the trajectory may be continued with sin ^ return- 
ing toward zero, or, alternatively, the trajectory may be continued 
along a circle about M, with fixed r and with sin xf/ fixed at one of the 
two values, sin = ± 1. Thus through certain points two curves pass 
wdiich are both solutions of Eq. (332a) for the same values of ro and 
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h. To ascertain how a moving pailicle goes past such a point, we may 
employ the time rate of change of ^ as obtained by differentiating Eq, 
(332a) : 

cos^^ = 

whence, by (330), 

It “ ^ 

The algebra does not actually give us this equation at an instant when 
cos ^ = 0, but the equation holds both before and after such an instant, 
and all quantities involved in it are continuous functions of the time, 
hence it holds also when cos i/' = 0. Thus the equation may be used 
to discover how varies with the time as the particle passes a point 
where simp = ±1. 

The circular paths or orbits, with center at If, represent singular 
solutions of the equations, which are possible when a certain relation 
exists between the constants ro and 6. On a circular orbit \p = — ■ir/2, 
sin ^ = —1, as at in Fig. 219, and d\p/dt = 0; by (332a) and (333), 
these conditions are satisfied if 



or if 




r = ro, & == — 2ro. 


(334a, 6) 


(If ^p = 7r/2, r is imaginary.) The existence of circular orbits can also 
be deduced by elementary methods. 

In the applications we shall be concerned with a set of orbits char- 
acterized hy various values of b and a fixed value of ro, which is defined 
physically by (3336). For such a set of orbits, the circular one, occur- 
ring when 6 = ~-2ro, may be called the critical circle. Its radius ro 
diminishes loith increasing momentum or energy of the 'particle. 

For the application to cosmic-ray particles, furthermore, we are 
interested principally in orbits that extend to infinity. A particle at 
infinity will be approaching along a certain straight line (such as aa 
in Fig. 220); and the distance of this line from Jf, multiplied by p, 
will represent the initial moment of momentum of the particle about 
iif. If, however, we make r = oo in Eq. (331), we find for this initial 
moment of momentum the value ph. Hence, the constant 6 represents 
the distance of the line of approach at infinity from the location of the 
dipole at M. 
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The, possible orbits now fall into two distinct classes according as 

5 ^ — 2ro* 

1 . 5 > — 2ro. — The properties of the orbits .for h > —2rQ differ 
according as 5 > 0 or 6 < 0. Starting r = cc ^ = 0 initially. If 
h > 0, Eq. (332a) shows that sin 4^ increases as r decreases; ^ con- 
tinually increases, in fact, up to the value, f = ir/2, at which point 
the path is perpendicular to the radius (e.g,, at j in Fig. 220). The 
corresponding value of r, sj^mbol ri, represents the distance of closest 
approach to the dipole, along this particular path, or the distance to 
the “perigee” of the orbit; its value may be found by putting r = ri 
and sin ^ = 1 in Eq. (332a) : 

^ J + ~ o(^ + + dri). (335a, 6) 

/ 1 / 1 ^ 

(We reject the other root because it is negative.) At this point 
d\[^/dt > 0, as is evident from 
(333) and (335a); hence the or- 
bit swings outward again and 
recedes back to infinity; in fact, 
it is symmetrical about the peri- 
gee. (Cf. orbit F in Fig, 221, 
where, as also in Fig. 220, the 
orbits are only very roughly cor- 
rect.) Since, from (3356), for 

6 > 0, ri > ro, none of these or- 
bits for 6 > 0 penetrates the 
critical circle. The orbits for 
6 = 0 just touch it, with tx = ro 
ie,g., E in Fig. 221). 

If —2ro < 6 < 0, on the other 
hand, the term 6/r in Eq. (332a) 
predominates at first over the 
term r|/r^ and sin ^ < 0. Hence 
decreases at first (c/. orbits C, 

D in Fig. 221), reaching a minimum value when d4//dt = 0 or, by 
■(333),'v' 



A B C 2} E F 



correct) for a charged particle in the equa- 
torial plane of a magnetic dipole 


and, from ( 332 a) 


2rl 

T’ 
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Since we are at present assuming that b > — 2roj so that |6| < 2ro, 
this last equation for sin defines a real negative angle. Thereafter 
^ increases again, and the orbit, after crossing the critical circle, passes 
perigee at r = as given by Eq. (3355) and then returns to infinity. 
If 5 is close to — 2?’o, however, the minimum of 4' is close to “-7r/2, and 
at this point r is close to ro, and also dr/dt^ which equals —v cos is 
numerically much smaller than y; hence the particle may revolve several 
or many times about the critical circle before plunging inward and 
reversing its direction of revolution. 

2. 5 < — 2fo, |5| > 2ro. — In this case r and tp both decrease until ^ 
becomes — 7r/2, at which point, by (332a), r = r 2 , where 

Since *-5 > 2ro, > ro. Hence in (333), at r = r 2 , 

— “ < 2ro, b < -2ro, ^ + &) < 0. 

r2 ' ’ dt 7i\ r2 / 

Thus 4/ continues to decrease. The orbit is, in fact, symmetrical about 
r = f 2 as perigee. Since > ro, all orbits coming from infinity for 
5 < ~-2ro, like those for 5 > 0, lie entirely outside the critical circle 
{e.g., orbits A, B in Fig. 221). For these same values of 5 it can be 
shown that there exists another set of orbits which lie entirely inside 
the circle and are periodic; but with these we are not concerned. 

For the applications to cosmic-ray particles, the feature of greatest 
interest about the orbits just described is the least distance from the 
center^ rmm, to which the particle can approach for a given value of ro 
but for any value whatever of 5. This will be the smallest possible 
value of ri for 5 > — 2ro. From (3355), we find that 

^ = 1(1 + L=) > 0 (336) 

for any value of 5, since h/\/h^ + 4r§ > — 1 even if 5 < 0. Hence 
the smallest value of ri occurs for the smallest admissible value of 5, 
and, putting 5 = — 2ro in (3355), we find 

rxnin = (\/2 - l)ro - 0.414ro. (337) 

The actual orbit for 5 = — 2ro, to be sure, does not come so close as this 
to the dipole; it is a spiral wrapping endlessly about the critical circle 
and approaching it asymptotically from the outside. But, for 
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h > — 2ro, orbits can be found whose perigee distance lies as close as 
desired to r^m as defined by Eq. (337). 

A second point of physical interest is that, as stated above, all 
orbits for ~2ro < 6 < 0 cross the critical circle; orbits of this type can 
be found, in fact, crossing at all possible angles. For, by (3356), 
n = ro at 6 = 0; and hence, in view of (336), ri < ro for any b < 0. 
The value of ^ as the orbit crosses, symbol ^o, is found by putting 
r = ro in (332a) : 

sin /^o = 1 + 

ro 

As b ranges from 0 to “2ro, obviously ranges from t/2 to —it 12, 
At the same time, ri ranges from ro down to rmm or {ys/2 — r)ro. 

233. Motion of Charged Particles in the Magnetic Field of the 
Earth. — With the mathematical results of the last section before us, we 
are prepared to discuss the conditions under which charged particles 
approaching the earth in its geomagnetic^ equatorial plane will reach 
its surface. The results of the general theory will then be stated 
for any direction of approach, without proof. In ail cases the earth^s 
field will be imagined replaced by the most nearly equivalent dipole 
field. 

(a) Particles Approaching in the Geomagnetic Equatorial Plane. — If 
the particles are moving too slowly, they cannot reach the surface of 
the earth at all. This happens when the momentum p of the particles 
is so small that as given by (337) and (3325), is greater than the 
radius a of the earth. The value of rmiu becomes just equal to the 
radius of the earth when the momentum p increases to such a value pi 
that 

a = ?*min == (V2 — l)ro == (V2 — 1) ^ (338) 

\ Pi 

Pi = (V^ - 1)^^- (339) 

Here M is the earth^s dipole moment and e is the charge on the particle, 
both in electromagnetic units; pi, e, and M may be assured to stand 
for numerical values. 

As p increases above pi, ro and rmm decrease further and particles 
begin to strike the surface at small glancing angles. They wdll come 
from the west if they are positively charged, from the east if negatively 
charged (positive ones moving counterclockwise in Figs. 219 and 220, 
if the geographic north pole is below the plane of the paper). When p 

^ The geomagnetic equatorial plane of the earth is a plane perpendicular to the 
axis of that dipole which, placed at its center, best reproduces its magnetic field. 
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has increased do the value 


P2 


eM 


(340) 


tq has shrunk to the value Tq = a, as is evident from Eq. (3326). Ail 
orbits crossing the critical circle are now intercepted by the earth; since 
we saw the above that orbits cross this circle at all angles, the particles 
may now strike the earth at all angles above the horizon. The same 
remains true at all higher values of the momentum. Thus there are 
two critical values of the momentum p; if p < pi, no particles reach 
the earth; if p > p 2 , they may strike it at any angle. 

If we wish to speak in terms of the velocit}^ v of the particle in place 
of its momentum p, we may calculate v from the relativistic formula, 
Eq. (60) in Sec. 63, 

TTIV 


V = 


(1 - 


m being the rest mass. 

The velocity of cosmic-ray particles is nearly that of light, however, 
and hence varies little. It is more useful to introduce the kinetic 
energy E. According to Eq. (296) in Sec. 184 


E == mc^ 


(i + X-X 


(341) 


At small energies, i,e., if p <$C mCj this reduces to E = p-/2m == 7 nv^f 2 . 
If mCj OT E^ the approximation 

E - pc — me- (342) 

is useful^ The kinetic energies Eio and E^^ that correspond to the 
critical momenta pi and p 2 can be found by substituting for p in Eq. 
(341) the values of pi and p 2 as given by Eqs. (339) and (340), viz,: 

, eM » „ eM 

• /V:_- rr\. 

.2 ? 


P 


ForEio, p = (V2~-1)2^; for E 20 , . 

0/ Q/- 

If E < Eio, no particles can reach the earth; if E > £^ 20 ? they can fall 
upon it at any angle to its surface. 

If we insert in these formulas, for the earth, - 

M = 8.04 X 10^^ e.m.u., a =* 6,370 km., 

Equation (342) is obtained by expanding thus: 

/l P tt I p . me , 

^'^‘Smithsonian Physical Tables/^ 1934. 
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and also c - 2.998 X 10^^ e = 4.803 X 10"-iV2.998 X e.m.iL, 
m = 0.9107 X 10-27 gram for electrons or m = 1.0076/(6.023 X 10^0 
grams for protons, we obtain : 

For electrons, Fw = 10.2 X 10^ ev; = 69.4 X 10^ ev. 

For protons, i?io = 9.3 X 10® ev; == 68.5 X 10® ev. 

These are enormous energies; and it is notable that at such high 
energies the dilference in mass between proton and electron makes very 
little difference in the deflection of the particles by a magnetic field. 

(6) Particles Approaching from any Direction . — For the theory of 
the general motion of electrons in the earth^s field, there are available 
the studies made long ago by Stormer,^ who ascribed the aurora to 
excitation of the earth^s atmosphere by electrons coming from the sun. 
The application of the theory to cosmic mjs was discussed by Epstein, - 
who pointed out that the variation of inertial mass with velocity does 
not cause complications, and this application was developed in detail 
by Lemaitre and Vallarta^ and others.'^ The results of the rather 
complicated analysis can easily be summarized. 

It will be assumed in the remainder of this section that the cosmic- 
ray particles of a given energy approach the earth equally in all 
directions. Then, as Lemaitre and Vallarta point out, they remain 
equally distributed in direction in spite of their deflection by the 
magnetic field. 

If the earth’s field is that of a magnetic dipole, there exists a family 
of periodic orbits in which electrons might be trapped permanently; 
one of these periodic orbits is the critical circle in the equatorial plane 
as described above. Most of the orbits, however, extend to infinity,^ 
Critical energies Ei and E 2 occur in all cases, corresponding to those 
described above, but these energies decrease -with increasing geo- 
magnetic latitude® X on the earth. At the poles, Ex ^ E 2 - 0^ That 

^ Cf. Stobmeb, Terr, Mag.j vol. 22, pp. 23, 97 (1917); voL 35, p. 193 (1930) ; also 
Nat. Acad. Sci, Proc., vol. 17, p. 62 (1931), where references to the original publica- 
tions are given. 

2 Epstein, Nat. Acad. Sci.Proc., vol. 16, p. 658 (1930) ; voL 17, p. 160 (1931). 

® Lbmaitbb and Vallabta, Phys. Rev., vol. 43, p. 87 (1933) ; vol. 47, p. 434 
(1935) ; vol 49, p. 719 (1936); vol. 50, p. 493 (1936). 

^ For references see Johnson, Rev. Modern Physics, vol. 10, p. 193 (1938). 

® Some interesting figures and photographs of electron paths are given by 
Briiche, Zefte. /. PXysil;, vol. 31, p. 1011 (1930). 

® Geomagnetic latitude is measured from a plane perpendicular to the axis of 
that magnetic dipole, situated at the center of the earth, whose magnetic field most 
nearly approximates that of the earth. A better approximation can be obtained 
by displacing the dipole some 200 miles toward the western equatorial Pacific 
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El = 0 is evident without calculation; for particles of any energy can 
easily reach the poles, if the field is exactly that of a dipole — they have 
only to follow the axial line of force, thus undergoing no deflection. 
At points on the equator (X = 0), the values of Ei and E 2 are a maxi- 
mum and are equal to Ew and E 20 as given above. 

At a given point on the earth’s surface, in geomagnetic latitude X, 
particles with energy less than the value oi Ei proper to that latitude 
cannot arrive at all. As the energy is raised above £ 1 , particles 
begin to arrive at the top of the atmosphere within a certain cone of 
directions near the horizon; this cone opens from the w-est if the 
particles carry a positive charge, from the east if they are negative. 
As the energy rises, the cone enlarges. It consists of a principal part 
and a number of narrow^ bands; within it the rays arrive with the 
full intensity with w^hich they approach from the depths of space. 
When the energy reaches the second critical value, E 2 , the cone fills 
the wiiole sky; particles now arrive with equal intensity from all 
directions, and with the same intensity as they wmuld if the magnetic 
field w’^ere absent. No further change in the arriving particles then 
occurs with further increase in the energy. 

Or, viewing the distribution of the particles over the earth, w^e may 
summarize as follow\s. Charged particles with energy less than a 
lower limit Eio cannot reach the earth’s surface on the geomagnetic 
equator, although they may reach it elsewhere; Eio = 10.2 X 10® ev 
(electron-volts) for electrons, 9.3 X 10® ev for protons. Particles 
with energy exceeding a second critical value E^o arrive at all parts 
of the earth’s surface from all directions and hence with full inten- 
sity, just as if the magnetic field were absent; E 2 Q = 59.4 X 10® ev for 
electrons, 58.5 X 10® ev for protons. As w^e move north or south 
from the equator, the minimum energy for arrival, £?i, and the mini- 
mum energy for full intensity, Ez, both decrease; between latitudes 30 
and 50®, E% decreases especially rapidly, until at magnetic latitudes 
above 60® even electrons or protons of 2 billion electron-volts wdll 
arrive from all directions without diminution by the magnetic field. 

Further details concerning the intensity of the arriving particles 
are furnished by Fig. 222, copied from one of the papers by Lemaitre 
and Vallarta. The abscissa X represents the geomagnetic latitude, 
measured from the geomagnetic equator. The ordinate represents 

Ocean. Tlie actual observed magnetic poles, where the earth's field at its surface 
is vertical, differ considerably in position from the locations of the geomagnetic 
poles, or those points at which the geomagnetic latitude is 90®; 6.^., the observed 
north magnetic pole is located at 70^ N., 96'^ W.^ whereas the ffeomagnetic north 
pole is at 78® N., 69° W. 
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tlie total intensit}" of tlie arriving cosmic-ray stream, expressed as 
percent of the maximum possible intensitj^* it also represents the 
fraction of the sky from which the rays come, the number per unit 
solid angle from this part of the sky being the same as it is outside 
of the earth’s field. The curves dravm in the figure refer to particles 
having given values of p = a/fo, as indicated near the center of each 
curve [a = radius of the earth, n = radius of the critical circle, defined 
by Eq. (3326)]; the corresponding energies in terms of billions of 
electron-volts are given on each curve for two kinds of particles, those 
for electrons preceded by the letter e and those for protons by p. 


eS9.6 



Fig. 222. — Dependence of cosmic-ray intensity on magnetic latitude. (For explanation 

see text.) 

In using such curves in the interpretation of the observed ionization 
due to cosmic rays, however, it must be remembered that rays entering 
the earth’s atmosphere obliquely have farther to go through it before 
reaching a given altitude above the earth, and thus will be weakened 
by absorption much more than are rays that enter vertically. The 
centers of the curves in Fig. 222, at I = 50 percent, should give a fair 
idea of the latitude at which particles of given energy produce half 
of their maximum possible effect; but the increase of the effect due to 
such particles with increase in the latitude will probably occur mostly 
between the latitudes corresponding to J = 25 and J = 75 percent. 

In these calculations any possible deflection of arriving particles 
due to interference by the earth’s atmosphere has, of course, been 
ignored. The theoretical results on the motion of charged particles 
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in the magnetic field of the earth now be compared with the 
distribution of cosmic rays over the earth as observed. 

234, The Variation of Cosmic-ray Intensity with Latittide,"^ — In 
1930, A. H. Compton, Bennett, and Stearns organized an extensive 
survey of cosmic-ray intensity at various locations on the earth. 
Observations were made at 69 stations by a number of cooperating 
observers, all using similar instruments calibrated on the spot by 
means of the ionization produced by a standard radium capsule. 
These observations confirmed the existence of the equatorial drop in 
intensity, as reported by Clay. 

Compton pointed out, however, that his results correlated much 
better with geomagnetic latitude than with geographic latitude, and 
this has been confirmed by later work, especially by the extensive 
sea-level observations of Millikan and Neher. The latter observers, 
and Clay independently, discovered in 1934 that even the slight 
variation in the strength of the earth^s magnetic field along the equator 
is reflected in the cosmic-ray intensity, which is some 4 percent lower 
in the East Indies and the Indian Ocean, where the magnetic field is 
strongest, than it is on the opposite side of the earth, in equatorial 
South America, near which the field is weakest. 

All observations indicate, on the other hand, that the cosmic-ray 
intensity does not vary much from one location to another above geo- 
magnetic latitude 40°, N. or S., which means in the United States 
above, roughly, 30° in geographic latitude. From a geomagnetic 
latitude of 40° N. or 40° S. to the equator, the drop in intensity 
amounts to about 10 percent on the average, rising to 12 percent in 
eastern Asia and sinking to 8 percent in the longitude of equatorial 
South America. The drop in intensity begins rather suddenly as 
the limiting latitude is passed. 

The most accurate study of the equatorial drop is probably that 
made by Compton and Turner. They mounted a recording electro- 
scope on a steamship of the Canadian Australasian Steamship Com- 
pany plying regularly between Vancouver and Auckland (New 
Zealand) and Sydney (Australia), the route crossing the geomagnetic 
equator almost where the latter crosses the geographic equator. The 
observations were extended over 10 months. 

A decided seasonal effect was noted in these observations, especially 
at the extreme north and south ends of the range, where the cosmic- 


^ Cf. CoMPTOX, Phys, Rev.^ vol. 43, p. 387 (1933) ; Mihlikax and Nehee, Phys, 
vol. 47, p. 205 (1935), vol. 50, p. 15 (1936); Gomptox and Tubxee, Pkys,Rep'.j 
vol. 52, p. 799 (1937). Other references are given by Johnson, Betf. Modem 
P%s., vol. 10, p. 193 (1938). 
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ray intensity during the warm months averaged less than during* the 
cold months. In Fig. 223 are shown the curves obtained Compton 
and Turner for the four seasons, ordinates representing average cosmic- 
ray intensity and abscissas the geomagnetic latitude. The seasonal 
variation, which has also been recorded b}’* others, is believed to be 
correlated with atmospheric temperature; such an interpretation is 
supported by observations in Europe shovving a variation of the same 
order of magnitude with temperature at a given station. (Tempera- 
ture effects on the apparatus itself were shown not to occur.) From 



The value called “100 percent” is chosen arbitrarily (and differently for the curves 
NNrSS). {See text.) 

their data, Compton and Turner inferred a decrease of about 0.18 
percent per degree centigrade of rise of temperature, • 

The temperature effect was believed by Compton and Turner to J: 

account for perhaps 3 percent of the observed decrease of 10 percent i 

from high latitudes to the equator. Correcting for it, they found as 
the true geomagnetic effect the curve labeled NS in Fig. 223, repre- w 

senting ionization corrected to a temperature of 21^C. In drawing 
this curve, the southern half SS has been folded back over the northern . 

half iV'iV'iV in order to show how nearly they agree. ; | 

The close Gorrespondence thus revealed between variations in I 

cosmic-ray intensity and' the features of. the magnetic .field at the , i 

surface of the "earth : constitutes convincing evidence that at \ least ■ . I 


f 
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part of the primary cosmic rays must consist^ not of photons, but of 
charged particles of some sort. The effect of the magnetic field upon 
the particles must be produced before they enter the earth^s atmos- 
phere; for the atmosphere is so thin relative to the earth^s dimensions 
that any effect produced within it could have little influence on the 
large-scale distribution of cosmic-ray intensity over the earth. If 
air of the primary cosmic rays are charged particles, however, those 
which cause the ionization near the equator must have energies exceed- 
ing about 35 billion electron-volts (or p = 0.75), for otherwise, as is 
evident from Fig. 222, the latitude effect would be larger than it 
actuall}^ is. An alternative possibility, of course, would be that several 
different kinds of cosmic rays are striking the earth, the ec|uatoriaI 
effect being due to an agency (photons?) which, for some reason or 
other, is little affected by the earth^s field, whereas the latitude- 
sensitive part of the cosmic-ray ionization is due to charged particles 
of much loAver energy. 

From the curves of Fig. 222 it appears that particles of about 
p = 0.37, or electrons of 8 billion or protons of 7 billion electron-volt 
energy, would show little increase in their effect above latitude 40°. 
They should also be ineffective below 25°, however, so that the further 
drop in the ionization from that point to the equator must be due to the 
presence of particles of still higher energy. Thus we may conclude 
that the primary cosmic rays, whatever their nature otherwise, must 
include charged particles of energies ranging broadly upward from 7 or 
8 billion electron-volts. 

At higher altitudes than sea level, the latitude effect is observed to 
be much greater. As an illustration, altitude curves obtained in 
different latitudes by Bowmen, Millikan, and Neher, with the use of 
sounding balloons, are shown in Fig. 224. The abscissa represents 
depth below the atmosphere in meters of water (1 atmosphere =10.3 
meters). We note that the maximum ionization decreases by 73 
percent in going from high latitudes to the equator (as against a 
decrease of 8 to 12 percent at sea level). The decrease is about one 
half if the comparison is made at altitudes a third of the way down from 
the top of the atmosphere. The critical geomagnetic latitude, above 
which variation with latitude ceases, seems to be 50 to 55° in the upper 
half of the atmosphere, as against 40° at sea level. 

The higher value of the critical latitude at higher altitudes indi- 
cates the presence at such altitudes of particles that can reach the earth 
at higher latitudes and hence have less energy than those that are 
responsible for the sea-level effect. Not much energy can be coming 
in carried by particles of less than 2 billion ev (p = 0.2 ± in Fig. 222), 
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however, otherwise the critical latitude would be higher still. The 
primary cosmic-ray spectrum must, therefore, have an effective 
lower limit in energy at about 2 X 10® electron-volts. 

A quantitative analysis made by Johnson'- points toward a broad 
energy distribution of the incident particles with a maximum around 
10 billion volts and reaching well up toward 50 billion. The number 



Mefers of wofer 

Fig. 224. — Cosmic-i'ay ionization as a function of altitude in four different latitudes. 
{Bowen, Millikan, and Neher,) 

of 'particles, however, measured per unit of the energy axis, increases 
continuously with decreasing energy. The curve of total incoming 
energy falls off below 10 billion volts only because of the smaller energy 
carried per particle. Such calculations, however, must be regarded 
as tentative. 

235. Observations on Single Cosmic-ray Particles. — “The inves- 
tigations described in preceding sections had to do with the average 
ionization produced by cosmic rays. Methods have also been invented 

^ Johnson, Rev* Modern Phys., vol. 10, p. 193 (1938), especially p. 236. 
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for the observation of single particles, and such observations might be 
expected to furnish direct evidence concerning the nature of the 
rays. Even if some of the primary rays are high-energy photons, 
the ionization resulting from them will nearly all be produced by 
Compton electrons that have been ejected by the photons from the 
walls of the apparatus or from molecules of the air, and it should be 
possible to observe these secondary electrons. 

Cloud-chamher observations of cosmic-ray particles were first made, 
accidentally, by Skobelzyn in 1927.^ (For a description of cloud 
chambers see Sec. 203.) ^^Tiile studying the secondary /3-rays pro- 
duced by 7 -ra 3 ^s from radioactive material, he noticed occasional 
tracks which Avere hardl}^ curved at all in his magnetic field of 1,500 
gauss. The ionization along these tracks Avas about as dense as along 
the tracks of the /3-rays; therefore, he concluded that they also AA^ere 
made by electrons. From the smallness of the curvature of the tracks 
he calculated that the energy of the particles must be above 15 X 10® 
ev, AAdiich exceeds any energies encountered in radioactivity. In 
direction the tracks AA^ere strongly concentrated toward the vertical. 
Skobelzyn concluded, therefore, that these tracks AA^ere those of the 
particles that are responsible for the ionization ascribed to cosmic rays. 

From the frequency of the occurrence of such tracks in his appara- 
tus, Skobelzyn estimated that about 1.2 per minute crossed each square 
centimeter of a horizontal plane. Assuming a specific ionization of 
40 ion pairs per cm. of track, he concluded that the particles Avould 
cause a total ionization of 1.2 X pairs of ions per second 

in each cubic centimeter of air. This is of the same order of magnitude 
as the observed cosmic-ray ionization, 1.5 to 2 ion pairs per cm.® per 
sec. A better modern estimate would be an average of perhaps 70 ion 
pairs per cm. of track [Sec. 236(6)] and 1.7 particles per cm.^ per 
minute; these data give about 2 ion pairs per cm.® per sec. 

Counter observations constitute a second method for the detection of 
individual charged particles and have been widely adopted in the 
study of cosmic rays. Whenever a counter is used for any purpose, a 
sloAv background rate of counting is ahvays evident. Part of this is 
doubtless due to radioactive contamination in the Avails of the counter, 
for the background count varies Avith the material of the wall; but part 
of it is undoubtedly caused by cosmic-ray particles. 

In order to eliminate effects due to rays from the AA^alls of the 
counters, which are not very penetrating, Bothe and Kolhorster 
introduced the device of using two counters and recording only instances 

1 Skobelzyn, Zeits.f. Physih, vol. 43, p. 354 (1927) ; vol. 54, p. 686 (1929). 
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in, which both counters discharged at the same momenty which they 
called comcidencesA In their work the counter discharges were 
recorded on, a moving photographic film running 1 cm., per sec., and a 
coincidence was considered to have occurred when two counts were 
recorded within 0.01 sec. of each other. It will occasionally happen, 
to be .sure, that a coincidence occurs owing to the independent passage 
of two particles, one through each counter; but the niiniber of such 
chance occurrences to be expected in a given time can be calculated 
from the total counting rates of the individual counters. The number 
of chance coincidences so determined was subtracted from the observed 
number as a correction. 

The arrangement just described was used by Bothe and Kol- 
horster in an attempt to measure directly the absorbability of the 
cosmic-ray particles. Their apparatus 
is sketched in Fig. 225. The circles C 
represent in cross section two tubular 
counter chambers 5 cm. in diameter 
and 10 cm. long. Between these could 
be placed at will a (borrowed) block of 
gold 4.1 cm. thick to act as an absorber. 

The whole was surrounded by iron 5 
cm. thick and also by lead 6 cm. thick, 
in order to screen off all local radiations 
and thereby permit only the highly 
penetrating cosmic-ray particles to ac- 
tivate the counters. Two blocks P6, 

Pb of lead were placed close alongside 
the counters in an efibrt to stop particles that might pass through 
the upper one obliquely and then be scattered into the lower. 

When observations were made with this apparatus near the roof 
of the building, about 3 coincidences per minute were observed, and 
this number decreased by 25 percent when the gold absorber ^vn,s put 
in place. From this result, Bothe and Kolhorster deduced the vaiue^ 
g/p == 3.5 X 10”^ cm.2 gram“^, for the mass absorption of the cosmic- 
ray particles. A similar experiment performed later by Rossi, in 
which the cosmic rays were filtered through a layer of lead 5 cm. thick 
placed above the counters, gave p/p = 1.6 X 10"^^ in a lead absorber 
9.7 cm. thick. For comparison, we may cite the value deduced from 
Millikan and Cameron^s curve for the (apparent) mass absorption 
coefficient of the cosmic rays in air at sea level, p/p = 2.5 X 

^ Bothe and ICgehobsteb, /. Physih^ vol. 56, p., 751 (1929), ,■ 

^ Eossi, /, voL 68, p. 64 (1931). 



Fig. 225. — Apparatus of Bothe 
and Kolhorster for measuring the 
absorption of cosmic-ray particles 
in gold. 
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This is of the same order of magnitude as that found for the particles in 
the counter observations. The value deduced from the depth curve 
should be higherj as it actually is, partly because few of the rays were 
filtered out in making the measurements of the ionization, and partly 
because many of them would be traveling obliquely and so should 
decrease relatively more rapidly as the thickness of the absorbing layer 
of atmosphere is increased. 

The counter method was improved later by Rossi in two respects. 
First, he replaced the photographic film by an electromechanical 
device for recording the discharges of the counters.^ This was accom- 
plished by connecting each counter to the grid of a three-electrode 
tube in such a way that the discharge of a counter momentarily 
lowers the potential of the grid and stops the current flowing through 
it. The tubes are connected in parallel and function as comparatively 
low resistances in a circuit that contains also a detector tube. When 
passage of electricity through the counter tubes is completely stopped 
by their functioning simultaneously, the grid of the detector tube 
rises momentarily in potential and so causes a pulse of current in its 
anode circuit, which causes in turn an audible click in a telephone, 
or may be made to actuate a mechanical counter of some sort. Such a 
counter circuit can be used to record coincidences between any number 
of counters. 

The second improvement introduced by Rossi was the use of three 
counters in a row,^ an observation being recorded only when all three 
counters respond simultaneously (or at least within a certain very 
small fraction of a second of each other). In this way coincidences 
due to secondary electrons ejected from the surroundings are effec- 
tively eliminated. When a primary particle passes through the first 
counter, only a secondary produced by it in the walls of this counter 
itself could pass through the other two counters; but the counter walls 
are very thin, and hence such secondaries should be very few in num- 
ber. Equally rare should be the occasions when two secondaries are 
produced in the surroundings by the same primary particle and one of 
them passes through each of the other two counters. Two secondaries 
produced by a high-speed photon will also seldom cause a coincidence. 
A single secondary passing through the entire row of counters, however, 
could not be distinguished from a primary particle. Thus the arrange- 
ment selects charged particles moving within a narrow solid angle 

^ Rossi, Aatoe, voL 125, p. 636 (1930). A good circuit for use with a single 
counter is described by Neher and Harper, Phys. Rev,, vol. 49, p. 940 (1936). 

2 Rossi, /. Physik, vol. 82, p. 151 (1933). Cf. also Tuve, Phys. Rev., 
vol. 35, p. 661 (1930). 
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of directions. Such an arrangement of counters is sometimes called 
B counter telescope. 

Ptossi also avoided screening the apparatus closely with lead all 
round, because, as his investigations showed, secondary particles are 
produced in such screens in large numbers and may seriously falsify 
the results. 

Using three counters (Fig. 226) in a vertical line, Rossi ^ studied 
the absorption in lead of cosmic-raj^ particles which had alreach^ been 
filtered through 7 cm, of lead (placed above the counters). Moving- 
one counter out of line was found to reduce the frequency of coinci- 
dences to that which was to be expected as a result of chance (1 in 26 




Fig. 226. — A 
“ counter telescope " 
used by Rossi in 
studying the ab- 
sorbability of cos- 
mic-ray particles. 





000000 

Counters 


Fig. 227. — A counter-controlled cloud 
chamber, with stereoscoi')ic cameras CC. An 
electric field is momentarily applied between 
the ring R and the piston to sweep the sx:>ace 
clear of ions. [A/ier Stearns and Froman^ Am. 
Phys. Teacher, wl. 7, p. 79 (1939).] 


hr. as against 1 to 2 per hour mth the counters in line). He found 
that 46 ± 5 percent of the coincidences remained Avhen 101 cm. of 
lead were placed between the counters, concluding that nearly half of 
the particles can penetrate such a thickness of lead. If we assume for 
purposes of calculation that the absorption is exponential through each 
successive layer of lead, the following values are found for the mean 
mass absorption coefficient : in the first 10 cm. of lead, n/p = 1-8 X 10“^ 
(total absorption, 19 percent); in the next 15 cm,, n/p — 0.5 X lO”®; 
andin thelast76cm., ja/p = 0.55 X lO""®. 

These figures show unmistakably that the cosmic rays include 
charged particles of enormous penetrating power. 

In another investigation, the two methods of observing cosmic- 
■■ Alhid. , 
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ray particles that have been described were brought into relation with 
each other in 1931 by Mott-Smith and Locher, who placed a cloud 
chamber between two counters and noted that tracks in the cloud 
chamber and coincident responses of the counters occurred together. 
This indicated that the two effects must be due to the same type of 
charged particle. In 1932, Blackett and Occhialini introduced the 
system, now generally employed, of allowing the coincident discharge 
of the counters to release the expansion of the cloud chamber. Such an 
arrangement is sketched in Fig. 227. The counters can be connected 
so that a particle passing through any chosen combination of them will 
release the mechanism that withdraws the piston and operates the 
cameras. In this way, much useless photographing is avoided (other- 
wise, it requires 10 to 20 random expansions to obtain a track), and 
only tracks having a suitable position and direction are photographed. 

From 1930 on, many investigations of cosmic-ray particles were 
made by various observers. The interpretation of the results of such 
experiments presents special difficulties because of the enormous 
penetrating power of the particles and because of their pow^erful 
effects upon matter, and it is often hard to harmonize the results of 
different investigations. We shall discuss only certain points on 
which general agreement seems to have been reached, referring the 
student for further information to recent summarizing articles, such as 
appear from time to time in the Reviews of Modern Physics and else- 
where,^ or to the literature. 

The interpretation of recent work has often depended upon a 
precise knowledge of the behavior of high-speed particles. It will be 
convenient to summarize at this point what is know'n in regard to 
certain of their properties. 

236. Energy, Mass, and Speciffc Ionization of Charged Particles. 
(a) Measurement of Charge, Mass, and Energy . — The standard method 
of crossed electric and magnetic fields (Sec. 41) yields, for a charged 
particle, its velocity and the ratio of its charge to its mass. Additional 
observations of some sort are needed in order to find e and m separately; 
from m and the velocity, the energy can then be calculated. 

When the velocity of the particle is almost equal to the velocity of 
light, however, the velocity becomes difficult to measure with sufficient 
accuracy to make the measurement significant. There is then no 
point in using an electric field to deflect the particle; the easier measure- 
ment with a magnetic field 3 delds all the information that can readily 
be obtained. 

, ^ Cf. Am. Pkys. Teacher, Yoh 7, p. 79* 
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Formulas for tlie rapid motion of a charged particle in a uniform 
magnetic field were obtained in Sec. 184. If M is the mass of the 
particle; g its numerical charge in electrostatic unitSj and p the radius of 
the circle which it describes in a magnitude field of H oerstedsj then; 
from Eqs. (294) and (297); the momentum p and kinetic energy E of 
the particle are given by the equations^ 


E = M(P 






— ^2 
<l' 

[(- 




(343o,&) 
1 . (344) 


The quantity pc has the dimensions of an energy and may be expressed 
in electron-volts; if pc is given in c.g.s. units, its value in ev is obtained 
by dividing by the number of ergs in an electron-volt or 1.601 X 10'^^^. 
The value of pc in ev is also the value of p itself expressed in ev/c as a 
unit. For a charge n times as large as the electronic charge, pc 
expressed in ev equals (300?i)jH'p. 

If F/ <3C Me-; expansion giveS; since (1 + = 1 + x/2 — * * • , 


E^M(F: 



2ilfe2 


HV- ~ • (345) 


If we OTite Eev for E expressed in electron-volts and m for the electronic 
mass, we have from the last equation, for a particle of mass ilf, numeri- 
cal charge equal to that of the electron, and kinetic energy E <3C MeF^ 
approximately, 

E., = 0.088^ {Hpy, (346) 


vdthin 1 percent if E < Mc^/5Q. li E^ i'Ic\ we have 

F?» Mc^: E == pc- Mc^ + • • • = gHp - Mc^ + • * * , (347) 

or, if q is n times as large as the electronic charge, 

Fev = 300?ii7p ~ (ilfc%, (348) 

within 1 percent if £7 > lOilfc^. The coefficient 0.088 represents 
q^/mc^ divided by the value of the electron-volt or g/300, with 
q = 4,803 X e.s.u., m = 0.9107 X lO-^^ c == 2.998 X 10^°. 
For the intermediate region, the plot sho^vn in Fig. 228 maj^ be of use 
in passing from one to another of the three quantities, velocity, Jfp, 
and £7. Scales, logarithmic in both directions, are shown for both 
electrons and protons. 

An important conclusion from these formulas is that the curvature 

^ Calculations from" such formulas.. are ■most easily made, in the following way 
E - J/c2 [(cos 1]. ■, . 
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of the path of a charged particle moving with energy greatly exceeding 
its rest energy {E McA) is almost independent of its mass^ since 
p = E/qH nearly. The energy of such a particle can be estimated, 
therefore, from the curvature of its track in a cloud chamber without 
knovdng its mass. Partly for this reason, and partly because the 
particles were long supposed always to be electrons, the “energies” 
of cosmic-ray particles as determined from cloud-chamber observations 
are commonly reported on the assumption of an electronic mass. An 



Fig. 228.— Kelation between kinetic energy E in electron-volts and Hp (p - radius 
of curvature in centimeters in a field of H oersteds), for electrons and for protons, on 
logarithmic scales. Numbers on curve refer to the cross lines and give ratio of velocity 
of particle to that of light. For a particle k times as heavy as an electron, multiply 
Hp and E for an electron by k; or, multiply by 100 and read on the scales n cross-section 
spaces to the right of or higher than the point on the curve, where for k — 126, 158, 
200, 251, 316, respectively, n = 1, 2, 3, 4, 5. 

energy so calculated might be called an “equivalent electron energy.” 
A more precise method of reporting such data, sometimes employed, is 
to report the values of Hp or of p. 

The curvature of the tracks in a cloud chamber thus gives primarily 
a measure of the momentum of the particle, from which a rough 
estimate of the energy can be made provided the energy is high 
enough. The mass must then be inferred in some other way. The 
principal source of evidence as to the mass, and also as to the magni- 
tude of the charge, has been the amount of ionization caused by the 
particle in the gas in the cloud chamber. The sign of the charge can 
be inferred from the direction of curvature of the path, provided the 
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direction of motion of the particle is known. In the case of cosmic- 
ray particles, it reasonably be asssumed that tracks near the 
vertical were traversed in a downward direction. Or, if a track 
passes through a slab of absorbing material, it may safety be assumed, 
as in Anderson's discovery of the positron, that the particle traveled 
toward the side on which greater curvature of the track gives evidence 
of lower energy. 

(&) The Specific Ionization in Afr. — The ionization produced by 
electrons in air has been studied experimentally over a wide range of 
energies. ^ The ionization produced by a cathode ray has been found to 
increase with increasing energy of the ray, up to a maximum of several 
thousand ion pairs per centimeter of path at an energy of 1,000 volts 
or so, above which it decreases again. It was found by W. Wilson^ 
that for i^-rays of energies from 6 X 10*^ to 1.7 X 10® ev the total 
ionization produced in standard air was almost inversely proportional 
to the square of the speed of the ^ particle, decreasing from about 
214 ion pairs per centimeter of path at 6 X 10^ ev to about 46 ion 
pairs at 1.7 X 10® ev. 

The ions measured in these observations include those produced by 
secondary electrons ejected from molecules by the ^ particles with 
sufficient energy to produce additional ions. The primary ionization 
produced directly by the jd particle itself can be determined separately 
by counting the drops of water along its path in a cloud chamber 
(C. T. R. Wilson). The path of most of the secondary electrons is so 
short that usually all of the ions formed directty or indirectly as the 
result of a particular primary ionization lie at first very close together, 
and, if the expansion is performed immediately after the passage of 
the /d-ray, a single droplet of water is condensed on the entire cluster. 
The number of primary ions as determined in this w^'ay is about half 
as great as the total number of ions, at electron energies around 10® ev. 
On the other hand, the total ionization can be determined in the cloud 
chamber by delaying the expansion a fraction of a second (c.p., 0.2 sec.) 
so as to give time for the ions to spread out b}^ diffusion. If the expan- 
sion is great enough, each ion then gives rise to a separate droplet ; 
or, alternatively, the expansion can also be so adjusted that droplets 
form only on the positive ions. Another scheme is to separate the 
positive and negative ions by means of an electrostatic field.® 

As regards the appearance of tracks in the cloud chamber, however, 

^ See E. Eutherpord, Chadwick, and Ellis, ^‘Radiations from Radioactive 
Substances,” pp. 444^., 1930. ■ 

2 W;>^ilson, Roy. Soc., Proc., vol. 85, p. 240 (1911). 

^ Hazen, Phys. Rev., voL 65, p. 259 (1944). 
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a complication is presented by the fact that occasionally a >secondary 
electron of exceptionally high energy makes what appears to be a 
branch track. The appearance of the tracks as a whole is determined 
by the average amount of ionization exclusive of that on such branch 
tracks; this ionization is called the probable ionization. 

The term ''specific ionization'' is applied in a general way to any 
number representing ions or ion pairs per centimeter. 

Approximate theoretical formulas for the ionization produced by 
charged particles of high energy have been derived from wave mechan- 
ics. The way in which the ionization is found to vary with the energy 
of the particle is illustrated by certain of the curves in Fig. 237 below 
[Sec. 238(c)]. Curves c-cc and ep-ep serve to illustrate the total and the 
probable ionization, respectively, produced by an electron, as a func- 
tion of its energy, whereas the curves labeled p and ml 60 illustrate the 
total ionization produced, respectively, by a proton and by a "meson" 
(Sec. 240) 160 times as heavy as an electron, the medium being in ail 
cases air of standard density. The quantity actually plotted is the 
rate of loss of energy per cm., but the number of ion pairs produced is 
nearly proportional to this, being about equal to the energy loss in 
ev per cm. divided by 32 (for air). References are given under the 
figure. The theoretical formulas seem to agree with observation, but 
they have not been checked thoroughly for electrons. 

As showm by the curves in Fig. 237, the theoretical formulas 
predict a decrease in the ionization, due to the decrease in the time 
during which the particle can act on an atom, as its speed increases, 
up to approximately the speed of light, when the energy of the particle 
becomes of the order of its rest energy. Above this point the ioniza- 
tion should increase again as the energy of the particle increases, but 
very slowly, about as the logarithm of the energy; from 10® to 10^® 
electron-volts, the probable ionization should about double. The 
increase results from the increasing contraction of the electric field 
of the particle toward a plane perpendicular to its motion (Sec. 34), 
which increases the sharpness of the impulse given to atomic electrons 
by particles passing at some distance from the atomic center. A 
further factor, causing an increase in that part of the total ionization 
w’-hich is produced by secondaries of high energy, is the increase in 
the maximum energy which can be transferred to an atomic electron 
in a close collision. 

Observations by Corson and Brode^ on cosmic-ray particles, 

^ CoasoN and Bbode, Pkys. Rev, 53, p. 773 (1936). For a correction see Erode, 
Rev, Modern Phys,, vol. 11, p. 222 (1939), especially p. 228. 
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presumably electrons, mth energies up to- 30 Mev, gave evidence of 
the predicted increase. They found a (probable) specific ionization 
of about 50 ion pairs per cm. of path in standard air at the minimum, 
(just above 10® ev). A similar. -value has been found for mes.oiisd 
The total ionization will then be somewhat greater. The theoretical 
formula, indicates a minimum of about 50 ion pairs per , cm. for the 
probable and 65 for the total ionization. 

The most important feature of the theoretical formulas in their 
application to cosmic-ray observations is the way in which the ioniza- 
tion should var}?' with the kind of particle. ,The ionization should be 
roughly proporf ional to the square of the charge; it should thus be about 
the same for positive and negative particles. Otherwise it should 
depend, to a close approximation, only on the velocity of the particle. 
Since, at given velocity, kinetic energy and rest, mass are proportional 
to each other, even in relativistic mechanics, it follows that particles of 
equal charge but different masses should produce about the same ionization 
at equal velocities^ or at kinetic energies proportional to their masses. 

Herein lies the reason for the relatively heavy ionization ordi- 
narily produced by protons, which are usuali}^ moving comparatively 
slowly, with an energy of such magnitude that slower velocity means 
heavier ionization. During the last fe^v millimeters of its path through 
standard air, a proton produces roughly 30,000 ion p.airs per centi- 
meter.^ According to theory, however; a proton track, though clearly 
distinguishable from an electron, track of the same energ}/’ up to energies 
of about 200 Mev, should actually be less dense than an electron track 
at energies, exceeding.' 2, 000 Mev. • In general, - a singty charged,, particle. 
k times as heavy as an electron should produce about the same ioniza- 
tion as an electron moving at the same velocity and hence with an 
energy 1/k times as great as that of the given particle. /Because, of ' 
this feature, corresponding , curves for particles, of different mass , in 
Fig. 237 are almost exactly -alike in shape -but are displaced relatively - 
to each other along the axis representing the logarithm of the energy. 
A cloud-chamber photograph showing a meson and a proton track is 
reproduced, in Fig. , 229. 

- , Since, w^e have seen that the curvature of the tracks in a, cloud 
chamber gives, at once an approximate value, of 'the energy , of the: 
particle, , it is: clear that,, over a considerable range of energies,,. the , 
.density of the ionization .along the track furnishes information i'li 

i See Ditnlap, Phijs. Rev.^ vol. 67, p. 67 (1945); Hazeh, Phys. Rev.j voi. 67, p. 
269 (1945). 

^ Feathee, vol. 147; p. 510 (1941).- ' 


COSMIC RAYS 


692 


[Chap. XII 



regard to the mass, provided the magnitude of the charge can be 
inferred in some way with sufficient certainty. 

In different materials^ theory indicates, with some support by experi- 
ment, that the total ionization should be roughly proportional to the 
total number of atomic electrons per cubic centimeter. 


(a) ^ (h) 

Fig. 229. — Photographs of cloud-chamber tracks in a magnetic field, made by (a) 
a positive meson having a mass roughly 250 times the electronic mass and a kinetic 
energy of about 4 Mev, and (6) a proton of energy about 3 Mev. [Photographs courtesy 
of Dr. D. J. Hughes. See Phys. Rev., vol. 69, p. 371 (1946).] 

237. Showers and Bursts, (a) Showers . — When cosmic-ray tracks 
are observed in a cloud chambeib it frequently happens that two or 
more tracks are seen which appear to have been produced simul- 
taneously; often they diverge from a common center lying in the 
walls or outside of the chamber. The first observation of this sort 
was made by Skobelzyn, in the course of the work described above 
(1927; Sec. 235). If there is a solid obstacle in the chamber itself, 
such as a sheet of lead, groups of tracks may often be seen diverging 
from a point in tins obstacle; frequently a single cosmic-ray track 
coming from above seems to end at the initial point of a group of tracks. 
(Cy. Fig. 231.) 
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Such groups of tracks are believed to be made by showers of 
(negative) electrons and positrons created as the result of the impact 
of a high-speed particle or photon upon matter. From a statistical 
study of the curvature of the tracks it is inferred that positive and 
negative particles occur about equally often, and vith energies ranging 
from 1 Mev up to 500 Mev, 5 to 20 Mev being the most common 
energy. The distribution curve obtained by Anderson and Nedder- 
meyer is shown in Fig. 230.^ 

Interesting statistical data on the occurrence of showers of various 
sizes were also obtained by Anderson and Nedderme^^er.- They 
used a counter-controlled cloud chamber divided midwaj^ by a hori- 
zontal lead plate 3.5 mm. thick, placed in a horizontal magnetic 
field of 7,900 oersteds and viewed horizontally. At Pasadena, near 



in a cloud chamber. {Anderso7i and N eddermeyer .) 


sea level, out of 2,684 photographs of cosmic-ray tracks, 383 or 14 
percent showed showers of two or more particles. On Pikes Peak 
(elevation, 4,300 meters above sea level), out of 1,775 photographs, 
752 or 42 percent showed showers. Two-paiiicle showers were the 
commonest; but in both places the next commonest size was a shower 
of 6 to 10 particles. One photograph obtained on Pikes Peak showed 
more than 300 tracks of electrons and positrons, their total energy 
being estimated to exceed 15,000 Mev; four others showed showers 
of at least 100 particles. Often it was evident that the number of 
particles in a shower increased as the shower passed downward through 
the lead sheet. Three of their photographs are reproduced in Fig. 231. 

The increased frequency of showers at higher elevations is an impor- 

^ ^^International Gonference on Physics,^’ p. 174, University Press (Joliii 
& Son, Inc.), Cambridge, Mass., 1935. 

2 Akderson and Neddermbyee, Phys. Rev.^ voL 50, p. 263 (1936). 
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Fig. 231. — Reproduction of three stereoscopic cloud-chamber photographs showing 
showers, two of them exhibiting multiplication in a lead plate. [Photographs kindly 
lent by Professor C. P. Ander'son. See Anderson and Neddermeyer^ Phys, Rev,, voL 50, 
p. 263 (1936).] 
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.nnt feature of these observations. An increase in the frequency of 
f tracks would be expected, since the cosmic-ray ionization itseL 
^Ircases mth altitude; but the showers increase much faster than 
The sinqle particles, especially the larger ones. Frequencies ot occur- 
.PP were^calculated by dividing the number of photographs shouin^ 
Sowers by the time taken to obtain them, exclusive of the ^o-secmd 
tprvals required after each expansion to reset the cloud chamber. 
The rate was thus found to be 34 photogi'aphs showing tracks per hour 
pSadem and 120 per hour on Pikes Peak. The ratio of the number 
Tf nhoto^vraphs per hour showing n tracks on Pikes Peak to the ^i- 
respinding number at Pasadena, for various values of n, was calculated 

to be as follows: 


1 ! 

2 

3 

4 j 

5 

1 6-10 

11-20 

2.7 

1 7.5 

6.9 

17 

24 ' 

18 

33 


21-100 

24 


Ths increase in the frequency of large showers at the higher elevation 

“TheltoSScs of showers as observed depend greatly, however, 
*bf;™rimLtal arrangement. Hasen, using the apparatus 
tectibed in Sec. 238(<i) at an altitude of 10,000 feet, studied *owws 

rir^tr^ew'orr'Sowef 

showers of more than 21 particles or showers of total eneigj exceedi g 

1,000 Mev were relatively rare^ the Germam physicist Hoffmann, 

chaniber, noticed th^ocjrow „re not 

increasing size. Apparently no ^ • „+;rvvn pPamKpr 36 cm in diameter 

• rin n K,u,.a+ While using an ionization chamoer <su cm. m 

7ed'4r:tn^ -iph— 

hi^rr^riO^Sthioh .4 ascribed to about 10,000 

: r-iSi SrfS "o. P. m 
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cosmic-ray particles having a total energy of some 10^^ ev; and they 
say that even larger bursts occurred.^ 

No further details concerning observations on bursts will be given 
here, however, chiefly because it seems to be well established that 
most bursts are caused by the same showers of particles that are 
observed in cloud chambers. This conclusion has been supported by 
observations in which a cloud chamber and an ionization chamber 
were placed one above the other and coincidences between showers in 
the former and bmsts in the latter wei^e studied. Burst observations 
thus constitute an alternative method of studying showers.^ A few 
bursts, however, are the result of nuclear disintegrations caused by 
the cosmic rays, 

(c) Observations on the Production of Showers , — Still a third method 
of observing showers of charged particles is by means 
of three or more coincidence counters not placed in a 
row (if placed in line, they count both showers and 
single particles).^ In 1933, Rossi used the arrangement 
shown in Fig. 232. A coincident discharge of the three 
counters can only be caused by a shower which contains 
at least two particles, including the incident one (or, 
very rarely, by two independent particles passing 
through the apparatus almost simultaneously). 

With the apparatus unshielded, Rossi observed 6.75 
triple coincidences per hour. The number of chance 
coincidences, calculated from the rates of the counters 
when counting separately, he estimated at 3 per hour. 
A lead plate 1 cm. thick, placed above the upper 
counter at A, increased the coincidences to 14.1 per 
hour. This increase is ascribed to the production of 
showers in the lead plate. 

The number of showers as a function of the thickness of the shower- 
producing matter was studied, using a similar arrangement, by varying 
the thickness of the block A . When the counting rate vdth the block A 
removed was subtracted as a correction, the number of the remaining 
coincidences, plotted against the thickness of the lead block A as 
abscissa, gave a curve like the left-hand third of the lower one shown in 
Fig. 233. Many similar observations have been made subsequently 
by others, the curve being thereby extended to greater thicknesses. 

^ ScHEiN and Gill, Be?;. Modem P%s., vol. 11, p. 267 (1939). 

^ For a summary of burst observations see Froman and Stearns, Rev, Modern 
Phys., vol. 10, p. 133 (1938). 

® Rossi, ^ef^s. /. vol. 82, p. 151 (1933). 



Fig. 232.— 
Sketch of three 
noncollinear 
counters for 
detection of 
showers gener- 
ated in A. 
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The figure shows the data obtained by several observers. A consider- 
able discrepancy is to be noted for the greater thicknesses. 

The maximum in the number of showers under lead occurs at a 
thickness of about 1.3 cm. or at 14 grams per cm.-; this maximum is 
further discussed in Sec. 238(c). Some observers, but not all, report a 
second slight maximum at 15 to 20 cm,^ Similar results have been 
obtained using iron or aluminum. Such curves, or similar ones in 
which the integrated total number of showers is plotted, are called 
(Rossi) ^ transition curves. 

It seems clear that the showers observed in this way have their 
origin, at least partly, in the lead. That their number should increase 



Fig. 233. — Relative numbers of showers observed under various thicknesses of lead. 

at first with increasing thickness of lead is understandable. The 
subsequent decrease in their number, however, as the thickness is 
increased further, can only be due to absorption of the primary shower- 
producing agency. For an increase in the thickness is equivalent to 
the addition of a fresh layer of lead on top. This added layer will (1) 
itself give rise to shower particles, some of which may penetrate the 
lower layers of lead, and (2) absorb some of the shower-producing 
particles, so that fewer showers mil be generated in the underlying lead. 
If the lead already in place is thick enough so that few of the shower 
particles produced in the added layer can get through it, the absorption 

fi-Cf, Broussard ' and Graves, Phys. Rev.^vol. 60, -'p. 413 (1941) ; Hereson, 
Eey., voL 61, p. 111 (1942). 
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effect will predominate; the number of showers observed below the 
lead will then be decreased when more lead is added. 

The initial rapid decrease of the showers up to 10 cm. of lead, 
followed by a very slow continued decrease, must mean, then, that the 
shower-producing agency, \vhether it be pai-ticles or photons, consists 
roughly of two parts, a more highly absorbable or ^^soft” component 
and a very penetrating or ^^hard'’ component. The rate of the 
continued slow decrease, corresponding to 

Ai/p == 0.6 X 

agrees with the value ix/p = 0.55 X 10“^ found by Rossi for the 
absorption in lead of cosmic-ray particles filtered 
through 25 cm. of lead, which would certainly repre- 
sent the penetrating component. The more absorba- 
ble rays which, in the absorption measurements, 
were removed by 10 to 20 cm. of lead would then 
represent the soft component. 

In order to explain the occurrence of a maximum 
in the transition curve at less than 2 cm. of lead, we 
must suppose that the sho'wer particles themselves are 
easily absorbed. This hypothesis can be tested di- 
rectly by measuring the penetrating power of the shower 
particles. This is easily done by placing an absorbing 
screen above the lowest of the three counters {e.g., at 
B in Fig. 234). It is found that most of the shower 
particles are absorbed by a few centimeters of 
lead. 

In view of these results, it is a reasonable hypothesis, no^v generally 
held, that the soft component of the primary cosmic rays consists of 
shower particles that have been produced, directl}^ or indirectly, by 
the penetrating component in the overlying atmosphere or in other 
material bodies. ^ The nature of the hard component then remains to 
be determined. The mode of initiation and growth of showers in 
matter thus becomes a theoretical problem of great importance. We 
shall devote the next section to a discussion of this problem. 

238. Theory of the Shower Phenomenon, (a) The Shower Process. 
Until 1934, the origin of showers of cosmic-ray particles wms generally 
held to be a mystery. The materials for a theoretical understanding 
of them had already been accumulated, however, and during the next 
3 years an apparently satisfactory theory for the common type of 
shower was developed. ; ^ ^ ^ 

Morgan and Nibhstsn, voi. 51, p. 689 (1937). 



Fig. 234 .— 
Arrangement for 
measuring the 
absorbability of 
shower particles. 
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Several physicists, noting that shower tracks usually do not all 
diverge from a common point, suggested that they may originate in 
cascade fashiond In 1935, Auger pointed to the production of elec- 
tron-positron pairs by photons, which vras described in Sec. 212, as a 
possible step in the process. These ideas led to the following picture 
of the life history of a shower. A high-energy photon becomes con- 
verted, in the field of a nucleus, into an electron and a positron [cf. Fig. 
235(a)]. These particles constitute a shower of two rays; or, if the 
photon itself had been generated by a high-speed particle, we liawa 
at this stage a shower of three rays. The particles, accelerated in the 
fields of other nuclei, then radiate part of their energy in the form of 
fresh photons, this process constituting the extension 
to high energies of the process by v'hicli the con- 
tinuous X-ray spectrum is produced [Fig. 235(6)]. 

These photons in turn disappear in giving rise to 
additional pairs of electrons and positrons; these 
produce fresh photons; and so on. At such high 
energies, it can be shown that the particles and 
photons should usually move almost in the same 
direction as the ray by ^vhich they are produced, so 
that the whole group of particles and photons will 
move on in close array. 

The number of photons and particles in the show'er 
may continue to increase for some distance. Even- 
tually, however, the energy of a particle becomes so 
low" that it loses more energy in the production of 
ions than in the production of photons; its remain- 
ing energy is then rapidly frittered aw"ay and the 
particle comes to rest. Similarly, the photons come 
finally to lose energy principally by the ejection of 
Compton electrons from the atoms, and soon after that they become 
too weak to produce pairs. Because of these factors, the number of 
rays (particles and photons) in a showier increases to a maximum and 
then decreases again. In the end the positrons that have been 
produced all combine with atomic electrons, and the total number of 
charged particles in the w"orld is thereby restored to its initial value. 
The entire history of the shower occupies, of course, only a minute 
fraction of a second, since the particles are moving almost with the 
speed of light. 

To develop this ..hypothesis concerning the growth and ..decay of 
showers in quantitative form, it is necessary to know" the probabilities 

^ C/. Montgombet, voL 4,.5,'p. '62..-(I934.) 



Fig. 2 . 35 ."-- 
Diagrams illus- 
trating the proc- 
esses by which 
showers are built 
up. 
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for the various elementary processes that are involved. We shall con- 
sider these in turn. 

(6) The Laws of Pair Production by Photons . — The theory of the 
conversion of photons into pairs is given in Heitler’s book on radiation.^ 
The probability for the occurrence of such a conversion can con- 
veniently be stated in terms of a cross section <Tp for pair production. 
If a uniformly distributed beam of photons, each of energj^ hv^ passes 
through matter containing n nuclei per cm.®, as many photons will be 
converted into pairs per centimeter of matter traversed as cross an 
area na^ perpendicular to the beam. Or, the mean distance L that 



Fig. 236. — Approximate plot of the theoretical cross sections for the action of high- 
energy photons upon atoms of lead, aluminuni, or air: is the cross section cTp for 

absorption of the photon with production of an electron-positron pair divided by the 
atomic|number Z of the atom {Z = 7.26 for air) ; ctc is the mean cross section for the 
Compton ejection of each electron from any atom (the cross section for the entire atom 
being Zac ) ; a^hlZ is the cross section for photoelectric absorption of the photon divided 
by Z (shown for lead only, inappreciable in aluminum or air for hv 1 Mev). The 
photon energy hv is plotted logarithmically. {From data in Heitler, ''Quantum Theory 
of Radiation 1936.) 

a photon goes before being converted into a pair is L = l/{n<rp). 
Theory indicates that crp should vary rapidly with the atomic number Z 
of the nuclei, in fact almost as especially below hv = 25 Mev. The 
theoretical values of o-p for three materials, divided by Z, are shown in 
Fig. 236. For comparison, the cross section per electron for Compton 
scattering, <Tc, is also shown (nZa*c being, therefore, the number of 
Compton electrons produced per photon per centimeter of path), 
and also the cross section o-pk iov photoelectric absorption of a photon 
in lead, in which photoelectric absorption is still appreciable up to 5 


i Heitler, W., '‘Quantum Theory of Badiation,’' 1936; 2d ed., 1945. 


Sec. 238] THEORY OF THE SHOWER PHENOMENON 701 

Mev. Som,e values of L, the mean distance for pair production^ in 
centimeters are as follows: 


Energy fip. Mev 

In standard air 

In AI 

In Pb 

25 

9.8 X 10^ 

27.4 

1.25 

100 

5.9 X 10*^ 

17.0 

.80 

1,000 

4.5 X 10‘* 

13.2 

.70 


When a photon turns into a pair, part of its energy becomes the 
proper energ}^ of the electron and the positron that are created; this 
part amounts to 2mc^ or 1.02 Mev. The remainder takes the form of 
kinetic energy. The latter may be divided in any ratio between the 
electron and the positron; and the probability for either particle to 
receive a given fraction of the available kinetic energy is, very roughl}^, 
the same for all fractions. 

(c) The Loss of Eyiergij by Charged Pariicles. — A charged particle 
passing through matter ma}^ lose energy by any one of the following 
processes (at least) : 

(a) ionization and excitation of atoms; 

(/ 3 ) emission of radiation due to acceleration in the atomic fields; 

( 7 ) collision with nuclei resulting in nuclear transmutations. 

In the case of particles of very high energy, ( 7 ) is kno wn to occur but 
is rare. The principal causes of energy loss are therefore {a) and (/3). 

The loss due to ionization and excitation can be calculated from the 
observed ionization, provided we know the mean loss of energy per 
ion produced. Experiments -with jd-rays indicate that in air the mean 
loss is about 32 electron-volts per ion pair, not varying much with the 
speed of the electron. The observed minimum value of the prob- 
able” ionization, 50 ion pairs per cm., thus implies an energy loss of at 
least 50 X 32 = 1,600 ev per cm. of path in standard air. 

Theoretical formulas for the energy loss have been developed and 
appear to be in agreement with such experimental data as exist. Some 
curves plotted from the theoretical formulas are shown in Fig. 237, 
as is explained further below, or under the figure. The theoretical 
minimum loss due to ionization and excitation by electrons is about 
11 Mev per cm. in lead, or 2,100 ev per cm. in standard air, at an 
electron energy of about 10 ® ev; of the minimum loss in air, about 
1,680 ev per cm. corresponds to probable ionization. The curves 
for heavier singly charged particles, such as protons, are nearly the 
same but with all energies increased in the ratio of the mass. Thus 
the minimum loss for a proton should occur at an energy of about 
1,800 Mev. 
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The energy lost in radiation^ owing to acceleration of the charged 
particle in the fields of the nuclei (partly screened by the atomic 
electrons) j has been studied in a number of theoretical papers, cul- 



Fiq. 237.“Some curves showing the approximate energy loss by charged particles 
passing through matter, as calculated from wave mechanics. Abscissa: kinetic energy 
E of the particle on a logarithmic scale. Ordinate: expectation {—dE/dx) of loss of 
energy by a particle per cm. (iV particles all of energy E lose N{-~dE/dx)dx units of 
energy in going a distance dx). Curve ePh — ecPb: loss due to ionization and excitation 
of atoms by an electron in lead. ePh — etPh: total loss when the direct emission of 
radiation (due to acceleration of the incident electron) is included, the difference in 
ordinates between this curve and the preceding representing the loss due to radiation 
alone. Curve ep — ep: “probable” loss in standard air by an electron due to ionization 
and excitation, omitting single collisions in which more than 10^ ev is lost, e — ec, the 
same loss when all collisions are included, the fastest electron that leaves the scene of an 
ionizing collision being regarded as the incident one. e — et, loss by the same electron 
when the direct emission of radiation is included. Curves ml 60 and p: total loss in 
standard air by a meson 160 times as heavy as an electron, and by a proton, respec- 
tively, the radiation loss being negligible. Broken parts of curves are less certain.* 

* For mesons and protons, and for the probable” loss by an electron, Bloch’s 
formula {ZeiiB.f^ PhysikyYol, 81, p. 363 (1933)] was used, as modified by Babha for 
particles of spin 34 [Roy, Soc.yProc., vol. 164, p. 257 (1938)], wz.; 

i’-dE/dx) = {2re^NZ/p^^) {log 

where e — electronic charge, N — number of nuclei per unit volume and Z is their 
atomic number {Z ~ 7.26 for air), /x = — rest energy of an electron, ^ — ratio 

of velocity of the incident particle to that of light, I = 13 ev, IF “ maximum 
allowed loss in a collision fW' = 10^ ev for the “probable” loss, otherwise 
W == 2p.(2M E)E /[(M At 4- 2 imE] where M is the rest energy and E the 
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miiiating in the treatment given by Bethe and Heitler in, 1934.^' 
The radiant energy emitted per centimeter by a particle of mass M, 
carrying a charge ze {e = electronic charge), moving with ki.netic 
energy E through material composed of atoms of atomic number is 
found to be represented by an expression of the type 




(349) 


where / denotes a function that is the same for all particles and mate- 
rials. At high energies, / tends to become constant; the rate of emis- 
sion of radiant energy is then nearly proportional to the energy of the 
particle. The loss of energy by radiation decreases rapidly with 
increase in the mass M of the particle; hence, it is usually important 
only in the case of electrons. Because of the factor the rate of 
loss by radiation is much larger in matter composed of hea\o^ atoms, 
such as lead, than in matter composed of light atoms. 

For our purpose it will be convenient to express the rate of loss of 
energy in terms of an equivalent mean free path for radiation 
This is a distance such that, if the loss by radiation were to remain 
constant, the particle would lose all of its kinetic energy in going a 
distance or, in going a distance dx at initial energy the expectation 
of loss of energy by emission of radiation is E dx/l. According to 
Eq. (349), we can write 


t p 


(i) 


(350) 


where F = 1//. 

An individual particle will not radiate all of its Idnetic energy in the 
distance of course, because, as the energy decreases, the rate of 
emission decreases. Furthermore, the radiation is actually emitted in 
quanta or photons; the statements just made have reference to the 

kinetic energy of the incident particle}. For electron collisions with all losses 
included, Miller's expression [Ann, d. Physikj voL 14, p. 531 (1932)] was integrated 
up .to, IF ,=» .^/ 2 , giving 

(-dE/dx) « (27r6W^/ju/32) (log W(1 - + 1 - F 

[2 - 41 , ~ 1 / 7 )^] log 2, + (1 - l/yWS\r 


Y =: (1 — 0.1 Mev, however, the curve in .Fig. 237 T.vas' merely ' 

continued so as to join the probable4oss curve at 10^ ev. per cm. 

r Bethe and Heitmee, Roy, Boc, Proc,, voi. 146, p. 83 (1934), C/. also 
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mean expectation of the emission of photons, not to a continuous 
emission of radiation as in classical theory. A photon may contain 
any fraction, from 0 to almost 1, of the Idnetic energy possessed by 
the particle before emission of the photon. According to the theory, 
slightly more energy is radiated, on the average, in the form of photons 
containing less than half of the kinetic energy than in photons each 
containing more than half. If we count the photons emitted by a 
group of particles, however, we shall find more of the small ones than 
of the large ones; the mean number of photons per unit of energy varies 
a little faster than the reciprocal of hv. 

In Fig. 237, the energy lost per cm. of path, according to the 
theoretical formulas, is plotted against the logarithm of the energy AJ 
of the particle. If y is the ordinate of the curve, the expectation of 
loss of energy by a particle moving mth energy E in going a distance 
dx is ydx; or N such particles lose as a group Nydx units of energy. 
As explained under the figure, some of the curves refer to the total loss 
including the loss due to radiation, others to the loss due to ionization 
and excitation of atoms alone; and, for electrons in air, a curve is 
shown for the loss of ionization and excitation when those collisions 
are omitted in which the electron loses more than 10^ ev in a single 
collision, the loss so defined corresponding to the probable^' ionization 
as defined in Sec. 236(6). Curves are shown for electrons in lead, and, 
in standard air, for electrons, for protons, and for mesons (Secs. 239 
and 240) 160 times as heavy as an electron, the radiative energy loss 
for the latter two kinds of particle being negligible over the range of 
energies considered. 

The curves illustrate strikingly the fact that the radiation loss 
predominates over ail other losses at high energies of the moving 
particle (for electrons, above 100 Mev in air or 10 Mev in lead). It 
may be added that, at energies exceeding the limits for the curves 
shown, an electron whose kinetic energy is jS?' X 10® ev radiates on the 
average about 30 E ev per cm. in standard air, or 1.95 E X 10® ev per 
cm. in lead. 

By integrating the area under the curve that gives the total energy 
loss, we can find the range of an electron in a given material as a 
function of its initial kinetic energy, or the total distance that it will 
travel before coming to rest. Heitler^ gives the following values of 
the range in centimeters for an electron moving through standard air 
or through lead, the initial kinetic energy E being expressed in terms 
of mc^, the electronic rest energy, as a unit (mc^ = 0.511 Mev): 


1 Heitler, loc. dt 
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0.1 

1 

10 

100 

1,000 me 2 

4.4 

■ ■ ' ■■ 

160 

20 X 102 

17 X 10^ 

63 X 102 

9 X lO-'i 

3.7 X 10-2 

0.30 1 

1.25 1 

2.5 


(d) The Growth and Decay of Showers , — The application of the 
theoretical results just described to the growth and decay of showers is 
complicated by the great straggling of the elementary processes. 
A photon may travel a relatively short distance or a long distance 
before turning into a pair; and charged particles may generate photons 
early or late in their career. Furthermorej the energy of individual 
particles or photons may vary over a vide range. For this reason/ to 
follow the course of a shower mathematically presents a difficult 
problem which has been solved only roughly. ^ We can cite only the 
results of the approximate analysis. Before doing this, however, it 
may be instructive to describe a simplified model of the shower process 
which succeeds in predicting correctly many of its principal features. 

For this purpose, let us assemble rough values of a few of the quanti- 
ties that are important in shower production, as follows: 



Standard air 

A1 

Pb 

Z/(for hv == 1,000 Mev) 

4.5 X 10'^ 

13 

0.7 cm. 

^ (for radiation) 

3.3 X W 

10 

0 . 5 cm. 

Pi (ionization ~ radiation) 

120 

65 

9 Mev 

R^ 

280 X 102 

25 

8 

0.5 cm. 

Ecp 

16 

5 Mev 



Here L is the mean free path for pair production by photons, and § is 
the corresponding quantity for the emission of radiation by an electron 
or positron, as just defined. Ei is the critical kinetic energjpof an 
electron or positron at which its mean loss of energy due to inelastic 
collisions (ionization and excitation) equals that due to the emission of 
radiation; and Ri is the approximate range of such a particle in the 
material in question, or the distance it will go before stopping if it 
starts with energy Ei, Ecp is the photon energy at wiiich the prob- 
ability of loss of energy from the photon by production of a Compton 
electron equals the probability of loss due to pair production. 

^ Caelson and Oppenheimee, Phys, Rev,, vol. 51, p. 220 (1937); Bhabha and 
MmiThER, Roy, Soc.jProc., vol. 159, p. 1 (1937); Snydee, Phys, Rev., voL 53, p. 960 
(1938); 'Bhabha and CKAKnABAnTYy Indian Acad, Sci,, Pw.,; vol. , A, 15,; p.. 464 
(1942); Proc. vol. A181, p. 267 (1943). 
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To develop a simplified theory, let us now assume, arbitrarily, 
that each charged particle produced as one member of a pair goes a 
distance ? and then emits all of its kinetic energy in 1 or more photons. 
Since the average frequency at which radiation is actually emitted, 
as stated above, is about v/2, where hv = E, the kinetic energy of the 
particle, we might expect about 2 photons from each particle. The 
number of photons increases rapidly, however, as the frequency is 
decreased; a given amount of energy at a frequency r/4, e,g., would 
make 4 photons, as against at frequency 3r/4. A better estimate 
of the number, therefore, should be 3 photons per particle. Each 
photon, "we will assume, goes a distance exactly equal to L and then 
turns into two particles, whose energies we suppose to be equal, as 
they actually are on the average. The net result, on this simplified 
picture, will then be that in a distance J + L one particle is replaced 
3X2 = 6 particles. This is equivalent to an average rate of multi- 
plication in proportion to where x is the distance covered from the 
beginning of the shower and = 6; since, as appears from the 

data given above, L = 1.4 | roughly, this makes = 6 and 

_ log 6 _ 1 

~ 2 . 4 ^ “ 1.34 

In an actual shower, of course, photons and particles will coexist. 
But photons are produced more rapidly than particles, and small 
photons are produced especially rapidly; hence, we might expect to 
find about tmce as many photons as particles in a shower. 

To allow roughly for the effects of ionization, an attractive hypothe- 
sis is the simple assumption that the shower stops when the kinetic 
energy of each particle equals Eij the value at which losses by ioniza- 
tion become equal to losses by radiation. Assuming that particles 
and photons have equal energies, we should thus obtain for the maxi- 
mum number of particles in a shower (H)(^o/^i), Eq being the initial 
total energy. The distance covered up to this point wmuld be xi, 
where 

Ei 

or xi = 1.34 flog (Eo/Ei), Eo/Ei representing the total niimber of 
particles and photons. Actually, however, ionization losses interfere 
continuall}^ with the growdh of the shower from the start, so that its 
maximum size should be reached somewhat before it has traveled a 
distance xi, A further feature tending to decrease the number of 
particles is that, in the production of each pair, energy equal to 2mc" 
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or about 1 Mev is lost in the rest energy of the pair particles. On 
the other hand^ because of straggling (in time) in the elementary 
processeSj many particles will travel beyond the point Xi, We may 
tiy to make a first correction for straggling b}" assuming that at the 
point xi only half of the particles have sunk below Ei in energy and 
have been stopped. W e are thus led to put down as rough estimates of 
the maximum number of charged particles in the shower and of the 
distance Xm from the starting-point at which the maximum number 
occurs the simple expressions 

Nm = Xm = Slog^- (351a;6) 


The corresponding values derived from the mathematical analysis, 
according to Serber/ are well represented, for Eo/Ei > 20, by the 
equations 


Nn. = 0.4 


Eo 

¥i 


1 -f' 1 


.8(losf-l) 




X352) 





0.8 log J + 0,5 

. Eo 7~ 
~ 1 


(353) 


A few values of Nm and Xm calculated from these equations, for selected 
values of the ratio Eo/Eij are: 


Eo/Et 

25 

50 

100 

250 

500 I 

1,000 

Log (EQ/Ei) 

3.22 

3.91 

4.61 

5.52 

I 6.21 1 

6.91 



4.7 

8.4 

15 

35 

65 

124 



1 1.8 

2.7 

1 3.4 

4.4 

5.2 

5.9 


These values are of the same order of magnitude as the rough estimates 
given by the easily remembered Eqs. (351a, 6). 

Additional features more or less predicted by our simplified theory 
and confirmed by the more exact analysis are the following: 

1. The general course of the shower is the same whether it is 
started by a particle or by a photon. 

2. Showers occurring in different materials differ chiefly in the 
spatial scale of the phenomenon. A shower attains its maximum 
number of particles, in lead, after traveling from 1 to 3 cm., depending 
on the energy of the initiating ray, in iron after traveling four times 
as great a distance, and in standard air after % to 2 kilometers. The 


^ Sebbek, Rev.^ vol, 54 , p. 317 (193$). 
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whole range of the shower will be several times as great as the distance 
to the maximum number of particles. 

3. The number of photons in a shower should be nearly double the 
number of particles. 

4. The maximum number of particles should increase linearly vith 
Eo (actually a little more slowly) ; and it may attain any magnitude 
if the initial energy is sufficiently large. 

5. The density of the shower at a given level should be greatest 
in the center and should decrease rapidly toward the sides. This 
feature results from the crisscrossing of the slightly diverging paths, 
which produces a distribution somewhat analogous to that of gaseous 
molecules diffusing from a common initial position. 

One other interesting feature, predicted by the more exact theory 
and caused in large part by the relatively rapid production of small 
photons, is: 

6. The particles composing the shower soon come to be distributed 
in energ}^ roughly in proportion to 

(e) Experimental Test of Shower Theory . — The predictions of the 
theory of cascade showers are probably in as good agreement with 
observation as can be expected in view of the many approximations 
that are necessary in order to make the calculations tractable. 

The cascade process in lead can be studied by introducing into a 
cloud chamber parallel sheets of lead separated by a few centimeters. 
The gas between the plates has so little effect upon the shower particles 
that the cascade process proceeds as it would in a solid mass of lead; 
the only difference is that the shoAver is drawn out lengthwise and its 
lateral spread is increased, Avhile at intervals the shower particles are 
revealed to vieAV in gas-filled gaps. 

Observations of the sort just described were made by Hazen,^ using 
eight plates, and by Nassar and Hazen,^ using 4 lead plates 0.7 cm. 
thick separated by spaces 5.3 cm. wide. The cloud chamber used by 
Nassar and Hazen was 30 cm. in diameter and 45 cm. deep, and was 
placed in a magnetic field of 1,100 gauss in order to measure the 
energies of the particles. The chamber was controlled by a three- 
counter telescope above it (Sec. 235). From the observations it Avas 
possible to test three features of the shower process, as f oIIoavs : 

1. The number of charged particles present at various distances 
along the path of the shoAver was studied in 17 shoAvers, each of about 
230 Mev total energy, as estimated from the total energy of all par- 
ticles. Fair agreement was found with the theoretical curve, 

^ Hazen, PAys. vol. 66, p. 254 (1944). 

2 Nassab and Hazen, PA^/s. Pet?., vol. 69, p. 298 (1946). 
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2. The ratio of the maximum number- of particles Nm to the 
total number produced in the shower, and also the total number 
of particles in the shower, as observed, somewhat exceeded the theo- 
retical predictions. 

3. The distribution of energ}^ among the particles when their iiimi- 
ber is at a maximum was studied in 17 showers containing 6 to 20 
particles at maximum and representing total energies of 200 to 1,000 
Mev. Good agreement with the theory was found when particles of 
less energy than 5 Mev were excluded, for which the approximations 
made in the theoretical calculations are particularly poor. 

Large fluctuations occur in all features from one shower to the next; 
and the error in even the latest theoretical calculations was estimated 
at 20 to 30 percent. It was concluded, therefore, that the basic 
assumptions of the cascade theory are probably correct. 

(/) Final Remarks Goncerning Showers , — It may be mentioned that 
the maximum of the air-lead transition curve that was described in 
Sec. 237(c) occurs in the lead about 0.3 cm. later for a photon-induced 
shower than for one induced by an electron. Its position varies 
greatly, also, with the size of the shower, from about 0.9 cm. for small 
showers to 1.7 cm. for large ones.^ Electron-induced showers can be 
distinguished through the presence at their head of a single electron 
track, whereas a photon-induced shower begins necessarily with two 
tracks. 

Occasionally a charged particle appears to eject an atomic electron 
from an atom with very high energy; thus one particle may be seen 
to enter a plate of material and two to leave it. In such cases it may 
be impossible to tell whether the emergent pair of particles arose in the 
manner described or represents a true shower of two particles, the 
incident particle having stopped in the plate after emitting a high- 
energy photon. 

Our discussion has been limited to showers of the ordinary type, 
in which all tracks are well collimated or not too far from parallel 
(an average semiangle of divergence of 10 to 15°). Occasionally 
showers are observed in the cloud chamber in which the tracks do not 
seem to be collimated at all, and are unusually heavy. Such showers 
will be discussed in the next section under the heading Stars.” 

239. Neutronsj Protons, and Stars. — (a) Free neutrons have been 
detected in the atmosphere by various investigators.^ They may be 
detected with a counter filled with BFs (Sec. 216); the walls of the 

^Neebson, P%s. to., voi. 61, p. Ill (1942). 

■ 2 'C/., .Korpf, Rev. Modern Phys., voL 11, p. 211 (1939); Bethe, Korff, and 
PijACzbk, Phys. Rev., yoL B7, p, 57B (194:0), 
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counter may be made rather thick in order to exclude all slow electrons. 
In later investigations a sleeve of boron carbide was used, which could 
be slipped over the counter, in order to absorb neutrons entering from 
the outside; the difference in the counting rates with and without the 
sleeve is taken as a measure of the neutron intensity, the residual counts 
due to other causes being thus eliminated. 

In the observations of Korff and Hamermesh^ the counter was sent 
aloft carried by balloons. The sleeve was automatically slipped into 
place or removed at intervals of 2 min., the counts being trans- 
mitted to the observer on the ground by means of short-wave radio^; 
and the observations were interrupted occasionally while the tem- 
perature and pressure of the air w^ere transmitted to the ground. The 
counter was 100 cm. long and 4,9 cm. in diameter, and was operated 
at 2,000 volts; it was insensitive to single fast electrons or mesons, but 
would respond to protons or the cores of dense showers. The sur- 
rounding sleeve of boron carbide was 6 mm. thick. 

Using a tube containing boron, whose cross section for neutron 
absorption varies as 1/y up to neutron energies of hundreds of volts, the 
counting rate will be proportional to the density of the neutrons in 
the surrounding space, independently of their velocity v\ faster neu- 
trons traverse the counter more frequently than slower ones having 
the same spatial density, but they have a proportionately smaller 
chance of being captured and detected. Ptelying upon this fact, 
Korff and Hamermesh conclude from their observations that at an 
altitude where the air pressure is equivalent to 2 meters of water there 
is present 1 neutron in about 20 cubic meters of air. The neutrons 
must be continually undergoing capture by the nitrogen of the air; 
from the known cross section for this process they estimate that, ai 
the altitude in question, in order to maintain the observed density . 
about 1 neutron per second must be set free somehow in each 6 cubic 
meters of air. As the altitude decreases, both the neutron densit 3 ' 
and their rate of production decrease, being less than half the values 
cited at an altitude of 10,000 feet. At sea level there is present 
about 1 neutron per 200 cubic meters, 

(5) Protons moving at high energy are believed to constitute a 
very small fraction, perhaps a few percent at high altitudes, of the 
penetrating rays in the atmosphere. Korff believed that he detected 
them hy means of counters carried aloft by balloons, the counts being 
transmitted to ground as usual by radio.® For this observation the 

^ Korff and Hamermesh, Phys. Rev.j vol, 69, p. 155 (1946). 

^ Cf. Pickering, Rev. Sci. Instruments, vol. 14, p. 171 (1943). 

2 Korff, Phys. Rev., vol. 59, p. 949 (1941). 
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counters contained the usual argon-alcohol filling and were adjusted 
so as, to be insensitiA^e to single electrons or to y-mjE, but so as to 
respond to protons having an energy between 0.05 and 5 Mev. Esti- 
mates AA^ere made of the rate of production of such protons in the 
atmosphere by alloAAdng for the rate at which they are slowed down 
and rendered inactive by the air. The rate of production as inferred 
in this manner Avas about 15 protons per second per cubic meter of 
air, at an altitude Avhere the pressure is equhmlent to 2 meters of AA-ater, 
or 4 per second per cubic meter at an altitude of 10,000 ft. 

Powell, on 22,4.00 cloud-chamber photographs taken at an altitude 
of 10,000 ft., identified as protons about 4 percent of the rays that 
AA^ere obseiwed to penetrate at least 1 cm. of lead.^ He suggests 
that many of the protons as observed may be recoil protons generated 
in hydrogen-containing material near by, perhaps eA^en in the body 
of an obseiwer! 

(c) Stars ,^ — A cloud-chamber photograph occasionally shows two 
or more heavy tracks, often short, diA^erging AAudety from a x^oint lying 
either AAithin the cloud chamber or outside of it. These appearances 
have been called ^^stars.’^ 

Analogous stars, much smaller in size, are found in photogTaphio 
plates that have stood for some time AAdthoiit exposure to light and are 
then developed in the usual AA’-ay. Stars were studied by Shapiro in a 
plate Avith emulsion 43^ thick, left for 239 days on Mt. Evans at an 
altitude of 4,300 meters. The indhddual star tracks AA^ere 10-50/i 
long, consisting of developed grains spaced 3 or 4 ja apart. Identifi- 
cation was attempted by comparing the tracks AAdth those made by 
fast protons or those made by a particles generated in the laboratory. 
The emulsion aa^s not appreciably sensitive to fast electrons or to 
fast mesons. 

The number of particles in a gwen star ranges with rapidly decreas- 
ing frequency from. 2 to a maximum at least as high as 14. As regards 
their direction, the tracks have often been reported to be distributed 
at random, but Hazen found a preponderance of doAAmAA^ard directions.® 
As the altitude is increased, the number of particles per star increases 
only slightly, but the average energy of the particles increases rapidly. 
At 10,000 ft, individual energies of 10 or 20 Mev are common, and 
total star energies of the order of 50 Mev; but indiAddiial energies majr 

^ Powell, PA?/s. Bet?., vol. 69, p. 385 (1946), 

^ For eaiij^ references and discussion,-, see Shapieo, Phys. Rev.yYoh 61, p. 116 
(1941); Chadwick j VM-ay, Pickavance, .and- -Powell, Boy, Soc,, Proc,, a^oL' 183, p..l 
(1944). ■ ■ 

■ y3:HAZEN, Bev., voL 65, p. 67'a^^^^ ' 
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occasionally be as high as 100 Mev, and total star energies as high as 
900 Mev.^ 

The nature of the particles themselves is subject to some uncer- 
tainty. Most of them are believed to be protons, although some may 
be mesons; a particles also occur, apparently in about one-sixth of the 
stars studied by Shapiro. 

Stars are observed to occur much less frequently than do single 
cosmic-ray particles. At 10,000 ft., for example, Hazen found, in 
8,500 cloud-chamber photographs, 8,678 sharp tracks made by pene- 
trating particles and only 58 stars. The frequency of stars increases 
very rapidly with altitude, about in proportion to the number of large 
showers or bursts. Shdanow obtained in photographic plates 8 stars 
per square meter per hour at sea level, but 400 at an altitude of 5,000 
meters.^ 

Star particles are presumed to represent the products of nuclear 
disintegrations that are produced in some way by the cosmic rays. 
Presumably the disintegrations result also in the emission of neutrons, 
which of course are not observed either in cloud-chamber photographs 
or in photographic films. It is possible, in fact, that all the free 
neutrons found in the atmosphere owe their origin to nuclear disin- 
tegrations induced in some manner by the cosmic rays; and such disin- 
tegrations may also give rise, directly or indirectly, to some or all of 
the protons. 

240. Mesons. — After the discovery of the latitude effect on 
cosmic-ray ionization, the belief became general for a time that the 
primary cosmic rays consist, at least in large part, of (negative) elec- 
trons. It was also believed that the cosmic-ray tracks seen in cloud 
chambers are mostly made either by these primary electrons or by 
secondary electrons or positrons ejected by them from atoms. By 
the end of 1934, however, several difficulties with this hypothesis had 
emerged. 

Let us consider what energy an electron would have to have in 
order to penetrate the whole depth of the atmosphere. If we multiply 
an ionization loss of about 2,500 ev per cm. by the thickness of the 
atmosphere in terms of standard air, or 8 X 10® cm., we obtain 
2 X 10^ ev for the total loss. This is less than the energies with 
which most of the primary rays enter the atmosphere, as inferred from 
the latitude effect (up to 10^® ev or more — see Sec. 234). 

So far, therefore, the assumption that the primary cosmic rays are 
electrons meets with no difficulty. The picture is changed completely, 

^Ihid. 

^ Shdanow, Acad. Sci. U.S.S.R., yol. 4, p. 266 (1940). 
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however, when losses by radiation are included. The total loss 
becomes then, roughly, 2,500 + 3 X ev E denoting the 

energy of the electron; the second term represents the mean loss of 
energy due to radiation according to the Bethe-Heitler formula [Sec. 
238(c)]. Thus in a distance dx the mean loss is 

clE = -~(a + 6i7)dr, 

where a = 2,600, 6 = 3 X 10“"^; whence, upon integrating, 



E'o being the initial energy in ev at x = 0. Thus E becomes zero, 
and the electron stops moving, when 



or 

r = 3.3 X 10nog(l + 1.2 X IQ-^^Eo) cm. 

To make x — S X 10^'* cm., so that the particle can just reach the earth, 
we should have to have 

log(l + 1.2 X 10 -^ Eo) = II = 24, J5?o = 2.2 X 101*^ ev. 

If Eq were only 10^^ ev, which is already far above the upper limit of 
6 X 10^ at which a latitude effect is possible, the range in standard air 
would be only 2.4 km. Thus electrons or positrons with energy of 
ordinary cosmic-ray magnitude could not possibty get through the 
whole thickness of the atmosphere. 

Similar difficulties were revealed by laboratory experiments. As 
we have seen in Sec. 235, Rossi detected charged particles capable of 
passing through a meter of lead, which is equivalent, as regards 
theoretical energy loss, to more than the whole atmosphere. In 1934, 
Auger and Ehrenfest, using four counters and a cloud chamber in a 
vertical row, with 50 cm. of lead between the two pairs of counters, 
observed single tracks in the cloud chamber which were accompanied 
b}^ a simultaneous discharge of all four counters.^ They concluded 
that such tracks were made by particles capable of traversing 50 cm. 
of lead. Highly penetrating particles were also observed by Crussard 
and Leprince-Ringiiet.^ 

^ Augee and Ehrenfest, Comptes RenduSy voi. 199, p. 1609 (1934). 

^ Crussard and Leprince-Ringuet, j/de Physique et le Radiumyyol, 8, p. 213 
(1937). 
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The difficulty became accentuated when direct measurements were 
attempted of the loss of energy by an electron in passing through a 
layer of matter. Such measurements can easily be made in a cloud 
chamber placed in a magnetic field; it is only necessary to measure 
the difference in the curvatures of the tracks above and below the 
layer of matter, from which the change in eiierg}^ can be calculated 
[with a possible error of a few' percent in case the mass of the particle 
is uncertain — see Sec. 236(a)]. Extensive measurements of this sort 
ivere begun by Anderson in 1932, at Millikan^s suggestion, and w^ere 
continued by Anderson and Neddermeyer^ and others.- In such 
observations it 'was found ver^^ difficult to secure consistent results. 
In some cases, energy losses w^ere observed that agreed well with the 
Bethe-Heitler theory of radiation, wiiich had been brought out in 
1934. In other cases, especially for high-energy particles, the loss 
w^as certainly much less. 

For a few years, it w^as believed by some that all of the known facts 
taken together pointed tow^ard a breakdowm of the w'-ave-mechanical 
theory of radiation for electron energies above 10® electron-volts. 
The development of the theory of show-ers w^as probably delayed for a 
time by this erroneous conclusion, since it seemed to render hopeless 
any attempt to construct a theoiy on the basis of accepted principles. 

As the experimental wmrk progressed, how^ever, it gradually became 
clear that not all cosmic-ray particles are of the same nature. In 1935, 
Auger suggested that the more penetrating rays might be protons. 
In 1936, Anderson and Neddermeyer reported observations on the 
amount of energy lost by cosmic-ray particles in passing through a 
lead plate 3.5 mm. tliick placed across a cloud chamber. They found 
that the average loss by particles forming part of showers w^as in approxi- 
mate agreement with the theory,® although the individual variations 
were enormous (presumably due to straggling in the emission of 
photons) . For a further test, Neddei’mejmr and Anderson replaced the 
lead plate by one of platinum 1 cm. thick, equivalent to nearly 2 cm. of 
lead.^ It w^as found, on the one hand, that even shower particles of 
energy below 500 Mev could get through such a thick plate in small 
numbers, but they emerged with almost a total loss of their energy. 
This can be understood if these particles are electrons or positrons 
and are occasionally able to traverse the plate only because their 

^ Anderson, Phys, Rev,j vol. 41, p. 405 (1932) ; and later issues of the Phys, Eev. 

2 For Teievences see Rev, Modern Phys, j Tol. 10, p. 174 (1938), 

® Anderson and Neddermbyeb, Eet;., vol. 50, p. 263 (1936). 
)t;HEDDBBMEyER anff Andebson, Physi (IRev.j rol. 51,; p. 884^937). ^ , 
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radiative energy losses happen to be abnormally low. Tiie particles 
occurring singly, on the other hand, lost, as a rule, less than half of 
their energ}?- in traversing the platinum. 

The data in question and some later ones are shown in Fig. 238. 
The abscissa represents the energy with ^rhich a particle entered the 
cloud chamber, the ordinate, its loss of energ}^ in passing through 
1 cm. of piatiniim. As we have seen (Sec. 236), the kinetic energy of a 
very high-energy particle can be inferred to a good approximation 



Fig. 238. — Energ 3 ’- loss in 1 cm. of platinum as function of incident energy. (Energy 
calculated on assumption of electronic mass.) (Anderson and Nedderfneyer.) 

from the curvature of its track without knowiedge of its mass. Circles 
refer in the figure to particles forming part of a showier, solid dots to 
particles that occurred alone. Ail points referring to particles that 
traverse the platinum must necessarily lie beio^w the line drawn in the 
diagram, since this line represents total loss of energy in the plate. 
The plot furnishes clear evidence for the conclusion that at least two 
different kinds of cosmic-ray particles occur in cloud chambers, char- 
acterized by wdde differences in penetrating powder. The occuiTence 
of cases of mi apparent gain of, energy, however,' well illustrates the 
difficulty of making accurate measurements of this type. 
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Highly penetrating particles, with energies up to 10® ev, were 
reported also by Crussard and Leprince-Ringiiet.^ 

All of the facts cited can be brought into harmony with the wave- 
mechanical theory of radiation if we assume that, unlike the shower 
particles, the exceptionally penetrating particles have a much smaller 
ratio of charge to mass than has an electron, so that the radiative energy 
losses are much less. As w^e have seen, a satisfactory theory of showers 
can be developed, using vrave mechanics, on the assumption that 
showers consist of ordinary electrons, positrons, and photons. The 
soft or nonpenetrating component of the cosmic rays, defined as that 
part of the rays which is absorbed by about 10 cm, of lead [Sec. 237(c)], 
may likewise consist, at least chiefly, of electrons and positrons. 
The penetrating component of the cosmic rays is then presumably to be 
identified with the penetrating particles that are observed in cloud 
chambers. ^Vhat is the nature of these particles? 

Can they be protons? A proton of cosmic-ray energy would suffer 
no appreciable loss by radiation in passing through matter, losing 
energy only by ionization, and so would be much more penetrating 
than an electron. The following objections can be raised against 
the assumption that the particles in question are protons: 

1. Since more than a third of them carry a negative charge, as is 
shown by the direction of curvature of their tracks in the cloud cham- 
ber, it would be necessary to admit the existence of negative protons, 
for whose existence there is no other evidence. 

2. The tracks of the penetrating particles are scarcely distinguish- 
able from electron tracks, whereas a proton of energy below 2 X 10® ev 
should make a track many times heavier. If the penetrating particles 
are protons, they ought often to be seen close to the end of their 
range, moving slowly enough to cause dense tracks. Careful search 
by several investigators has failed to reveal an appreciable number 
of such tracks in cloud chambers.^ 

3. The distribution in energy of the high-speed electrons ejected 
from atoms by penetrating particles does not agree well with that 
obtained from theory on the assumption that these particles are 
protons, but would be consistent with a mass several times smaller.® 

In view of these considerations, it was concluded that the pene- 
trating cosmic-ray particles are probably a new type of particle, with a 
mass intermediate between the masses of the electron and the proton. 

^ Ckussard and Leprince-Ringuet, /. de Physique et le Radium^ vol. 8 , p. 
213 (1937). 

2 Cf. Rev. Modern Phys., vol, 10, p. 180 (1938). 

^ ikd., vol. 11, p. 203 (1939). 
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From Eq. (349), it is evident that the mass would only have to be 
10 to 20 times the electronic mass in order to reduce the radiation loss 
to small proportions and so make the particles highly penetrating. 
Various names were proposed for these new particles; they are com- 
monly called meso7is or mesotronsP 

241. Properties of Mesons, (a) ilfuss.— The mass of rapidly 
moving mesons is not easy to determine with precision. The curva- 
ture of the track of a meson in a magnetic field gives at once its momen- 
tum (Sec. 236), provided its charge is assumed to be of electronic 
magnitude. To find the mass, either the speed or the energy must 
then also be known. The speed can be inferred, usually with low 
accuracy, from the degree of ionization produced (Sec. 236) ; the energy 
can be inferred from the total range in the gas, provided this can be 
determined. An alternative method of finding the mass is to study 
those close collisions of mesons with atomic electrons in which the 
electron is ejected with high velocity.^ 

One of the first good observations by the ionization method was 
made by Street and Stevenson,^ who obtained a track in a cloud 
chamber under 11 cm. of lead with //p = 9.6 X 10*^ oersted-cm. and a 
specific ionization about six times as great as in normal thin tracks. 
If the particle entered from above, its sign was negative. The heavy 
ionization would be explained if this particle had a mass 130 ± 30 
times the electronic mass. It certainly was not a proton, for, if it 
had been, its energy would have been only 4.5 X 10^ ev [b,y Eq. (346) 
in Sec. 236] and a proton of this energy is known to have a range of 
only 1 cm. in standard air, whereas the track in question was clearly 
visible over a length of 7 cm. A thousand counter-controlled expan- 
sions were necessary to obtain this single useful track. 

Values obtained for the meson mass have ranged from 30 to 1,000 
but are usually between 150 and 250, more often below 200 than above 
it.^ A favorite guess has been 200. It may be that the mass is not 
the same for all mesons. Perhaps this question cannot be settled 
until mesons can be produced in the laboratory. 

(5) Mean Life of Mesons, — Since mesons apparently occur on the 
earth only as cosmic-ray particles, those that enter the lower part of 

1 Meson is the neuter form of the Greek adjective ^^mesos/' meaning middle; 
it should be pronounced “ineezon.^^ In mesotToUj apparently, a meaningless 
fragment of the word, electron, has been added. 

^ For a discussion of methods see Hughes, Phys, Rev,, vol. 69, p. 371 ( 1946 ). 

® Street and Stevenson, Phys. Rev., vol. 52, p. 1003 (1937), 

C/. Bethe, P/wjTs. Rev., vol. 70, p. 821 (1946); Hughes, Rev., vol, 71, 
p. 387 (1947)..,'v 
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the atmosphere must somehow be destroyed. Perhaps to some extent 
they are absorbed in. so.me manner by atomic nuclei. At least three 
lines of evidence, on the other hand, indicate that mesons may decay 
spontaneously. To conserve electrical charge, it is assumed that in 
such cases a positive or negative electron replaces the meson; and, to 
preserve the conservation of both energ}^ and .momentum, it is assumed, 
in .analogy Avith the theory of ^-decay, that a neutrino is also em.itted, 
the electron and the neutrino carrying off betAveeii them the momen- 
tum of the meson, and also its excess rest energy in addition to its 
kinetic energ 3 v 

1. For one thing, such a spontaneous decay of the mesons Avoiild 
explain the slight decrease in the cosmic-ray intensity Avith rise of 
atmospheric temperature. For, at given barometric pressure, a 
higher temperature means that the atmosphere extends farther upAvard 
from the earth, so that the mesons, AA^hich appear to be the chief car- 
riers of cosmic-ray effects doAArnvmrd, have farther to go and more of 
them perish on the Avay.^ The mean life of a meson, AA^hen at rest, 
has been estimated from this effect as 3.4 X lO*”® sec. 

2. Data of another sort pointing to the existence of mesotron decay 
were obtained by Rossi, Bilberry, and Hoag.^ Using a vertical 
counter telescope, AAith 12.7 cm. of lead between the counters in order 
to stop the soft component of the cosmic-ray particles, these experi- 
menters compared the meson intensities at four different elevations 
near latitude 50®, m., at Chicago (180 meters) and stations at 1,616, 
3,240, and 4,300 meters in Colorado. The observed increase of 
meson intensity AAuth altitude Avas ascribed to a combination of absorp- 
tion and disintegration of the mesons in the inteiwening vertical air 
mass. At each station except Chicago, the absorption in a thickness 
of graphite equal to 87 grams cm.*"^ AA^as also determined. Carbon 
has the same ratio of electrons to mass as liaA’^e nitrogen and ox 3 rgen; 
therefore, the true absorption of mesons in the tAvo mediums should 
be about the same. Nevertheless, only about half as many mesons 
AA'ere found to be stopped by the graphite as by an equal mass of 
atmospheric air. The greater apparent absorption in the air may be 
due to spontaneous disintegration of the mesons during the longer time 
it takes them to traverse the air. 

On this assumption, it Avas calculated from the data that a meson 
of cosmic-ray energy AA^ould travel in a vacuum an average distance 
of 9.5 km., occupying a time of 3.2 X lO”"^ sec., before disintegrating. 
For a meson at rest, the mean life would then be about 2 X 10“^ sec., 

1 Blackett, Phys. Rev.^ a^oL 54, p. 973 (1938). 

^ Rossi, Hilbekry, and Hoag, Fkys, Bey., voi. 57^ p. 461 (1940). 
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the longer time for the moving one being due to the relativistic effect 
on time scales (Sec. 61) ; the mean life of a meson has a fixed value in 
that frame of reference in which it is at rest. 

It may be remarked that the data just .mentioned gave for the 
apparent mass absorption coefficient of the mesons in air^ near sea 
level (70 cm. Hg), m/p = 0-8 X increasing to 2.4 X 10~~® at 48 cm. 

Hg. In carbon, the data gave p/p = 0.4 X 10~^ near sea level. This 
latter figure is in rough agreement with the value of 0.55 X found 
by Rossi for the penetrating component of the cosmic ra^^s in lead near 
sea level (Sec. 235). The two measurements are probably not strict^ 



Fig. 239. — Diagram of the experimental arrangement for the study of meson deeay. 

comparable because of differences in the loss of intensity due to 
scattering, in the two cases. 

3. A tliird and much better method for the measurement of meson 
lifetimes is based on the idea of catching them and holding them at 
rest until the decay electron is emitted.^ The experimental arrange- 
ment is interesting and is diagrammed in Fig. 239. Pi is a lead block 
thick enough to transmit only mesons. Some of the mesons are 
stopped in the brass block A, where some or all of them decay, emit- 
ting an electron, which is very likely to pass through one of the counters 
B. Counters L,. connected in parallel,. counters Ai and A 2 , and count- 

^ Nereson and Rossx, ■Phys.Rev,f.Yol, 64,. p. 199. (1943) ; see also ,voL 62, .p. 417 
(1942). 
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ers B, connected in parallel, all feed in coincidence into circuit C. 
Counters M, connected in parallel, also feed into C but in anticoin- 
cidence mth the other counters; i.e,, C responds only when counters 
LA 1 A 2 B all act mthin a millisecond or so of each other whereas all of 
the counters M do not act. In such cases it is clear that no particle 
passed through ilf, hence it is pi^actically certain that LA 1 A 2 B were 
not activated a single meson passing through all of them, which 
would also have passed through one of the counters ilf. B might 
have been activated by a meson scattered vddety in the absorber A^ 
or by an electron ejected from A, but such occurrences will be very 
rare. It is thus practically certain that C responds only when a 
meson has stopped and decayed in A, with emission of an electron 
that activated one of the counters 5. 

To measure the time spent by the meson in A before decaying, 
counters Ai, A 2 , and B are also connected to a time circuit T in such a 
way that, when a coincidence A 1 A 2 is followed after a certain interval 
of time r by a pulse from S, T emits a pulse whose amplitude is pro- 
portional to r. Finally, the recorder R records with a pen the magni- 
tude of the pulse received from T, but only in case a pulse is simul- 
taneously received from circuit C, indicating that an event of the 
desired kind has occurred. 

It was assumed that the meson decay followed the exponential 
law that is familiar in radioactive decay; thus, life periods of all pos- 
sible magnitudes will be obtained from individual mesons, and their 
average wdll be the mean life, independently of the time already 
spent by the mesons before entering the absorber. The exponential 
law of decay was verified from the observations; and the mean life of a 
meson at rest was found from the decay curve to be 2.15 + 0.07 X 10”^ 
sec. 

If the principle that underlies the experiment just described is 
correct, the tracks of decay electrons ought frequently to be seen in 
cloud chambers. In a few^ cases a rather heavy track, presumably 
made b}^ a slowly moving meson, has been seen to be continued with 
an abrupt change of direction by a thin track, presumed to be that 
of the decay electron.^ But more frequently, apparently, heavy 
tracks have been seen to stop in the gas without any continuation. 
Final clarification of the situation must probably await laboratory 
experimentation. 

(c) Origin of Mesons,— li mesons are subject to rapid spon- 
taneous decay, they cannot possibly be themselves the primary cosmic- 
ray particles; they must be produced somehow in the upper atmosphere, 

1 C/. i£e2;./voL 62, p. 55 
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and for the most partj in view of their distribution in altitude, at great 
heights above the earth. 

At this point the speculation published by Yukawa in 1935 is of 
interest.^ He suggests that the attractive field vrhich holds nucleons 
(protons and neutrons) together in nuclei may well involve the existence 
of quanta of some sort, in analog^^ with the photons that appear 
in the electromagnetic field in association vith the forces between 
electrical charges. FolloAwng up this analogy and speculating as to 
the probable form of the correct mathematical theoiy, he concludes 
that the new quanta should carry an electrical charge, positive or 
negative, equal in magnitude to that on an electron, but should have 
a mass about 200 times as great. This speculation may well constitute 
a long step toward the correct theory of the mesons. If so, it may be 
concluded that mesons are generated in close collisions between 
nucleons. It is thus an attractive hypothesis that the primary cosmic- 
ray particles are protons and that the}^ generate the mesons in 
impacts upon molecules of air. This hypothesis, however, still awaits 
confirmation (in 1946). 

On the other hand, many observers have obtained evidence that 
at high altitudes mesons may be generated to a small extent in solid 
bodies upon which no charged particle is incident. The generating 
agent in such cases is presumed to be either photons or neutrons. 
To provide the rest energy of the meson, the photon energy would have 
to be of the order of 100 Mev. The effect increases rapidly with 
altitude. 

In the investigation of Tabin- an elaborate arrangement of counters 
was employed in order to select cases in which onb^ mesons were 
present, natural or generated, and a large cap of closely spaced counters 
was placed over the generating body in order to detect and eliminate 
all cases in which a charged particle was incident on this body from 
above. The body generating mesons Avas a block of paraffin, iron, 
or lead of variable thickness up to a maximum of 11.4 cm., or up to 
57.2 cm. of paraffin. Observations were made at Echo Lake (altitude, 
10,600 ft.) and on Mt. Evans (14,200 ft.). 

With paraffin as the generating agent, saturation in the production 
of mesons was not reached even at the maximum thickness of 57.2 
cm. With lead, on the other hand, fewer mesons were obtained from a 
layer 11.4 cm. thick than from a layer only a few centimeters thick. 
These facts are in agreement with the assumption of photons as the 
causative agent, since it should take a meter or so of paraffin to absorb 

^ Yukawa, P%s. Math. Soc. Japan, Proc.^ vol. 17, p. 48 (1935). (In English.) 

2 Tabin, Phys, Rev., vol. 66, p. 86 (1944). 
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the photons (mainly hy pair production), whereas all photons would 
be absorbed hy a few centimeters of lead, and an additional thickness 
of lead would then merely stop some of the mesons that had already 
been generated. As was also found previously by Schein, Jesse, and 
Wollan, the production of mesons seemed to increase about in pro- 
portion to the intensity of the soft component of the cosmic rays, 
which is believed to contain an appreciable number of photons of 
energy exceeding 100 Mev. If the mesons are generated by the 
impact of these photons upon the atomic nuclei, the cross section for this 
process, to account for the observations, would be 4 or 5 X 10"^^ cm." 
in paraffin or iron and 1 X 10“^^ cm.^ in lead, and thus would be 
comparable vdth the cross-sectional area of the nucleus itself. 

The study of mesons is obviously in its infancy. The student 
should consult the literature from 1947 on for further developments. 

242. Mesons and Electrons in the Atmosphere, — Many observa- 
tions of the principal cosmic-ray particles as they occur in the atmos- 


O" O" 


O" 

Fig, 240. — Diagram of a counter arrangement for the study of ionizing particles. 

phere have been reported, but it is not easy to bring them all into 
harmony. The discussion will be limited here chiefly to conclusions 
that appear to be well established. 

The experimental arrangements vary greatly. Some observers use 
cloud chambers, with or without a magnetic field, others use large 
ionization chambers for the study of bursts, and others use Geiger 
counters in various and often elaborate combinations. Sometimes 
Geiger counters are connected in “anticoincidence.” For example, 
an arrangement such as that sketched in Fig. 240 may be used to 
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count only particles that do not form part of a shower. For this 
purpose, coimters D are connected in parallel with each other, and this 
pair is then connected, by means of suitable electric circuits, in “anti- 
coincidence “ with ABC, Avhich are in coincidence with each other; he., it 
is arranged that a ‘ ^ count shall be registered only when, siniultaneoiisly^ 
A, B, and C all act and neither of counters D acts. Thus a count is regis- 
tered only if a particle passes through A, B, and C but no other par- 
ticle passes simultaneously through either of the counters D. Another 
example of anticoincidence connections was described in Sec. 241(6). 
Alternative!}^, the shower-producing power of particles tra^'ersing A 
can be determined by inserting shower-causing material between A 
and B and connecting all counters in coincidence. Then, to be 
counted, a particle must pass through ABC and also give rise to at 
least two shower particles which pass one through each of counters D. 
In either case, if at least 10 cm. of lead is inserted between B and C, 
the count will be restricted to mesons as the incident particle. 

Identification of particles vithin the cloud chamber is often not 
easyd A particle that passes through several centimeters of lead 
without initiating a shower is almost certainly not an electron. If it 
is a proton, it will ionize a gas about tvdce as heavily as a meson 
unless its energy is extremely high (above 300 Mev). Because of its 
large mass, a proton is capable of producing in a gas many 5-rays or 
secondary electrons of high energy, whose tracks are visible as short 
sidetracks along the almost undeviated track of the proton. Tracks 
of slow mesons are hard to distinguish from those of electrons, except 
at very low speed, where the ionization is exceptionally heavy over a 
considerable range. 

(a) Count of the Particles , — Excellent statistics on the number of 
particles occurring naturally in the atmosphere were reported by 
Greisen.^ He used a telescope of six counters of the usual cylindrical 
form vith their axes 7.3 cm. apart; the counters were made of brass 1 
mm. thick, of internal diameter 4.24 cm., and contained collecting 
wires 20 cm. long. The telescope could be turned so as to count 
particles traveling at various inclinations to the vertical and also in 
various azimuths around the vertical. The following counts were 
'made,: ■ , 

1. Mesons with momentum above 3.0 X 10® ev/c and energy, 
therefore, roughly above 350 Mev, obtained by counting coinci- 

^ Cf, Ha.'zen, Phys, Rev,, yol. 67, p. 67 (1944); Powell, Phys, to., vol. 69, p. 
385 (1945). 

^ Gkeisex, Phys, Rev,, . yol. 61, p. 212 (1942). 
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dences between all six counters with 13 cm. of lead interposed in 
the form of 2-cm. blocks between the successive counters and 
3 cm. above the top one. 

2. Electrons mth energies above about 20 Mev, and also slow 
mesons stopped by 13 cm. of lead, by repeating the count with 
ail lead removed and noting the increase in the number of 
particles as observed. 

3. Electrons having energies roughly between 4 and 20 Mev, 
obtained as the difference between the number of twofold 
coincidences betw^een the two extreme counters, (a) when all 
lead was removed, and (6) when the intervening counters and 
their supporting wooden shelves w^ere also removed. 

Observations were made at 4 stations above 50® north magnetic 
latitide, viz., at Ithaca, New York (elevation, 259 meters), and in Colo- 
rado at Denver (1,616 m.), Echo Lake (3,240 m.), and Mt. Evans 
(4,300 m.). In all locations many obliquely moving particles were 
found; at 45® to the vertical, the numbers ran mostly from a third to 
a half of those at 90®. By integrating the curve obtained as a function 
of 2 ienith angle, the total number of particles arriving at all angles 
was found. The results are summarized in Table I. 


Table I. — Cosmic-eay Intensities in the Atmosphere 


Elevation 

259 meters 

1,616 meters 

3,240 meters 

4,300 meters 


(v)* 

(Ot 

w 

(0 

(v) 

(0 

(") 

(0 

Fast mesons 

0.44 

0.68 

0.56 

0.86 

0.81 

1.21 

1.01 

1.62 

Electrons > 20 Mev,V 

0.12 

0.14 

0.21 

0.27 ! 

0.47 

0.52 

0.78 ^ 


0.91 

and slow mesons / 



Electrons, 4-20 Mev. . 

0.11 

0.23 

0.20 

0.33 

0.60 

0.74 

1.05 

1.47 

Total particles 

0.67 

1.05 

0.97 

1 1.46 

1.78 

1 2.47 

2.84 

4.00 


^ Number of particles moving nearly vertically and crossing 1 cm.s of hornaontal area per minute 
per unit of solid angle. 

t Total number of particles crossing 1 cm.^ of horizontal area per minute in all directions. 


It will be noted from Table I that near sea level the fast mesons 
are twice as numerous as the electrons, whereas at 4,300 meters elec- 
trons predominate. Below the surface of the earth, the soft com- 
ponent of the cosmic rays becomes further reduced wdth increasing 
depth belowy the surface, but it is never less than 10 to 20 percent of 
the hard component.^ 

^ C/. Wilson and Hughes, P%s. 2262?., vol. 63, p. 161 (1943). 
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At still higher altitudes than those shown in the table, on the other 
hand, the predominance of electrons has been found to be much greater. 
In Fig. 241 is reproduced a curve from a paper by Bhabha and others^ 
in which are plotted, in arbitraiy units, as a function of the atmospheric 
pressure, the vertical intensity of (A) mesons at 3.3° north magnetic 
latitude (Bangalore, India), as observed by Bhabha, Aiya, Hoteko, 
and Saxena; (B) mesons at 52.5° N, as inferred from the data of 



Fig. 241. — Curves showing variation with altitude of (A) mesons at 3.3®N, (B) 
mesons at 52.5°N, (C) mesons and electrons at 3.3°N, (D) mesons and electrons at 
49°N. 

Schein, Jesse, and Wollan;^ (C) mesons and electrons at 3.3° N., as 
inferred from the data of Neher and Pichering;^ and (D) mesons and 
electrons at 49° N. as inferred from Pfotzer^s observations.^ From 
these curves it is clear that at very high altitudes the electrons increase 
in number wdth geomagnetic latitude much more than do the mesons. 

^ BiniBHA, Aiya, Hoteko, and Saxena, Phys, vol. 68, p. 147 (1945). 

^ Schein, Jesse, and Wollan, Phys, Rev., vol. 47, p. 207 (1935). 

Nbheb and PiCKEEiNG, PA|/s. Bey., voi. 61, p. 207 (1942). 

^Pfotzek, Z eiis. f. Physik, ' Yol, 102, p. 23 (1936). 
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Apparently there are 20 percent more positive mesons than 
negative. The reason for this difference is not known. 

High'-frequency photons should also be present in the atmosphere^ 
in association with atmospheric showers; but these photons are hard 
to count. At an altitude of 10,000 ft., Hazen concluded that only 70 
percent of the showers produced in lead plates were initiated by 
charged particles, whose tracks could be seen above the head of the 
shower; presumably the remaining 30 percent were initiated by 
photons.^ 

(b) Energy Spectra. — The electrons found in the atmosphere have 
energies ranging with decreasing frequency from a few Mev up at 
least to 500 Mev. At sea level, Lombardo and Hazen find, roughly, 
the following relative numbers of electrons in the energy ranges 
stated : 

Energy i 9 — 20 — 50 — 100 — 200 — 500 
Number: 100 50 40 32 24 

The mesons, on the other hand, have energies ranging from 200 
to 15,000 Mev (0.2 to 15 Bev). There is a pronounced peak in the 
spectrum which has its maximum at about 1,000 Mev or 1 Bev, 
decreases to about half height at 2 Bev, and continues into a' tail 
extending to 10 Bev at sea level, ^ or, with greater intensity, to 15 Bev 
at an altitude of 4,350 meters.® 

(c) Meson Showers. — As was stated in Sec. 237(a), cosmic-ray 
showers appear ordinarily to consist entirely of electrons,, together with 
the invisible associated photons. Many observers, however, have 
reported small showers composed of mesons, identified as such by 
their ability to penetrate 10 to 16 cm. of lead. In the cloud chamber 
it can also be verified that the particles composing these showers do 
not themselves generate showers in a lead plate. Meson showers are 
especially apt to be observed at high altitudes, where they appear to 
occur at the rate of one for every 3,000 or 4,000 photographs of single 
tracks. It is noted that the paths of the particles tend to diverge less 
vddely than do those of electron showers. 

Shutt gives a list of references for meson showers^ and reports 
further observations of small showers generated in heavy material 
above or within the cloud chamber. Most of the apparent showers 

^ Hazen, Phys. Rev., vol. 65, p. 67 (1945). 

^ Hughes, P%s. JSei^.j VoL 57, p. 592 (1940). 

3 Hall, Phys. Rev. ^ vol. 66, p. 32 (1942). 

^ Shutt, Phys. Rev.^ voL 69, p. 261 (1946); see also CPay, Physica, vol. 9, p. 897 

:{i942)v,',;:':^ 
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contained only 2 mesons^ and of these it was estimated that ail in 
which the divergence of the paths exceeded 6°. could have represented 
merely the chance association of 2 independent mesons. Angles of 
divergence under 2° were the commonest. The mode of production of 
such showers remains obscure. 

(d) Auge?^ Showers. — So far nothing has been said about the lateral 
extent of showers as the}^^ occur in the atmosphere. Their breadth 
may be considerable.^ In 1938 Auger obtained coincideiiees between 
two or three counters placed as much as 10 meters apart. About 60 
such showers seemed to arrive per hour at sea level, but 600 per hour 
on the Jungfraujoch (3,500 meters). At the higher altitude coinch 
deuces were found even up to distances of 300 meters. The data 
indicated that the total number of particles in a shower might occasion- 
ally exceed a million, and that the primary particle to which the entire 
shower presumably owes its origin must often have an energy of the 
order of 10^^ ev. 

Such showers have come to be called ‘A^iuger^^ showers. In a 
cloud chamber the particles produce parallel tracks resembling rain. 
Several investigations of the phenomenon have been made using 
various arrangements of counters, or of ionization chambers for the 
observation of bursts, but the data are not easy to analyze conclusively 
because of the threefold variation of (1) the particle density over the 
cross section of a shower, (2) the sizes of individual showers, and (3) 
the position of a shower relative to the apparatus. 

Interesting data are reported by Lewis, and by Kingshili and 
Lewis,^ Simultaneous or coincident bursts were observed in two 
ionization chambers having steel walls only 0.03 cm. thick, in the form 
of spheres 35 cm. in diameter. The frequency of bursts in these 
chambers was found to decrease rapidly with n, the number of par- 
ticles entering the chamber and causing the burst; and their frequency 
was also much less near sea level than at higher altitudes. At Echo 
Lake (Colorado; 10,650 ft.) 150 bursts, each caused by 80 or more 
particles, occurred per hour in each chamber. Simultaneous bursts 
in both chambers occurred at the rate of 15 per hour when they were 
1 meter apart; this number decreased smoothly with increasing 
separation of the chambers until it was only 4 or 5 per hour at a separa- 
tion of , 10 meters. . Of larger bursts caused by 240 or more particles 
there were 9 per hour in each chamber; 0.6 per hour occurred simul- 

^ Axjgek, Comptes Rendns, vol. 206, p. 1721; voL 207, p. 228 (1938); /owr. de 
Physique et le Radium^ vol. 10, p. 39 (1939) ; Rev. Modern Phys..^ voL 11, p. 288, 

^ Lewis, Phys. Rev., vol. 67, p. 228 (1945) ; Kingshill and Lewis, Phys./Rmiy 
vol. 69, p. 159 (1946). €'f. also Cogconi, Phys. Rev,, vol. 70, p. 975 (1946). 
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taneousl}?- in both chambers at 1 meter of separation, and roughly 
0.13 per hour at 10 meters. In the largest showers, at least 6,000 
particles must have struck each square meter over an area of 100 square 
meters, so that the total number of particles must have been close to a 
million. At Chicago (altitude, 259 meters) the bursts were much less 
frequent; the ratio of the numbers at the two places varied with the 
si^ie of the burst nearly as increasing from 8 forn = 50 to 400 for 
n = 200. 

Presumably such showers are initiated by a single particle high up 
in the atmosphere. If this is so, and if the cascade theory of electron 
showers is applicable, more recent observations indicate that the energy 
of the initiating particle must occasionally range up to as much as 
10^^ ev or 10® Bev. The cascade theory predicts the presence in a 
shower of a high-density core, from which the density of the particles 
decreases outward. This conclusion from the theory appears to be 
borne out by the observations.^ 

There is some reason to believe, however, that mesons may be an 
important constituent of Auger showers.^ Clay, using several clusters 
of counters spaced a meter or two apart, looked for a meson component 
by dividing each cluster into two decks, one above the other, with 
10 cm. of lead between them; only coincidences between two or more 
clusters and also between the two decks of each cluster were recorded. 
He concluded that about a seventh of the particles that arrived in wide ’ 
showers were mesons. Thus it is not impossible that Auger showers 
differ in nature from the showers of diverging particles that are more 
commonly seen in cloud chambers. 

(e) Relation between Electrons and Mesons in the Atmosphere . — 
In 1941 Schein, Jesse, and Wollan sent a counter telescope carried by 
balloons into the stratosphere and found that the vertical intensity 
was little affected by increasing the thickness of the absorbing lead 
from 4 to 18 cm. ; also, by establishing the absence of coincidences with 
side counters, it was shown that very few showers were produced in 
the lead.® The conclusion was drawn that at great heights the cosmic 
rays consist almost exclusively of mesons; at least, very few electrons 
of energy between 10® and 10^^ ev are present. It was accordingly 
suggested that all the cosmic-ray electrons that are found in the 
atmosphere owe their origin ultimately to the mesons, being either 
generated by meson decay or ejected as negative knock-on electrons 

^Lapp, Phys. Rev.^ vol. 64, p. 129 (1943). 

2 Clay, F%a^ca, vol. 9, p. 897 (1942); EoaoziNsia, Phys. Rev., vol. 65, p. 291, 
(1944). 

® Schein, Jesse, and Wollan, Few., vol. 59, p. 615 (1941). 
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from atoms, and then multiplied to a limited extent hy the cascade 
process. 

Fair success has attended efforts to verify this hypothesis by calcu- 
lating the number of electrons of various energies that should accom- 
pany the observed distribution of mesons in their passage downward 
through the atmosphere. The total number of electrons and slow' 
mesons taken together "was calculated by Rossi and Greiseii and was 
found to agree roughly with the observed number of ^^soff’ particles 
at loW' altitudes, but not at high,^ Stanton, however, finds fair 
agreement for electrons of various energies above 50 Mev at elevations 
of 3,000 to 4,000 meters.- Lombardo and Hazen extended the agree- 
ment at sea level to the energy spectrum.^ 

The contribution of the knock-on electrons is relatively rather 
small, especially at higher altitudes in the atmosphere. Furthermore, 
multiplication in cascade show^ers is relativel}^ unimportant; at sea 
level, show^'er electrons constitute probably not more than one-thirtieth 
of all electrons present. Thus, it appears that cosmic-ray electrons 
probably arise chiefly from decay of the mesons. 

243. Conclusion. — In this chapter, as proposed at the beginning, w^e 
have discussed only the most important topics in the field of cosmic 
rays, and especially those concerning w^hich definite conclusions appear 
to have been reached. In the literature the student will find informa- 
tion concerning other minor features, and many speculations in regard 
to the nature of the basic particles themselves. 

For example, small variations in cos^yiic-^ray inte7isity at a given 
station have been detected, in addition to the variation with tempera- 
ture; but the significance of these variations is uncertain.^ There 
appears to be a diurnal variation with a maximum at noon and a 
minimum at midnight, the extreme range being roughl^^ 0.4 percent. 
A slight variation in step with the sunspot cycle has also been detected.” 
Such a variation may be caused either by the presence of cosmic rays 
coming directly from the sun or by the deflecting effects of the sun’s 
magnetic field upon particles approaching from outside the solar 
system. 

These variations are obviously important in connection with the 
problem of the nature and origin of the primary cos^nic 7'ays, What are 

^ Rossi and Gkeisen, Phys. Rev., vol. 61, p. 121 (1942). 

^ Stanton, P%s. Rev., vol. 66, p. 48 (1944). 

^Lombabdo and Hazen, Bey., vol. 68, p. 59 (1945). 

^ See Bey. Modern Phys., vol. II, , pp. 153-190 (1939); WXffleb, Helv. Phys. 
Acta, vol. 14, p. 215 (1941); Dupeeieb, iVaiwre, vol. 158, p. 196 (1946). 

® Bkoxon, Phys. Rev,, vol. 62, p. 508 (1942). 
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they, where do they come from, and how do they acquire their enor- 
mous energies? 

It was shown in the balloon observations of Schein, Jesse, and 
Wollan that electrons are not present in appreciable numbers at high 
altitudes,^ hence the primary particles cannot be electrons. Mesons 
are ruled out by their short finite life; they must be secondaries pro- 
duced. somehow b}^ the primary particles. In low latitudes, more 
mesons are observed to arrive from directions w- est of the zenith than 
from directions east of it. Shower particles do not show this effect.^ 
Now, as was explained in Sec. 233, the theory of the motion of charged 
particles through the earth^s magnetic field indicates that such 
particles, if their energy lies in a certain range, should arrive at the 
top of the earth^s atmosphere predominantly from the west or from the 
east according as they carry positive or negative electrical charges. 
Johnson concluded in 1938, from an analysis of all the data, that the 
part of the cosmic rays that causes the variation of ionization with 
latitude must consist entirely of 'positive particles.® He favors the 
hypothesis put forward 4 years earlier by Compton and Bethe^^ and 
mentioned in Sec. 241 (c) that the primary particles are protons. 

Mention should be made, however, of the remarkable speculation 
published by Millikan, Neher, and Pickering in 1942.^ They suppose 
that ^Mn the depths of space ’’ it is possible for a light nucleus to become 
converted into a pair of rather light charged particles (or perhaps 
photons), each of which carries as kinetic energy half of the rest energy 
of the original nucleus. From spectroscopic evidence it appears that 
in ring nebulae by far the commonest elements are hydrogen, helium, 
carbon, nitrogen, oxygen, and silicon; it may be inferred that these 
atoms are also common among those scattei'ed through interstellar 
space. Conversion of the nuclei of these atoms into pairs would 
provide five bands of cosmic-ray particles capable of reaching the earth 
in spite of the sun's magnetic field. The energies of these bands, in 
billions of ev, would be as follows: He, 1.9; C, 5.6; N, 6.6; 0, 7.5; Si, 
13.2. The silicon rays could reach even the equator; the other four 
would form plateaus in the cosmic-ray spectrum, terminating at 

^ ScHEiN, Jesse, and Wollan, Phys, Rev,^ vol, 59, p. 615 (1941). 

2 C/. Rev. Modern Phys. f vol. 10, p. 228 (1938). 

® Johnson, Rev. Modern Phys., yoI. 10, p. 232 (1938). See also Swann, 
vol. 226, p. 757 (1938). 

^ Compton and Bethe, Nature^ vol. 134, p, 734 (1934). 

^ Millikan, Nehek, and Pickebing, Phys. Rev., vol. 61, p. 397 (1942); voL 
63, p. 234 (1943); vol. 66, p. 295 (1944); 151, p. 66'3 (1943). See also 

Kusaka, Phys. Rev., voL 66, p. 354 (1944); Wareen, Rev., vol. 66, p. 25; ^ 
(1944). 
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Perhaps the riddle of the primatr cosmic rays wiU pot be solved 
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APPENDIX I 

Isotopic Constitution of the Elements 
The data in this Appendix have been taken from the sources listed below, 
chemical atomic weights being taken from the first paper listed and relative 
abundances of isotopes from the last. 

Hahn, FltIgge, and Mattauch, Phys. Zeits. vol. 41, p. 1 (1940) ; Bakkas, Phys. Rev. 55, p, 
691 (1939); Dempster, Phys. Rev., vol. 53, pp. 74, 869 (1938); Aston, Roy. Soc.,Proc., vol. 163, p, 
391 (1937); Pollard, Phys. Rev,, vol 57, p. 1186 (1940); Birge, Rev. Modern Phys., vol. 13, p. 233 
(1941); Seaboeg, Rev. Modern Phys., voL 16, p. 1 (1944). 

In computing the chemical atomic weight from the isotopic weights and the 
data mi relative abundance, the factor 16/16.0044 — 1/1.0CX)275 was used to 
convert from a.m.u. to chemical units. The masses include the circiimnu clear 
electrons. 








Chemical atomic weight 



Mass 

number 

Atomic 

Packing 

Relative 

(0 = 

= 16) 

z 

tjuL 


fraction 

abundance. 





isotopes 

(Ois = 16) 

X 10^ 

percent 

Computed 
from relative 

Observed 







abundance 


H 

1 

1 

1.00813 

2.01473 

81.3 

73.6 

99 . 98 
0.02 

1 1.0080 

1.0080 

He 

2 

4 

4.00389 

9.7 

100 

4.0027 

4.0028 

Li 

3 

6 

7 

6.0169 

7.0180 

28.2 

25.7 

7.5 

92.5 

1 6.943 

6 . 940 

Be 

4 

9 

9.0150 

16.7 

100 

9.013 

9.02 

B 

5 

10 

10.0160 

16.0 

18.4 

1 10.829 

10.82 


11 

11.0129 

11.7 

81.6 

C 

6 

12 

12.0040 

3.3 

98.9 

j 12.012 




13 

13.0077 

5.9 

1.1 

12.010 

N 

7 

14 

15 

14.00750 

15.0049 

5.4 

3.3 

99.62 

0.38 

1 14.007 

14.008 

0 

8 

16 

16.0000 

0 

99.76 

) 




17 

17.0045 

2.7 

0.04 

> 16.0000 

16.0000 



IS 

18.005 

3 

0.20 

/ 

F 

9 

19 

19.0045 

2.4 

100 

IS. 9993 

19.00 

Ne 

10 

20 

19.9988 

_0.6 

90.00 

) 



21 

20.9997 

-0.1 

0.27 

}• 20.191 

20.183 



22 

21 . 9986 

-0.6 

9.73 

j 

Na 

11 

23 

22.9961 

-1.7 

100 

22.990 

22.997 

Mg 

12 

24 

23.9924 ■ 

-3.2 

77.4 

) 


25 

24.9938 

— 2.5 

11.5 

} 24.323 

24.32 



26 

25.9898 

-3.9 

11.1 

J 

A1 

13 

27 

26.990 

-3.7 

100 

26.983 

1 26.97 

Si 

14 

28 

27.987 

“4.6 

S9.6 





29 

28.987 

-4.5 

6.2 

y 28.125 

28.06 



30 

29 . 983 

-5.7 

4.2 

i 


P 

15 

! 31 

30.984 

— 5,2 

100 

30.977 ' 

30.98 

S 

16 

32 

31.9823 

-5.5 

95.0 




33 

32 . 983 

-5.2 

0.74 

[ 32.065 




34 

33 . 978 

— 6.5 

4.2 

1 32.06 



36 

35.978 

-6.1 

0.016 

J 

! 

Cl 

17 

35 

37 

34 . 980 

36 . 978 

-5.7 

-5.9 

75.4 

24.6 

j 35.462 

,35.457, 

A 

18 

36 

35 . 978 

-6.1 

0.31 





38 

37,974 

-6,8 

0.06 

V 39.926 

39.944 , 



40 ' 

39.9750 

-6.2 

99.63 

j 

K 

19 

39 

38,975 

-6.4 

93 . 38 

] 




40^= 

39.975 

— 6.5 

0.012 

> 39.097 

39.096 



41 

40.974 

-6.4 

6.61 

f 


Ga 

20 

40 

39.974 

-6.5 

96.96 





42 

41.971 

-6.9 

0.64 





43 

42.972 

— 6.5 

0.15 

} 40.08 




44 



2.06 

0.003 

0.19 

40.08 ; 



46 






48 



j 
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z 

Mass 

number 

A of 
isotopes 

Atomic 

mass, 

a.m.u. 

(016 == 16) 

Packing 

fraction 

X 10‘i 

Beiative 
abundance, , 
percent 

Chemical atomic weight 
(0 = 16) 

Computed 
from relative 
abundance 

Observed 

Sc 21 

Ti 22 

45 

46 

47 

48 

49 

50 

44.969 

45.968 

-6.9 

-7.0 

100 

7.95 

7.75 

73.45 

5.51 

5.34 

44.96 

1 47.88 

45 . 10 

47.90 

47.965 

48.966 
49.963 

-7.2 

-7.2 

-7.4 

V 23 

Cr 24 

51 

50 

52 

53 

54 

50.960 

-7.9 

100 

4.49 

83.78 

9.43 

2.30 

50 . 95 

1 52.00 

50.95 

52.01 

51.959 

52.957 

-7.9 

-8.1 



Mn 25 

Fe 26 

55 

54 

56 

57 

58 

54.965 

53.960 

55.961 

56.961 

-8.1 

-7.4 

-7.0 

-6.9 

100 

6.04 

91.57 

2.11 

0.28 

54.94 

1 55.85 

54.93 

55.84 



Co 27 

Ni 28 

59 

58 

60 

61 

62 

64 



100 

67.4 

26.7 

1.2 

3.S 

0.88 


58.94 

58.69 




59.959 

-6.8 








Cu 29 

63 

65 

62.956 

64.955 

1 mean, j 
] -6.9 } 

70.13 

29.87 

1 63.58 

63.57 

Zn, 30 

64 

66 

67 

68 

70 

63.956 

65.952 

-6.9 

-7.4 

50.9 

27.3 

3.9 

17.4 

0.5 

1 65.33 

65.38 

67.956 

69.954 

-6.5 

-6.5 

Ga 31 

69 

71 

68.955 

70.953 

-6.5 

-6.6 

61.2 

38.8 

\ 69.70 

69.72 

Ge 32 

70 

72 

73 

74 

76 



21.2 

27.3 

7.9 

37.1 

6.5 


72.60 



As 33 

Se 34 

Br 35 

75 

74 

76 

77 

78 

80 

82 

79 

81 



100 

0.9 

9.5 

8.3 

24.0 

48.0 

9.3 

50.6 

49.4 


74.91 

78.96 

79.916 








Kr 36 

1 ' 78 

80 

82 

S3 

84 

i 86 

77.945 

-7.0 

0.35 

2.01 

11.53 

11.53 

57.11 

17.47 

1 83.82 

83.7 

81.939 

-7.5 

83.938 

85.939 

i -7.3 

1 -7.1 

Kb 37 

!■ 85 

87**= 



72.8 

27 . 2 


85.48, 

Sr :38 

84 

86 
■ 87 

88 



0.56 

9.86 

7.02 

82.56 


87., 63 ■ 

■" 39':'..' 

Zr 40 

89 

90 : 

91';. ■: 

, , 92 

;■■■■■; .'94 
■..^;";96 



100 
,"48.0 
■ 11.5 '■ 

; 22:' 

',.■■■17 ■■■, 


'■,88.92; ,;■, 

,91.22' ■ 
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Element 

Z 


Mass 
number 
*4 of 
isotopes 

Atomic 

mass, 

Packing 

fraction 

Relative 

abundance, 

a.m.ii. 

(01® = 16) 

X 10« 

percent 

93 



iob 





92 



14.9 

94 



9.4 

95 

94.945 

-”5.8 

16.x 

96 

95.946 

■—5.6 

16.6 

97 

96.945 

-5.8 

9.65 

98 

97 . 944 

— 5.7 

24.1 

100 • 



9.25 









96 

98 

95.946 

— 5.7 

5.68 

2 22 

99 

98.944 

— 5.7 

12.81 

100 



12.70 

101 



16.98 

102 



31.34 

104 



18.27 





103 



100 





102 

. 


.8 

104 

103.946 

-5.2 

9.3 

105 

104 . 945 

— 5 2 

22.6 

106 

105.945 

-5.2 

27.2 

108 

107.943 

-5.2 

26.8 

110 

109 . 942 

-5.2 

13.5 

107 

1 06 . 948 

-4.8 

51.9 

109 

1 OS. 947 

-4.8 

48.1 

106 



1.4 

IDS 



1.0 

110 



12.8 

111 



13.0 

112 



24.2 

113 



12 ! 3 

1 1 4 



28.0 

116 ^ 



7.3 





113 



4.5 

115 



95. 5 





112 



1.1 

114 



0.8 

115 



0.4 

116 

115.942 

-5.0 

15.5 

117 



9. 1 

IIS' 

117.939 

— 5.i 

22.5 

119 

118.938 

-5.2 

9.8 

1:20 

119.94 


28.5 

1,22 

121.944 

-4.6 

5.5 

124 

123 . 943 

-4.6 

6.8 

121 



56 

123 



44 





1 20 



< 1 

122 



2 9 

1 23 



1.6 

124 



4.5 

125 



6.0 

126 



19.0 

128 


„ ! 

32. 8 

ISO 



33.1 

'127 


• ' i 

100 

124 


1 

0.094 

126 



0.088 

128 



1.90 

'■ ' 129 ' 

,128.946' . 

'.,■-4.2 

26.23 

. ISO' ' . 



4.07 

■ 131 



21.17 

132 

131.94'6'„ j 

.-4.4 

26.96 

134 



10.54 

■ 136, 



8.95 


Chemical atomic weight' 
(O = 16) 


iron! relative 
abundance 
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Chemical atomic weight 
(O = 16) 

Computed 

from relative Observed 
abundance 

132.91 

137.36 

138.92 138.92 

140.13 

140.92 

144.27 

150.43 

152.0 

156.9 

159.2 

’ 162.46 

164.935 

167.2 

........ 169.4 

........ 173.04 



Lu 71 


175 

176* 


97.5 

2.5 


174.99 
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Element 

Z 

Mass 

nmiiber 

A of 
isotopes 

Atomic 

mass, 

a.m.u. 

(016 = 16) 

Packing 

fraction 

X 10^ 

Relative 

abundance, 

percent 

Chemical, atomic weight 
(0 = 16) 

Compiitod 
from rehilivu 
abuntianc-t' 

Observed 

Hf 72 

174 

176 

177 

175 

179 

180 



0.18 

5.30 

18.47 

27 . 13 
13.85 

So. 14 


[73 6 









{ 





Ta 73 

W 74 

181 

ISO 

1S2 

183 

184 

18G 



100 

0.2 ± 

22 . 6 

17 . 3 

30.1 

29 . 8 


,iS0.88 







183.92 










Re 75 

185 

187 



38.2 

61.8 


186.31 






Os 76 

184 

186 

187 

188 

189 

190 

192 



0.018 

1.59 

1.64 

13.3 

16.1 

26.4 

41.0 


190.2 










190.038 

192 . 038 

+ 2.0 

2.0 

Ir 77 

191 

193 

191.040 

193.041 

2.1 

2.1 

38.5 

61 . 5 

j 192.22 

193.1 

Pt 78 

192 

194 

195 

196 

19S 



O.S 

30.2 

35 . 3 

26 . 6 

7.2 

1 195.14 

195.23 

194.040 

195.040 

196 . 039 
198.044 

2.0 

2.0 

2.0 

2.2 

All 79 ! 

197 1 

197 . 039 

2.0 

100 

196.99 

197.2 

Hg 80 

196 

198 

199 

200 

201 

202 

204 



0.15 

10.1 

17.0 

23.3 

13.2 

29.6 

6.7 


200.61 





200 . 028 

1.4 







Ti 81 

203 

205 

203.057 

205.057 

1 2.8 . 
2.8, . 

i 29.1 

1 70.9 

1 204,42 

204.39 

Pb 82 , 

204 

.206 

207 

208 

! 204.058 

.2.8 

! 1.5 

23.6 

22.6 

52,3 


207.21 




: 208.057 

2.7 

Bi, 83 
.Po 84 ' 

85 

Rn 86 

'g7 

209 

222**= 

209.055 

2.6 

100 

209.00 

209.00 

222 





Ra 88 ■; 

Ac 89 

223* 

! 224*' 

, 226*' 
227* 





226.05 

1 




Til 90 

Pa 91 

■■ 232* 
231* 

232 . 12 

5.2 

100 

232.06 

232 . 12 ■ 

,,U 92. ' 

234*. 

235* 

238* 



0.006 

0.71 

99.28 

^ 238.06 

,238.07 , 



238.14. , 

!'■ 

5,6 


* Radioactive. 
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Explanation . — -The Roman numerals in the top row designate the ^‘columns" of the periodic table. The Roman numerals at the left give the several 
’‘periods” according to Bohr’s arrangement (Fig. 93), and the italic numerals in the upper right-hand corners of the several spaces give the ordinal numbers of 
the elements in these periods. Atomic numbers are indicated by bold-faced type in the upper left-hand corners. Mass numbers of the constituent isotopes are 
given by the numbers at the bottoms of the spaces, in the order of decreasing abundance (except for Ra). 
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APPENDIX in 



Note .- — The ionization potentials are mostly ealciilated, using modern values of the constants [Eq. (147a) in Sec. 108j, from data in Bacher and (roudsinit, 
“Atomic Energy States— As Derived from the Analyses of Optical Spectra,” 1932. 



SOME USEFUL CONSTANTS AND RELATIONS 


(Except in ao, MiC% kT at 15°, the last figure given is uncertain) 

c velocity of light® 2.9978 X 10^° cm. sec.“^ 

F the faradayi 9,648.8 e.m.u. mole”^ 

e electronic charge- 4.803 X 10"^° e.s.u. 

m electronic mass (Sec. 38) 0.9107 X lO""®’ gram 

e/m ratio of electronic charge to mass^ 1.7592 X lO’’ e.m.u. gram”’^ 

Mw^i mass of atom of atomic weight 1 (Sec. 195) 1.6604 X 10“®'^ gram 

Ml atomic mass unit (Sec. 195) 1.6599 X 10“®^ gram 

h Planck’s constant® 6.610 X 10“®' erg sec. 

^ .1 XX f8.315 X 10^ ergs deg.“^ mole”^ 

R universal gas constant |g 2 

A^o Avogadro’s number (Sec. 42) 6.023 X 10®^ mole“^ 

k Boltzmann’s constant (Sec. 42) 1.381 X 10"^® erg deg.”^ 

cr Stefan’s constant^ 5.735 X 10"^ erg cm.”® sec."^ 

deg."^ 

Rydberg’s wave number^ 1.0973730 X 10^ cm.“^ 

Mn/m ratio of masses of hydrogen atom and elec- 
tron (Sec. 97) 1,837 

A® 

Q 5 - — ^ radius of smallest Bohr orbit in 

47r®m6® 

hydrogen (Sec. 94) 6.27 X 10“® cm. 

a. “ ^^fine-structure constant” (Sec. 135)... 0.007314 == 1/136.7 
cri 

1 electron-volt (ev, Sec. 96) = 1.601 X 10"^® erg 

M ic® rest energy of 1 atomic mass unit (Sec. 206) 932 X 10® electron-volts 

me® rest energy of the electron (Sec. 206) 0.511 X 10® electron-volts 

kT at 15°C. (T — absolute temperature = 288. 1°K.) 0.0248 electron-volts 
li hv = eFi,/300 (Vv = potential difference in volts or energy in electron-volts), 
X = c/vj Xa ~ X X 10^ == wave length in angstroms, ^ = 1/X or waves 
per cm, (Sec. 99), 

Xx = ? = 8,079 Vu 

y V 


8,079 F,. 


1 Birge, Rev. Modern Phys.^ vol. 13, p. 233 (1941). 
^Dvnnington, Rev, Modern Phys., vol, 11, p. 65 (1939), 
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Boldface numbers indicate references of special importance. 


A 

A coefficient, Einstein’s, 281-283 
Aberration of light, 29 
Abraham, 55n., 6 In. 

Absorption of light, 224 
coefficient of, 145n., 502 
by molecules, 402, 403, 406, 409, 411 
Absorption limits (see X-rays) 
Absorptivity, 142 
Activity, definition of, 625 
Adams, 53n. 

Ader, 450n. 

Adiabatic principle, 372 
Ageiio, 653n. 

Agostino, 618n. 

Air pump, invention of, 20 
Aiya, 725, 

Alberti, 85n. 

Alhazen, 10 

Alkali metals, doublet separations of, 
338 

spectra of, 321-329, 335-338 
term energies of, 326 
Alien, 438, 646 

Allison, 477n., 499n., 505n., (fig.) 513, 
617 

Alpha rays or particles, 554-561 
range of, 557-560 
scattering of, 197-199 
anomaloxis, 589 
theory of, 594-596 

(See alsO' Nuclear reactions) 
.Alvarez, . 644 
.Amaldi, 615n.,' 618 , 

Ampere, 38 ; 

Anaxagoras, 5 

Anderson,': 5.98, 599, 600n., 693, (fig.) 

694, 714, (fig.) 715 
Andrews, 505n. 

Angstrom, 185, 188 


Angstrom ( ~ 10“"® cm.), 185 
Angular momentum, of atom, 318-321, 
348 

with one electron, 273-276, 280 
in Bohr’s theory, 205-209 
of electron in central field, 290 
in magnetic field, 378 
measurement of, 390 
of molecule, 401, 405, 413 
of nucleus, 392, 393 
table of, 394 

orbital and spin, 286, 332 
principle of , 28 
as vector, 273-276 
Arago, 36, 41 
Archimedes, 9 
Argon, central field for, 295 
Aristarchus, 9 
Aristotle, 6-9, 14 

Aston, 545, 546, 550n., 552n., 584, 733 
Atom, Bohr theory of, 204-210, 233 
early views of, 195 
nuclear theory of, 198-203 
static, 299 

vrave-mechanical theory of, for com- 
plex atoms, 288, 293-298 
for one-electron atoms, 272-280 
Atomic heat, 424 

Atomic mass umt(a.m,ii.), 550, 585, 742 
Atomic numbers, 202, 298, 480, 733 
(table) 

Atomic weights, 551 
table of, 733 

Auger, 534, 659n., 699, 713, 727 
Auger effect, 533-536, 570 (in nucieus) 
Avogadro’s number, 85, 163, 742 

B 

B coefficient, Einstein’s, 281-283 
Bhabha, 702?i., 705n., 725 
Bacher, 230n., 336n., 623w., 624n. 
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Back, 377, 387, 395n., 396 
Bacon, Roger, 10 
Bacldiii, 84, o27n. 
von Baeyer, 569n. 

Bainbridge, 548, (fig.) 549 
Baker, 623n., 624n, 

Baiard, 36 

Baldwin, 626n., 638, 654n. 

Balmer, 188, 189 

Balmer series, 188, (photographs) 189, 
215, 343, 344 
Bands, 399 

branches and systems of, 415-416 
electronic, 401, 415-419, (photo- 

graphs) 418 
head of, 399, 417, 418 
from isotopes, 419 
rotation, 400, 409, 419 
vibration-rotation, 400, 404 
effect of temperature on, 410 
in relation to heat of dissociation, 
409 

in relation to rotation bands, 409 
Barkas, 733 

Barkla, 196, 459, 462, 463, 465-468 
Barnes, 53071. 

Barometer, invention of, 20 
Barschall, 642 w. 

Bartholiniis, 36 
Battat, 624«. 

Bearden, 476, 525n., 527n., 540w. 
Beattie, 437n. 

Becker, J. A., 517, 576 
Becker, R., 

Becker, R. A., 646ri., 648 
Becquerel, 554 
Bennett, 6647?.., 678 
Benoist, 185ri,, 455 
Berlin, 6 1571. 

Bernouilii, 28 
Bertin-Sans, 457 ' 

Beta rays or particles (i8±), 554, 555, 
567, 628-629, 645, (pairs) 647-648 
origin of, 570, 595 
primary and secondary, 567, 570 
(See also Nuclear reactions) 
spectra of, 569 
Betatron, 613 

Bethe, 255, 56071., 580, 58871., 60271., 
6097^., 62671., 703, 70991., 730 


Bierens de Hahn, ISIti. 

Biot, 36, 38 

Birge, 74, 8471., ISSti., 19271., 21l7i., 
21271., 217, 49971., 733, 742 
Black, 29 

Black body or surface, 142 
Black-body radiation, 145-146, 154-160 
magnitude of, 151, (fig.) 158, 179, 
183 

Planck’s law of, 178-183, 283 
Rayleigh- Jeans formula for, 160, 169 
Wien’s formula for, 159 
Blackett, 579, OOOti., 686, 71871. 

Bless, 518 
Blewett, 61371. 

Bloch, 51871., 53371., 70271. 

Bohm, 61571. 

Bohr, 184, 203, 204-213, 233, 234, 528, 
652 

Bollman, 49971. 

Boltzmann, 149 

Boltzmann distribution law, 231 
Boltzmann’s constant, 97, 163, 742 
Bonner, 630, 641, 644, 649 
Booth, 65371. 

Born, 11271., 236, 438 

Bothe, 518, 52l7i., 569ri., 576, 682, 683 

Bowen, 680, (fig.) 681 

Bradley, 29 

Bragg, 470, 473, 474, 478, 479, SOSti. 

Bragg planes, 470 

Bragg’s law, 472 

Brahe, Tycho, 17, 29 

Breadth of spectral lines, 396-399, 536 

Breit, 59371. 

Bretscher, 580 
Brewster, lAn. 

Brickwedde 39371. 

Erode, 690 

Broghe, de, 236-239, 242, 245, 259 
Broussard, 69771. 

Broxon, 72971. 

Brubaker, 641 
Brtiche, 67571. 

Buguet, 464 
Buisson, 397 
Bunsen, 36 
Burkhardt, 519 
Burmeister, 407 
Bursts of ionization, 695 


I 
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C 

Cabeo, 20 
Cady, 541 ti. 

Calcite crystals, 476, 477 
Cameron, 660-662 
Canal rays, 388 
Carlo, 227 
Carlisle, 37 
Carlson, 705w. 

Carnot, 33 
Cathode rays, 80 
Cavendish, 30, 31 
Cavendish Laboratory, 48 
Celsius scale, 29 

Chadwick, 555n., 556w., 563n., 572n,, 
574, 577-580, 600n., 615, 639-641, 
689 w., 71 In. 

Chain reactions, 656 
Chakrabarty, 705n. 

Characteristic frequencies, 429-431, 439 
Characteristic functions, 270 
Characteristic temperatures, 434 
Characteristic values, 270 
Characteristic X-rays, 477-4,86 
Charge, field of accelerated, 63-64 
field of moving, 60, 134 
Charge cloud, 277, 289, (fig.) 295, 297 
Charged particles, energy loss by, 701, 
(plot) 702 

ionization b^", 689-691, 701 
measurement of charge, energy, mass, 
686-687, (plot) 688 
motion in magnetic field, 508, 667, 
686, (plot) 688 
of dipole, 667 
of earth, 673 

obse,rvations on individual, 571-573, 
681-686 

radiation by, 702-704 
Chariton, 614 ?l 

Chemical compounds of certain ele- 
ments, 303-307 
Childs,. 419n. 

Chlorine, specific heat for, 441, 442, 449 
Clark, 470n. 

Classical theory, difficulties of, 94-96, 
107. 

Clausius, 34, 48 

Clay, 664n., 667, 726n., 728 


Cleaves, 409n. 

Cloud chamber, 572 
Coblentz, 179n., lS3n. 

Cockroft 605-608 
Cohesion, 308 

Coincidences, method of, 682 
Colby, 559n. 

Collins, 638 

Collisions of the second kind, 225 
Color vision, 48 

Compton, A. H., 463, 477/i., (fig.) 513, 
514, 515, 517, 518, 525, 527, 659«... 
664, 666, 678, 679, 730 
Compton, K. T., 88, 89 
Compton effect, 514-522, 566, 602 
Condon, 396 
Configuration, 347 
Constable, 577n., 639-641 
Contraction, in space and time, 116, 
122-124 

Loren tz-Fitzgeraid , 1 1 6-1 1 7 
Cooksey, 61 In. 

Coolidge, 454n. 

Cooper, J. N., 536n. 

Cooper, L., Sn. 

Copernican system, 11, 16, 18, 29 
Copernicus, 11 
Cork, 627n. 

Corpuscles, 83 

Correspondence principle, 213 
Corson, 652 n., 690 
Cosmic rays, 659-731 
absorption of, in air, 660, 662 
of particles, 683, 685, 698, 715, 718 
in water, 661, 664 
energy of, 680 

ionization due to, 659-667, 682 
bursts of, 695 

variation of, with altitude, 664 
with barometric pressure, 665 
with latitude, 667, 678 
wfith temperature, 679, 718 
with time, 729 

mesons (see Mesons in atmosphere) 
nature and origin of, 666, 680, 712, 

729 

neutrons, 709 
particles, 681-686 

penetrating and soft components of, 

698,716 
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Cosmic rays, protons, 710 
showers of, 692-700, 707-709 
(Auger) 727-728, 730 
stars, 711 

statistics on, 722-726, 730 
transmission curves for, 697, 709 
Coster, 532%., 534n. 

Coulomb, 30, 31 
Coulomb, field, 289-295 
Counter telescope, 685. 

Counters, Geiger or valve, 571 
Coupling, ii, 361 ^ 

LS or Russell-Saunders, 345-357 
in molecules, (AS) 413, (Q) 414 
transitional, 365 
Crane, 603n. 

Crussard, 713, 716 

Crystal diffraction grating, 468, (table) 
477 

Curie, Marie, 554 
Curie, Pierre, 554 
Curie, definition of, 564 
Curie-Joliot, 576, 600n., 603-605 
Cuykendail, 505n. 

Cyclotron, 610 
Czerny, 403 

D 

A 349 
d, 291 

D^Agostino, 618n. 

Da Vinci, Leonardo, 10 
Darwin, 286%. 

Das Gupta, 572%. ' 

Davis, 228 

Davisson, 248%., 260, 253, 254, 256 . 
Davy, 33, 40 

De Broglie, 236-239, 242, 245, 259 
Debye,. 432 
Dee, 606%, 

Degeneracy, 273, 276, 291, 298, 348, 352 
nuclear, 393 
Degrees of freedom, 160 
energy of, 161, 163 
of waves in an enclosure, 164 
Democritus, 6 

Dempster, 546, 547%., 548, 733 
Dennison, 615%. 

Descartes, 22 


Dessauer, 654%. 

Deuterium (heavy hydrogen), 393 
Deuteron (nucleus of heavy hydrogen), 
580 

disintegration of, 680, 637 
range of, 561 
Deutsch, 645 
Dewar, 187 
Dieke, 422 
Dirac, 236, 286 
Dispersion, 22 

Displacement currents, 48, 50, 53 
Displacement law, 157, 182 
Dissociation, heat of, 409-410 
Distribution law, Boltzmann, 231 
Doan, 525, 527 
Doppler, 36 

Doppler effect (moving mirror), 164 
on spectral lines, 124, 397 
Dow, 559%. 

Drinkwater, 344%. 

Drude, 100 
Druyvesteyn, 532%. 

Du Fay, 30 
Du Mond, 499%., 519 
Duane, 496%., 517 
DuBridge, 92%., 98, 107%. 

Dulong and Petit, law of, 424 
Dunlap, 618%., 691%. 

Dunning, 619%., 653%. 

Dunnington, 84, 181%., 499%., 742 
Dushman, 260%., 271%. 

E 

Eckart, 265 
Edison, 96 
Edlen, 218 
Edwards, 409%. 

Ehrenfest, 713 

Eigenvalues (eigenfunctions), 270 
Eighteenth century, physics in, 28-32 
Einstein, 91, 281, 283, 427, 430 
on relativity, 109, 117-120, 135-138 
Einstein frequency condition, 205 
Electricity, discoveries in, 30-32, 36-38 
Electrolysis, 37, 43 
Electromagnetic field, 48, 53-55 
energy in, 63 
momentum in, 53-54, 59 
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Electromagnetic field, theory ofj 33, 
48-50 

Electromagnetic waves, intensity of, 
58 

Electron, 74 
charge, 83-85, 742 
discovery of, 80-83 
e/m, 81-82, 85, 742 
emission due to photons, 60, 94-96 
(See also Photoelectric effect) 
energy loss by, (plot) 702 
energy, velocity and (plot) 688 
mass, 84, 85, (m/Mu) 217, 551, 742 
motion in magnetic field, 78 
range in air or Pb, 705 
rest energy, 585, 742 
Electron microscope, 242 
Electron-volt (ev), 214, 742 
relation to wave number, 222 
Electrons in complex atoms, 288-298, 
348-349, 360, 362 
transitions of, 316-318, 363 
creation of, 582, 600-601 
emission by photons, 601 
equivalent, 360 
free, 100-108 
K, L, M, 481 
in molecules, 412, 413 
recoil, 518, 521, 566-567 
Elliott, 645n. 

Ellis, 555n., 556?i., 563?^., 565-567, 569, 
572n., 6S9n. 

Eister, 72, 73, 87, 96, 659 
Emissive power, 140 
Emissivity, 145 
■Empedocles, 5 
Ende, van den, 437w. 

Endoergic and exoergic reactions, 630- 
'■632 ^ 

Energy/ conservation of, 33, 34, 44, 
131 . 

per degree of freedom, 161 
electromagnetic, 53, (waves) 57 
inertia of, 130, 581 
kinetic, relativistic, 129, 609, 687 
loss by charged particles, 65 
of oscillators in equilibrium, 171-175, 

m ..■ '■■:■■ 

relativistic, 129-132 
released by fission, 654, 656-658 


Energy, released in nuclear reactions, 
575, 608 

calculation of, 608, 630 
rest, 130, 585 
of thermal agitation, 101 
Energy levels, 175-177, 215, 270 
in cm.“^, 214, 222 
of harmonic oscillator, 271 
in magnetic field, 374, 377, 379, 387 
molecular, 401, 405, 408, 412-416 
nuclear (see INTucleus) 
of one-electron atom, 208, 273, 339 
of uranium, 492 
width of, 597, 640 

X-ray, 487-488, 493, 532, (reso- 
nance) 537 
Epstein, 389, 675 
Equipartition of energy, 161 
Estermann, 258 
Ether, 117 
Euler, 28 

ev (= electron-volt), 214, 742 
Everblud, 59371. 

Exchange effect, 308 
Excitation of atoms, 220-230 
Excitation potentials, 223 
Exclusion principle, 296 
Expansion chamber, 572 

F 

F, 349 
/, 291 

Fabry, 185n., 397 
Fahie, 1471. 

Fahrenheit, 29 

Failing bodies, laws of, 8, 14 

Fankuchen, (fig.) 258 

Faraday, 38-45, 74, 75 

Faraday (unit of charge), 74, 85, 742 

Faraday effect, 44 

Farkas, 449w. 

Feather, 57971., (fig.) 617, 691m 
Fermat’s principle, 242 
Fermi, 615n., 617, 618, 650, 654, 655m, 
657 

Fermi-Dirac gas, 101 
Field, Coulomb, 295 
modified central, 289, 294-295 
Field currents, 99 
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Fine structure, in alkali-type spectra, 
■ 335 

in molecular spectra, 414, 415 
for one-electron atoms, 342 
Fine structure constants, 340, 742 
Fink, 619ti. 

Fitzgerald, 116, 117 
Fizeau, 112' 

Fierov, Qoon. 

Fltigge, 552n., 733 
Fluorescence, 226 
Fdrsterliiig, 439?i. 

Foldy, 615%. 

Foote, 221, 222 
Force, 28, 129 
Fortrat diagram, 417 
Foucault, 36 
Fowler, A., 329?i., 344n. 

Fowler, R.' H., 438%. 

Fowler, W. A., 646w., 647-649 
Frames of reference, 110 
inertial (or Galilean), 136 
Fz'anck, 224, 227n. 

Franklin, 30 
Fraimhofer, 36 
Frenkel, 332w. 

Fresnel, 35, 36, 112, 113 
Friedrich, 257, 469 
Frisch, 258, 651, 654 
Froman, (fig.) 685, 696%. 

Fryer, 62 i%. 

Cr 

Galileo, 12-17, 29 
Galvani, 37 
Gamertsf elder, 619%. 

Gamma-ray microscope, 268 
Gamma-ray' spectra, 565, 567 
Gamma rays, 555 
definition of, 615 
emission of, 568 
excitation of, 633-637 
t internal conversion of,, 567 
origin of, 567-569, 633 
scattering of, 511-522 
spectra, 565, 567 
Gant, 654%. 

Gas constant, 163, 742, ' 

Geiger, 199, 201-203, 621%., 556%. 

Geitel, 72, 73, ;87, 96, 659 ■ 


Geliibrand, 20 
Geriach, 389 

Geomagnetic latitude, definition of, 
675%. 

Germer, 248%., 250, 253, 254, 256, (fig.) 
258 

Ghosh, 572n.. 

Giaiique, 419%. 

Gilbert, 20 
Gill, 695 

Glancing angle, 471 
Glazebrook, 46%. 

Glockler, 423%. 

Gockel, 660 

Goldhaber, 580, 619%-., 646 
Goucher, 228, 229 
Goudsmit, 230%., 286, 336%. 

Gouy, 475 

Graaf, van de, 609, 610 
Gram-atom, 74 
Gram-ion, 74 
Gram-molecule, 74 
Graves, 697%. 

Gravitation, 20, 21, 26, 135-137 

Gray, L. H., 603 

Gray, S., 30 

Green, G., 37 

Green, G. K,, 633 

Greenhill, 8 

Greinacher, 605%. 

Greisen, 723, 729 
Grosse, 653%. 

Grossman, 137 

Ground state == normal state, 208 
Guericke, 20 
Guggenheimer, 644%. 

Guth, 638 

H 

/i, 175 

Hacman, 560%. 

Hafstad, 636%. 

Hafner, 654%. 

Raga, 457 

Hagenow, 463 

Hahn, 552%., 650, 652, 733 

Half-life, 561 

Hall, 726%. 

Haiiwachs, 72 
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Hamermesli, 710 
Hamiltoiij 32, 238 
Hansteiii, 655n. 

Harmonio oscillators, 67, lYl—lTS, 177, 
205-206, 271 
Harper, 684?i. 

Hart, 21n. 

Hartley, 187 
Hartley’s law, 187 
Hartree, 296n. 

Hatfield, 559n. 

Haworth, 605, 616n., 619n. 

Haxby, 631n., 653n., 6547^. 


Haxel, 560n. 

Haynes, 665 

Hazen, 689n., 691n., 695, 708, 711, 712, 
723n., 726, 729 

Heat, caloric theory of, 29, 33, 34 
discoveries in, 29, 33-34 


of dissociation, 404, 409 
kinetic theory of, 29, 32 
niechanical equivalent of, 34 
Heath, 5n. 

Heisenberg, 236, 267, 268, 419 
Heitler, 514n., 518n., 600n., 700-703, 


704, 705n. 

Helium, mass and binding energy of, 586 
production of, 557 
spectrum of ionized, 216, 345 
Helmholtz, 34, 50 
Henderson, 60891., 654 
Henry, 45 


Herb, 63591., 63691. 

Hertz, G., 224, 553 

Hertz, H., 50, 71, 72 

Herzberg, 35691., 39991., 40991, 412 


Hess, 660 
Hevesy, 55591. 

High potentials, production of, 605, 610 

High-vSpeed ions, production of, 609 

Hilberry, 718 

Hjalmar, 522 

Hoag, 718 

Hoffmann, 695 

Holes in subshells, 310, 491 

Hollnagel, 42991. 

Holloway, 559, 572 
Homonuclear molecules, 411, 423 
Hooke, 28 
Hoteko, 725 


Houston, 24591. 

Howe, 52791. 

Huber, 63l9i., 639n. 

Hudson, C. M., 63591., 63691. 


Hudson, J. C., 48591. 

Hudspeth, 61891. 

Huggins, 188 

Hughes, 92 - 98 ?!., 680?i., (fig-) 692, 717n., 


724n,, 72691. 

Huizinga, 53291. 

Hull, A. W., 50891. 

Hull, G. F., 60 
Hunt, 49691. 

Hurmiizescu, 455 
Huygens, 28, 114, 115 
Hydrochloric acid, specific heat ot, 4o0 
molecular spectrum of, 403, 4.06, 410 
Hydrogen, Bohr’s theory of, 204-210 ^ 
energy levels of , 208, (table) 214, 215, 
(diagram) 219, 325 
heavy, 393, 553 
orthohydrogen, 448 
parahydrogen, 448 
spectrum of, (figs.) 189, 215 
fine structure of, 342-343 
isotope structure of, 393 
Hyperfiine structure, 391-396 
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J, 393 
Ibser, 655 
Idei, 495?!. 

Ikawa, 651‘9 i. 

Imbert, 457 
Imes, 407 

Impenetrability of molecules, 309 
Indeterminacy principle, 267-269 
Induced emission, 282 
Induction accelerator, 613 
Intensity of electromagnetic waves, 58 
Interference of light, 35 
Invariant (relativistic), 135 
Ionic weight, 74 
Ionization, bursts of, 695 
Ionization of atoms, 220-231, 481 
by charged particles, 688-692, 705 
multiple, 223 
Ionization chamber, 455 
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loELizatioii energ}’’ of potential of atoms, 
210, 220, 230, (table) 231, (plot) 
329, (table) 739 
Isobars, 550, 592 
Isomers, 550 
Isoelectronic atoms, 317 
Isothermal enclosure, 145 
Isotope structure, 391, 419 
Isotopes, 546, 548--553, (table) 733 
separation of, 552, 626, 658 
Isotopic weight, 549 
Ives, 

J 

Jeans, 160, 164, Z72n, 

Jentsclike, 653 

Jesse, 722, 725, 728, 730 

Johnson, 108n., 675n., 678n., 6Sl?i., 730 

Johnston, 419n.. 

Joiiot, 576, 600n., 603-605, 652n. 

Jones, d05n. 

Jongen, 664 
Joule, 34 

K 

K lines or series, 468, 479 
h, 163 

Kaufman, 496'n. 

Kayser, 186, 189, 336n. 

Keesom, 437n. 

Kellogg, S94'?i, 

Kelvin, 34 

Kennard, 102«-., 16471., 171n., 4497?.,, 
mn. 

Kepler, 17, 59 
Kepler’s laws, 18, 19 
Kerr, 45s. ' 

Kerst, 613, 6147?.. ' 

256, <%.) 257 
Kimura, 65 It?,. 

Kinetic theory of gases, 48 
Kingshill, 727 
Kircher, 20, 29 
Kirchhoff’s law, 143, 283 
Kirkpatrick, 501n., 519 
Klaiber, 62671. 

Klein, 520?i. 

Klemperer, 603n. 

Knipping, 257, 469 


Knock-on electrons, 728 
Knox, 36 
Koch, 654b. 

Kock, 638 

Kolhdrster, 660, 682, 683 
Korff, 70071., 710 
Kossei, 5397?.. 

Kramers, 419 
Kretschmar, 510?i. 

Krishnan, 420 
Kronig, 534 

Kruger, 600, (fig.) 601, (fig.) 632, 633, 
643 

Kuhn, 44977. 

Kuipers, 532b. 

Kulenkampff, 501 
Kunz, 8771. 

Kurlbaum, 171, 429b. 

Kurie, 609b., 61 In. 

Kusaka, 730b, 

Kussman, ISSti. 

L 

L lines or series, 468, 479 
Ladenbiirg, 87, 18377. 

Lagrange, 28 
Lande, 380 

Land© g factor (splitting factor), 379- 
385, (table) 384 
Landd’s interval rule, 356 
Laplace, 37 
Lapp, 728b. 

Larmor, 372b, 

Larmor precession, 78, 372, 373 
Larsson, 523 
Laue, 257,468 
Lane spots, 473 

Lauritsen, 60377., 646b., 648-649 
Lawrence, 608b., 611, 612 
Lea, 62177. 

Lead, spectrum of, 365 
X-rays from, 502 
Lebedev, 60 
Lees, 579 
Leibnitz, 28 
Lemaitre, 675, 676 
Lenard,73, 85-87, :22S',':': 

Lenses, discoveries concerning, 20, 22, 
24 V 
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Lepriiice-Riiiguetj 713, 716 
Leu, 391 

Lewis, G. N., 553 
Lewis, L. G., 727 
Lewis, W. M. C., 438n, 

LieiiLard, 639'«.. 

Light, corpuscular theory of, 94, 95 
Light, discoveries in, 29, 34-36 
eiectroro.agnetic theory of, 49 
velocity of, 111, 112, 118, 121, 136 
wave theory of, 24, 32-36, 95 
Lightning, 31 
Liiidernann, 439, 432 
Line breadth, 396-399 
Lipperhey, 14 
Little, 621 
Liveing, 187 
Livingood, 625n., 626n. 

Livingston, 559, 560w,, 572, 608?^, 609n., 
611, 626n. 

Locher, 686 
Lodge, 1471. 

Lombardo, 726, 729 
Long, 621 

Lorentz, 75, 76, lOOn., 112, 116, 117 
Lorentz transformation, 120-125 
Lorentz unit, 376 
Loria, 227n. 

Luebke, 605w., 616w., 619?i. 

Lummer, 158, 171, 184 
Lyman series, 213, 215 

M 

McClelland, 96 
McDaniel, 62371., 624n, 

MacDonald, 55321. 

Mach, 109n.'. 

McMillan, 61571. ■ 

Magnetic moment, of atom, 368 
measurement of, 390 
of nuclei, 391, 392, (table) 394 
of one-electron atom, 373 
due to orbital motion, 366 
due to spin, 286, 367 
of earth, 674, 

Magnetism, 10, 20, 45, 314, 369 
.Magneton, '374 ' 

.:'.,''(nuc.iear),.,394:. , 

Maltezos, 457 , , 


Mandeville, 621 
Manley, 60571., 6 1671., OIOti. 

Mann, 114n., 61271. 

Marsden, 199, 201, 203 
Mass, atomic unit of, 550 
conservation of, 131 
electroniagiietic, 68 
of energy, 130-182, 585 
inertial, definition of, 127 
reduced, 209 
rest, 128 

variation of, 126, 128 
Mass correction, 583, (fig.) 5S4 
Mass defect, 583n. 

Mass numbers, 550, (table) 733 
Mass spectrograph, 545 
Masses of atoms, 549, (table) 733 
spectrum of, (photograph) 549 
Mattauch, 396, 552??-., 733 
Matrix component, 284 
Maurer, 655 
Maxwell, 46-49, 50 
MaxwelFs equations, 51 
May, 640, 71l7i. 

Mayer, J. E., 17l7i. 

Mayer, M. G., 17l7i. 

Mayer, R. J., 34 
Mean life, 281 

Mechanics, discoveries in, 20, 27, 28, 
32 

as geometrical optics, 238 
relativistic, 126-132 
Mecke, 41971. 

Meggers, 221, 222 
Meitner, 60071., 651, 652, 654 
Mercury, spectrum of, 357 
Mersenne, 20 

Mesons (mesotrons), as cause of show- 
ers, 698, 730 
discovery of, 712-717 
energy loss by, (plot) 703 
in the atmosphere, 722-726, 728 
ionization by, 691 
mass of, 717 
mean life of, 717-719 
origin of, 720 
showers of, 726, 728 
Metals, electrons in, 100-108 
Metastable levels, 359, 569 
Micheison, 113, 18571., 391 
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Miclielson-Moiiey experiment, 113-117, 
123, 343 
■Micron, 185 

Microscop'e, electron, 242 
gamma-ray, 268 
Miller, lion. 

Millikan, 83, 84, 90, 91, 164n., 659n., 
660-666, 678, 680, (fig.) 681, 714, 
730, 731 
Mitcliell, 619^1. 

Mohler, 221, 222' 

Molecules,, average energy of, 16 1-1 63 
i number in graiii-moleciile, 163 
M0ller, 583n. 

Moment of inertia of molecules, 402 
IMomentuni, electromagnetic, 53-54, 
(waves) 58 

indeterminacy of, 266-269 
relativistic, 128, 130 
Montgomery, 699n. 

Morgan, 698w. 

Moriey, 113 
Moseley, 479, 480 
Moseley's law, 479, 482 
Mott-Smitli, 686 
Multiple quantum states, 232 
Multiplets, ii, 364 
of alkalis, 335 

LS or Riisseil-Saunders, 354-357 
of one-electron atoms, 339-345 
of spectral lines, 355 
Murphy, 393w. 

N 

579 

•Nahring, 527 
Nassar, 70Sn. 

Neddermeyer, 693, (fig.) 694, 714, (fig.) 
715 

Nedzel, 655 

Neher, 665, 678, 680, (fig.) 681, 725?z., 
730,731 

.Neon, spectrum, 224 
Neptunium, 633, 658 
Nereson, 697w., 7099^., 719w. 

Nernst, ,432, 437w.., 439 : . 

Neuert, 629 
Neutrino, 571, 646 
Neutrons, 615 


Neutrons, capture of, 619, 620-624 
counting of, 616 
discovery of, 576 
forces on, 590-594 
magnetic moment of, 620 
mass of, 551, 580 
mean free path of, 619 
radioactivity of, 644 
scattering of, 620 
slow and thermal, 618, 632 
sources of, 615 
velocity of, 617 

(See also Nuclear reactions) 
Newton, 21-28, 30, 36, 109 
Nichols, 60, 429w., 430 
Nicholson, 37 
Nielsen, 698n. 

Nier, 550n., 653w. 

Nishina, 520n., 651n. 

Normal state, 208 
Normali^sation to unity, 266 
Northrup, 610?i. 

Nuclear reactions, 575-649 
alternative bombardments, 627 
products, 626, 628, 646 
determination of mass by, 629 
due to, a-rays, 575, 579, 604, 616, 626, 
635, 637 

deuterons, 616, 618, 626, 627, 629, 
631, 635, 649 
electron capture, 644 
electron impact, 637-638 
neutrons, 616, 618, 619, 626, 627, 
631, 632 

photons (photodisintegration), 627, 
637 

protons, 606, 608, 616, 624, 626, 
629, 631, 635, 636, 637, 646, 
(resonances) 634, 647 
emission of a-rays, 606, 608, 626, 629, 
631, 632, 639, (spectra) 641 
of 'y-rays, 619, 626, 632, 633-637, 
644-647 

of neutrons, 579, 604, 616, 618, 626, 
627, 629, 631, 632, (spectra) 
641, 650 

(See also Neutrons) 
of protons, 575, 626, 627, 631, 635, 
639.' 

endoergic or exoergic, 630 
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Nuclear reactions, energy relations, 
575, 606-609, 630, 636, 639-640 
excitation of, 629, 647 
identification of initial isotope, 626, 
627 

identification of product, 604 
isotopic product, 632 
nature of, 624-625 
notation for, 575, 625, 626 
resonance levels for, 639-641, 646- 
649 

with radioactive products, 625-628, 
645, 647 
Ag^o«, 627 
APs, 626 
As^S 628 
Auif^«, 632 
Co'^ 645 

i\Ig27^ 626 

645 

N's, 604, 636 
Na‘'^ 628 

Na^S 626, 628, 632, 633 
Npssf’, 632 
648 

P«”, 604, 626 
632, 633 
632 
632 

Z == (43); Z = (93); Z - (94), 633 
types of, 625 
APr + a -> pso 4 . 604 

4* H ‘ Be® 4- ^ or 3a, 608 
BIO 4 . + a, 616 

, B^o 4- «-^N^®'4- w, 604 
Be® 4- -> Be® 4- 624 

Be® 4- PI'^ BIO 4- n, 641 
Be® 4 - oj 4 - n, 579 

Be® + a -> 4- n, 579 

F19 _|. Ill ^ Qu 4 . 508, 648 

F19 4 - 112 ;^Te 2 o 4 . 534 

pio 4 . q; ^ ]\Ta 22 4 - n, 639 
pi® 4- a -> Ne 22 4 . 639 

PB 4 . .;^ „> H 2 , 619 

H2 4- H2-~>He‘'5 + W, 616 

Bi 7 4 . PII 2He4 606, 635 
LP 4 - 4 - IP, 635 , 

• Li® 4" d" did 

pri4 4 ., ^'^Oi7 4 . P 1 N 575 
Nucleon, 583 


Nucleus, 199-200 

angular momentum (or spin), 392. 
393-394 

binding energy, 586-588 
constituents of, 581 
density of, 589 
energy and mass of, 586-588 
energy from, 575, 656 
energy levels, 567, 597, 640, 644 
metastable, 569 
of B^o, 642 
of Mg ^4 633 
of Ne®4 641 
fission of, 650-658 
isomeric, 627, 633 

magnetic moment of, 391, 392, 

(table) 394 

mass and rest energy of, 583-588 
motion of, 208, 280 
quantum states of, 596 
radius of, 589 
structure of, 581-594 
theory of, 588-598, 651 
transformation of, 561-564, 573-576, 
603-606 

(See also Nuclear reactions) 

0 

Occhialini, 600n., 686 
Oersted, 38 

Ogle, 600, (fig) 601, (fig) 632, 633 
Oliphant, 633n. 

Oppenheimer, 705n, 

Orbits in one-electron atom, 208-210, 
233, 280 

Oscillators, harmonic, energy levels of, 
271 

quantum theory of, 205-206 
radiation by, 67 

in thermal equilibrium, 171-175, 177 
wave-mechanical theory of, 271 
Otis, 662n. 

F 

P, 349 
p,291 

Packing fractions, 584, (table) 733 
Page, B3n. 

Pair production, 600, 602, 633, 700, 705 
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Panethj 555'W. 

Parratty (fig.) 482, 494n., SSln-., 532n., 
536«., (fig.) 538, 539ti.' 

Particles, 264-267, 26S-269 
in niicleus, 581, 588, 590 
Pascal, 20 

Paschen, 345, 377, 387 
Paschen-Back effect, 3S6-388 
Paschen series, 213, 215 
Pauli, 290, ^392 
Pauling, 271n., 31 In. 

Pegrani, 61 On. 

Peierls, 588?i. 

Pendulum, 14, 28 
Peregrinus, 10 
Period (of decay), 561 
Periodic system, 298-316 
Bohr’s table for, 300 
standard table for, 738 
Perlow, 630 
Perot, 185n. 

Perrin, 80, 601 
Perturbation theory, 294 
zero-order, approximation, 296-298, 
347, 348 
Petrzhak, 655n. 

Pfotzer, 725n. 

Philipp, 600n. 

Photoelectric effect, 71-108 
and Compton effect, 520, 602 
discovery of, 71 
due to T-rays, 565-567, 570 
due to X-rays, 506, 520 
nature of, 72-73, 85 
variation with frequency, 90 
with intensity, 87 
with potential, .86 
various properties of, 91, 106 
Photoelectrons, energy of, 87, 90 
source of, 92-94, 105-107 
Photon, 95, 237, 285 
Picard, '27,.' 

Pickavance, '711n; 

Pickering, 710n., 725n., 730, 731 
Pierce, 505n.. 

Placzek, 709n. 

Plain, 635n., 636n. 

Planck, 139, 170, 175-180, 183, 184, 204 
Planck’s constant h, 91, 102, 176, 212 


Planck’s radiation law', 178-183 
Plutonium, 629, 633, 658 
Pohl, 457 
Poisson, 37 

Polarization of light, 35, 36 
Pollard, 577n., 733 
Pollock, 61 5 w. 

Ponteeorvo, 618n. 

Pool, 627w. 

Pose, 640, 641, 655 
Positive' rays, 542 
Positrons, 555, 598-603 
Potential barrier (nuclear), 595 
Powell, 71 In., 72371. 

Poynting’s vector, 54, 58 
Preston, 160 
Preston’s rule, 382-383 
Pringsheim, 158, 171, 184 
Probability amplitude, 266 
Probability density, 266, 277 
Probability of transition, 284 
Protons, energy, velocity, and Hp for, 
(plot) 688 

energy loss by, (plot) 702 
forces on, 590-594 
ionization by, 691 
mass of, 551 
range of, 560 
scattering of, 593 

(See also Nuclear reactions) 

Prout, 195 
Ptolemy, 9 
Pyrkosch, 659n. 

Pythagoras, 5 

Q 

Q (nuclear heat of reaction), 606, 609, 
630 

Quadrupole X-ray lines, 495 
Quantum defect, 328, 329 
Quantum numbers, for atoms, 272-273, 
288,387 
F, Mf, 394 
nl\iz, 272, 290, 296 
n lj m, 332 
J, Mij (nucleus) 393 
/Jf , 319, 351, 387 
L a ;8 S / M, 322, 349, 351 
■■ " s {X, 287 
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Quantum numbers, s p d . . . ^ 280 
;SPD , 322 

of electrons in atoms, 289, 347, 362 
effective princ.ipal, 328 
in K and L shells, 292 
for molecules: (J) 401, (v) 404, (A) 
413, (8, K) 413, (/, M, 0) 414 
of X-ray levels, 490 
Quantum of energ}^ 91, 176, 177 
Quantum, states, 175, 269, 288, 293 
in central field, 289, 332-335 
due to spin, 286 
in external field, 365 
of harmonic oscillator, 173 
of ions (X-ray), 481 
in magnetic field, 373, 377, 379, 387 
of maiiy-electron atom, 293 
of molecules, 411-414 
diatomic, 401, 404, 405 
multiple, 232 
normal, 208 
nuclear, 596 

of one-electron atom, 207 
Quantum theory, 170, 175, 204-207, 
233 

(See also Wave mechanics) 

R 

P, (see Rydberg constant) 

Rabi, 391, 394?^. 

Radiation, absorption and emission of, 
176, 177, 280-283 
by charged particles, 60-68, 702- 
704 

dipole, 285 

by harmonic oscillator, 67 
quadriipoie, 2S5, 495 
density of, 143, 146 
in electromagnetic field, 53 
intensity of, 58 
nature of, 528 ' 

pressure due to, 59, 147-149, 183 
resonance, 225 
from, a surface, 141, 143-144 
thermal, 139 

(See also Black-body radiation) 
Radioactive series, 562 
Radioactivity,. 553-567 
definition' of, '624-625 ' ) 
discovery 'of,' 553' 


Radioactivity, explanation of, 591, 
594-596 

induced, 603-605 
Raman, 420 
Raman effect, 419-423 
Ramberg, 533n., 536/1. 

Rasetti, 555n., 557?i., 571«., 588 n.^ 
615n., 618w., 619n., 659n. 
Rawlinson, 607n. 

Rayleigh, 160, 164, 397, 419 
Rayleigh (R. J. Strutt), 226n. 
Rayleigh- Jeans formula, 160, 169 
Refiectioii from moving mirror, 152 
Reflectivity, 143 
Refraction, 9, 10, 20, 22 
of X-rays, 457, 522-527 
Regener, 662, 664 
Reich, 559n. 

Reimann, 96-n., 544n. 

Relativity, 109-138 
and electromagnetism, 132-135 
mechanics, 126-132 
propagation of light, 111 
wave mechanics, 286 
general theory of, 135 
Newtonian, 109-111 
special theory of, 117-135 
Residual rays, 429 
Resonance potentials, 230 
Resonance radiation, 225 
Rest energy, 130, 585 
Richardson, 88, 89, 97, 344??.. 
Richardson^s equation, 97 
Richtmyer, S7n., 504n.j 505w., 531??., 
533??., 536n. 

Right-handed axes, 51 
Ritz, 193 
Roberts, 636??. 

Robinson, 507, 509 
Romer, 30 

Roentgen, 451-453, 466 
Eogozinski, 728??. 

Rojansky, 271??. 

Rosenberger, Bn. 

Ross, 517 * 

Rossi, 684, 685, 696, 718, 719??., 729 
Royal Institution, 33, 40 
Euark, 233??., 372??., 399??. 

Rubens, 171, 429, 430, 439 
Rumbaugh, 636??. 
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Rumford, 33 
Rimge, 189 

Rutherford, 184, 197, 199-201, 203, 
555'n., 556, 563w., 572w., 574, 575, 
578, 689w. 

Rydberg,, 189, 190-193 
Rydberg co.nstaiit, 192, 211, 393, 742 
for oiie-electrom atom, 216 
Rydberg forniiila, 192, 194, 328, 356 
Rydberg-Scliiister law, 193, 219 

S 

S, 349 
s, 291 

Sadler, 459n-., 465 
Saha, 641 
Savart, 38 
Saxena, 725 
Scattering of light, 419 
multiple and single, 199 

(See also under object scattered) 
Schein, 695, 722, 725, 728, 730 
Scheiner, 20 
Scherrer, 639n. 

Sciirodinger, 236, 237, 259, 269, 436, 
438n. 

Schuster, 193 
Screening of nucleus, 483 
Seaborg, 625n.., 626'ri., 733 
Segr5, 618ti., 619 w., 654n. 

Seitz, 108^. 

Selection rides, in atoms, 285, 318 
i, 771, 333, 363 
J M, 320 
I, 322, 333, 363 
L A 8 S, 322, 350, 351, 387 
for configurations, 347, 353 
for molecules, /, 402, 406 
, JC, 414, 415. 

AS, 413 

, fo.r Raman, lines, 421 
for X~ray. lines, 493, 495 
Berber, "614«-.,. 707 
Series (spectral), discovery of, 186 
fundamental, 324 

interrelations between, 189, 193-195 
principal, sharp, diffuse, 190, 218- 
219, 323-325, ;336 ', 
relation to terms, 194 
X-ray, 483 


Shapiro, 711, 712 
Shaw, 525n. 

Shdanow, 712 

Shells and subshells, 291-292, (tables) 
315, 490, 739 
Shimizu, 572 
Shockley, 108n. 

Shortley, 396 

Shoup, 631 n., 653ri., 654?^. 

Shutt, 726 

Biegbahn, 476, 504?i., 535n. 

Silberstein, 122w. 

Simon, 518 

Simultaneity, 1 1 8-120 
Skinner, 540n. 

Skobelzyn, 682, 692 
Slater, 31 In. 

Sinekai, 420 
Smith, 637n. 

Sm^dhe, H. D., 552n., 655n., 656n., 658 
Sm^^the, W. R., 53n., 6 In. 

Snell, 20, 655 
Snyder, 705n. 

Soddy, 555n. 

Sodium, energy levels, (diagrams) 219, 
325, 326-329, (table) 337 
quantum defects, 328 
spectrum, 190, 218, 325, (table) 337 
excitation of, 225-226 
Zeeman effect for, 385 
Sommerfeld, 101, 233, 234, 340n., 345, 
498 

Sound, discoveries in, 20 
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S3^stems, 293-298, 335-349, 353 
of one particle, 334 
relativistic, 286 


Wave number, I, 185, 214 
in terms of electron-volts, 222, 742 
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